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ABSTRACT

We are interested in particles systems located on a lattice, 

with different type of interaction . For short range interaction 

on , we study the large deviation properties for the empirical 

field of a Gibbs measure ; we also cover the case of random interac

tion , and derive some applications .

Next we study Glauber dynamics of a local mean field model 

on the torus , in the asymptotics of a large number of particles . 

The fluctuation process has to be rescaled in space and time at 

the critical temperature . We analyse the dynamics of a change of 

attractor using large deviations techniques : at low temperature , 

we recover a description for nucleation .

We then need to study the stationary points in such a local 

mean field model ; this is tackled in the frame of bifurcation 

theory .

KEY WORDS : Gibbs measure , large deviation , spin-flip process , 

spin glass model , maximum of entropy , critical renormalization , 

nucleation , bifurcation theory .

A.M.S. CLASSIFICATION 60F10 , 60G60 , 60K35 , 65F05 , 45G10





3

AVANT-PROPOS

Je tiens à remercier tout d'abord Robert Azencott pour avoir 

accepté de diriger mon travail depuis plus de deux ans . Par ses 

suggestions et ses critiques, il m'a permis d'enrichir les rédactions 

successives que je lui ai soumises . Il m'a apporté un soutien sûr, 

constant et déterminant, mais aussi ce dynamisme stimulant et 

communi cati f qui caractérise les groupes de recherche qu'il anime .

Je voudrais exprimer à Jean Bretagnolle toute ma reconnaissance 

pour m'avoir consacré ces longs moments qui m'ont permis de franchir 

les difficultés de mes travaux antérieurs, et pour avoir accepté de 

présider le jury de cette thèse .

Gabriel Ruget m'a communiqué son enthousiasme pour les 

processus aléatoires et les systèmes de particules, mais aussi

- peut-être - un peu de son intuition . Mes remerciements sont à la 

mesure de son impact sur mes travaux .

Je voudrais aussi remercier Messieurs Jacques Neveu et Marc Yor 

de m'avoir fait l'honneur et le plaisir de participer au jury de cette 

thèse, ainsi que Monsieur Yves Meyer, qui m'a donné l'opportunité 

d'aborder très agréablement la passionnante théorie des ondelettes dans 

le cadre de l'étude des opérateurs d'intégrale singulière .

Certaines composantes de ce travail sont le fruit de 

collaborations avec Michèle Schatzman et Théo Eisele, qui se sont



4

avérées à la fois stimulantes, fructueuses, et tout à fait 

plaisantes .

La conception de ce travail doit aussi beaucoup à l'équipe 

de Statistique Appliquée d'Orsay, tant pour la diversité harmonieuse 

des domaines de recherche qui y sont abordés, que pour son atmosphère 

chaleureuse et pour la compétence de ses membres .

Que Didier Dacunha-Castelle, qui a bien voulu m'accuei11ir 

dans cette équipe et qui m'a sans cesse renouvelé sa confiancet trouve 

ici l'expression de ma profonde gratitude .

J'ai été très sensible à la bienvei1 lance que mes col lègues 

de l'Université Paris X - Nanterre me témoignent depuis quatre ans .

Je tiens à remercier également Mesdames Anne-Marie Baillet et 

Nicole Parvan du soin attentif qu'elles ont apporté à la présentât ion 

de ce travail .



5

TABLE DES MATIERES

0. INTRODUCTION page 6

1. DISTRIBUTIONS A L’EQUILIBRE.

A) Grandes déviations pour les mesures de Gibbs avec 

interaction à courte portée. page 17

B) Mesures de Gibbs avec interaction aléatoire. page 29

II. EVOLUTION TEMPORELLE DE SYSTEMES AVEC INTERACTION DE 

CHAMP MOYEN LOCAL.

A) Fluctuations autour de la loi des grands nombres. 

Ralentissement critique. page 70

B) Grands écarts à la loi des grands nombres.

Nucléation. page 133

III. ETUDE DES POINTS STATIONNAMES DANS UN MODELE DE 

CHAMP MOYEN LOCAL BIFURCATIONS. page 178





6

- INTRODUCTION -

Ce t r a v a i l  r e g r o u p e  l e s  c i n q  a r t i c l e s  [ 1 2 - 1 6 ]  r é f é r e n c é s  c i - d e s s o u s ,  

Nous  y  c o n s i d é r o n s  u n e  f a m i l l e  d e  v a r i a b l e s  a l é a t o i r e s  d é p e n d a n t e s  

X =  ( ^ i ^ i e s  i n d e x é e s  p a r  un r é s e a u  S ,  p o u r  l a q u e l l e  l a  d i f f i c u l t é  d '  

u ne  r é a l i s a t i o n  x  e s t  m e s u r é e  p a r  u n e  f o n c t i o n  d ' é n e r g i e  H ( x ) .

Ce m o d è l e  s ' e s t  d ' a b o r d  d é v e l o p p é  e n  m é c a n i q u e  s t a t i s t i q u e  à 

p a r t i r  d e  1 9 2 0  a u t o u r  du c é l è b r e  m o d è l e  d ' I s i n g ,  q u i  d é c r i t  un c r i s t a l  

m a g n é t i q u e .  Dans  c e  c a s ,  r e p r é s e n t e  l ' o r i e n t a t i o n  du mome nt  m a g n é 

t i q u e  d e  l a  p a r t i c u l e  au  s i t e  i  du r é s e a u ,  e t  s a  d i s t r i b u t i o n  d é p e n d  

d e s  o r i e n t a t i o n s  d e s  a u t r e s  s i t e s .  L ' é n e r g i e  c o r r e s p o n d a n t e  s ' é c r i t ,  

du m o i n s  f o r m e l l e m e n t ,

H ( x )  =  -  I  J i i  x ,  X .
i.jes 1J 1 J

où m e s u r e  l ' i n t e n s i t é  d e  l ' i n t e r a c t i o n  e n t r e  l e s  p a r t i c u l e s

s i t u é e s  a u x  p o i n t s  i  e t  j .  D ' a p r è s  l e s  p r e m i è r e  e t  s e c o n d e  l o i s  

de  l a  t h e r m o d y n a m i q u e ,  l e  s y s t è m e  é v o l u e  v e r s  u n e  d i s t r i b u t i o n  d ' é q u i 

l i b r e ,  a p p e l é e  mesure de Gibbs, d é f i n i e  p a r  s a  d é r i v é e  — e “ ^ H p a r
Z

r a p p o r t  à u n e  d i s t r i b u t i o n  de  r é f é r e n c e  ( l a  l o i  du s y s t è m e  s a n s  i n 

t e r a c t i o n ) ,  3 > 0  d é s i g n a n t  l ' i n v e r s e  de  l a  t e m p é r a t u r e ,  e t  l a  c o n s t a n t e  

d e  n o r m a l i s a t i o n  2 d o n n a n t  à c e t t e  m e s u r e  ( p o s i t i v e )  u n e  m a s s e  é g a l e  

à u n .  Da ns  l e  c a s  d ' u n  r é s e a u  S i n f i n i ,  l e s  d e u x  f o r m u l e s  p r é c é d e n 

t e s  p e r m e t t e n t  d e  c o m p a r e r  l e s  c o n f i g u r a t i o n s  x  q u i  c o ï n c i d e n t  à

xi
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l'extérieur d'une partie finie de S, sous réserve d'hypothèses (accep

tables) sur les J. . . Nous considérons des formes d'interaction plus
J* » J

générales, comme l'interaction à k corps (k>2 ), mais aussi celles 

qui sont elles-mêmes aléatoires (modèles de verres de spin).

Les mesures de Gibbs interviennent dans d'autres domaines, par 

exemple en neurophysiologie -pour décrire l'activité de certains neu

rones dans le cerveau-, en biologie -pour la contamination de cellules 

dans l'étude des tumeurs-, ou encore en épidémiologie.

On peut également considérer une dynamique de ces modèles, sui

vant un processus de Markov stationnaire qui laisse invariantes les 

mesures de Gibbs.

L'étude mathématique des mesures de Gibbs, et celle de ces pro

cessus, a nourri une vaste littérature (voir la bibliographie de [1]

[2]), en particulier autour des phénomènes de transition de phase 

(coexistence de plusieurs mesures de Gibbs), brisure de symétrie, 

renormalisation critique, nucléation. Elle s'est avérée difficile, 

et elle a été menée à l'aide de nombreuses techniques dont certaines 

propres à ce domaine.

L'ingrédient essentiel de notre approche est la théorie des 

grandes déviations, dans la mesure où la fonction d'énergie H pos

sède une propriété d'additivité, et pour des réseaux de grande taille 

comme dans les exemples précédents (ce qui écarte pratiquement l'ap

proche combinatoire). Nous avons adopté le point de vue introduit 

récemment par Donsker et Varadhan dans [3] pour étudier les propriétés
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de grandes déviations du champ empirique (niveau 3) de différentes me

sures de Gibbs sur S =  2^ au chapitre I . Dans le modèle plus simple 

du chapitre II, le processus apparaît comme une petite perturbation 

aléatoire d'un système dynamique : l'étude de la nucléation (II.B) est 

menée dans l'esprit des travaux de Wentsell et Freidlin [4] ; quant à 

l'étude fluctuations (II.A), elle ne revet toute sa signification 

qu'avec celle du comportement de la mesure de Gibbs au sens des gran

des déviations traitée dans [5] au niveau 1 du théorème de Chernov.

Pour en revenir aux différents modèles de particules, ceux qui 

présentent des interactions locales (à courte portée) sont les plus 

réalistes ; mais leur étude, et l'interprétation des résultats, sont 

alors difficiles. A l'inverse, le modèle de Curie-Weiss (champ moyen), 

dans lequel l'intensité de l'interaction ne dépend pas de 1'éloignement 

des sites, est simpliste dans 1'asymptotique d'un nombre infini de 

particules. Le modèle simplifié (champ moyen local) du chapitre II est 

intermédiaire : S =  Sn est un réseau régulier sur le tore à d di

mensions, de cardinal n^ ; l'interaction entre les particules situées 

aux points i et j vaut

Jij =  n ~ d

où J est une fonction régulière, et dépend de la distance séparant 

les particules. En particulier, il confère au système une géométrie 

suffisante lorsque n --------->  oo pour qu'il exhibe des phénomènes coopé

ratifs locaux tels que des phases antiferromagnétiques, des fluctua

tions critiques riches, et la nucléation.

Nous détaillons à présent nos résultats.

n " c
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Le c h a p i t r e  I e s t  c o n s a c r é  à  l ' é t u d e  d e s  é t a t s  d ' é q u i l i b r e ,

D a n s  l a  p a r t i e  A,  o n  é t a b l i t  l e s  e s t i m a t i o n s  d e  g r a n d e s  d é v i a t i o n s  

du c h a mp  e m p i r i q u e  p o u r  u n e  m e s u r e  d e  G i b b s  s u r  2 e* a s s o c i é e  à u n e  

i n t e r a c t i o n  s o m m a b l e  e t  i n v a r i a n t e  p a r  t r a n s l a t i o n .  La f o n c t i o n n e l l e  

1^ m e s u r a n t  l e  t a u x  d e  d é c r o i s s a n c e  e x p o n e n t i e l l e ,  e s t  d é f i n i e  s u r  

l ' e n s e m b l e  d e s  c h a m p s  s t a t i o n n a i r e s  ) P a r

I a ( Q ) -  -  PEQU + 3 ( Q )  -  p

o ù  - U ( x )  d é s i g n e  l ' i n t e r a c t i o n  n o r m a l i s é e  du  s i t e  0 a v e c  l e s  a u t r e s  

s i t e s ,  0 l ' e n t r o p i e  r e l a t i v e  p a r  r a p p o r t  à l a  m e s u r e  d e  r é f é r e n c e ,  

e t  p =  i n f  { (3E^U + 0 ( Q )  ; Q> l a  p r e s s i o n .

C e t t e  f o n c t i o n n e l l e  n e  d é p e n d  q u e  d e  l ' i n t e r a c t i o n ,  e t  d e  l a  m e s u r e  

d e  r é f é r e n c e  ; e l l e  e s t  l a  même p o u r  t o u t e s  l e s  m e s u r e s  d e  G i b b s  l o r s 

q u ' i l  y  a  t r a n s i t i o n  d e  p h a s e ,  e t  o n  n e  p e u t  p a s  d i s c r i m i n e r  c e l l e s - c i  

à l ' o r d r e  d e  g r a n d e u r  e x p o n e n t i e l  du v o l u m e .  De p l u s ,  c e s  e s t i m a t i o n s  

d e  g r a n d e s  d é v i a t i o n s  s o n t  é g a l e m e n t  v a l a b l e s  p o u r  c e l l e s  q u i  n e  s o n t  

p a s  e r g o d i q u e s  ( d a n s  l e  c a s  d e  t r a n s i t i o n  d e  p h a s e ) ,  e t  c e l l e s  q u i  n e  

s o n t  p a s  s t a t i o n n a i r e s  ( d a n s  c e l u i  d e  b r i s u r e  d e  l a  s y m é t r i e ) .  P o u r  

é t a b l i r  c e  r é s u l t a t ,  o n  t r a i t e  d ' a b o r d  l e  c a s  s a n s  i n t e r a c t i o n  H = 0 , 

e n  g é n é r a l i s a n t  d e s  t e c h n i q u e s  i n t r o d u i t e s  d a n s  [ 3 ]  p o u r  d = l  p u i s  

l e  c a s  a v e c  i n t e r a c t i o n  à  l ' a i d e  d ' u n  c h a n g e m e n t  e x p o n e n t i e l  d e  

p r o b a b i 1 i  t é .

A l a  c o n c l u s i o n  d e  c e t t e  p a r t i e ,  l ' a u t e u r  a e u  c o n n a i s s a n c e  d e s  

r é s u l t a t s  i d e n t i q u e s  d e  [ 6 ] ,  e t  d e  [ 7 ]  p a r  u n e  m é t h o d e  d i f f é r e n t e .

*s<  IR
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D a n s  l a  p a r t i e  I - B ,  o n  c o n s i d è r e  d e s  m o d è l e s  s u r  a v e c

i n t e r a c t i o n  a l é a t o i r e .  R e p r e n a n t  l a  s t r a t é g i e  p r é c é d e n t e ,  i l  s ' a g i t

d ' a b o r d  d e  m o n t r e r  un p r i n c i p e  d e  g r a n d e s  d é v i a t i o n s  c o n d i t i o n n e l  au

n i v e a u  3 p o u r  un c h a mp  b i v a r i é  ( X^ ,  ) i n d é p e n d a n t  i d e n t i q u e m e n t

d i s t r i b u é  ; c e c i  n o u s  d o n n e  a c c è s  à d e s  i n t e r a c t i o n s  d é p e n d a n t  d e

Y =  ( Y i ) i  e t  p a r  l à  même,  a u x  e x e m p l e s  u s u e l s  d e  v e r r e s  d e  s p i n  à

i n t e r a c t i o n  s o m m a b l e .  P o u r  p r e s q u e  t o u t  Y,  o n  o b t i e n t  a l o r s  u n e

f o r m u l e  v a r i a t i o n n e l l e  r e l a t i v i s é e  p o u r  l a  p r e s s i o n  ( r é s u l t a t  d é j à

o b t e n u  d a n s  [ 8 ] ) ,  m a i s  a u s s i  l e s  p r o p r i é t é s  d e  g r a n d e s  d é v i a t i o n s

p o u r  l e s  m e s u r e s  d e  G i b b s ,  a v e c  u n e  f o n c t i o n n e l l e  I 2 d é t e r m i n i s t e ,

( 2
d é f i n i e  c e t t e  f o i s  s u r  c?s V(ER ) )• Une c o n s é q u e n c e  d e  c e c i  e s t  q u e ,  

s o u s  c e r t a i n e s  h y p o t h è s e s  d e  c o n v e r g e n c e  e t  d e  s t a t i o n n a r i t é ,  u n e  

l i m i t e  d e  m e s u r e  d e  G i b b s  à  v o l u m e  f i n i  p e u t  s ' é c r i r e  Q ( . / Y )  a v e c  

=  °»  c ' e s t - à - d i r e  comme u n e  d i s t r i b u t i o n  d ' e n t r o p i e  m i n i m a l e  

c o n d i t i o n n e l l e  à  l ' i n t e r a c t i o n .

E n f i n ,  n o u s  m o n t r o n s  q u e  l e  r é s u l t a t  p r é c é d e n t  e s t  v r a i  s a n s  

h y p o t h è s e s  d a n s  l e s  m o d è l e s  d e  c h a mp  m o y e n .  S u r  un  e x e m p l e  p a r t i c u l i e r  

d e  v e r r e  d e  s p i n ,  n o u s  m o n t r o n s  q u e  l a  d i s t r i b u t i o n  d ' u n e  p a r t i c u l e  

e s t  a l o r s  l a  même q u e  c e l l e  d ' u n e  p a r t i c u l e  c h o i s i e  au  h a s a r d  d a n s  l a  

p h a s e  a n t i f e r r o m a g n é t i q u e  d ' u n  m o d è l e  a v e c  i n t e r a c t i o n  ( n o n  a l é a t o i r e )  

d e  c h a mp  m o y e n  l o c a l .

N o u s  d é c r i v o n s  m a i n t e n a n t  l e s  é t a t s  d ' é q u i l i b r e s  a s y m p t o t i q u e s  d ' u n  

m o d è l e  d e  c h a mp  m o y e n  l o c a l  [ 5 ] ,  a v a n t  d e  d é t a i l l e r  l e  c h a p i t r e  I I .  On

i2 (Q) ■
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p e u t  r é d u i r e  l ' é t u d e  du s y s t è m e  X à  c e l l e  d ' u n e  mesure de magnétisa
tion

Xn =  n - d  Z X,  S s .
ies 1 1n

Dans  1 ' a s y m p t o t i q u e  n oof l e  s y s t è m e  s e r a  r e p r é s e n t é  p a r  u n e  

d e n s i t é  d e  m a g n é t i s a t i o n  s u r  l e  t o r e ,  l ' a n a l o g u e  d ' u n  p r o f i l  e n  h y d r o 

d y n a m i q u e  .

R e m a r q u a n t  q u e  l ' é n e r g i e  s ' é c r i t  a l o r s  -  — f  J * x n ( s )  Xn ( d s )
2 J

où * r e p r é s e n t e  l a  c o n v o l u t i o n ,  on o b t i e n t  d e s  i n é g a l i t é s  d e  g r a n d e s  

d é v i a t i o n s  t r a d u i s a n t  q u e

"n*"^ Log  P { Xn v o i s i n  d e  u }  e s t  a p p r o x i m a t i v e m e n t  é g a l  à I 3 ( u ) " ,

a v e c

où i. e s t  l a  t r a n s f o r m é e  d e  C r a mè r  d e  l a  d i s t r i b u t i o n  d e  r é f é r e n c e  d ' u n e  

p a r t i c u l e .  L e s  m i n i m a  d e  s o n t  l e s  d e n s i t é s  d ' é q u i l i b r e  ; i l s  p r é 

s e n t e n t  un é v e n t a i l  v a r i é  d e  c o m p o r t e m e n t s ,  s u i v a n t  l e s  v a l e u r s  d e  

J e t  p , comme l a  p h a s e  f e r r o m a g n é t i q u e  ( l e s  d e n s i t é s  s o n t  c o n s t a n t e s  

non  n u l l e s ) ,  o u  l a  p h a s e  a n t i f e r r o m a g n é t i q u e  ( e l l e s  c o n s t i t u e n t  u n e  

f a m i l l e  d ' o n d e s ) .

Dans  l e  c h a p i t r e  I I ,  n o u s  m e n o n s  l ' é t u d e  d e  l a  d y n a m i q u e  d e  G l a u -  

b e r  de  c e s  m o d è l e s ,  e t  t o u t  p a r t i c u l i è r e m e n t  c e l l e  d e s  p h é n o m è n e s  l i é s  

à l a  t r a n s i t i o n  d e  p h a s e .  La f o n c t i o n n e l l e  1^ ,  q u i  d é c r i t  l e  c o m p o r 

J J L [ u ( s ) ]  d sl 3 u )
ß
2

J*U s) U ( s ds +
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tement asymptotique de la mesure invariante du processus "mesure de 

magnétisation” x£ , mesure le temps moyen que passe x£ au voisinage 

d'un état ; en particulier, x£ apparait comme une perturbation aléa

toire ( d' autant plus petite que n est grand) d'un système dynamique 

qui l'entraîne vers les équilibres (minima de ¡3 )» au voisinage des

quels il passe la majeure partie du temps.

Dans la partie A, l'auteur établit en collaboration avec T. Eisele 

des résultats de fluctuations (théorèmes de limite centrale) hors de 

l'équilibre et à l'équilibre, après avoir prouvé la loi des grands 

nombres ci-dessus, et un résultat de propagation du chaos (qui justifie 

1'exhaustivité de la seule étude du processus mesure). Au voisinage 

d'un minimum non dégénéré u de I^, le processus de fluctuation

nd/2 (X£ - u)

converge, en norme de Sobolev, vers un processus de Ornstein-Uhlenbeck 

généralisé. Lorsque le minimum est dégénéré, la convergence précédente 

a lieu, mais le processus limite ne possède plus de distribution inva

riante. Il convient alors de renormaliser en espace, mais aussi en 

temps en raison de cette convergence. Nous traitons le cas du point 

critique d'une transition de phase ferromagnétique, correspondant 

à une dégénérescence d'ordre m arbitraire dans une seule direction : 

alors u = 0 et le processus de fluctuation critique

d/2 (m+1) yn
n tnm/ (m+l)

converge vers un processus stationnaire non gaussien occupant la direc
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tion de dégénérescence ; cet espace étant ici celui des constantes, le 

processus de fluctuation critique est donc homogène dans l'espace. Au 

point critique d'une transition de phase antiferromagnétique de fré

quence q avec dégénérescence d'ordre m=l, le processus de fluctuation 

critique converge vers un processus stationnaire non gaussien, de fré

quence q sur le tôre - cet espace de fréquence (de dimension 2 ) cons

tituant alors le noyau de dégénérescence -, Enfin, nous traitons le cas 

où les deux transitions précédentes se combinent. Dans tous les cas, 

la mesure invariante du processus limite est la limite des fluctuations 

de la mesure de Gibbs conditionnée au voisinage de l'équilibre. Cer

tains résultats analogues de [9] sont obtenus dans un modèle de champ 

moyen ; notre cadre, qui introduit une plus grande richesse de paramè

tres et de géométrie, met en évidence l'universalité des processus 

limites.

La partie II.B concerne le comportement du processus sur des 

échelles de temps beaucoup plus longues. L'auteur de cette thèse 

y étudie les changements d'attracteurs selon l'approche par les 

grandes déviations de [4], [10], proposée dans ce cadre par G. Ruget

[11]. L'idée originelle est d'expliquer le phénomène de nucléation, 

à savoir l'apparition d'un nombre déterminé de noyaux dont la compo

sition approche celle du nouvel attracteur, ces noyaux se propageant 

par la suite jusqu'à remplir tout l'espace. Il s'agit dans un premier 

lieu d'obtenir des estimations en temps fixe T , que l'on peut cari

caturer par

1 n
- —  Log Pr{dist (Xt, ut) < y ; t < T> est à peu près I4 (T ;u ) 

d
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pour toute trajectoire (déterministe) u sur [0,T] dans l'espace des 

densités ; 1^ s'annule sur les trajectoires du système dynamique 

sous-jacent. En généralisant certaines estimations à des durées 

plus grandes, nous déterminons alors les points de sortie d'un 

bassin d'attraction, qui se trouvent être les points du bord les 

plus bas dans le paysage d'énergie défini par Ig. Ces points col 

vérifient l'équation Vl^ = 0 , étudiée ci-dessous ; en particulier, 

ils sont non homogènes à température assez basse : il y a alors 

nucléation.

Enfin, le chapitre III qui ponctue ce travail, consiste en 

l'étude des solutions u de VI^ = 0 , ou plutôt de l'équation 

équivalente

u = g (j3 J*u)

avec g = (à.')*"1 . Il résulte d'une collaboration entre T. Eisele, 

motivé par l'étude des minima de I^, M. Schatzman, intéressée plus 

particulièrement par la modélisation du développement du cortex visuel, 

et l'auteur, pour les différents motifs déjà évoqués. Il révèle la 

géométrie du paysage d'énergie I3 , dictée par les coefficients de 

Fourier de l'interaction J . Nous décrivons de manière plutôt 

complète les branches de bifurcation primaire et secondaire, pour des 

noyaux de bifurcation de dimension au plus deux, ainsi que leur 

stabilité. Au passage, nous obtenons un exemple de transition de 

phase du premier ordre dans le cadre du champ moyen local, où 

l'équilibre saute brutalement d'une branche de solutions à une autre 

pour une certaine valeur du paramètre p .
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CHAPITRE I : DISTRIBUTIONS A L' EQUILIBRE

Partie A : GRANDES DEVIATIONS POUR LES MESURES DE GIBBS

AVEC INTERACTION A COURTE PORTEE .
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PROBABILITÉS. —  Grandes déviations pour des champs de Gibbs sur Z d. Note  de 

Francis Comets, présentée par Robert Fortet.

Un principe de grandes déviations est d'abord établi pour le processus empirique d’un champ de variables 
indépendantes équidistribuées indexées par Zd, pour d^\. Ce résultat est ensuite généralisé aux champs de 
Gibbs stationnaires associés à une interaction sommable, et mène à la formule variationnelle de Gibbs.

PROBABILITY THEORY. —  Large deviations results for Gibbsian random fields on

A large deviations principle is first proved for the empirical process of i. /. d. random variables indexed by the 
integer lattice dtZ\. This result is then extended to stationary Gibbsian fields corresponding to a summable 
interaction, and we obtain the Gibbs variational formula.

I. Énoncé du résultat principal. — Soit X un espace polonais, et fi =  X z<<. On
d

considère une suite A„ de parallélépipèdes de N*', A, =  f ]  [0, a'] où chaque suite a'„
i= 1

( /= 1 ,  . . . , d )  tend vers l’infini. Pour toe fi, on note co(B> l’élément de fi obtenu en 
prolongeant par périodicité en dehors de A„ la restriction de co à A„. On définit alors le 
processus empirique

R B.«, =  77-T Z  5eV">
I A n| le A,

où | A | désigne le cardinal de Ac=ZJ et 9 \  X e Z d, les opérateurs de shift sur f i  : pour 
tout <», R„ w appartient à l’ensemble ^ s (fi) des mesures de probabilités stationnaires 
(sous l’action de J.4) sur fi.

Soient a une probabilité sur X et P la probabilité produit sur fi. Considérons une 
interaction J =  { JA; A partie finie de Z*}, où les JA sont des fonctions continues sur fi, 
mesurables par rapport à la tribu <r(A) engendrée par les applications coordonnées <ot-»a>x 
pour XeA; on suppose J invariante par translation, et £  sup | Ja Î00) | < ° o-

A 3 0  w € n

Pour toute partie finie A de Z* et toute condition extérieure <àeXAf, on définit le 
potentiel hamiltonien U “ pour ô>eXA par

U “ ( ¿ > ) = -  £  JA(co)
A: A n  A *  0

avec <o =  (cü, œ), Z“ =  EPa { exp —U*(ô»)} où PA désigne la restriction de P à cr(A), et 
enfin

7r“ (û>)=(Z“) - 1exp{ - U “ (co)}

la spécification. Soit G l’ensemble des états de Gibbs invariants par translation, i. e. des 

Q e # s (fi) tels que, pour toute partie A finie, JiAdPA soit une version régulière de Q  
étant donné a ( A f) (problème de Dobrushin-Lanford-Ruelle).

Théorème. — (i) lim 1/| A„| logZ A™ existe, est indépendante de la suite des conditions(ûn
n~* ao

extérieures à A„, uniforme par rapport à œrt, et est égale à

P = -  inf { E°(U) +  I(Q, P ) }
Qc¿*s< CÎ)

0249-6291/86/03030511 S 2.00 (g) Académie des Sciences
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avec

et

U(ffl)»- I  7T T Ja(“ )
A b O I Al

I(Q, P) =  sup - U ( Q a, PA),
A par t i e  f inie  de  Z d | ** |

où /i(|i, v) est F information de Kullback de fi par rapport à v lorsque |i et v sont deux 

probabilités définies sur la même tribu.
(ii) Si Q e G ,  on a pour tout borélien B de & S(Q)

-  inf {ERU +  I(R, P ) + / 7 } ^ I i m — l—  l o g Q { R ^ e B  }
R € B

n • ce
A.

=  ü111 T T * 7 l°g Q { R"-«>e B } ^  — inf { ER U + 1 ( R, P ) + p } .
IT-00 I A„ I R g B

Commentaires. — La formule variationnelle de Gibbs (i) est bien connue; cependant 

la preuve donnée ici, à l’aide de techniques de grandes déviations, est nouvelle.
Du principe de grandes déviations (ii), on déduit

Iim T7-T!°gQ{ R -.o.e B }=°
—  * I An|

dès que B contient l’un quelconque des états de Gibbs [il est en effet connu que 

/? =  ERU +  I(R, P) équivaut à R e G ]  : l’apparition d’un autre état de Gibbs, s’il en existe, 
n’est pas de probabilité exponentiellement petite sous Q.

On montre aisément que I ( . ,  P) est s. c. i. sur et Q116 ses lignes de niveau sont
compactes; on retrouve ainsi que sous nos hypothèses.

II. Indication de preuve et le cas indépendant. — Pour A, A' c  Zd et Q une probabilité 

sur Q, notons QA. une version régulière de Q conditionnelle à a  (A), restreinte à a  (A') 
(on écrira 0 pour { 0 }  ).

Proposition. — (a) Soient ^  un ordre total sur Z d, compatible avec les translations, 
(«— ,0] [resp. (+-,0)] l'ensemble des minorants [resp. des minorants stricts] de 0 (le « passé »). 
Si Q e .^ s (Q), le sup définissant I peut être calculé sur les parallélépipèdes de et est 
égal à Î =  Eo /j(Q(0- ‘0\  a).

(b) Pour tout borélien B de (fi), la loi du processus empirique Rn lu sous P satisfait 
un principe de grandes déviations avec constantes | A„ | et fonction de taux I ( . ,  P).

Remarques. — Ce résultat est la clé du théorème; il généralise celui de Donsker- 

Varadhan en dimension 1 ([1], [2]); (a) est dû à Fôllmer [3] dans le casX  fini et ^  un 

ordre lcxicographiquc.
Pour montrer (a) on ordonne les éléments d’une partie finie A arbitraire de Zd, et on 

obtient comme dans [2]: EQ F — log Ep F ^ |  A |T pour toute F, a(A)-mesurabIe bornée. 
Puis, pour établir sup {( !/| A | ) /j(Qa, Pa); A parallélépipède } ^T, on décompose

/’(QA> Pa)=  I  Eq /i(QJ~Xa"<~ 0), et)
>. 6 A

où Tx est la translation de vecteur X dans Zd.
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L’argument en dimension 1 de [2] mène à Hm EQ/i(Qâ", a) pour toute suite A„

« - ♦o o

croissant vers (<-, 0) : on le complète en remarquant que At-» E q/i {Q£, a) est croissante 

en A c ( + - ,  0) (inégalité de Jensen), et on peut alors adapter l’argument de Cézaro.

En s’inspirant de [2], on montre que I(Q , P) est une fonction affine de Q et que 

Q ei^ s iQ )  a une représentation intégrale

S nQ (dS) avec I (Q, P) =  f  I (S, P) nQ (dS).
J S ergod ique

La majoration dans (b) est semblable au cas <¿=1 [2]. Pour la minoration, on établit 

d’abord

(1) l i m - i - l o g P i R ^ e V l ^ - U Q ,  P),
lA«l

pour tout voisinage V dans ^ s (i2) d’une probabilité ergodique Q vérifiant I(Q, P) <  oo : 

le point crucial est que la famille filtrante { log dQ^/da; A partie finie de ( « - ,0 ) }  est une 

Q —a ( A U  { 0 } )  sous-martingale, convergeant dans vers Y,

Y g  log d Q q" •0) Ida  Q p. s.

On écrit alors

P { R . . - e V } ^ e x p { - | A . | ( I ( Q ,  P) +  2 6 ) } Q ( Q i n Q ; P l { R fl. <0e V } )

OÙ

Q» = Î t T 7  £  l o g ^ % ^ ( e xco)^I(Q , P) +  e j  
U A™UeA. det J

la Q-probabilité de tend donc vers 1, mais aussi celles des deux autres ensembles  

d’après le théorème ergodique multiparamétrique.

D ’après la représentation intégrale précédente, il suffit alors de vérifier que l’ensemble 

des Q e ^ s (Q) vérifiant (1) est convexe, en utilisant un argument classique.

La preuve du thcorcme consiste alors à combiner les résultats de [4], §3, et les inégalités 

(b) qui sont bien sûr indépendantes de co".

Reçue le 23 juin 1986 , acceptée le 22 juillet 1986.
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PREUVES DE LA NOTE:

'GRANDES DEVIATIONS POUR DES CHAMPS DE GIBBS"

Nous reprenons ici les notations définies dans la note. Une biblio

graphie complémentaire, référencée par le nom des auteurs, figure à la 

fin des preuves.

Si A c: , on note

P F
= { F : Ci — > DR ; F a (A)-mesurable, bornée, E e < 1 >.

Q
Alors, h(QA ,PA ) = sup {E F ; F£DA > .

□ Preuve de la proposition:

«V

.Montrons d'abord que I < I . Soient A une partie finie de Z ,

dont on note X , ...X ses éléments classés par ordre croissant, et 
1 I A I

F 6 DA . Soient F =  F et 
A |A|

r F (w)
F̂ . (ok , . . . ,0)̂  ) =  log J e a(dœ. ) . . .a(do)x )
k A1 k k+1 A |A|

C +
pour k = 0, . . . | A | . Comme FQ < 0 et ^ 0 0t(ĉcûx  ̂ on a

Q-p.s .

E <Xk+1> { Fk +1  -  Fk > <  h [  Q (<e’ X k + l ) , a  ]  =  h ( Q ^ ’ 0 )  , a ) o 0 Xk+1

d'après la stationarité de Q; on intègre ces inégalités par rapport à 

Q, on somme sur k, et il vient

Q
E F < | A | I .

L'inégalité inverse nécessite une étape de plus qu'en dimension 

d=l. Maintenant, A est un parallélépipède; la formule de décomposition 

de l'entropie (lemme 2.3 de [1]) s'écrit

Q A-{X|A|>
h ( Q A - PA> =  h (Q . P  ) + E  h ( Q ,cx)

A A A-{X > A-{X > {X >
I A | I A | I A |

"X |A|
Q ( («,0)nT A

où le dernier terme est égal à E h|Q ,a| par stationnarité,

Q

k+1 *
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D'où l'on obtient

Q ( ^ , 0 ) n T ' XA
h (QA*PA) “ S E h(Q ,«) (1).

A A X£A 0

L'argument suivant, suffisant pour d=l, devra ici être complété :

si An est une suite croissante de parties de (-<-,0 ) avec U A n « (-<-,0) ,
n

le théorème usuel de convergence des martingales montre que 

An (*’°>Q => Q , Q-p.s. ( ==> désigne la convergence étroite des probabi-
0 0

lités). Puisque p. •—> h(/i,v) est s.c.i. , le lemme de Fatou montre que

Q Q (*,0 )
lim inf E h ( Q n ,ct) > E h(Q , oc) (2).
n — >■ oo o 0

A' A A'
D'autre part, on a Q-p.s. Q Q =* Q pour A'C A C  (<•, 0) , et

A-A' 0 O

donc

Q A Q Qa I a ' Qo Q Q* '  Q A '
E h(Q ,a) =  E E sup E u F > E sup E u F = E h(Q£,a) •

0 Fé Dq F€Dq u

En combinant cette propriété de croissance avec (1),(2) et un argu

ment de Cezaro, on obtient aisément

I > sup{ ---  h(QA ,PA ) ; A parallélépipède de 2 e* } > ï ,
|A| A A

ce qui prouve a).

.Nous établissons maintenant la majoration de la probabilité de 

grande déviation, en suivant l'esprit de la preuve de [2]. Soient A 

un parallélépipède de (N̂  contenant l'origine, et F€D^ ; on peut 

recouvrir An par des translatés T^A de A deux à deux disjoints et 

on majore

exp -i- £ F(0X<u) =  exp £ £ F(0T+Xu>)
|A| X€An |A| X€A r:T+XSAn

< £ exp £ F(0t + Xü>)
|A| X6A T

par convexité de l'exponentielle. Puisque F£D^ et P est une mesure

produit, on obtient en intégrant par P

P 1

I A| X€An
E exp --- £ F ( 0Xu> ) < 1
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Comme £ (n) =  sup ----  "T“ F(0\o) - f  F dR„ ,, est un
F co |An | X£An 0 n *“

©d ( Il F-Il IA J/min{a¡¡*} ) , on en déduit pour tout borélien B de 3* (0)
\À  • ^  l  1 «

n , co

exp{ m V "1 } * ep =*p{ m  l FdR"’“}
> P{Rn tû6B> e x p |  i n f  f  F dQ \n,W \ |A| Q€B 0 /

— 2- inf 
IA| Q€B

d'après l'inégalité de Chebichev; soit

1 1
lim sup 
n-->oo log píRn,0)eB  ̂< - sup{ sup inf E F ;A parallélépipède}.

IAI F€Da  Q€B

La fin de la preuve est alors identique à la référence ci-dessus.

.Montrons maintenant que I(Q,P) est une fonction affine de Q; notre

preuve reprend et explicite celle de Cl],[2]. Comme 0 est polonais,

on peut trouver une famille dénombrable U d'éléments de l'espace *6^(0)

-des fonctions continues bornées sur 0 à valeurs réelles- ne dépendant

que d'un nombre fini de coordonnées, qui soit déterminante pour la

/
convergence étroite des probabilités sur 0. Soit An une suite de cubes

?k d
croissante vers (Z_) ; pour et f€U, on définit

Alors, 0 F= {ü>€0: fl f € DR} et 0 = H 0f sont des boréliens de 0,
t ° feu r

^  d
éléments de cr{(2_) }. D'après le théorème ergodique, on constate que 

VQere (Q), Q(0o ) - 1 et nw- Q Q-p.s., 

où on a noté 9 e (Q) l'ensemble des probabilités stationnaires ergodiques 

sur 0.

 ̂ d
On choisit à présent < tel que (Z_) <Z (<-, 0) - un ordre lexicogra- 

phique par exemple -, on note R(Q,<o) une version régulière de la proba

bilité QG^gCQ) conditionnelle à (-<-,0) qui soit conjointement mesurable 

en Q et eu ; soit Rü>= Rjll̂ â)) . Pour QE9e ( 0 ) , on a

n<of lorsque cette limite existe

sinon .

Q(dco '  ) =  f  R ^ d œ '  ) Q ( dco ) (3) .
0

=  OC

1 im 
n-x»

£
\ 6 A >

f o0 X (co)
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Maintenant, supposons simplement Q stationnaire. Toujours en vertu

a
du théorème ergodique, = 1 et Q“P •s • 11^= Q , où 3 est la tribu

des invariants. Mais Q est presque sûrement ergodique et

Q = /  Q° dQ = /  S n (dS) (4)
o V ?e (0) Q

où ¡x est l'image de Q par l'application O-mesurable œ Q : donc 
Q o ^

(3) reste vrai pour Q€iTs (0) et Q =  R0* Q-p.s .

Donc I(Q,P) est une fonction affine de Q et vérifie:

I(Q,P) - / h(Rw ,a) Q ( da> )
0

= / M (dS) /  h ( R0*, a ) S ( dcu )
Q 0

= f n (dS) I(S ,P ) (5)
Q

d'après le théorème de Fubini.

.Nous montrons maintenant la minoration b). Il suffit de prouver

que pour tout voisinage V de Q dans iPs (0) avec I(Q,P) < oo ,

1
lim inf ----  log P{R ÊV} > - I(Q,P) (6).

| A n | n>ü>

Supposons d'abord Q ergodique. La preuve, plus délicate que pour d = 1 

nécessite le

A
d Q Q

Lemme : Si I ( Q , P ) <oo , la fami lie fil trante { log ---  ; A CI ( <*, 0 ) ,
dot

A finie } converge dans EL1 (Q ) vers une variable Y vérifiant

(<-,0 )
dQ0

Y < log ------- Q-p.s. .
dot

A
(<*,0] dQ0

□ Preuve du lemme: soit Q = Q 0 oc 6 ^(X ) ; --— est une
( < - , 0 )  0  dot

— dQn
Q - a ( AU {0 > ) martingale. Puisque 2 = --— , pour A'C A la probabi-

dQAU{0> da
A ' U{ 0} _ A ' U {0}

lité Q est Q-p.s. absolument continue par rapport à Q
A-A' A-A'

A A'
dQ0 / dQoavec dérivée ---  / — — . En posant O(x) = x logx pour x>0 ,
d a  /  d a

on a Q-p.s .

dQ,

[0 >
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A'U{0} A _A'U(0} A A'
Q " '

E ioE ÎSa -  eq /  » f £2o W  Î2a \
da \ \ da J /  da. J

A' _A'U{0> A

- < ■ / ? > ■ “ • ( ? )  

A' _A'U{0> A

> /  ,  /  « a  \  .  f E° £2° ) _ loe £
V / da / V da J d

en utilisant 1/inégalité de Jensen pour la fonction convexe O et la 

propriété de martingale; comme I(Q,P) < oo ,

A (*,0) A
Q f dQrj A + Q ( dQQ w  dQ0

E log ---  < E log — — <00 , log — — est une
V da ; V da J da

Q sous-martingale filtrante qui converge dans IL1 (Q) vers une limite

Y lorsque A croît vers (*<*,0) [NEVEU]. Pour A =* (-*,0), on a

A' A'U{0> (<-,0)
dQ0 Q dQ0

log ---  < E log — — Q-p.s.; en passant à la limite sur
da da

A '/ (<-,0), on obtient la majoration de Y .□

Choisissons à présent < tel que (̂ -,0) H lNd ^ 0 . Puisque Q est 

stationnai re ,

(«.xjriA (^,o)nT-xA-/
dQ dQ n dQ n

An . . _  <*> _  . 0 ,
—  (œ) - n  ---  (<*>) =  exp YZ log ----  (0 a») .

dP da ^€A^ da
An

On a donc :

dQ

p< Rn>a,€ v > > eQ
U d P  ) {Rn,o)ev> /

n

dQo

_  I Y - log ----  1 (9Xo>) ) 1 V (7) 
x€An L------------------ da-----------------------J ) { RniW€V > /

(■<->0)nT~XAn

D'après le lemme, le premier crochet est positif, et la moyenne de

( e \ o )

A'U{0>

( 0 Xu>)
Q

* E exp H
,€An

O
lOg ----

da

!
dQ

^.0)

xl^n
log

(<*.0)
dQ

0

da
Y
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Cezaro

1
Z_ =

( ■«■, 0 ) HT XA„ 
dQ n

„ [  Y -  108 5 T "  ]  (9X"'° IAn I X€A

1 2
converge vers O dans L ( Q ) : si £>0, 0^= {u>£0; Zn > - e > est de Q-pro-

( « , 0 )
Q dQ0

habilité tendant vers un. D'autre part, comme E log --— — I(Q,P) ,
da

( ■*» O )
dQ

i 1 0 > 
celle de 0";= {co€Q; ----  TT~ log ----  (0 to) < I(Q,P) + s } tend

|An l X£An da

aussi vers un d'après le théorème ergodique multiparamétrique [KRENGEL]; 

il en est de même pour {Rn ^ V } .  En écrivant (7) comme

P< Rn,cüeV > > e*P( " I An I CI(Q.P) + 2e] ) Q( 0* n Qjj fl {Rn>(i)€V} ) 

on obtint (6 ) pour Q ergodique.

Montrons à présent (6 ) pour Q € ^s (^) • Soit S1 ,...Sm ,... un 

échantillon de la loi ¡jl sur iT-(O): d'après (4), (5) et I(Q,P)<oo, la
Q e

loi des grands nombres entraîne que

m m
ü m  (l/m) S S. = Q et lim (l/m) £ I(S.,P) =  I(Q,P) , jjl - p . s . . 
m-x» i=l m-x» i=l

I(.,P) étant affine, il suffit donc d'établir (6 ) lorsque Q est une 

combinaison linéaire finie d'éléments de ^e (0 ), ou, plus simplement, 

que l'ensemble des QG^S (0 ) vérifiant (6 ) est convexe.

Soit donc Q = t Q + (1-t) Q , 0<t<l, Q et Q vérifiant (6 ), et V

un voisinage de Q. Notons ici R„ = RA ,v . Soient b„ un entier teln , eu , ü> n

X

que bn= t a* + a(l) , XQ= (bn ,0 ,...0 ) , côn=  0 co , An=  CO, bn] x n [0 , a*]

- 1 d i et A = [0 ,a - b l x  n [0,a";] : alors R_ est voisin de
Il i l  i l  ^  i l  i l  y w

t R^ + (1-t) R__ , la différence résultant des effets de périodi-
^n ,œ ^n,œ

sation au bord des bandes. Puisque la convergence des processus est

essentiellement celle de leur marginales de dimension finie, cet effet 

devient négligeable pour toute portée donnée lorsque n — > oo : on peut
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trouver des voisinages V de Q et V de Q tels que

R~ G V et € V »=-> R_ 6 V pour n assez grand,
n , ça n , co

Comme P est une mesure produit, on a pour n assez grand

P<Rn <o€V> > P<R~ € V} P{R_ g V>
’ A A nn , o) n , <0

> exp( - t|An | [I(Q,P)+e] ) exp( - (l-t)|An | CI(Q.P)+e] ) 

=  exp( - |An |[I(Q,P)+e]) .

-̂a Preuve du théorème est mot pour mot la même que celle des théo

rèmes IV. 1 et IV.2 de l'article ’’large déviation estimâtes for a 

conditional probability distribution ..." figurant dans cette thèse, 

en prenant pour u une masse de Dirac ( on conditionne par une fonction 

constante ); elle ne sera donc pas répétée ici.

Sur les commentaires :

1 ) La preuve de la formule variationnelle de Gibbs à l'aide de

techniques de grande déviation est nouvelle pour d>2 [ELLIS,p .161].

Elle est, du reste, analogue à celle donnée dans cette référence

pour d=l. Pour une autre preuve, voir [PRESTON], qui contient

également beaucoup de résultats sur les états de Gibbs.

Notre résultat montre que la fonctionnelle de grandes déviations

est la même pour tous les états de Gibbs correspondant à une

interaction donnée; elle ne dépend que des caractéristiques locales.

Elle induit une fonctionnelle de grandes déviations pour la mesure

1 n
empirique — £ 6 qui n'est pas strictement convexe s'il y a 

n i=l w i

transition de phase. Une autre conséquence est que l'on ne peut



28

discriminer les mesures de Gibbs à l'ordre de grandeur exponentiel 

du volume.

2) I ( Q , P ) est s.c.i. : en effet, I(Q,P) = sup ---  h(QA ,PA ) , où
A | A | A A

h(.,v) est s.c.i. (car X est polonais), et Q »—> est continue.

3) Les lignes de niveaux de I sont compactes dans tf*s (0):

si l€IR+ , la ligne de niveau { Q0 Ps (Q); I(Q,P)<1 } est fermé en vertu 

du point 2). Pour montrer qu'elle est relativement compacte, il 

suffit de montrer qu'elle est tendue, ou encore que chacune de ses 

projections finies-dimensionnelles le sont; mais ceci résulte du 

fait que sa projection unidimensionnelle est incluse dans le compact 

{ qe?(X) ; h (q ,a ) < 1 }.

Q
4) G 7̂ 0 : comme U est continue sur 0, Q >—> E U + I(Q,P) est s.c.i. 

et atteint son minimum -p sur le compact non vide

Q
{Q;E U + I(Q ,P ) < -p+1}. Donc G ^  0 .
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CHAPITRE I .

Ffcrtie B : MESURES DE GIBBS AVEC INTERACTION ALEATOIRE
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ABSTRACT

Let (x^, ) , i€Zd , be independent identically distributed random 

variables with arbitrary distribution. We show that,for almost every 

(y^)i» the conditional law of the empirical field given satisfies

to large deviations inequalities. This applies to the study of Gibbs 

measures with random interaction, in the case of some mean-field models 

as well as of short range summable interaction. We show that the 

pressure is non random, and is given by a variational formula.These 

random Gibbs measures have the same large deviation rate, which does 

not depend on the particular realization of the interaction; their local 

behaviour is described in terms of conditional probabilities given the 

interaction of solutions to the variational formula.
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I. INTRODUCTION:

In [7], DONSKER and VARADHAN have recently Initiated the large 

deviation theory for stationary random processes on the "level 3 ” of the 

empirical process; their methodology was shown to be fruitful, and has 

been since applied to various domains. Among these, Gibbs random fields 

were proved to have large deviation properties depending only on the 

local characteristic ( [3], [14] , [21]): a Gibbs field is a random field 

on such that the conditional distribution of a finite set of coordo- 

nates given the other ones has exponential density with respect to some 

independent identically distributed (i.i.d.) field; this density 

involves a translation invariant interaction, which describes the 

dependence between the variables. One strategy is to establish first 

a level 3 large deviation principle for the i.i.d. field, and then to 

transfer it to the Gibbs field via Laplace's method.

In recent years, Gibbs random fields with random interaction have been 

extensively used to describe disordered systems; this time, it is assumed 

that the law of the interaction is translation invariant. In this paper, 

we study such a field for allmost every realization of the interaction, 

using large deviation techniques.

We will adopt the same strategy as above, so we will first establish 

that a conditional large deviation principle for i.i.d. random fields 

holds with probability one (w.p.l). Let (Wi)i be an i.i.d. field, with 

index i€Z^ for some integer d>l , and values in a Polish space 117; let 

k be continuous on U7 to another Polish space, and Y^= 7tVV̂  : we estimate 

large deviation probabilities for a regular version of the conditional 

law of the empirical field Rn ^ given the Y-field, with Y=(Y^)^, under
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typical conditioning (i.e. on a set of Y's with full probability).

The rate function in the conditional case coincides with that of the 

unconditional case on the set of stationary fields with the typical 

margin, and is infinite elsewhere.

The proof does not reduce to a mere consequence of Bayes formula,

as when conditioning consists in an event { R„ 6 B > with non-zeron , .

probability as in [18]; by the way, our result implies the latter for 

typical B's. Our techniques are not either related to the expansions 

of probability densities of 2ABELL [29] for exact conditioning.We will 

essentially use the non conditional estimates and Borel-Cantel1i lemma. 

The lower bound will be proved by means of an exponential change of 

probability, which is a central idea in large deviation theory: here, 

the new probability will be the law of an i.i.d. field indexed by a 

bigger lattice with some rectangle A as unit cell, each variable 

having cardinal(A) components.

In section IV and V, we derive applications to Gibbs measures with 

random interaction, which randomness will be given by the Y variable.

We will consider separately short range summable interaction (§IV) and 

some mean-field interaction (§V); one can refer to detailed references 

of such models in spin-glasses and neural networks.

We show that the pressure exists in the thermodynamic limit w.p.l, 

is independent on the experiment and is given by a Gibbs variational 

formula; in particular, we recover results of LEDRAFPIER for Ising 

spins [19].We obtain large deviation probability estimates, for almost 

every realization of the interaction; the rate function, which give the
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rate of exponential decay, does not depend on the particular realiza

tion. The problems are tackled with a particular emphasis on uniformity 

with respect to boundary conditions; our results also apply for Gibbs 

measures which are obtained in the thermodynamic limit with boundary 

conditions depending on the interaction itself.

But the thermodynamical limits of finite volume Gibbs measures 

depend on the interaction, and they are random measures. Therefore we 

localize the previous results on space averages, and show that these 

limits are related to the maximum entropy distribution - which are by 

definition the solutions to the variational problem -, more precisely 

they are conditional versions of these distributions given the 

interaction.

In section II, we recall generalities on large deviations and 

empirical fields, and state some known results used in this paper. 

Section III is devoted to the conditional large deviation principle 

in the i.i.d. case. We give now a simple explicit computation showing 

why it holds at level 1 (of course, the level 3 proof is not trivial 

like this one): let and Y^ ,i=l,2 ,... be two sequences of two 

sequences of bounded real i.i.d. random variables; we prove that the 

conditional distribution of

z n =  ( l / r o j ^ Y .  (l.l)

given ^ ( Y ^ ) ^  obeys a large deviation principle for almost every 

realization of Y . Indeed, using the independence assumption, one can 

compute the logarithm of the Laplace transform of nZn given Y
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LnZ (t> = lo® Ex exp(tnZn ) - log^Ejj exp(tYiX) “ .S^x^Y..)

with Lx (s) = log exp(sX) and E^ the expectation in the X variable; 

the law of large numbers implies that

(1/n) LnZ (t> - !-PlT’1» L(t) = E y  Lx (t) (1.2).

Denote by ¥ the Borel set where the limit (1.2) holds; it is shown 

in [6] that (1.2) implies that we have on ¥

- inf{L*(z);z€B> < lim inf (1/n) log Pr{ Z_€B / Y>
n —*©o

* -  (1-3)
< lim sup (1/n) log Pr{ Z €B / Y) < - inf{L (z);z6B} 

n —>oo

with L* the Legendre transform of L given by

L*(z) = sup{ tz-L ( t ) ; t€ER> (1.4).

Notice the set ¥ of conditioning under consideration is typical in 

the sense it has probability one.
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II . DEFINITIONS and GENERALITIES ;

Let E be a Polish space, i.e. a metrizable complete separable 

topological space, and denote by ^(E) the set of probability measures 

on E. Consider a sequence of positive numbers an going to infinity 

and a function I : E »—> [0 ,+00] . A sequence Pne<P(E) obeys a large 

deviation principle on E with rate function I and sequence an if

i) I is lower semi-continuous on E, and the level 

set { x€E ; I(x) < a > is compact for all a€DR+ ;

ii) for all Borel subset B of E,

- 1(B) < lim inf a”1 log Pn (B) < lim inf a ^ l o g  Pn (B) < - 1(B) (2.1)

with I(B)=inf{I(x):x6B> .

When concerned with a partial summary of the information weighted by 

Pn , we will use the contraction principle (theorem 2.4 in [27]): let

O be continuous on E to another Polish space, and assume the above 

principle holds, then PnoO""^obeys a large deviation principle too, 

with same sequence an and rate function Ï given by

ï  ( y ) =  inf { I(x) ; <D(x) =  y }

NOTATIONS : Let HI be a Polish space, d>l be integer and 0 = UT2

If i=( i1 , . . . , id )€(Nd and j€0Md , we denote by A(i,j) the rectangle 

cl i i
n [“i »j *] in Z . Through all this paper, w consider sequences i 
i=l n

k k
and jn with Jn+in --> 00 » in tlie sense j^+ ij_J --> oo for each k<d ,

and we set An= A ( in , j ) . For , let co ̂ n ̂ be the element of 0 obtained

in making periodic the restriction of o> to An : j ̂ if

i-j= in. ( in + Jn + 1 ) for some m€Zd and !=(!,...1 ). Let 0i ,i€Zd , be the
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shift operators on 0 given by G1^ *= , and define the empi rical

field

V -  -  |A» r l i k  V . e >  ( 2 - 2)

with |A| the cardinal of a finite set A in . Then ^ € $*§(&)

the set of all stationary (shifts invariant) measures on 0. Except in 

the proof of theorem III.l, we will write Rn w instead of R^ ,w .

Notice that space averages may be evaluated asymptotically in 

terms of the empirical field, since

f  f dR n,m ~ l A n l ^ S  f C S 1«») -- ► 0 as n-»~
lGAn

for any bounded continuous function f on 0 .

Let a,3 in 9(117); Kullback information h(p;a) of p with respect 

to a on the Borel field of UT is

Í

d0 dp d@ dp -
-- log -- da if P«a and -- log -- € L (a)

h(P;a) = / J da da da da

V ©o otherwise.

We will denote by Pa the product measure a® . The law of the

empirical field R„ under P^ is known to obey a large deviation prin- n , to a

ciple on 9 S (0) ( refer to [3],[14] or [21]) with sequence |An | and 

rate function H(.;Pa )

H(Q;Pa ) = sup{ | A r 1h(QA ;Pa A ) : A C  Z d finite >

=  l A n r l h « V P a , A n )  < 2 ‘ 3 >n— x» n n

with the restriction of Q to the a-algebra ^(A) generated by

{ ü)i , i£A }. In fact H is a linear functional of Q.
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This result implies Sanov theorem on large deviations of the empi

rical measure |A £ 6 as well as Cram&r-Chernov theorem, via the
i€An i

contraction principle; but it also applies to empirical correlations 

which are space averages too, and, by the way, to Markov random fields 

which involve spatial dependence between variables.
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III. CONDITIONAL PROBABILITY FOR LARGE DEVIATION OF I.I.D.

RANDOM FIELDS :

Let ^ be another Polish space, and x : UT —> ^ be continuous, k 

induces a continuous map n on O =  to > , ricu = y with ŷ. = ,

and n itself induces a continuous n* : tf*s (0 ) — > ) » n*Q = Qon"”*.

— 1Notice that n Pa is the product measure based on a ©k , and 

n*Rn w = Rn the empirical field based and no. Since 0 and ^ are 

Polish spaces, we can define a regular version Pa{ . / y > of Pa 

condionally on no = y [22], i.e. a map y h-► Pa{ . / y > on such that

i) V y , Pa{*/y} € iT(O) , ii) for all Borel subset B in 0 , yi—>Pa {B/y} 

is a version of the conditional expectation of given n<o = y .

THEOREM 111.1 : With Pa~probabiIity one, the sequence of conditional 

distribution of the empirical process under Pa given n<o =  y

Pa < Rn,co 6 • / V > 

obeys a large deviation principle on iPs (0 ) with sequence (An | 

and rate function I given by

f h (q :p ) it n*Q = n*p 
K Q )  = ; “ a

\ oo otherwise .

REMARKS: .1) In the applications we give in this paper, we restrict to 

a product space UJ =  X x with projection k on U and to a product 

measure a = ¡i ® v , as we did for the computation in the introduction. 

We then have P^ a.s.

Pa < Rn,c e B / y > = / lB (Rn>c0) d*®*" (3.1)

for all Borel subsets B of ^s (0) . The estimates (1.3) follow from the
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contraction principle and the above theorem.

.2) The usual non-conditional case is a consequence of the 

theorem with k a constant function.

.3) Since H(.;P ) and f1*are linear , so is I.

We prove the theorem. Since H is a rate function and since n* is 

continuous, the level sets {Q;I(Q)<a> = (n*)_1<n*Pa > n {Q;H(Q;Pa )<a> 

are compact sets in ^s (^) for all a€IR . Then we only need to prove 

that (2.1) holds for Pn = Pa{ Rn we./y> , Pa a.s.. We begin with 

the upper bound :

PROPOSITION 111.2: There exists a Borel subset ôf ^ with P^ proba- 

bility one such that, for all y € , we have

sup |An |_1log Pft{ Rn a) € C / y } < - 1(C) (3.2)

for all closed set C in <$>s ( 0) .

□ 1) We first prove that (3.2) holds on a Borel set 01(C) of full proba-

/
bility, for any closed set C. Let Cm , m0N, be a sequence of closed

* 77*̂  *
neighbourhoods of n Pa in 9s (& ), decreasing to {n Pa > , and 

Cm = C ^  ̂ (Cm ) • Since H is lower semi-continuous in its first 

argument, H (Cm ;Pa ) is non-decreasing to H(C O  ( n* ) {n*Pa > ; Pa ) =  1(C) 

by definition of I. For positive e, fix m such that

H (Cm ;Pa) > M c > “ 6 (3.3).

The ergodic theorem implies that

V(C,e) = { y € U2d / 3 nQ (y) : V n>nQ (y), Rn y  e > 

has -probability one; on this set, Pa{Rn(tue cm / y > = pa{Rn ,coS c / y > 

for n>nQ (y) . From the upper bound (2.3) for Pa , we have for large n

P«< Rn,a>e Cm > < exp - | A„ I { H ^ P J  - e > (3.4).
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zd
Let ¥(C,£,n) =  { y€V* : Pft{ Rn f ,,6 Cm / y > > exp -|An |[ 1(C) - 3e ] >. 

Since Pa { Rn u)6 •> = /  Pa { Rni(0S */y> dPa .Chebichev inequality yields

exp(-|An | [I(C)-3£]) Pa { ¥(C,£,n)> < Pa [{Rn ̂ D  ¥( C , e , n ) >

< exp -|An |[ 1(C) - 2e ]

combining (3.3,4). Then Pa { ¥(C,£,n)> < exp -|An |e for large n : Borel-

Cantelli lemma implies that ¥ - (C,e) =  ¥(C,£) O  {lim sup ¥(C,£,n)}c has
n-- x>o

Pa -probabi 1 ity one too; let a>€¥1 (C,£), we have

Pa< Rn,a)€ C / y > < exp -|An |[ 1(C) - 3e ]

for large n. So ¥-(C) = 0  V - (C f e.) with arbitrary sequence £— >0 is such
£

that (4.1) holds .

2) ^ s (0) being separable, we can find a countable basis of open

sets 0 , m€IN . Define ¥- =  ¥., ( H ©£ ) where S' ranges over the
m 1 T 1 me<F m

(countable) set of finite subsets of IN; then Py(^i) =  1 • If C C  P̂s (0)

is closed, then C =  fl 0^ for some IN ; but we can find a finite
meF' m

y c  < ? ' with I( n ©£ ) >  1(C) - £ . Hence, 
m0T m

lim sup |An |- 1 log P { R C /y} < lim sup |A |_1 log P { R 6 0  0° /y> 
n-- > 0 0  * n-- x» 9 m0F

< - H  n qc 
mes- m

for y€¥^ , which is less than -I(C)+£ ; since £ is arbitrary, ¥^ is as 

in proposition III.2. □

PROPOSITION III.3 : There exists a Borel set ¥ 2 JJQ a with Py probabi1ity 

one such that we have for all y G ¥ 2 :

lim inf |An r 1 log Pa { Rn (ue 0 / y > > - 1(0) (3.5)

for all open set Q in <S>s ( Q )  .
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□ Again we begin to prove that (3.5) holds on some V2 (0). We assume that 

the right hand side of (3.5) is finite, since there is nothing to prove 

otherwise. Let e>0, and R€0 such that

I(R) < I(0) + e (3.6).

Since U7 is Polish, we can pick a finite number pQ of bounded conti

nuous functions fp on Q , depending on finitely many coj. , such that 

{ Q € *.(0) ; |EQfp-ERfp | < 2 , VP<P0 > C  Q .

Let Q 1 - { Q£i>s (n) ; |EQ fp-ERfp I<l, VP<PQ>.

The following construction is that of FOLLMER and OREY in [14] , 

lemma 3.2: let i,j€INd and A = A(i,j) as given in §11. If r £ W^) , 

we will denote by 'y € 3̂ (0) the probability measure which coincides 

with j o (where 1 = (1,..,1)) on the a-fields

a{ A + m . (i + j+3L)}, m , and making th^se fields independent; we next 

randomize the origin in defining <pA (r) € ^s (^) by

<pA (r) = |a |_1 z 7»0k •
k£A

From (2.3) and the definition of Q j , we can fix i and j such that

I IA |""1 h ( ra ; Pa ̂ ̂ ) - H(RiPa ) | < £ (3.7)

and

<PA ( Ra ) 6 Q 1 (3.8)

for A = A (i , j ) . Clearly <pA is continuous on (̂ll/̂ ) , and A = (<pA )“1 (©1) 

is a neighbourhood of RA . We now need a lemma :

LEMMA I I I.4 : Let E,F be Polish spaces, g : E— >F continuous, 3,rG9(E) 

with 8 q$~* = r o T 1 and h(r;Q)<°° ■ For any weak neighbourhood A of 

T and any positive £ , there exists p 6 A such that 

po^"1= 0 O T 1 , I h (p ; 3) - h(r;@)l<£ and log do is @-almost surelyins
equal to a bounded continuous function en E .

e m • ■j+i)i  +
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The lemma will be proved later; it applies to E=4l/\ F=QfA , 

and $((°>i)ieA) = (^iJieA * since P e A > <PA (P) € ©x .

Let A n be the part of the lattice with unit cell A, which is con

tained in An : An = ( A + l.(j-i + 2L)) where

Ln = { lG(Nd ; A + 1 . (j-i+JL) C  An } . We identify \tf n to (\1T̂) n as well 

as \0̂  to , with identification

= a>m  ̂ for i€An , m£A, l€Ln , and i = l.(j-i+l) + m (3.9) .

Recalling the definition (2.2), we see that the empirical field

Ra is the image of R, f , % > - that we shall denote by R^ .. -
An ’w Ln ’(a).,l'l Ln ’w

built on the lattice with bigger cell A, through the map <JfA ,

<i>A : ^ S (( l i /Mz d ) ----> ^ S ( Q) » QA ^A(QA) =  Q suc h  t h a t

f  f  dQ =  /  I A | —1 I  f o e 1 dQA ( 3 . 1 0 )
i<EA

for all bounded continuous f on 0. In particular, we have ^(P^) = <PA (r) 

for r^iUT^) . is continuous, hence

A (3.11)
A 1 A A ^  Q

0(e) = (<i> ) (©-,) H { QAeP-( (\iT)* ); | E log -- - E p log -- | < £ >
1 s dp dp

is open; in the last formula, the expectations are defined acording to

the identification (4.8), and we recall that p = a®A . But the law of

Rf1 under P obeys a large deviation principle with sequence 
n ’ p

|Ln | = |An |/ |A| and rate function H(.;P ) ; since 0(e) is open and con

tains Pp , this implies that there exists r]>0 such that

V  RLn ,o, €  ® ( £ ) > > 1 -  e x p  -  n | An | ( 3 . 1 2 )

for large n . Furthermore we have

*®A ,ß = at = R A -

U
le L n

)2d.(10a
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V
® Ln dp__^

®Ln dp n

p.
=  E

W  " i . - 1 ^ r „ / y ] }

®Ln

< expf-IA.Je) + E a/ l  (tt.) E a 1 [ Rf „ ] — ----  / y >
1 n ' \  * 2 ( n . i ) '  L ©<*> Ln ' °  . ®Ln /  J /

dp n
(3.13),

with

®Ln

V2 (n,e) = {ye¥2 ; E a [ 1 [ r£ ] — --- /  y 1 > exp(-|A |e) >.
2 L ©(e) n ’ ®L /  J n

dp “

Since P°€*"1=s Po7t"1= (aoTc”1)®^, E a{ — - / y } = 1 PtJ a.s. and the
dp V

conditional expectation in (3.13) in not more than one : together with 

(3.12), this implies P^{ ¥2 (n,£) > > 1 - 2 exp (- | An | inf {tj, £ > ) . From

Borel-Cantel1i lemma, ¥2 (£) = lim inf ¥2 (n,£) has P^-probabi1ity one.

From the definition of ¥2 (n ,£) and (3.11), we see that for y6¥2(£)

exp (- | An | e ) < EP«[ Uq(£)[ ] exp| |L„| J log ^  d R * ^

< exp |Ln|I E p log —  + e \ P { r£ w € ©(e) / y >
V /  n '

< exp|Ln |< h (p ;3) + £ > Pa< RA w £ Q 1 / y > (3.14)
n *

since ^ ( R ^ 1 = RA and (3.11) again . But it follows from the
n ’ An ,(0

lemma and (3.6) that h(p;p) < |A|[I(R)+fi] + £ . Moreover, fp with

p<pQ depends on a finite number of coordonates o>̂  , hence

sup u  fn dRA “ / dRA | converges uniformly with respect
p<pQ p n * p n ,

to cj and { RA € 01} c: { RA £ © } for large n. So (3.14) yields
n ’ An '“

P a {  R A  ,a)  E  0  /  y  > >  e x p  “  l A n I {  I ( R )  + 4 £  > .

/ , ]

RLn *» £
3(e -  E Pß IL

0 (e)

pA
CD
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At last, (3.6) and lim I^n |/|A | = 1 imply that
n—X» n n

 ̂ inf |An |-1 log Pa{ Rn(|) 6 0 / y > > - I (0) - 5e

holds for y £ ¥2 (e).We set ¥2 (0 ) = H ¥2 (e) with any sequence £ going 

to 0 , and this ¥2 (0 ) is a desired set.

2) We keep the notations in point 2) of the proof of proposition

III.2 . Let ¥2 = H ¥2 ^®m^ * Any °Pen set © in ^s (^) is the form
m

© = U ©_ with J"C IN ; but there exists mCF' with I(©m ) < !(©) + £ • 
me*?' m m

since 0m CZ 0, the left hand side of (3.5) is bounded from point 1) 

with -[1(0) + £] on ¥2 ; since e is arbitrary, (3.5) holds on ¥2 .□

□ We now prove lemma III.4 : since h(r;P) < 00 , 7 is absolutely 

continuous with respect to 0; denoting by g the derivative, E^(g/§) = 1 

(3 a.s. since y and p have the same image by 5 (E^(g/§) denoting here 

the conditional expectation of g:E— >IR given £e = .).

First we show that we may assume that log g is bounded. Let m>l , 

Dm = e|3{ s ~ inf(g-m ) / 5 > and gm = (l-m-1)[ inf(g,m) + Dm ] + m_1 . 

Then, 7m = gm 0 E (E ) satisfies to 7m °5""1== P0?”1 . According to 

Lebesgue theorem, gm converges almost everywhere to g, and, since 

gm < g+1 , 7m goes to 7 in the topology of probability measures on E.

Using the convexity inequality log(g+l) < (log g)+ + log 2 , the 

sequence gm log gm is bounded from above with (g+1)[(log g)+ + log 2] 

which is integrable since Kullback information h (7 ; j3) is finite : 

using again Lebesgue theorem, we see that lim h(7m ;j3) = h  (7 ; 0) .
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As m“1< gm < m , 0 a. s. , it is enough to prove the lemma under this 

extra assumption.

Applying Lusin theorem [13], we find a sequence such that

lim l|rj<-g||p = 0 for l<p<oo and m“1< < m . Now, we define

Pk -  r k  P With rk -  ?k / E p { ?k / 5 > •

Then, log r^ is bounded and continuous and has same image as 0 by §.

Moreover,

irk_gUp < » / E3{?k ^ >  Ip + » (l-EP{?k/§>) S / E«3^ / ? }  ||p

< m II rk - g ||p + m2 | 1 - EP<?k/«> || p .

Since r^ converges to g in tP, EP{?k/§> converges to E^{g/£} = 1 in 

1LP and the above computation shows that r^ goes to g in ELP ; in parti

cular, converges weakly to y , and the continuity of f ►—> h(f|3;0)

in the || . || norm implies lim h(rk ;0) = h(r;p) , which ends the proof. 
P k— X» K

;*€( E )
A#

rkes
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IV. GIBBS MEASURES WITH SHORT RANGE RANDOM INTERACTION :

From now now on, we assume 117 = Xx# with Polish spaces X,^ as 

in remark 1 in the last section, with k the second projection. We 

write = (x. ,y. ) , where x^ is the spin at site i£Zd and where y,

y == (Vi ) i contains the randomness of the interaction; let a = 

with iiE'PiX) the a priori single spin distribution and veO‘>(̂ ') . Notice 

that we can define the conditional law of o under Pa given y for all y 

by Pa {B/y>=/lB (o))dP^ , which we will denote by P{B/y} for simplicity.

d
For any finite set A in Z , let JA be a continuous function on 0, 

ct(A)-measurable ; for arbitrary fixed y, JA (cu) represents the interac

tion between the spins located in A in the experiment y = (^1)1 * 

set JJ = {Ja ;A finite subset of , and we assume that

JJ is translation invariant : JA o01=

JJ is summable : || JT || = £ sup | JA (w) | < 00 (4.1).
ABO a)€0

Fix y for a moment. Let AdCZ Z is finite ; a boundary condition

A c
(b.c.) is a configuration X€X of the particle system outside A ; 

we define the Hamiltonian U * ’y (x ) , which represents the energy of a 

configuration xEXA inside A, given the configuration x outside, by

U*-y (x) = - ZZ JA (o>) (4.2)

A; A iW 0

with a>=(x,y) and x=(x,x) the configuration equal to x on A and to

X outside. We can view the b.c. as governed by a boundary condition

A C
distribution (b.c.d.) E 6 0̂ (X ) .
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The finite volume Gibbs measure on A with b.c.d. S is the the probabi

lity measure y on X given by

G^-y (dx) =  (Z^’y )-1 /  cexp{-U^-y(x)> H(dx) JI M d j ^ )  (4.3)

XA

with normalizing Z ^ ,y. We will write and GA*y w^en and

when A=A„ . n n n

An infinite volume Gibbs measure in the experiment y is, by defini

tion, a solution to Dobrushin-Lanford-Ruelle (D.L.R.) problem , that is 

any probability measure Gy on XZ such that, for all finite A c  ,

Q

Gy (dx/x) =  G * ’y (dx) for Gy-a.e. %€XA (4.4).

Our first result is the thermodynamic limit of the pressure:

-1 “n ’yTHEOREM IV.1 : With P probability one, lim |A ! 1 log 2 n
n x »

exists, does not depend on the sequence of boundary condition 

distribution En and is equal to the deterministic number 

p =  - inf{EQU+I (Q) ;Q€3\.(fi) >

with

U(co) =  -  E | A | " 1J a (c0) 
A90 a

AnMoreover, this limit is uniform with respect to En G X ) :

P { lim sup ||A |-1log Z n ’V- p| =  0 > =  1 
n ~ o  Hn

REMARK 1 : .1) It is well known in the litterature in physics that the 

limit exists w.p.l and is constant [28]. The Gibbs variational formula 

for the pressure p was established by LEDRAPPIER [19], with ergodic 

theory techniques, in the particular case of nearest neighbour Ising 

model with free b.c., but for more general conditioning including 

non typical y 's .

* y
A

ga ’
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.2) Because of the uniformity in the limit with respect to b.c.d. 

one is allowed to consider b.c.d. depending on the interaction . We put 

emphasis on this, since some infinite volume Gibbs measures may not be 

limit of finite volume ones with b.c.d. independent on the interaction. 

Before proving the theorem, we give

EXAMPLES OF PAIR INTERACTION :

Let ^ = (B with <B and DC bounded subsets of OR; a generic element 

y. of will be written (y.) , . Let J be an even real function on

such that £ |J(k)l <<» 

k € Z d

. 1 ) Define JT by

f - y° xi if A*=<i>
= ] ~ vi-1 xi xj if A={i,j> with i<j (4.5)

I 0 otherwise

with lexicographic order < on Z d . The Hamiltonian (4.2) is of the form

2Z J(i-j) zifj Xj + E  x d (4.6)

i<j * i

with z . for i<j and external field t-=y? . Choosing v as
i  , j  i  l i

the appropriate product measure, we cover following situations :

i) the z- .'s are i.i.d. with arbitrary distribution and t. is
1 i J i

equal to some constant t : this a usual framework in spin glass models 

( see [0] , [1] , [11] , [12] )

ii) the z^ j's are equal to 1 and the t.-'s are i.i.d. : this is 

the random external field model [15].

.2) We may also consider Hamiltonian of the form (4.6) with 

dependent z^ j /s- Let's illustrate this in modifying JJ in (4.5) by

J A co) =
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j a (iu) “■ ~ <(>(yi.yj) xi xj lf A={i,j> with i<j

2 1for a symmetric continuous function on DR . When has values in the 

finite set {1 ,...,1Q}, this describes a crystal of a mixture of 1Q 

different kind of particles or isotopes which are randomly distributed 

in the crystal; <p(l,l') represents the energy interaction between 

particles of type 1 and 1', and is modulated by the intensity J(i-j) 

which takes into account the distance between the particles (refer 

to [20] .examples in ch.XIV). For 1Q=2 and (p(1 , 1' } = ( 1-1 ) (1'-1) , this 

is the site disorder model [2] for a non magnetic crystal (particles 

of type 1) with randomly located magnetic impureties (type 2 ).

.3) With slight modifications in (4.5), we also cover XY spin glass

model [11], which correspond to the formal Hamiltonian

J(i-j) Z( ,■ cos (x±-x .)
1. j ’ J J

with i.i.d. j's , x^€X=[0,27t] and jLt(dx1) =  dx^ .

REMARK 2 : Our method shows its limit in example 1-i); indeed there

still exists a limit p when J(k) = |k|~ad with a>l/2 and E z • .=0 [17],
1 ♦ J

which is non summable, but only square summable.

REMARK 3 ; With little extra work, we can also consider in the above 

examples unbounded spins x with some control on the tail of distribu

tion n ; for instance, the results in this section remain valid for 

Gaussian spins under boundedness assumption on the function J .

r̂ d _ A
□ Proof : Let xn an arbitrary b.c. outside An and y£^ , x£X , 

x=(xn ,x), co=(x,y). Then,

U^n ’y (x) = - { 2“  JA («> + Uj } (4.7)
A C  An

with u1=£Ja (oj) where the summation is over the sets A which intersect 

An but are not contained in it. In other respects, translation inva

riance of JJ implies
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L  U dRn.» -  - I V 1 n  2Z IM _1 • W “ (n )>
w i€An A30

= - I A J " 1 < ZZ JA (®) «• u2 > (4.8)
A C  An

with U2= ZZ Z ’ t*le las1- summation ranging over A contai-

i6An

ning 0 such that i+A is not contained in An . From (4.1), there exists 

for any positive e an integer m(e) such that £ sup|JA (co)| < e with 

summation over all A containing 0, with diameter more than m(e). Hence 

we have uniformly in xn

I An I _1 luk I < £ + m (£ ) llJ » 0(l/min{ij+jj:l<d>) (4.9)

for k=l , 2. Then, for n larger than some nQ independent on xn : 

exp(-4|An |£) Z*n ’V< E{exp(-|An |̂f U dRn{0)/y> < exp(4|An |e) Z*n ’V (4.10) 

where conditional expectation means integration with respect to P{./y}*

27^
According to theorem II I. 1, there exists a Borel set ¥ in of

P^-probabi1ity one such that a large deviation principle holds on ¥ 

for the law of Rn w under P{./y}. Notice that U is bounded and conti

nuous on Q, and so is Q i— > E^U ; then, for all y€¥, theorem II.2 in 

[27] applies and show that the quantity

an (y) = |An r 1log E{ exp(-|An |̂ f U dRna)) /y> - p

(independent on xn) converges to 0 on ¥. From (4.10), we derive that

SUP llAn r 1log Z^n ’y - p| < 4£ + |an (y)| (4.11)

*n

holds for n>r\Q , which implies

I -l Hn>y Ilim sup sup ||An | log Zn - p| < 4e 
n >00 -n

for y€¥ ; this ends the proof.□

n ) )+A<“
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We now give large deviation estimates for the different empirical 

fields of Gibbs distributions. Define

* =» { Qer>s (0) ; I(Q) = 0 > (4.12)

where

I(Q) =  EQU + I ( Q ) + p  (4.13).

d d d
Let n' : O =  X2  --> 3CZ  be the first projection n'to =  (xi^i“  x

and (rr )*: iPs (0 ) --► T^OC^) the first margin map . Then,

(fl')*Rn o ^  Rn x t*ie e m P irical field for the spin variables only.

THEOREM IV.2 ; There exists a Borel ¥ set in & with P^-probabi1ity 

one . such that

i) the sequence of the laws of the empirical field R [resp. R_ ]n p w n , a

H , y ™d
under Gn obeys a large deviation principle on <Ps (n) [resp ^ S (X )]

with rate function I [resp. I(.) = min{I(Q ); (n ')*Q =. }] and sequence

I I  * ^or anv sequence of boundary condition distribution

-n 6 **0C n ) •

ii) this sequence is tight, and any limit point is concentrated 

on [resp (n')*V].

iii) the previous points hold for any infinite volume Gibbs 

measure G ^ .

Clearly, T given in (4.13) is lower semi-continuous and linear 

with compact level sets, and (n')*V are non-empty convex compact 

sets, independent on y; but the limit points in ii) may depend on y 

as well as on Zn .

We emphasize on point iii) : all the solution to D.L.R. equations 

have the same large deviation properties, and these do not depend on
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the particular experiment. As in the non random case, the rate function 

depends only on the structure of the local characteristics, and 

the Gibbs measures are not discriminated in the order of exponential 

magnitude of the volume. On the other hand, the rate is non random 

because the empirical field is only sensitive to the ergodic behaviour 

of the interaction.

□ Proof: Fix a b.c. Xn . By definition 

(4.3), we have 

xn »y ( xn >y\ xn, y _
Gn <Rn,o>eB> =  V-n J E{exp[-UAn (x)] <4 -14)

’ n 7 

for any Borel set B in ^ s(0). Combining the estimates (4.7,8,9,11), 

we obtain for any xn and n>nQ

exp{-|An | (p+|an (y) |+8e)> E{exp ( - | An | £ U dRn w ) HB [Rn(<0] /v)

< Gin 'y<Rn,o,€B> (4 '15>

p{-|An | (p-|an (y) |-8e)> E{exp(-|An |̂ f U dRn w ) aB [Rn ( / y > .

Since the bounds do not dependent on xn , as well as nQ , we can

integrate (4.15) with respect to any b.c.d. En ;hence (4.15) holds for 

Hn ’yGn . On the other hand, the techniques of [26], §3, show that 

for all y£¥

- inf {EQU+ I(Q)> < lim inf l A J ^ l o g  E{exp(-|An U dRn>w) l B [Rn f J  / y >

lim sup |A |-1log E{exp(-|An |/ U dRn ) [Rn /y} 
n-->oo 0 1 *

Q€B

< - inf {EQU+I(Q)> (4.16)

Q£B

Together with (4.15), this yields the inequalities (2.1) for the 

E , y
law of Rn ^ under Gnn . But, if Gy satisfies to (4.4), we have

/y)
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y E , y
= Gnn , with En= Gyc the restriction of Gy to cr(A^);

n An

hence the results for the infinite volume Gibbs measures are contained

in those for finite volume Gibbs measures with arbitrary b.c.d. En .

Since R v= (n')*R_ with continuous (IV)*,the corresponding results n  | x  n  p co

for Rn x are a staightforward consequence of the contraction principle. 

We have proved i).

Since \P is compact and I lower semi-continuous, Y (JIT) >0 for all 

neighbourhood Jlf of i in ^ s (0). According to the point i) , we have

lim G"n,y{R S/IT> = 0 (4.17)
n>oo i l ,UJ

for all y€¥ and all Rf. But (4.17) and compactness of implies that 

E y
the sequence Gnn > {Rn .> is tight ([22],p.49) for such y's, and 

that the limit points are concentrated on . Then ii) follows easily.

As above, the same hold for Gy . □

The previous results concern space averages; in the next one, 

we localize our results to study the Gibbs distribution itself, and we 

express it in terms of solutions to the variational problem. We consider 

b.c.d. E , depending on y as a measurable function, that is

2d aC
E : & --> 9(X ) is a transition probability kernel .

— t y  r p d
We extend G^ given in (4.3) to any probability measure on X , say

H,y E ,y

A C
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Zn ’yTHEOREM IV.3 : Assume that , with P^ probability one , GR converges

y vweakly to some G 6 3C ) . I f G = GyP^ is stationary , then

G € 9 .

In other words, there exists a G0P such that

Gy (dx) = G(dx/y) w . p . 1 .

COMMENTS : .1 ) The stationarity assumption on G is needed, since the 

result does not hold for arbitrary b.c.d. in the (usual) case of 

deterministic interaction : a finite volume Gibbs measure may converge 

to a non-stationary solution to D.L.R. equation; this is symmetry 

breaking ([24],p.77). On the other hand, a stationary G is characterized 

by the sequence of its empirical fields, which asymptotics are known 

from theorem IV.2 .

.2) We give two examples where the assumptions are fulfilled:

a) random ferromagnetic Ising model with free boundary

1 + An
condition: jjl = — (<5+<5 1), JJ given in (4.5) withCBCIR , h = ®n <52 i " i n o

(free b.c. meaning that the particles in An are isolated from the

En * V
outside). Then G.K.S.-2 inequality ([10],p.142) implies that Gn 

converges, monotonically in some sense, for all y; denoting by Gy 

the limit, GyP^ is stationary because the b.c. are free.

b) let /jt as above (Ising spins), d=l (one-dimensional) ,

JJ be given by (4.5) with Euy^ = 0 , and En be independent on y .

it is shown in [0] that the limit Gy exists w.p.l, is independent on 

such a sequence Zn . Furthermore, GyP^ is stationary, since free b.c. 

are among those En .
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□ Proof: let f(x) and g(y) be bounded real continuous functions on 0, 

a(A)-measurable for some finite A c 2^. The convergence assumption 

implies

P <B~n ’y P Gy G
lim E y ( g E n f ) = E v ( g E f ) -  E ( fg )
n->oo

- E ( fg dRm>(0 ) + e(m) 

with lim £(m) = 0 , because G is stationary and f,g depend on finitely
m->oo

many coordonates. But this last expectation itself is equal to the 

limit as n— x» of
-n > y -m>y

P G /> P G m c
E v E n fg dR = E u E m fg dRft B m,o) ft 5 m , o>

when n>m with Ejjj some measurable b.c.d. outside Am ; hence we have

P ^
EG ( fg ) - E w E m jf fg dRmi0) + e(m) + em (n)

We choose n ** n(m) such that |e (n)| < 1/m . Combining (4.17) and

Lebesgue theorem, we derive

P En , y 
lim E u <G m { R S J|f > =  0 
m— >co m n »10

for any neighbourhood M of 9 in *PS (0): then, the laws of Rm under

En , ym
Pw ^m are a sequence with limit points concentrated on ,

Since f and g are arbitrary, G 6 & . □

G 
E  ( fg dRm,

£(m]
(0 )

tight
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V. MEAN FIELD MODELS WITH RANDOM INTERACTION :

In the case of non random interaction, each pair of particles 

in a mean field model interacts with constant intensity, so that the 

Hamiltonian depends only on the empirical measure of the spins. Here, 

we consider Hamiltonian depending on the empirical measure

rn,o> = " Z= 5 , € IT(XXV) (5.1)
’ n i=l (xi ,yi)

with x^ the spin of the ith particle and y the randomness of the

interaction as in the above section; we take d = 1 since no geometry

is involved in such models. We could also treat a (more general) local

mean field as in [8] - where the intensity of the interaction depends

also on the distance between particles in a suitable way -, via the

adequate (known) techniques.

We do not cover the SHERRINGTON-KIRCKPATRICK model [25], which 

has a weaker normalization in n and independent couplings. Nevertheless 

there are some similarities in the two models, such as frustration, 

strongly oscillating couplings at long distance, and the dependence 

between couplings decreases in the asymptotics: refer to the discussion 

of Van HEMMEN, Van ENTER and CANISIUS [16], §2. Examples will be given 

later on; we first define the Gibbsian set-up.

o
Denote by 1 the Hilbert space of square summable real sequences,

p
with scalar product t.t' for t, t' in 1 .

Let M : Xx# --> l2 bounded continuous (5.2)

o
and v ; 1 --> DR twice continuously differentiable

o
with bounded derivatives on bounded sets in 1 . (5.3).
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Define the Hamiltonian V^(x) = n v(rn(0) with

V ( r ) =  v (  / m d r  )  V re F O C xtf ) (5.4).

We are interested in the asymptotics of the Gibbs measure <Qy € )

IN*
Qn(dx) "* Zn exp{ ’ Vn (x ) > ® M (cî ) (5.5)

with normalizing Zy . The order parameter fbt dr , and its empirical 

version mn (co) ■» J*M drn ^ are a priori infinite dimensional; it is 

a quantity of interest for it characterizes the equilibria of the 

system.

For t€l2 , we define L(t) = f  L^^t) u»(dy1 ) with

y i  P *
L (t) = log J exp{ t.M(x1 ,y1) > ^(dXj) , and its Legendre transform L

L*(m ) =  sup{ t.m - L(t) ; t£l2 } for m€l2 (5.6).

We assume that p. is not a Dirac mass, which is unrestrictive,

THEOREM V ; For almost every y , we have :

i) lim n”1 log Zy = - inf { v(m) + L*(m) ; m€l2}
n—x»

which we will denote by p ^

ii) The law of the empirical order parameter mn (o>) 

obeys a large deviation principle with rate function 

and sequence n .

iii) The sequence (Qy is tight on *P(3Ĉ  ) , and any limit point

P 00 y iis a mixture J ® rm t(dm) for some T0 P(jt>) depending on y ,

under <Qy 

» *v + L + p
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are independent in the limit, and the margin of is the "maximum 

(conditional) entropy" distribution given y^ .

EXAMPLES :

o
Assume X be bounded in DR, jll symmetric , and EL (v) separable

with complete orthonormal system (K at most countable) such

that ipQ = 1 and is continuous and sup <°° • Let (ak)k£X
k£X

2 2
be an element of 1 = 1 (X) with a^ ^ 0 for all k. We consider

M(o) = (5.7).

Then we can compute explicitely L*(m)

L* (m) =  / X*IIk|x (mk/al<) ^  dw if <mk/ak>k s l2-

 ̂ 4-00 otherwise (5.8),

where X* is the Cramer transform of jn given by X*(u) = sup{su-X(s)}
s0R

f S X 1and X (s ) = log J e jj.(dx1) . We will prove this later.

We consider a quadratic v , with diagonal form

o
v (m ) = Z v, m, with sup |v. I < oo (5.9).

keX K k k€X k

CXi ttk*k ex• M l

wi th

2) If |a | = 1 , the Gibbs measure converges w.p.l, the spins

= { mEl^; v(m) + L*(m) + p = 0 } , and

rm1(dxi) = exp< t-M(xi-Vi) _ ^ ( t )  > nidXj.) 

where t = t(m) satisfies to L/(t) = m .

REMARKS : 1) The local asymptotics in iii) is analogous to theorem IV.3:

here, consists in the mixtures f  P t (dm) with r^(^>) not
jb r * m

depending on y; a version of the conditional probability given y is 

f  ® r^1 r (dm)
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Hence the Hamiltonian is of the form Vy (x) = — £ J. s x -îx -î with
n n i , j  1 ’ J 1 J

J i >j = kix Vk a* *k(Vi) *k(yJ } (5,10)

Then the couplings J. . are non correlated, but J. . and J. are
1 1j ’^1 1 > J 2

dependent; we cannot obtain independent coupling from (5.7). Using a

non diagonal quadratic form v, we can obtain correlated J. and J s s ■
1  » J l  -1 * J 2

From the definition of j> 9 any m satisfies to the mean field 

equation

ml = a2 J X'(-2 Z vk mk ^k ) $1 dv Vl€X (5.11)
k£0C

which is obtained in differentiating v+L* in the form (5.8,9), using 

(X*)'= ( V ) -1 and the oddness of . But (5.11) implies that

t = (”2vkmk^k satisfies to L'(t) = m (5.12)

Notice that -m lies in a too, with conjugate variable t = (2vkmi<)k *

We are now in position to study some simple equilibrium situations ;

a ) The ferromagnetic phase :

Assume * = { m * , -m+} with (m+)k= 0 f°r k # 0 and positive (m “*”) Q

- which will still denoted by m+ -.

y- +2vrtartm+x1 - X(2v a^m+ )
Then, from (5.12), r + (clx̂ ) = e ti(dx1)

±m
do not depend on y (we then drop superscript y1 in this notation) , and

has mean ±m . Furthermore, the symmetry of x^ under Qy shows that 

(Qy
E %  = 0 ; hence, any limit point 

m + r(m‘f) - m^Ti-m"*-) = 0 , and then

(Qy
E nx^ = 0 ; hence, any limit point in iii), theorem V , is such that

n n-xx> 2 \ i m"1” i -nT
w . p . 1 , ( 5 . 1 3 )  .
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The t h e r m o d y n a m i c  l i m i t  c o m p l e t e l y  f o r g e t s  t h e  r a n d o m n e s s  o f  t h e

i n t e r a c t i o n ,  a n d  i s  t h e  s a m e  a s  t h a t  o f  t h e  u s u a l  mean f i e l d  m o d e l

w h e r e  we m e r e l y  s u p p r e s s  t h e  r a n d o m  p a r t  i n  J .  .
i  t J

v  N*
N o t i c e  t h a t  t h e  p a r a m a g n e t i c  p h a s e  =  { 0 }  l e a d s  t o  (Q£ = >  ® ¡i 

a n d  t h e  s a m e  c o n c l u s i o n s .

b ) A s p i n  g l a s s  p h a s e  :

A s s u m e  =  { mfi , -m^ > w i t h  p o s i t i v e  a n d  0 •

,, w y i , T 2v « a flm a •i'a ( V i > x i _ (y x )D 4We h a v e  r 1 ( d x - )  =  e  » * * * ± ± * * * * ± jLt ( d x 1 ) ,
- m a v* qy

w h i c h  h a s  mean  ±X'  [ 2v^a^m^ i a g a i n ,  ^ ( Y i )  ^  n x i  “  O » a n d  t h e n

1
r ( m ^ )  =  r ( - m j j )  =  — i f  f o r  r  a s  i n  t h e o r e m  V - i i i ) .  Bu t  

y l  y lr =  r i f  ^ ¿ ( y T ) = 0  i s o  t h e  t h e o r e m  s t a t e s  h e r e
-mA

i y • y •
w . p . 1 , Qy — ( 0 r 1 + ® r 1 ) ( 5 . 1 4 ) .

n-*» 2 i  m̂  i  -m^

T h i s  m e a n s  t h a t ,  i n  a l l m o s t  e v e r y  e x p e r i m e n t ,  t h e  G i b b s  m e a s u r e  

c o n v e r g e s  t o  t h e  a v e r a g e  o f  t w o  i n h o m o g e n e o u s  p r o d u c t  w h i c h  a r e  s y m 

m e t r i c  f r o m  e a c h  o t h e r ;  i n  e a c h  o n e  o f  t h e  t w o  c o m p o n e n t s ,  t h e  l a w  o f

x^ d e p e n d s  on t h e  r a n d o m n e s s  y^ o f  t h e  i n t e r a c t i o n  a t  s i t e  i , a n d  t h e

1 1
mean m a g n e t i z a t i o n  p e r  s i t e  — £  Ex^ =  ± — £  X ' [ 2 v ^ a ^ m ^  ^ ¿ ( y - ^ ) ]  i s

n i < n  n i ^ n

non  z e r o  i n  g e n e r a l ,  b u t  g o e s  t o  z e r o  i n  t h e  l i m i t  w i t h  c e l e r i t y  \ n  

i f  Ev x'[C'i>ii( y 1 )3*& VC efi. ,

E x a m p l e  1:  L e t  v b e  L e b e s g u e  m e a s u r e  on  t h e  D - d i m e n s i o n a l  t o r u s

[ 0 , 1 ] D , X =  Z D , 1̂ =  ^2 c o s  27tk. y  ̂  i f  k > 0  i n  t h e  l e x i c o g r a p h i c  o r d e r  ,

—  2 2 
4 ^ =  \J2 s i n  2 j c k . y 1 i f  k < 0  a n d  ^ q—I • A s s u m e  =  f ° r  a H  k .

T h e n  ,

v ( m )  + L*( m)  =  -  f J * u  u du + / X * ( u )  dv ( 5 . 1 5 ) ,

ma >k=

«fr* ( y j ) ^

s o  t h e

vkak -ka - k
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with u = £ (mk/ak) ti«k S L2(w), J = -( v0a2 + £ 2vkak cos 2 * * ^  ) 
k k>0

and * the convolution. This is the rate function of a local mean field, 

where a large number of particles located in [0,1[^ interact with couplin 

function J [8]; our model consists in picking n of these particles 

(those located at y^,•• *yn) independently with uniform distribution on 

[0 ,1]D.

2
The ferromagnetic phase a) occurs for instance if J>0 and -2v0a£>l/XM(0), 

and b) if v^= 0 , k̂ ifl , and -2v^a2>l/Xn(0) . The set a may be studied 

in general with bifurcation techniques [4].

Example 2 : a classical spin glass model [16].

Let X = { + 1,-1} [resp. ^ = {+1,-1}2], and fi [resp. v] 

the uniform distribution; we put yi=( , ti>2 ) (V i ) • Then, ^0=1,4'1»^2»

^3=^ 1^2 *s an orthonormal basis of IL2(v) ^ IR4 . In [16], the j's are 

given by J^ j = vQ + v1 ^(y^) ^(yj) instead (5.10). This 

correspond to v(m) = vQm0 + v^^mg . One can rotate the axis in the 

plane t̂1>^2 *n order to obtain a diagonal form for v; since (4^) is 

transformed into an orthonormal basis, we cover this situation. In the 

reference, point i) is proved, and the existence of different phases 

is studied with vQ »v1 as parameters; notice that we generalize in (5.8) 

the trick used in [16] to compute L*.

Example 3 : HOPFIELD model for neural networks [23] .

This describes the equilibrium distribution of a large number n 

(in the order of magnitude lO*^) of neurons of a certain type. The 

firing activity x^=±l characterizes the neuron located at i; they are 

connected in a complex way, with intensity depending on learned patterns
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cp̂ Ei-+-1 ,-1 >n , k=l,2,...K. In this classical model, the neural networks

is governed by an Hamiltonian V (x) ** - n £ J. . x.*x_. with
i , j *3 3

= k<K̂ <Pk̂ *

according to HEBB's rule. Let ŷ =[(<(>j<) S { + When the y^'s

are independent, the model is of the form (5.7,9 and 10).

□ We prove (5.8). Denote by C>0 the supremum of the support of

3k 2
distribution /i. Let m with L (m)<» ; we first show (mk/ak^k ^ * ‘

Since lim X(s)/s =  C <  oo and since X is convex symmetric with X(0)=0,
S > + o o

there exists C 'C o o  such that X(s) < C's2 ; then, for all t in l2 ,

L*(m) > t.m - /  A( Z aktk̂ 'k  ̂ dv > t-m " C'f ( g aktk,*'k)2dv

- t.m - C' Z (aktk )2

Then, for any finite sequence s^, k<K , £ s^ (mk/ak^ ^ L*(m ) + C' X s
k k 

o
a classical argument shows this implies (mk/ak^k ^ now Prove that

I I (mk/ak) I < c * u-p.s. . 
k

2
Let bGlR and tGl such that £ ’tkak^k ^ ^ v-p.s. . Since X is convex

k

symmetric with X(0)=0 and lim X(s)/s = C , we have X(s) < C|s| ; then
S — >+oo

L*(m) > b Z t ^ k  ~ f  b Z t ^ a ^ k  ) dv 
k k

> I b I [sign (b ) Z tkmk “ C < Z tkak'i’k » *o ^  
k k

2
where <. , .> denote the scalar product in EL (u) . Letting b—-»oo , we obtain

for rj=l , - 1
< £ tkak,i,k * 11 g ("’k ^ k ^ k  - C *a > < o ( 5 . 1 6 )

X
to

> k ) j

-1>K .
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Now let t'in l2 with £ tk<J/k>0; approximating t' in l2 by a finite

/

sum £ ^kak^k ^ 0 > we see that (5.16) holds for £ * and then
k k

*1 Z (mk/ak ^ k  ” c ^ 0 v»-p. s . , which is the desired result, 
k

If || £ (mk//ak ^ k  i ^  c »the integrant in (5.8) is infinite on 
k

a set of positive u-measure, and the integral is infinite. So it is 

enough to prove (5.8) when the converse inequality is satisfied.We have

L*(m) =  sup /  { (Z tkak^k)x (mk/ak )'J'k * “ tkak‘f'k) * dv '
t k k k

The quantity between {.} is maximized with

I tkak‘̂k =  (mk/ak ^ k ^  = f(yi) > therefore L*(m) is not more
k k

than the integral in (5.8). We begin to prove the equality when

II Z (mi<̂ ak ^ k  Ioo < C : f € DL°°(v) C IL2 (u ) . We may approximate

_ 2
f with a finite sum f =  £ tkak^,k ^ ( v )» and because X is lipschitz

k

continuous with constant C, /  { fx(S (mk/ak)<i’k) “ * dw is close

to /  { (mk/ak ^ k ^  ~  ̂ dy > wh^ch is the second term in

(5.8). If the strict inequality is not satisfied, we truncate f in 

fb = (-b)v^f^b for b>0 . Since ffa lies between 0 and f,

fbx {Z (mk^ak ^ k ^  ” ^(^b^ *s non negative; from Fatou lemma, we derive 

lim inf /<fbx(Z (mk/ak )<iik ) - X(ffa)} dv > f { f x ( Z  (">k/ak ) *k ) - M f ) >  dv .

Since the previous point apply to ffe , this ends the proof of (5.8).D

We now prove the theorem, making use - for convenience - of theorem 

I I I . 1 : nevertheless, there exist shorcuts using large deviation esti

mates on a lower level.

(X' r 1

M t )
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□  P r o o f  o f  t h e o r e m  V :

o
L e t  O b e  t h e  b o u n d e d  c o n t i n u o u s  map,  O : 3 ^ ( 0 )  ---- ►  1 ,

O( Q)  =  J M ( x 1 , y 1 ) dQ . We u s e  t h e  c o n t r a c t i o n  p r i n c i p l e  i n  § I I  f o r  

0 a n d  t h e  l a r g e  d e v i a t i o n  p r i n c i p l e  i n  t h e o r e m  I I I . l )  w i t h  An=  [ l , n ] ;  

we o b t a i n  a n o t h e r  p r i n c i p l e  f o r  t h e  c o n d i t i o n a l  l a w  o f  mn (co) u n d e r  

PjjL0w £ i v e n  y  w i t h  s e q u e n c e  n a n d  r a t e  f u n c t i o n  1^ o n  l 2 , 

l1(m) =  i n f  { I ( Q ; P m(2)u) ; Q e ^ s (Q)  , O( Q)  =* m > , f o r  a l l m o s t  e v e r y  y .  

Th e  p r e v i o u s  c o n d i t i o n  o n  Q c o n c e r n s  o n l y  w i t h  t h e  o n e  d i m e n s i o n a l  

m a r g i n  : b y  d e f i n i t i o n  o f  I i n  t h e o r e m  I I I . l ,  we h a v e :

I ^ m )  — i n f  { h ( q ; / i ® v )  ; qEtf^Xxtf)  , K*q =  v , /  M dq =* m } w i t h  K*q  

t h e  m a r g i n  o f  q o n

B e c a u s e  o f  t h e o r e m  3 . 1  i n  [ 5 ] ,  I ^ f m )  i s  a c h i e v e d  w i t h  

y lq i d x ^ j d y ^ )  =  r m ( d x ^ )  v f d y ^ )  , w i t h  r ^  a s  i n  i i i )  , w h e n e v e r  I ^ m )  i s  

f i n i t e .

P
S i n c e  Zy =  E ^ e x p - n v { m n ( o ) }  , t h e  c o n d i t i o n a l  l a r g e  d e v i a t i o n  

p r i n c i p l e  f o r  mn (co) s h o w s  t h a t  l i m  n " 1 l o g  Zy  =  p h o l d s  w i t h  P ^ - p r o -  

b a b i l i t y  o n e :  t h i s  i s  p o i n t  i ) .  To p r o v e  i i )  , o n e  c a n  e a s i l y  a d a p t  

t h e  p r o o f  o f  t h e o r e m  I V . 2 .

We now p r o v e  i i i ) .  We f i r s t  e s t a b l i s h  f o r  s u i t a b l e  y ' s ,  t h a t  a n y

1 - d i m e n s i o n a l  m a r g i n  <Q̂  n o f  (Qy  i s  t i g h t ,  w i t h  l i m i t  p o i n t s

/ I y  •
® r fn1 r j ( d m )  f o r  s o m e  F i x  s o m e  1>1 ; f r o m  ( 5 . 4 , 5 ) ,  (Q̂  n

i s  g i v e n  by

d(Qy

dpi

•L_n ( x 1 , . . . x 1 ) =  ( 2 y ) _1 f  e x p [ - n v { m n (co) } ]  /n ( d x 1 + 1 ) . . . ( d x R ) ( 5 . 1 7 )
®1 J

We i n t e n d  t o  o m i t  <o i n  o u r  n o t a t i o n s  f r o m  now o n .  D e f i n e

r16^(A).
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>1 n =  -- - ,tl and m, =  -  M(xi ,yi) (5.18)
1,n n-1 i=T+l 1 1  1 1 i=l 1 1

I n  1 1

Then, mn=  (1/n) + (n-l/n) m2 n . From Taylor formula and (5.3),

v (m ) = v(mp n ) + (1/n) (mi >n)• + 0,(1/n) (5.19)

Combining this with (5.17), we obtain

d<Qy
L lS =  ( Z^)"1 Zy n A ^ n (m1) (5.20)

djx® 1

w i t h  A I , n ( m )  ~  ( Z i , n )-1 J  e x P { " n v ( m l , n ) “ I v / ( m l , n )  • ( m - m l , n ) + c , ( 1 ) }
M(dxI+1)...M(dxn )

and zY such thati , n

(Z^ n )-1 exp{-nv(ni1 |n)+lv'(m1 )n).mlin)) n(dx1 + 1) . . . ji(dxn ) is a 

probability measure. In the same way as in ii), we can show that the 

laws of m^ n , n>l, under this measure satisfy a large deviation

*principle with rate v+L +p for y€¥^ for some in V with full P^- 

probability. We fix y in ¥^ , and <pQ : [N*— HN*an increasing function; 

because of tightness, we can find an increasing <p̂  such that the 

subsequence of the laws of with index .= (p0 o<p^(n) converges

to some € 9(*) . Of course, p^ and do not depend on x ^ , . . .x^.

Then, for any m in 1 , we have

lim Ay (m) — I exp{-lv' (m) .in> p,(dm) (5.21),
n— >oo l,<p o<p (n) J

Integrating both sides of (5.20) with respect to x1 ,...XjL, we 

derive from this and Lebesgue theorem that

zV = lim Zy ( Zy V 1 exists , and is equal to
,lp n— cPoOtPiin) V 1 .«Pq0«!»! (n) J

f 1 y i
J fl exp{ L [-v'(m)]} p,(dm) because of (5.18) and Fubini theorem. 
i=l 1

M(X;

Pi
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Combining this with (5.21) and Lebesgue theorem, we see that 

converges in the sense of probability measures to
1 .«Pq 0«?! (n)

( Z1 <p ) J exp*-lv/ ,ml* Pl(dm) M(dx1 ) . . .^(dxj)

= ( 21 «P ) J A eXP<-V'(m)-M(Xi'yi)} ^ dXi> pl*dm)

because of definition (5.18) of .

We now prove that L/[-v/(m)] *» m for all m 6 <& . By defini

tion of v+L* achieves its minimum at m £ & , so - v'(m) belongs 

to the subdifferential 9L*(m) of the convex function L* . Since L is 

convex (as an integral of convex functions Ly ) and differentiable, this 

implies that ([9], cor. 5.2) m £ 9L(-v'(m)) = { L'(-v'(m)) }. Then,

- v'(m) =  t(m), with t(m) as in iii), theorem V.l.

Let r,(dm) =  f Zy ] * exp{ TZ LV i (t(m)) > p,(dm) ;
1 I l,ij i=l 1

from the expression of Zy , we know that r 1ei’(-t>), which yields
1 ,<p

Vye¥ , <Qy =— > f ® r^1 r, (dm) .
1 . ^ o 0^! (n ) n— x »  J i==i

The Borei set ¥M  =  fl ¥j has Pu~probability one. Using a diagonal

,y
<p0 (n)

procedure, we can find a subsequence of <Qy converging in T’(X^)

r 1 y io <g> rm r^(dm) for all 1>1 and all y in .

Since £ is compact, ^(¿J is compact too; let r be a limit point 

of f°r such a y. Then the previous measure on iP(X^) is the

o oo y .
restriction of ® r 1 r(dm) . This ends the proof. □

i=l m

-1

<*1 1>1
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Abstract.

We study the dynamics of a geometric spin system on the torus with 

long-range interaction. As the number of particles goes to infinity, 

the process converges to a deterministic, dynamical magnetization 

field that satisfies an Euler equation (law of large numbers). Its 

stable steady states are related to the limits of the equilibrium 

measures (Gibbs states) of the finite particle system. A related equa

tion holds for the magnetization densities, for which the property of 

propagation of chaos also is established. We prove a dynamical central 

limit theorem with an infinite-dimensional Ornstein-Uhlenbeck process 

as limiting fluctuation process. At the critical temperature of a 

ferromagnetic phase transition, both a tighter quantity scaling and 

a time scaling is required to obtain convergence to a one-dimensional 

critical fluctuation process with constant magnetization fields, 

which has a non-Gaussian invariant distribution. Similarly, at the

phase transition to an antiferromagnetic state with frequency p ,
o

the fluctuation process with critical scaling converges to a two-

dimensional critical fluctuation process, which consists of fields

with frequency p and has a non-Gaussian invariant distribution
o

on these fields. Finally, we compute the critical fluctuation pro

cess in the infinite particle limit at a triple point, where a fer

romagnetic and an antiferromagnetic phase transition coincide.

1. INTRODUCTION.

In this paper, we study the nonequilibrium behaviour of a 

geometric spin model with weak interaction in the infinite particle 

limit. For finite n0N, the n-particle model consists of particles

located at the sites 0 , 1/n, 2/n.... n-l/n of the unit circle

T = IR mod Z. A one-dimensional spin value a(i/n) is associated to 

each particle, and the spins interact via a mean-field potential de

pending on the distance between the particles.

In the equilibrium theory, the thermodynamic limit of these 

geometric models has been studied recently [8 ,2 ], and has shown 

a variety of interesting phase transitions. Depending on the para

meters, there exist phase transitions to ferromagnetic states with 

constant magnetization or transitions to anti ferromagnetic states
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with wave-like magnetization functions of any frequency p. Moreover, 

secondary phase transitions of first-order occur too (see e.g. the 

phase diagram in [7]). We find metastable states near these secondary 

phase transitions. The nucleation behaviour of the system can be des

cribed, as it switches from one (meta-) stable state to another stable 

one ([1 ]).

Here, however, we are interested in the dynamical laws of these 

models. We start with a Glauber-type dynamics'((13]) for the n-par.ticle 

system, where the spins flip from time to time to another value with a 

jump intensity depending on the gradient of the Hamiltonian felt by the 

particle. Next, we establish the asymptotic dynamics of the magnetiza

tion field in the infinite particle limit (Euler equation). We obtain 

a similar equation for the density field of the magnetization and show 

that a propagation of chaos result holds. Our main results are the 

infinite particle limits of the non-critical fluctuation process and 

at the critical fluctuations, which -besides an appropriate scaling 

of the spin values- require a rescaling of the time in order to keep 

track with the stiffness and long time fluctuations of the critical 

structure ('critical slowing down'). As a result, only the critical 

structure survives the critical scaling, and in the limit, the criti

cal fluctuation process is a low dimensional process (of the dimension 

of the eigenspace of zero of the infinitesimal operator at the critical 

point), in contrast to the infinite dimensional non-critical fluctua

tion process. In fact, the critical fluctuations are of dimension 1 

at the critical point of a ferromagnetic phase transition, while they 

are of dimension 2 at an antiferromagnetic phase transition, and of 

dimension 3 at a ferro~-antiferromagnetic triple point.

Asymptotic dynamics, propagation of chaos results and non- 

critical fluctuation processes for weakly interacting systems have 

been extensively studied (see e.g. [19, 23, 24, 25, 27, 28], to men

tion just a few). Dawson [4] also obtained a critical fluctuation 

process of dimension 1. All these models have a space-independent 

weak interaction, and therefore lack a rich structure of phase tran

sitions. In a recent paper, Fritz obtained the Euler equation for a 

continuous spin model on a lattice with nearest neighbour interaction 

[ 1 2 ] .
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We are now going to describe our model and the results of the 

different sections in more detail. For simplicity, we restrict our

selves here to the case of one space dimension (d=l), though all 

the results in the later sections are formulated for arbitrary dimen

sion d.

For the system consisting of n particles, located at the points

of the lattice T = {i/n , i= 0 .... n-1 }, a spin configuration
n

n - 1
a = n E cr(x)<5 has the internal energy 

x£T x
n

H (a ) = - l/2n E ?(i-j/n)a(i/n)a(j/n)
i J =1

= - n / 2 ?(x-y) <j (dx)a (dy)
2

1
n
n n n

= - n/2 < a . 7 * o > = n H(a ). (1.1)

Here 6 is the Dirac mass at x and * denotes convolution. The 
x

single spin distribution, denoted by p, is a probability measure on R 

with compact support. (Only in the last sections of the paper, when we 

deal with the specific situation at the critical point of a phase tran

sition, do we impose further conditions on p ). The dynamical pro

cess of the n-particle system is a spin-flip process where the inten

sity of flipping the spin a(x) at x6T to the new spin value m
n

is equal to
n n

-|3m 0/3a(x) H (cr ) = (x), (1.2)

with j3>0 as the inverse temperature. Therefore, the infinitesimal 
n

generator L of the system is

Lnf(a) = E 
x€T , 

n

[f(a| m) - f(ct ) ] exp{0m 7 * o  (x)} p(dm), (1.3) 
x

where f' Is a continuous function on the spin configuration space 
n

and a | m is the flipped configuration which is equal to a except 
x

at x where its value is ra. It is easy to check, that the unique
n

invariant distribution for the infinitesimal generator L is the
n n

n-particle Gibbs measure Q with the Hamiltonian H , given by
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Qn(d<M -  exp{-|SHa(crn)} n P (d<r(x) J/z“ , (1.4)
X€T

n
n n

with normalizing constant Z . Q lives on the n-particle confi

guration space, which is a closed subset of the set I of bounded 

(w.r.t. the total variation norm) Radon measures endowed with the 

weak-* topology. The cumulant generating function of the single spin 

distribution p is defined by

r ( r )  -  log exp(rn)p(dm). (1.5)
R

Now, we can state the asymptotic dynamics of the spin-flip processes 
n n

a , generated by L , in the infinite particle limit, 
t

THEOREM 1' .

n
The orocesses a converse in law on the Skorokhod soace 

t

D([0,T],JH) to the magnetization process u X, where X is the
t

00
Lebesgue measure on T and the density u €1 (T) satisfies the

t

deterministic evolution equation

d/dt u (x) = exp(r(0 ?*u )}[r'(0 ?*u ) - u ]. (1 .6 )
t t t t

As is to be expected, there is a close connection between (1.6)
n

and the Gibbs states Q . Indeed, it has been shown in [8 ] that the 
n

Q satisfy a large deviation principle on I with a rate function 

V(/i) = I(it) + 0H(jO  (1.7)

with

f J l(dp/dX(x)) X(dx) if n «  X,
UP) - { T (1.8)

V + « otherwise,

where i ( q )  = s u p ( q . r  -  r ( r ) }  ( 1 . 9 )
r£R

is the Cramer transform of p. The large deviation means heuristically 

that for a small weak-* neighborhood U ( ¿0 of ^6Jil 

n
"Q (U ( ¿0)  behaves asymptotically like exp(-n[V(/0-inf V(y)]}". (1.10)

v
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Dut the Frechet derivative of u h » V(uA) in the |.| -norm is by
oo

(1 .8 ) and (1 .2 )

W(uJ)(x) - i'(u(x)) - (S?*u(x ) (1.11)

- (r ' ) (u(x)) - |S?*u(x)

but if r ' (0 ) = 0 , i.e. p has mean zero,

sign(7 '(0 ?*u(x)) - u (x )) « sign (-VV(u,i )(x)), (1 .1 2 )

since i' is the inverse of y' by (1.9), and since r'(0) = 0 

implies sign r'(r) = sign(r). This means that the right-hand side 

of the evolution equation has the same sign as -VV(u-i). In particular, 

its paths go downhill with respect to the potential V, and the stable 

steady state solutions of (1 .6 ) are exactly the local minima of V.

In Section 4, we study the asymptotic dynamics of the density 

process
n - 1

r = n E <5 _ . (1.13)
t xGT ( crn ( x ) , X )

n t

which is a probability measure on IRxT. Again we give the space 

SMfUT) of all such probability measures the weak-* topology. Notice

n - 1
that since for each x£T , % (dm,(x}) = n 6 is a one-point

n t (an (x))
t

n n
measure on K, k and a contain mathematically the same informa

tion. This is however no longer true in the infinite particle limit.

THEOREM 2'.

n
k converges in law to the magnetization densitv process 
t

h (m,x)p(dm)-?(dx) , where h satisfies the deterministic density 
t t

evolution eouation :

d/dt h (m.x) = exp{mj3?*u (x))-h (m,x)exp{r(j5?*u (x ))} . (1.14) 
t t t t

(1.14) is a desintegrated version of (1 .6 ). In fact, multiplying 

both sides of (1.14) with m and integrating with respect to p(dm) 

gives exactly (1.6). In a similar way, we define the higher order
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correlation densities for different sites of TT. It is then easy

to show that in the infinite particle limit, these correlations

densities satisfy a propagation of chaos property. (See Theorem 3

of Section 4 for details) .This result itself implies the usual result of 
propagation of chaos ( see theorem 3 bis).

Next, we look for a first order approximation to u ; we define
t

the (non-critica 1 ) fluctuation process 

n 1 / 2 n
C = n {a - u X). (1.15)
t t t

In order to establish a central limit theorem for these fluctuation

processes, we have not only to work in the space f' of distributions

on T, or at least in a Sobolev space H with sufficiently low
r
o

negative index (see section 5 for technical details), but we also need 

first a law of large number result for the second moment magnetization 

f ields
n 2 - 1 2 

{o ) = n I o (x) 6 . (1.16)
t xi?T t x

n
n n 2

In fact, like a . also (a ) converge in law on 1>( (0 ,T] ,JH) to the 
t t

second moment magnetization process v A, where v satisfies the de-
t t

terministic equation

2
d/dt v = exp{r(0 ?*u )Hr"( 0 ?*u ) + (r') (f(?*u )-v ], (1.17)

t t t t t

with u from (1.6). Now, we can state the central limit theorem 
t

for the fluctuation process :

THEOREM 4'■

n
If 3 is sufficiently smooth and C converges in a Sobolev-sense

o
n

to some C ' , then the processes < converge in law to a f '- 
o t

valued diffusion process C , given bv
t

2
d< - )exp r(ß3*u )d V(u K  dt

t t t t t

2 1 / 2  
+ (exp r(03* u )(r"(/3?*u ) + (r ') (0?*u )-2u U ) + v ] dw . (1.18)

t t t t t t t
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Here, d V is the second Frechet derivative of V from (1.7), i.e. 

2
d V(u)Ç = i"(uK - 0»*ç ,  (1.19)

2

and W is the f'-valued Brownian motion with covariance 
t

E < t W > < ÿ,W > = (sAt)  < > (1.20)
s t

oo

for p.ipe'B (Ï).

To get a better understanding of (1.18), let us suppose that u
e

is a stable steady state solution of (1 .6 ) and that we are not in a

critical situation of a phase transition. This means that u is a
e

2
local minimum of V and that the second derivative d V is a non-

degenerate, positive definite operator. Then also v converges to
t

2
its stable solution v = r"(|3J*u ) + (7 ') (0<r*u ) such that with

e e e

u = r'(/32*ii ), (1.18) reduces to 
e e

2
d? = u )exp r(|32*u )d V(u )£ dt

t e e e t

1 / 2
+ [2 exp t (P?*u ) r"(03*u )] dW . (1.21)

e e t

Thus, Ç is a gen*r*lifccl Ornstein-Uhlenbeck process and its unique 

stationary distribution is the Gaussian field with mean zero and 

covariance

2 - 1
E< <p, Ç > < t . K > - < <p, (d V(u )) * >. (1.22)

t t e

On the other hand, it is a consequence of (1.10), that the condi-

n
tional fluctuation fields of Q , restricted to a neighborhood U(u )

e
n n 1 / 2

of u , Q (d(ff -u /n ) IU(u )) converges to the mean zero Gaussian 
e e e

field with covariance (1 .2 2 ) (see also [1 0 ]).



79

In order to investigate the situation at a critical point of a 

phase transition, we must specify our assumptions in order to make 

sure that a phase transition indeed occurs.

First, we assume p to be an even probability measure on R

with compact support and that the GHS-inequality hold (cf. [9]),

a consequence of which is that for some K >2
o

(3) (2K -1) (2K )
0= 7 ( o ) - r ' ( o ) , r ” (o)>o, 0=7 ( o)=...=7 0 (0). 7 0 (0)<0 . (1.23)

Again, ? should be sufficiently smooth and symmetric. For a ferro

magnetic phase transition, we want its Fourier coefficients to satisfy

5(0) - ?(p) > S > 0  for all p€Z-{0}. (1.24)
0

From [8] or [2], we know that a phase transition indeed occurs at the 

critical inverse temperature

-1
13 = (7 ” (0) 3(0)) . (1.25)

0

Here, the potential V = V has a unique minimum at u « 0 ,  but
(3 0

0
2

d V(u ) has a one-dimensional kernel spanned by the constant func- 
0

tion 1. (1.24) requires that the remainder of the spectrum is positi

ve, bounded away from zero by |3 6 . We define the critical fluctua-
0 0

tion process by

n 1/2K n 
£ - n 0 a , (1.26)
t , 1-1/Ktn 0

1-1/K
where the new time scale tn 0 compensates the effect of critical

n
slowing down, mentioned above. We decompose £ into its ferromagne-

t
A

n n n n -1
tic component 0 -  £ (0M , where X = n £ <5 is the discrete 

t t x€T x
n

-1 n
Haar measure on n Z/Z, and its complement r) ,

t

n n n 
t = 0  + 7) • (1.27)
t t t

2 n
Since d V(0) is not degenerate in the direction of i) , the stronger

t



1/2K 1/2
s c a l i n g  n °, I n s t e a d  of n at the n o n - c r i t i c a l  f l u c t u a t i o n ,

n
has the e f f e c t  th at the p r o c e s s e s  77 c o l l a p s e s  to the z e r o  p r o c e s s ,

t
n 2

and the d y n a m i c s  of 9 , in w h i c h  d i r e c t i o n  d V (0 ) is d e g e n e r a t e ,
t

n
has to be e x p a n d e d  to h i g h e r  o r d e r  t e r m s  of 9 . F o r  the f o l l o w i n g

t

r e s u l t  on c r i t i c a l  f l u c t u a t i o n s ,  we n e e d  in a d d i t i o n  s o m e  m o r e  c o m p l i -

n
c a t e d  a s s u m p t i o n s  on the s t a r t i n g  c o n f i g u r a t i o n s  f , for w h i c h  we

o
n

r e f e r  to S e c t i o n  6 , m a i n l y  to i n s u r e  tha t  7? a l r e a d y  c o l l a p s e s
o

s u f f i c i e n t l y  f a s t .

T H E O R E M  S ' .

n n n
T h e  c r i t i c a l  f l u c t u a t i o n  p r o c e s s  £ = 9  + 7? c o n v e r g e s  in law

t t t

to the o n e - d i m e n s i o n a l  p r o c e s s  £ =  0 ( O M  w i t h
t t

(2K ) r  2K -l] .2K -1 1/2
de  (o) = r 0 (0 ) f ( 2 K - 1)!  ( r " (0) )  0 0 0 (o)dt+(2r"(o)) dw , ( 1 .2 8 ) 

t L 0 • * t t

and w i t h  w as the s t a n d a r d  B r o w n i a n  m o t i o n ,  
t

T h e  s t a t i o n a r y  d i s t r i b u t i o n  of the p r o c e s s  9 (0) is g i v e n  by
t

the n o n - G a u s s i a n  d i s t r i b u t i o n

(2K ) r 2Kj 2K
exp{r 0 (0)1 2(2K ) ! (r ” (0)) °| 6 °} dfl/Ẑ , (1.29)

w i t h  n o r m a l i z i n g  c o n s t a n t  Z . N o t i c e  t h a t  the s u r v i v i n g  p r o c e s s  9 (0)
1 t 

in (1.28) d e p e n d s  o n l y  on q u a n t i t i e s  c o m i n g  f r o m  the c u m u l a n t  g e n e r a 

t i n g  f u n c t i o n  r of the s i n g l e  s p i n  d i s t r i b u t i o n  p. It is i n v a r i a n t  

f r o m  the s p e c i f i c  i n t e r a c t i o n  f u n c t i o n  3, e x c e p t  for t h e  i m p l i c i t  

a s s u m p t i o n  t h a t  we are i n d e e d  at th e c r i t i c a l  p o i n t  of f e r r o m a g n e t i c  

s e c o n d - o r d e r  p h a s e  t r a n s i t i o n .  T h i s  p h e n o m e n o n  is c a l l e d  u n i v e r s a l i t y .  

T h i s  k i n d  of r e s u l t  on c r i t i c a l  f l u c t u a t i o n  p r o c e s s e s  was f i r s t  

o b t a i n e d  by D a w s o n  [4] for a n o n - g e o m e t r i c  m o d e l  w i t h  m e a n - f i e l d  i n t e r 

a c t i o n ,  w i t h  a o n e - d i m e n s i o n a l  k e r n e l  of the s e c o n d  d e r i v a t i v e  of the

80
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large deviation potential V at the critical point, this proof is

based on a semi-group perturbation theory. Our proofs use martingale

decompositions and martingale inequalities, which allows us in Section

to treat also critical fluctuations at an antiferromagnetic phase tran-
2

sition, where the kernel of d V(0) has dimension 2. However, we have 

to strengthen the assumption (1.23) by requiring

(4)
7 (0) < 0 ; i.e. K = 2 ,  (1.30)

o

and instead of (1.24-25), we now have for ?(p ) = ?(-p )
o o

3(p ) - ?(q) > 6  > 0  for all q€Z\(±p ), (1.31)
0 0 0

0 - (7"(0) ?(p ))" .
P o
0

These conditions assure that we are at the critical point of a second-

order phase transition to an antiferromagnetic state with frequency

p (cf. [2]). This time, we split the critical fluctuation process 
o
n 1/4 n

£ = n a into the two-dimensional p -antiferromagnetic
t 1/2 o

tn
components

A A
n n n n

q> =[2 fie(£ (p ))cos(2;r p x)+2 Im(£ (p ))sin(2jt p x)]^ (dx) (1,32) 
t t o  0 t o  0

n n n n 
and its complement iji : { = <p + .

t t t t

Here, we again omit the assumptions on the initial configurations

THEOREM 6'.

At the critical point of an antiferromagnetic phase transition
n

of frequency p , the critical fluctuation process £ converges in 
o t

law to the two-dimensional antiferromagnetic process of frequency p
o

q> (dx) = 2[fle(p (p ))cos(2;r p x) + Im(p (p ))sin(2* p x)]>?(dx), (1.33) 
t t o  o t o  o

where <p (p )€C is given by 
t o

A
(4) f  5|"* « 2 1 / 2 C

dp (p ) = r (0)r2 r"(0M|<p (p )| q> (p )dt + (2 r ” (o ) ) dw , (1.34) 
t o  L J t o t o  t

C
with w the complex Brownian motion, 

t



82

Again, the stationary distribution of <p (p )€€ is non-Gaussian :
-i  t o

(4)  r  4] 4
exp( r  ( 0 ) J l 6 ( r " ( 0 ) ) j  IZ| ) dZ/Z^ (1.35)

with normalizing Z .
2

Finally, we calculate in Section 8 the limit of the critical fluc

tuation process at a triple point, where a ferromagnetic and an anti- 

ferromagnetic phase transition fall together. This means that for some 

p # 0
o . . .  .

?(0) = ?(p ) = ?(-p ) and ?(0)-3(q ) > 6 > 0 (1.36)
0 0 0

for all q£Z\(0,±p ) and
o

-1
ß = (r”(0) ?(0)) . (1.37)
o

Now in the infinite particle limit, the critical fluctuation process 

has the form

A
ß (dx) = [> (0) + 2 ®.e{ß (p ))cos(2)tp x) + 2 Im(i/ (p ))sin(2/rp x)]<i(dx), (1.38) 
t t  t o  o t o  o

and (¡1 (0), fi (p ))£ R x c i s dr i ven by the coupl ed s t oc ha s t i c  
t t o

differential equation ^

(4) r 51 .2 - 2 1/2
dß (0 )=r  ( o ) 13 ! ( r " ( 0 ) )  hfl (0 ) +6 |/i (p ) |  ) ß (0)  dt  + [ 2 r " ( o ) ] dw

t I  J  t t 0 t t

( 1 - 3 9 )

(4) r  if .2 . 2 . 1/2 C
dß (p )=r  ( o ) f 2 ( r " ( o ) ) J(/i ( 0)  + |A (p )l  ) n (p ) d t + [ 2 r " ( o ) ]  dw

t o  I. J t t o t o  t

C
with w and w independent real, resp. complex Brownian motions, 

t t

In the appendix, we add a useful proposition on collapsing pro

cesses, which is of interest in its own right.

Acknowl egdements :

The first author would like to express his heartly thanks to 

Professor R. AZENCOTT for valuable discussions.

Part of this work was done, while the second author was visiting

the Gourant Institute at New York University. He is grateful for its

kind hospitality and the many useful discussions he had with its mem

bers, in particular with A. SOKAL and S.R.S. VARADHAN.



83

2. NOTATIONS AND MAIN EXAMPLE.

d
Let T be the d-dimensional torus (R/S) For any natural

-1 d
number n€N we consider the lattice torus T = (n Z/Z) with

n
-1 d 

spacing n , consisting of the N = n sites x = (k /n,...,k /n)
1 d

where k = 0 .... n-1 for j = 1.....d.
j

To each lattice site x6T , we associate a real-valued spin
n

a(x), whose ensemble defines the magnetization field 

n -1
c = N Z ff(x) <5 61 (2.1)

x6T x
n

with 6 the Dirac mass at x and 1 = ill(T) the set of Radon mea- 
x

sures on T. We endow I with the weak-*-topology, which makes 1
n

a metrizable space. Let I be the set of all measure of the form (2.1) 

n n n
1 = (ff 61 . | a ( x ) | <b for all x6T }, and I = {//61, | p | < b >, where 
b n b

n n
M  means the total variation of ti. 1 and JH are closed subsets

b

of I, resp. 1 , and JH is compact in the weak-*-topology. 
b b

We assume the single spin distribution p to be a probability 

measure on R with compact support, say contained in B = [-b,+b].

(In Section 5, we shall impose further restrictions on p). Let

r(u) = log exp{mu} p(dm) (2.2)

be the logarithm of the moment generating function, r is a convex 

function with r(0) = 0. Note that

m exp(mu) p(dm) = r'(u) exp riu), (2.3)

r 2 2
j  m exp{mu} p(dm) = [ r " ( u )  + ( r ' ( u ) )  ] exp r ( « ) -  ( 2 . 4 )

i
Let  ̂ be'* the Lebesgue measure on TT and

n -1
A = N I 6 (2.5)

x£T x 
n

its discrete analogue on I . Finally for agiH, m0R, we define
n



84

n
<s\ m ( . ) = a( ,\C (x) ) + m/N 6 ( . ) , (2.6)

x n x

where C (x) = (x -l/2n, x +l/2n] x...x (x -1/2n , x +1/2n] C T is the 
n i l  d d

cube in IT with centre x and edge length 1/n.

n
Now we define the operators L on '6(f) by

n
L f(a)

n n n
[f(a| m) - f(a)] N A (m,x,cr) p(dm) X (dx) (2.7)

BxT x

with
n n

A (m,x,<5) = exp{G (x,a) + m G (x,£) + G (m,x,<r)}, (2.8)
o 1 2

G , G e€(T x Jll) , (2.9)
o 1

and
n

G ----- * 0 (2.10)
2 n-o®

in a sense to be made precise in the following sections.

We set

A(m,x,a) = exp{G (x,<r) + mG (x,<;)}. (2.11)
o 1

n
Clearly, there exists a unique Markov process P on the Skorokhod 

+
space 0 = $(IR ,1), the space of right-continuous, 1-valued func-

n '
tions with left-hand limits, with L as its infinitesimal genera

tor, i.e.

r n n n
f(a )-f(cr )- L f(<r )ds = M (f) is a P -martingale (2.12)

t o J (0.11 s t

for all f€'6(Jil). This martingale can be written in the integral form

Mn (f) = f f (f(<r |nm) - f(«r )]An(dm,dx,ds) , (2.13) 
t J (0, t ]J BxT s- x s-

where for 0

-n n n n
A (dm,dx,ds)(a) = A (dm,dx,ds)(a ) - N A (m.x.a )p (dm)  ̂ (dx)ds

s
n

with a pure point process A (dm,dx,ds)(o ) . The corresponding increa

sing process (see (16], II.3.9) is

n n r t p  n 2 n  n
<M (f),M (f)> = [f(ff | m ) - f (cr )] N A (m.x.ff )p(dm)^ (dx)ds. (2.14)

t J 0 J BxTT s x s s
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Example.

The general q-body long-range interaction between the spins of 

a magnetic field has the internal energy

H(ff)— 2 1/J! 
J- l

3 (x .... x )a(dx ).....a(dx )=-£ < 3 , a * >. (2.15)
j j 1 j 1 J j-l J

T
j

where 3 0e(T ). Its Frechet derivative is 
j

c j ®i-l j-i
VH(<r) (x) = - £ 1/j ! L < 3 , a ® <5 ® > 6 «(T). (2.16)

J-l i—1 j x

Now, let G be any continuous function on T x I, with 
o

n -1
sup (G (x.ff) - G (x,a| o) = 0(N ), (2.17)

n o  o x
x , <x€l

b
and

G (x , <7) = -(3 VH(a)(x), (2.18)
1

where |3>0 is the inverse temperature. We set

n n n
G (m.x.ff) = G (x , <71 o) - G (x.ff) + 0{NH(<;) -NH (<r | o)
2 o x o x

n n
- a(x) VH(a| o) + m(VH(a) - VH(<r| o ))}.

x x

By (2.15-17), it is easy to check that

n -1
sup |G (m,x,ff)| = 0(N ). (2.20)

mgB,x£T 2 
n n

aei
b

The detailed balanced condition (see [29]) shows that the unique inva-
n

riant probability distribution for the process P with infinitesimal 
n

generator L , given by (2.7-8), is the Gibbs state

n n n n
Q (dcr ) = exp(-|9NH(<T )} n p(da(x))/Z (2.21)

x6T
n

n n
with a from (2.1) and Z as normalizing constant. The thermo

dynamic limit of (2.21) has been investigated in [8].

(2.19)



86

3. ASYMPTOTIC DYNAMICS OF THE MAGNETIZATION.

Besides (2.9-10), we assume that

G and G are Lipschitz-continuous in in the total (3.1)
o 1 b

variation norm, and that

n
sup | G ( m , x , f f ) | = o ( l ) .  (3.2)

m6B,x6T 2 
n n

<T6fl
b

n 2 - 1 2
Set (cr ) (dx) = N £ a (y) <5 (dx). (3.3)

y£T y
n

THEOREM 1 .

n n
(i) Let a 61 converge in law to u X, i.e.

o b o

u €L = {u£L !u| < b). 
o b ®»

n
Then the process (cr ) converges in law to (u ,*) , where

t t<T t t<T
(1 )

u 6 L is the unique solution of the nean-field evolution equation 
t b

d/dt u = G (u ), (3.4)
t t

starting at u , and 
o

G (u)(x) = exp{G (x , u ) + r(G (x,u))}[r'(G (x ,u ))-u(x ) ] . (3.5) 
o 1 1

n 2
(ii) Moreover, let (a ) converge in law to some v X,

o o
OO 00 2

v €L = {a£L ; 0 < ess inf a < ess sup a < b ).
o [0 ,b2]

n 2 oo 
Then, (cr ) converges in law to v , where v £L „ is the 
----  t ------ --------------  t ------ t [ 0 , b2 ] -------

unique solution of

d/dt v = F ( u , v ) ,  (3.6)
t t t

starting at v , with
o

2
F(u ,v)(x)=exp{G (x,u)+r(G (x,u))}[7 "(G (x,u)) + (r'(G (x ,u )))-v(x )].(3.7 )

0 1 1 1

m
in fact, this convergence holds (in probability) with an exponential 
rate (see [1 ] in the case of Ising spins).

I
b
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Proof. The Lipschitz properties of G and G imply that (3.4)
o 1

and (3.6) have unique solutions. Since r ' (y)€(-b,+b) and

2 2
f"(y)+(f') (y)(E(0,b ) for all b£R the solutions u , v , satisfy

t t
2 n

-b<u <b, 0<v <b . In order to show the tightness of (a ) , notice 
t t t t<T

n n n n n
that a 61 implies <r 61 c l  for all t>0, P a.e., and that 

o b t b b

1 is compact in its weak-*-topology. It suffices therefore to show 
b

uniform continuity in the following form :

For any (T ) , jj, e>0, there exists n 0N and <5>0 such that
o

n n n
sup sup P {|< gic >-< g,<x >| > ij) < e, (3.8)
n>n 0<r <t <(r +5)a T t r

0 1 2  1 2 1

where r , r are stopping times (cf. [18], 1.3.4). From (2.7-13),
1 2

we get

n n -if p n „ n
< g.ff >-< Z . o > = N g (x )(m-a (x ))A (dm.dx.ds)

r z J(r ,r ]lBxT s-
2 1 1 2

rx r n n n n
+ 2 g ( x ) ( m- <7  ( x ) ) A (m, x, <r ) p(  dm)>? ( d x ) d s  ( 3 . 9 )  

J r J BxT s s

with the last term being in absolute value less than 2b|g| |A+1| .6
oo oo

for n sufficiently large, using (3.2). Therefore, by (2.14)

n n n - 2 n  n n 2
P (|< Z .o >-< g ,o >| > ij} < r? E ((< g ,o >-< g ,o >) )

r t r r
2 1 2 2

2 2  2 2 2  - 1  2 2  2
< 8b |g| | A+l | .6 It] + N 8b |g| | A+l | .6/ri , (3.10)

oo oo oo dQ

which is less than e for all nQN, if 6 is sufficiently small. 

Furthermore, the jump sizes go to zero uniformly, so any limit law 

is concentrated on continuous paths.

n 2
The tightness of the processes {a ) is shown similarly.

t t<T

As in (3.10), we get by Doob's inequality

r»t r n „n -1/3 -1/3
g(x)(m-<7 (x ) ) A ( dm , dx , ds ) |>rjN }=Q(N ). (3.11) 

OJ BxT s-
n

Hence, outside of a set of very small P -probability, we have

n -1
P (sup IN 

t<T
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n n rt
< Z , a  > = < g . c  > +

t o .0.

- < g . o > + 
2 . 3  o
3.2,

n n n n
g(x)(m-<; ( x ) ) A ( m, x , a  )p(m)/? ( dx)ds  + o ( l )  

BxT s s

n n
g( x) exp{ G (x,cr )+r(G ( x , a  ) ) }

T o s 1 s

[ r ' ( G ( x , a  ))X  ( d x ) - a  ( d x ) ] d s  + o ( l )  
I s  s

But the maps n G (.,n)£'£(T ) , 1=1 , 2 ,  are c ont i nuous  on the
i

(compact )  s e t  JH ; then,  from A s c o l i ' s  theorem,  t h e i r  range i s  a 
b n

un i f or ml y  e q u i c o nt i nuo u s  f a mi l y  of  <g(1T), and the Riemann sum X

in the l a s t  term converges  uni f orml y  to the  ¿ - i n t e g r a l .  Combining

t h i s  wi t h ( 3 . 5 ) ,  we de r i v e  t hat  wi th l ar ge  p r o b a b i l i t y

< e. ff > = < Z . 9  > + f < e.G(ff  ) >ds + o ( 1 ) ,  ( 3 . 1 2 )  
t o 0 s

and so any l i m i t  pr oc e s s  of  (a ) must be c o n c e n t r a t e d  on the
t t<T

n 2
s o l u t i o n  of  ( 3 . 4 ) ,  which i s  uni que however.  In the c as e  of  ( cr )

( 3 . 1 3 )

Thi s  c ompl e t e s  the proof  of  the Theorem.

we o b t a i n

n 2 n 2 r t r  2 n 2 n  n n
< e . ( *  ) >=<g. (<7 ) >+ e ( x )  (m - { a (x)) )A (¡a,x,<T )p(dm)A ( d x ) d s  + o ( l )

t o JOjBxT s s

■  t < g - ( £r ) > + f  I g ( x ) e x p { G  (x,<7 ) + r(G ( x ,<r  ) ) }  
( 2 . 4 )  o JOJT o s 1 s

C (7 ” (G (x,a ) )  + (r') (G (x.ff ))) (d x ) - (a ) (d x ) ] ds + o (1) 
I s  I s  s

n 2 r t  n n 2
<g.  (<7 ) > + <g,F(<r , ( a  ) )> ds + o ( l ) . 

o JO s s
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4. ASYMPTOTIC DYNAMICS OF THE DENSITIES AND PROPAGATION OP CHAOS.

n n
To a magnetization field a £JH , we associate the empirical

b

magnetization density 

n -1
n - N E <5 6 f(B x T) (4.1)

X6T (<rn(x),x) 
n

where i'(BxT) denotes the set of all probability measures on BxT. 

!P(BxT) is compact in the weak-* topology.

n
We first show that the density process k converges to a deter

ministic density, governed by the asymptotic magnetization process :

THEOREM 2.

n
Assume (3.1-2) and that n converge in law to

o
oo

h (m,x) p (dm) ¿(dx) 6 f(B x T), h 6 L (B x T) . Then the empirical 
o o

n
density process it converges in law to h (m,x) p(dm) ¿(dx)t where

t t 
oo

the density h 6 L ( B x T )  is the solution 
t

d/dt h (m,x) = exp{G (x.u )+m G (x,u )} 
t o t 1 t

-h (u,x)exp{G (x.u )+r(G (x,u ))} (4.2)
t o t 1 t

starting at h ; and where u (x) = I m h (m.x)p(dm) is the solution
o t JB t

of_(3.4) with u (x) = I m h (m,x) p(dm). 
o JB o

Since by (2.9-10)

sup exp(m G (x.a) - r(G (x,a))) = C < «, (4.3)
m€B, x(ET 1 1

b
OO

0 < h (m,x) < C, if this property holds for h . Therefore h gL (BxT) 
t o t

for all t. Moreover

( m , x ) p ( d m ) = l .  (4.4)
i v
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Proof : Since (4.2) is linear in h, it has a unique solution in

oo

L (B x T) satisfying (4.4). Let gC'eiB x T ) . Then

n n
<g.* > - <£.* > 

t 0

EJBxT
g(m,x/-g(a (x).x ) 

s

n n n
A (m.x.a )p(d m ) X (dx)ds 

s

f t p  - I f  n l . n
+ N g ( m , x ) - g ( < 7  ( x ) , x )  A ( d m . d x . d s )

JOJBxT L s
(4.5)

The uniform continuity can now be shown in the same way as is (3.8-10).

n
By the compactness of $(B x T ) , the sequence of processes n is

t

therefore tight.

Doob's inequality implies again

P <sup| 
\t<T

-1 .n ■1/3^ -1/3
N [g(m ,x)-g(ff (x) , x ) ] A (dm,dx,ds) |>i7N >=0(N ),(4.6) 

Bxf s /

which gives outside a set of uniformly small probability 

n rtn n rt r n n n
<g.K >=<g.rc >+ exp{G (x.ff )+mG (x,<7 )}g(m,x )p(dm)Z (dx)

t o jOjjBxT o s 1 s

i n n n 1
exp{G (x,a )+r(G (x,<r ) ) }g(m,x)jc (dm.dx) 

B x l  o s 1 s s J

=<g. k > + f f exp{G (x,u )+mG (x.u ) }g(m ,x)p(dmM(dx)
o jOjjBxT o s 1 s

•]'
exp{G (x,u )+r(G (x , u ))}g(m,x)/c (din.dx) ds+o(l) 

Bx? o s 1 s s

n n
+Q(sup sup(|G (x ,u )-G (x,a ) | + (G (x,u )-G (x,a )|)). (4.7) 

s<T x£T o s o s  1 s i s

Since, by Theorem 1, the last term converges to zero uniformly in pro-

n
bability, we find that any limit n of the processes k satisfies

s s

the following equation, which is deterministic except for it :
o
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<g.Jt >=<&.* > + 
t o

exp{G (x,u )+mG (x,u )}g (m , x )p(dm)X (dx) 
Bxf o s 1 s

exp{G (x,u )+r(G (x,u )))g(m,x )k (dm,dx)]ds. (4.8) 
Bxl o s 1 s s

But the solution of (4.8) is unique, and if n = h dpd,i then also
o o

t has a density h (n.x) with respect to dpd-i, and h is the 
t t t

solution of (4.2). This completes the proof.

Notice, that if h 6 ^(B x f ), then h € ^(B x T) for all t>0.
o t

Since the right-hand side of (4.2) depends only on the single site x,

it is obvious that results of the type of 'propagation of chaos' should

hold. In fact, we shall derive two versions of propagations of chaos.

The first one will be at the level of empirical measures. In analogy

to the weak-* topology on !P(B x T) , used in Theorem 2, we shall

obtain only a weak version at this level.

The second result is the usual 'propagation of chaos' for the
n

random spin variables a (x). It says that, if the spins at distinct
t

sites are independently distributed at t=0, then in the limit n -* 

they continue to behave independently at any time t>0 according to 

a distribution which satisfies (4.2), i.e. they constitute a sample 

of the empirical density. Of course, this is not true for finite n, 

where the spins are dependent. We shall see, that this is a conse

quence of the first version, yielding here a new proof of the stan

dard result.

Let x .... x be distinct sites in T.
1 K

Let e be a sequence of positive numbers with 
n

-1 -2d
e \ 0 and N e — ► 0 as n — ► <*> . 
n n

We define

_n K _n K
x = n * u  ) = n 
t i=l t i i=l

(4.9)

d -1 1 
(N £ ) E <5 (4.10)

n y £C (x )ni ffn(y )
i e i n t i 

K n
as a positive measure on B , where C (x ) are the cubes with

e i 
n

center x and edge length e .
i n
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THEOREM 3.

n
Assume (3.1-2), that a converges in law to u X , and that

o o
_n K _n
k converges In law to fl h (m ,x ) p(dm ). Then, for t>0, it
o 1=1 o 1 i i t

K
converges in law to n h (m ,x ) p(dm ) with h satisfying (4.2).

1-1 t i i i t

Proof. First, notice that it is enough to prove the Theorem for K=l, 

_n _n
since it = n * (x ) and h(.,x ) dp is deterministic, 

t i t i i

Now, for g0e(B),

<g.ff (x)>=<g,? (x)> 
t o

tr -d n n n n
1 (y)« (g(m)-g(cr (y )) ) A (m , y , a )p(dm)-l (dy)ds

OjBxf C (x) n s s
6

n n

+ M , (4.11)
V.

where

n rt 
M -

t R
1 (y)(N e ) (g(m)-g(ff (y ))A (dm.dy.ds), (4.12)

Bxf C (x) n s-
£ 
n

n n 2 -1 -2d
implies E ((M ) ) = 0(N e ) ---- ► 0 by (4.9).

t n

By the same argument as in the proof of the last theorem, we see 

_n
that n (x) converges in law to a positive measure x on B, which 

t t

satisf ies

<g.K (x)> = <g,K (x)> +f (f g(m)exp(G +mG )(x,u )p(dm) 
t o JO J B o l  s

<g,jt (x )>exp {G +r(G )} (x , u ) )ds . (4.13) 
s o 1 s

(4.13) is linear in it, and therefore, has a unique solution, which

is it (x) = h (.,x)dp by (4.2) and the initial condition 
t t

it (x) = h (.,x)dp. This proves the Theorem,
o o
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As a consequence of the last result, we get the propagation of

n
chaos for the random variables a (x) :

t
n

corresponding to the distinct x ,...,x CTT, let x be sequences with
1 K i

n n
x 6 T and lim x = x for i = 1.... K. (4.14)
i n  i . i

THEOREM 3 W s.

n
Besides (3.1-2). (4.14), assume that a converges in law to

o
n n n n

u X and that the distribution of (a (x ).... a (x )) converges to
o o 1 o K
K
[I h (.,x ) d p as n « . Then, for t> 0, the distribution of 
i=l o i

n n n n K
(a (x ).... a (x )) converges to [7 h (.,x )dp with h (.,x )

t 1 t K i=l t i t i

from (4.2).

Proof. Without loss of generality, we may add the assumption that

_n K
I] it (x ) converges in law to fl h ( . ,x )dp : indeed, this assumption
i o i i=l o i

may be achieved via the change in the initial distribution of particles

d
in proportion Q(e ), then being without any influence on the asymp-

n
n n n n

totic distribution of (a (x ).... a (x )).
t 1 t K

First, we regard the case K=1. Let g 6 *6(B).

n n
Using (4.11) and a similar expression for g(a (x )), it is easy

t 1

to get the following inequality :

n n n n _ n  n n n n _ n
IE g (a (x ))-E <g ,n (x )>| < |E g (<r (x ))-E <g,jr (x )>| 

t 1 t 1 o 1 o 1

•t n n n
(2|g| sup |A (.,x ,..)-A (. ,y,..)|

0 « ygC (x ) 1 «>
e 1 
n

n n n n n n 
+ |A I 1E g(<7 (x ) ) -E <g,i (x ) > | ) ds . (4.15)

« s i  s i

Hence, Gronwall's lemma together with the assumptions on the initial
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distributions and Theorem 3 implies

n n n n _n
lim E g(a (x ))=1im E < g ,n (x )>= 

n t i n  t 1
g(m)h (m,x )p (dm). 

t 1
(4.16)

For the general case, we take g .... g 6 “6(B) and n so large that
1 K

C (x ).... C (x ) are all disjoint. Similar to (4.15), we get
e l  e K
n n

n K n n n K n
|E [I i (o’ (x ))-E n <g .* (x )>| 

j=l j t j j=l j t j

n K n n n K _n
< |E [I g (a (x ))-E n <S (x )>| 

j=l j o j j=l j o j

K rt

■ j i i  J

K n n n
2 II |g I sup |A (. ,x ,. . )-A (. ,y,..) | 
i=l i «* y€C (x ) j «

n n n n n
+ |e I IA I IE [) e (a (x ) )-E n <g , it (x )>| 

JOO eo i j f c j i s i  i?tj i s i

n n n n n n
+1A I |E n  e (ff ( X ))-E n  <g .if ( X )>| ds.

00 i i s i  i i s i
(4.17)

By an induction hypothesis, the second integrand goes to zero uni

formly in s, and we conclude by the same argument with Gronwall's

lemma as above, that

n K n n 
lim E I] g (a (x )) 
n j=l j t j

n K _n
lim E il <g .k (x )> 

n j = l  j  t j

K f
II g (m )h (m , x  ) p( dm ) ,  

j = l  J j  j  t j  j  j
(4.18)

which proves the Theorem.
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5. NON-CRITICAL FLUCTUATIONS.

For r>0, we introduce the Sobolev space

2
H -  { ge L U )  ; \g\ < +0*}. ( 5 . 1 )
r r

2 2 r . 2
where |g| = Z (1+1PI ) |g(p) I (5.2)

r p€Zd

with the Fourier coefficients

d
g(p) » < exp(27tip. ), g.^ > , pez . (5.3)

Let

H = H' (5.4)
-r r

be the dual space of H under the duality product <.), with the norm
r

M l  - Z (l+|Pl ) r l £ ( P )  I • (5.5)
-r

For each r£IR, we have the scalar product on H , given by
r

2 r .  1
< II,V > = Z (1 + 1 p | ) Ii( P) y(p) e R, (5.6)

r p6Z

which makes (H , <,> ) a Hilbert space, 
r r

Obviously, for r >r >0,
2 1

oo 2 00
€ (T)=H = H H C_H c_ H C_ H = L C_H C_H C_H = € (T)', (5 .7 )

» r' r' r r o -r -r -»
2 1 1 2

and the embedding H c_H for any r>s is Hilbert-Schmidt, whenever
r s

r-s > d/2, due to the fact that

2 -r
C = Z . (1+1 p | ) < » if and only if r>d/2. (5.8)
- r  pgzd

In particular,

I* I - E (i+|p| )'r = c
x -r p -r

n 1/2
so that I c_ (ii£H ,|^| < C b) for r>d/2, (5.9)

b -r -r -r
and

n 2 2

| = Z H (1 + | P | ) | N £ exp ( 2« i px) -<5 (p)|
-r p£2a x£T o

n
2 -r

Z A ( 1 + | P |  ) 
p6(nZ)d\(0)

/ -2r
< C n , (5.10)

-r /
for some constant C

-r
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Let fi = D((0,-) , II ). For r>d/2, the H -valued Brownian motion 
-r -r -r

W with covariance 
t

E(< g ,W >.< g ,W >) - (t A t  ) . < g .g >, (5.11)
I t  2 t 1 2  1 2

1 2

g , g £H , is well-defined on 0 (cf. (14] ch. 3, th. 3.1).
1 2 r -r

We shall use the following tightness criterion on Q , r>d/2 :
-r

n n
a sequence of processes ? with laws P on $((0,T],H ) is

t -r

tight, if

(i) for each e>0 we find K>0 such that

n n 2
sup P {sup |< | > K} < e, (5.12)
n s<T s -r

and

(ii) for all g£H , e>0, r}>0 there exists <5>0 such that
r

sup sup P {|< g,£ >-< g,£ >1 > n } < e. (5.13)
n 0<r <(t +5)a T r r

1 2  1 2 1

These conditions are an immediate consequence of Mitoma's result

(see (22] Theorem 4.1 and Remark 1, and notice that (5.1,$) implies the
n

uniform r-continuity of P ).

Finally, we strengthen the assumptions made in (2.9-10) :

oo

(i) There exists r >d/2 and a map dG from L fl H into the
o b r

o
space of continuous linear operators on H such that for g€H ,

-r r
oo o o

U6L n H .
b r -r

o o

l< g-G(ii) >-< g.G(uJ) >-< g , dG(u ) (p-uA) >| = |g| . o { \ n - u . X \  ) (5.14)
r -r
o o

and
sup sup |dG(u)/z| / lit| < + oo . (5.15)
oo -r -r

u6L OH *t6H o o
b r -r

o o

Here, G( ß) is the natural extension of G from (3.5) to a H
-r

o
valued function by

G(/0 (dx)=exp(G ( x , / 0  + r(G (x . fi) ) ) [ r' (G (x , ft) ) ; (dx )-fi (dx) ] . (5.16)
o 1 1
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(ii) G and G are bounded continuous functions from 
o 1

I H (iiflH ; I//1 < bC } into H 
b -r -r -r r

o o o  o
n

and G satisfies
2

n -1/2
sup |G (i, . ,ii)| = o(N ) . (5.17)

m6B,j<6In 2 r
b o

Notice that by the interpolation theorem and Sobolev's Theorem

for r >d/2 
o

I g •h| < C' (|g| |h| + |g| |h| ) < c" |g| |h| (5.18)
r r » r r « r r r  
o o  o o  o o o

so that H is an algebra (cf. [26] II, 2.1). 
r
o

In (5.18), we used that for r >d/2
0

1 / 2
U l  < E U ( p )| < c |e| (5.19)

oo p r r
o o

which also shows that H C_<g(T).
r
o
oo

Moreover, for any 'Z -function on p on R, ?>(g)6H for g£H
r r

with
o

|*p(g)| < <M|g| ) (5.20)
r r
o o

for some continuous function $. In particular,

|<p(g )~<P(g ) | < C |g -g | (5.21)
1 2 r M 1 2 r 

o o

for all g , g with |g | , |g | < M.
1 2  1 r 2 r

o o

As a consequence of (5.17-21), we get for our functions G and F

00 oo

from (3.4) and (3.6) that for uGL OH , v£L RH
b r [0,b2 ] r

o o

| G (u )| < C(1 ♦ | u| ), (5.22)
r r
o o

IF(u , v ) | < C (1 + Iv| ). (5.23)
r r
o o
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Therefore, if u Ç L O H  , v ÇL HH then the solutions u of
o b r  o ( 0 , b ‘2] r  t

o o
(3.3) and v of (3.5) satisfy 

t
OO 00

u ÇL nii , v ÇL HH (5.24)
t b r t [0,b2 ] r 

o o
+

for all tgR .

Now, we are ready to study the asymptotics of the non-critical 

fluctuation processes

n 1/2 n
Ç - N (a -a )6H . (5.25)
t t t -r

o

THEOREM 4.

n n °° 00
We assume (5.14-17) . 0 61 , u £L flH , v gL OH and that

0 b 0 b r 0 [Ofb2 ] r 
0 0

n 1/2 n
Ç « N (0 -u ) converge in law to Ç £H with

0 0 0  0 -r
0

n n 2
sup E |Ç I < « . (5.26)
n 0 -r

0
n

Then on D([0,T], H ), the fluctuation processes K (5.25) converge
-r t

0
in law to the Drocess £ s a ti sfy in g

t
1 / 2

d< = dG(u )Ç dt + (B(u ,v )) .dW (5.27)
t t t t t t

with the H -valued Brownian motion W from. (5.11) and 
-r t

0

B (u ,v )(x)=exp{G (x,u)+r(G (x,u))}
0 1

2
[r"(<j (x,u )) + (r') (G (x.u) )-2u(x). r'(G (x,u) }+v(x)] . (5.28)

1 1 1

Proof : We first notice that (5.27) implies

*  1 / 2  
d< g.Ç > = <(dG(u )) B(Ç >dt + < g.B(u ,v ) ,dW >. (5.29) 

t t t t t t
* * 

Therefore, if T is the semigroup on H with generator dG(u ) ,
s , t r t

0
the adjoint of dG(u ), we have for 0<s<t<T :

t
■»t * * *

P(<g,C >6dy1Ç )«p( 
t s

<T g,B(u ,v ).T g>dr,y-<T g,Ç >)dy, (5.30) 
s r . t  t* r , t  s , t  s
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- 1 / 2  2
where p (t. y ) = ( 2tt t) exp(-y / 21) is the heat kernel.

This shows that the process C is uniquely determined by the
s

2 k
following martingale problem : for f ( R  ) and g £H for

b i r
o

i = 1.... k, k€N, we have with f({) ** f(< g ,( > .....< g ,? )) that
1 k

r t
f ( < L(u ,v )f(C )ds is a P-martingale, (5.31)

0 s s s

where

k r \ J k
L ( u , v ) f ( C )  - Z a f(<) < g  ,dG(u)C>+l/ 2 Z  3. a.  f(i)<e ,B(u.v)g > (5.32) 

i=l i i i l i j

(cf . (15] Theorem 1.4)

From (2.12-13) and (3.4), we obtain the martingale decomposition

<g.C >=<g.< >+ 
t o

ft 1/2 f 
N g(x) 

0 JT

n n n
A (ra.x.a )(m-a (x))p(dm)A (dx)-G(u )(dx)]ds 

B s s s

Set

+ N
■ 1 / 2 .n

g(x)(m-<r ( x ) ) A (dm.dx.ds). 
BxT s"

n n 2 2
c = inf{t ; |C I > M ).
K t -r

(5.33)

(5.34)

Then, for t <t <r , Ito's formula yields
1 2 M

n 2 n 2

K  I -  K I
t -r t -r
2 o 1 o

t
' i

Jt

1 / 2  r 2 n 
♦  2N < C , (A ( m , . , a ) ( m<J ( . ) -a ( . ) )p (dm)-G ( u )> ds 

B s s s -r
o 

t
r In n 2 n n n

* (l|(n-cr (x))5 | A (m.x.ff )p(dm)-i (dx)ds 
Jt\ s x - r  s

0

t
r 2 r  n -1/2 n 2 n 2 .n

♦ l(K +N (n-a (x ))5 | -1C | )A (dm.dx.ds). (5.35)
s - x -r s- -r

o o
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The second term of the right-hand side of (5.35) gives

|second term| = 12N

t

1 / 2
t
* 2 n n

< C ,C(ff  ) - G ( u )> ds 
t s s s - r
1 o

l / 2 r 2 n r r n  n n n n n .\l,\ I
+• 2N <C . 1A (m , . , a ) ( (.)-ff (.))-A(n,.,a ) (m^( . )-ff (OjUp/ ds

J t  s J bl s s - r  I

2 n n n 2
< 2 f  ‘ |<C .dC(u K  > | + o( | C I +1 )ds

(5.14-17-21) J t  s s s -r s -r
1 o o

t
1/2 n

* N |>t -¿| 2
- r

o 1 

t

2 n
K  | |

t s - r
o

n n
A (m , . ,o )m p(dra)| ds 

B s r
o

p 2 n 2 
< C /2 ( K  | + 1)ds

.10-15-17-21) 1 J t  s -r(5
(5.36)

Also the integrand of the third term of (5.35) is bounded, by C /2
1

say. Therefore n
tAr

n 2 H n 2
K  J  1 C (|C | + 1)ds

ta t -r 1 JO s -r
H o  o

is a submartingale, respectively a supermartingale. Taking expecta

tions of this supermartingale and using Gronwall's lemiua together 

with (5.26), we get
C t

n n 2 n n 2 1
E (|C I ) - liffl E ( K  I ) < C e 

t -r ta t -r 2
o H o

(5.37)

for all t>T and n>n , where n depends only on the values in (5.9)
o o

and (5.13-20). By Doob's subnartingale inequality, we get

n n 2  n n 2  ft n 2
P {s u p | i | > K) < P (sup( | C | +C (|C | +l)ds) > K } 

t<T t -r t<T t -r ljo s -r
o o o

-1 n n 2 rT n 2
< K [E {|C | )+C (E(|C I )+l)ds]

T - r  1 JO s - r  
o o

C T 
-i 1

< K [2C e + C T] < £ (5.38)
2 1

for K large enough. This shows (5.12).

Next, let r <t <(t +5) a  T be stopping times and g€H
1 2  1 r

o
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Applying similar inequalities like in (5.36) to (5.33), we find 
r

a . c "  -?" > = f (<g,dG(u ) 0  + |g| o(|C"I ♦l)*o(l))ds 
r r  J r s s  r s - r
2 1 1  o o

r
-1/2 2 n „n

(5.39)♦ N g(x)(m-<7 (x)) A (dm.dx.ds).
J r s-

1
z

n n n 2 n  2 2 n 2  2 n 2
E (<e.< -C > )<6E ((r -r ) (C |g| |C | + |g| o( |C | +l)+o(l))ds] 

r r  2 1 j r 3 r s - r  r s - r
2 1 1 o o o o

r
n

+ 2E (
2 2 n 2 n n n
g (x)(m-a (x )) A (m.x.a )p(dm)  ̂ (dx)ds] 

r s s
1

C T
2 1 2 2 2 

<C |g| (e +1)5 ♦ C |g| b S, (5.40)
4 r 5 L°°

o

which implies for 5 sufficiently small

n n n  - 2 n  n n 2
P ( l< g.< -< >1 > U) < r, E (<g.C -C > ) < e. (5.41)

r r r r
2 1 2 1

n‘
This shows the tightness of the fluctuation processes C

t
n

In order to characterize the limit process of C by the martin-
t

gale problem (5.30), we apply Ito's formula to

f(<n )=f(<g . O .... <g .c“>). f€-e2(Rk ). g GH for i = 1  k.
t I t  k t  b i r

o
n n 1/2

We write H for M (f(...,N <g ,a -u >,...)) form (2.13) and use 
t t i

estimates similar to (5.36).
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n . n
n e  )-f(ç ;

t o

t k n
E\3 f(C ) 

n i-lV i s J

1 / 2
e (x )h [

T i
f A (m.x.a ) {m - a ( x ) ) p ( dm ) ̂ (dx)-G(u )^(dx)] 
JB s s s

n -1/2 n n n -1/2 n
(f(-.<g .C >+N g (x) ( m-a (x))..)-f(Ç )- 3 f(Ç )N g (x)(m-<7 (x)) 

BxT i s i  s s i s i  s

a n
NA (m.x.ff )p (dm)/l"(dx^dstii"

f(< ) ♦ 
o

t k n n
Z a f(< ) <g ,dG(u ) ç >ds 

O i=l i s i  s s

♦ 1 / 2  

't

•t — ' n
Z 3 3 f ( Ç  )

O i j i j s „

n 2 n n n n
S (x)g ( x ) ( m - <t (x)) A (m.x.a )p(dn)^ (dx)ds + H 

BxT i j s s t

n 1/2 n
[ o ( IC | +1) ♦ Q(N |Jt -J|)]ds

O s -r -c'
o °

n
f(Ç ) + 

o

t k n n
Z 3 f(C )< g .dG(u }Ç >ds 

O i=l i s i  s s

* 1 / 2
r t k — ' n

Z 3 a f ( c  !
O ij=l i j s

T

n n 2 n n
g (x)g (x)B(ff ,(a ) )/, (dx)ds + H 
i j s s t

t -1/2 n -r/d+1/2
(o(N ♦ |Ç | + 1) + Q(N )]ds

O s -r
o

n
f U  ) ♦

o

■t n n
l(u ,v )f ({ )ds + M 

O s s s t

rt 1/2 n -r/d+1/2 n
(o(N + |C | +1) + Q(N )+C( Z IG (a )-G (u )|

0 s -r i*=0.1 i s  i s r
o o

+ % |<g I exp{G (u )+r(G (u ))},v ¿-(<x ) >+|<r -u ;( ) ]ds. (5.42) 
i,j=l i j  o s  I s  s s s s - r

o

The last integral vanishes in the limit n*«, and so any limit process 

n
C of C satisfies the martingale problem (5.31), which has the 
t t

unique solution (5.27). This completes the proof of Theorem 4. B

We review the example of Section 2 in the light of the la'st 

theorem. Let

G (x.ff) - f (g * a ( x ).... g *a(x) )
o o 1 k

( 5 . 4 3 )
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(r M  
o k

w i t h  f Z'Q (R ), g 6 H . We a l s o  a s s u m e  th a t  in ( 2 . 1 6 )
o i r

o
j

3 6H (T ), j = 1.... q. Then both G and G are continuous boun-
j r o l

o

ded functions from 1 H{^6H ,|//| < bC ) into H
b -r -r -r r

o o o  o
n

Then G , given in (2.19), satisfies
2

n -1
sup |G (*, . ,/«) | = Q(N ) . (5.44)

m(:B , / z € l n 2 r
b o

Thus Theorem 4 applies to our example.
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6 . CRITICAL FLUCTUATIONS AT THE- FERROMAGNETIC PHASE TRANSITION.

Here, we consider the special case of a translation invariant, 

two-body interaction without external field. In the context of our 

example of Section 2, this means

q = 2 , ? - 0 . 1 (x.y) « J'(x-y) . (6 .1 )
1 2

VII(a ) (x ) = - ?*<t(x) = 

with the symraetrization 3 (x) = (3'(x) + ?'(-x))/2 .

?(x-y) <7(dy)
I

We know that if p is symmetric and satisfies the GHS-inequality 

(see below), if (5.1) holds, and

d
3(0) - ?(p) > 5 >0 for all p£Z \{0 ), (6 .2 )

o

then the Gibbs states to the Hamiltonian (2.15) have a second order 

phase transition at the critical inverse temperature

0 = (r"(0) ?(0)) \  (6.3)
o

This is the first phase transition as the temperature decreases from

the high-temperature region. The new phase, which appears immediately
- 1

below the critical temperature 0 , is ferromagnetic, i.e. it has
o

constant non-zero magnetization. In order to study critical fluctua

tions of the dynamical model, we make the following assumptions :

(Al) Let p be a symmetric measure on R with support contained 

in [-b,b], b>0, and let p satisfy the GHS-condition :

(3)
7 (x) < 0 for x€[0,«>). (6.4)

Since 7 is convex and symmetric with 7 "(0 ) > 0 , (6.4) implies that

there exists K > 2, such that

(3) (2K -1) (2K )
7(0)=7'(0)=0, 7 "(0 ) >0. 7 (0) = . . . = 7  0 (0)=0, 7 0 (0)<0. (6.5)

(A2) Assume

G - 0, G (x , a ) =■ -p VH(or)(x) - 0 ?*<x(x) (6 .6 )
0 1 0 0

with 8 from (6.3) and ? satisfying (6.2).
1 0
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Moreover, we require

?6H for some r > d(l-l/K ) > d/2, (6.7)
it* o o

C

which yields by (5.19)
2r -r

2 o . 2 2 o .  2 1 / 2
|?*o| <C <C [Z (l+|Pl ) U(P) I .(l + |p| ) |<f(p)| ]

" r r r p
o o o

< C |*| \a\ , (6.8)
r 2r -r 
o o o

such that G is a continuous bounded function from
1

Jil n {//€H , |i/| < bC ) into H , 
b -r -r -r r

o o o  o
and

n -(1-1/K )
sup |G (m, . ,*0| = o(N 0 ) , (6.9)

2 r
b o

n
which is satisfied if we define G by (2.19) (see 5.41)).

2

The critical fluctuation process is defined by 

n 1/2K n n
€ - N 0 a €H nt. (6.10)
t 1-1/K -r

tN 0 o
n

We split £ into its ferromagnetic and non-ferromagnetic components

/\ A
n n n n n n n

o - t (o) * . n = « - H O M  . (6.11)
t t t t t 

n n n n
Q and rj are orthogonal in (H , < . > ). Notice that a €ill 
t t -r -r

o o
implies /x /\

n n d
o (p) ■ a (p+nq) for all p, q 6 Z , (6.12)

~n~~n '^n ^  d
and ?*o X (p) ~ IX (p) a (p), p 6 Z . (6.13)

THEOREM 5.

Besides assumptions (Al) and (A2), we suppose for the starting 

n
conf igurations ( that 

o
n n n

(i) u Ç I , t converges in law to some 0 X ; (6.14)
o b o o

n n 2k -k
( i i ) E I ij I < C a for all large n, (6.15)

o -r 2 n
o

where c>«'>K -1 and a an increasing (to infinity) sequence with 
o n
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- ( 1 - 1 / K( 1 - 2 / K  ) + ( l - l / K  )/*'
o o -1

N a  — > 0 ,  a n d  a N
n n

n n 2 n 2k k
(iii) E (I (or ( . ) ) - 7 " (0) M  I ) < C 5 

o -r 3 n 
o

where k > 1 and a a sequence with
n

0 ; (6.16) 

(6.17)

(1-1/K )/«
o -1 

N a
n

1-1/K

0. a N 
n

( 6 . 1 8 )

Then the critical fluctuation process £ converges in law on
t

5([0,T], H ) to the ferromagnetic process { = 5  (0)^, where
■2r0 t t

0 (0) 6 R is given by

(2K ) 2K -1 2K -1
o o . o  1/2

66 (0)=7 ( 0 ) / [ ( 2K -1) ! r *’ (0 ) ] 0 (0) d t + ( 2r" (0)) dw , (6.19)
t o t  t

starting at 0 , and where w is the standard Brownian motion.
o t

n
Proof : We start with the semimartingale decomposition of <g,£ )

t

with g€H :

n n n
<g.f > - <g,0 >+<g,n > 

t t t

1-1/2K
n

-  <e.€ >+
0

N
n n n n

g(x )A (ai,x,d )(m-<r (x))p(dn)^ (dx)ds
BxT 1-1/K 1-1/K

sN 0 sN 0

+N

-(1-1/2K ) 1-1/K 
tN 0

0

n .n
g(x)(m-<; (x))A (dm,dx,ds) (6.20) 

Bxf s-

n n
By Ito's formula, we get for t <t <t =inf{t, |i | >H}

1 2 H t -r
o

— ►  0.
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I1) I -h  I
t - r  t - r

2 o 1 o

n 2 n 2

t 1-1/2K
r 2 n o n  n n n

+ 2 (<rj  ,N e x p r  ( 3  ( . ) } ( r ' ( 0  3 * 0  ( - ) U  -<x ) >
Jt  s o 1- l / K o 1-1/K 1-1/K - r

1 sN 0 sN 0 sN 0

+ 0 ( l ) | 7 , n | | i n | Ids 
s - r  S ~r0

n n 2 n n n
| ( m-a (x )) (<5 -A ) |  A ( m , x , a )p(dmM (dx)ds

BxT 1-1/K x - r  1-1/K
sN sN

+ M
t , t  

1 2

where

n
M

t , t  
1 2

1 - 1 / K  
t  N 0 
> 2

1 - 1 / K J  
t  N 0

1

( 6 . 2 1 )

BxT

(1-1/2K

| j) +N
-(1-1/KJ 

sN 0

o n  n 2
(n-ff ( x ) ) (<S -X ) | 

s -  x - r

n 2

|7? - (1-1/K ) *- r  J 
sN 0

-n
A ( d m. d x . d s ) . ( 6 . 2 2 )

We es t i ma t e  the f i r s t  i n t e g r a l  of the r i g h t - h a n d  s i de  of ( 6 . 21 ) ,  us i ng

(6. 6)  and 2K -1

r ' ( z )  = r " ( 0 ) z  ♦  0( z  ° ),

f i r s t  i n t e g r a l  of ( 6. 21)

( 5 . 1 8 - 2 0 ) ( 6 . 8 )

t 1-1/K
o n  n n n  n 2 • n 2 ■ -1/K

N (<ij , rH(o)p x - n  > +©(|d I If I n °n  
t [ s o s  s - r  s - r  s - r

1 o o o
2K -1

n n o n n
♦Q(|U I l i  I )+o(l)|u I | M  ds 

s - r  s - r  s - r  s - r
o o  o o

t _ 1-1/K

N °( Z (1 + 1 P| ) r ° h " ( p ) |  ( r " ( O) 0  i / ( p ) - l )  
d s o

pg(nZ)

-1/K
o n 2 n 2

+0 ( n h i  \ t  i ))
s - r  s - r  o o

2K -1
n n o n n

♦ 0(1» I l i  I ) + o ( l ) | u  [ | i  | 
s - r  s - r  s - r  s - r

o o  o o'

ds ( 6 . 2 3 )

r 2
t

2

1
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A
n d

since 7} (p) = 0 for a 1 J p£(nZ) . 
s

/N
n

By IX (p) = E j 3(p+nq), we get by (5.19) and (6.2) 
q€Zd

//̂ n . d
-¡X (p) < 3(0) - S /2 . for all p£nZ and n>n , 

o o

which implies by (6.3)

"^n d
r ” (0) 0 IX (p) - 1 < - 2/3 r"(O)0 <5 , pi nZ , n>n .

0 0 0 0

- 1 / K
o 2

Therefore, assuming G(N M ) < 1/3 r ”(0)/3 <5 for n large,
o o

first integral of (6 .2 1 ) 

t 1-1/K

(-N r"(O)0 <5 117 | + C (M) |r) | )ds (6.24) 
t o o s -r 1 s -r

1 o o

for n > n (M). The second integral of (6.21) is bounded by 
o

n
C (t -t ). With C (M) = C (M).M+C , we have for t <t <r , n>n (M),
2 2 1 3 1 2 1 2 M o

n 2 n 2
\n I < h  |

t -r t -r

t 1-1/K
' 2  o n 2 n

(N ¿ ¡ n i  -C (M) )ds + H . (6.25)
t o s - r 3  t . t

2 o l o ' l  o 1 2

The drift term in the last member is strongly attractive to zero.

To (6.25), we apply the proposition on collapsing processes, given

1-1/K
o

in the appendix, with m = N . (6.16) and (6.15) imply (A.2)

and (A.3) and since here Y = B x T and 

-(1-1/2K )
n o n n n

f ( m , x ) = 2N < T? . (m-a (x))(<5 -X )>
t t (1-1/K ) x -r

tN 0 o
-(2-1/K )

+ N |(m-ff (x))(5 -X ) | , (6.26)
(1-1/K ) x -r

tN 0 o

2- 1/K )
n o n n n

g (dm.dx) = N A (m.x.a ) p ( d m ) X (dx), (6.27)
t

tN 0
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it is easy to check that

-(1-1/2K ) -(2-1/K )
n o n 2 o

s u p I f (m,x)| < 4bN C | tj | + b C N
t -r t -r -r

o o  o

-(1-1/2K )
< C (M) N 0 , (6.28)

4
-(2-1/K )

n 2 n 2 o
|f (m , x ) | g (dra.dx) < C (|tj | + N ), (6.29)

BxT t t 5 t -r
o

which are both sharper than required by (A.5) and (A.8 ). Therefore

(1-1/K )/* 
n ( n 2 o -1\

P { sup |jj | > C (M)N a \ < e (6.30)

tt<TAr t -r 6 n /
H o

(1-1/K )(l/«'-l/c) 
o

for all large n. Since C (M) < N for large n,
6

we find that the sets
(1-1/K )/*'

[ n 2 o . - 1 \
A = I sup 177 | < N a < 1 > (6.31)
n \ t<TAtn t -r n /

M o
n

have P -probabilities greater than 1-e for n>n (M.e).
o

Similarly to (6.21-23), we investigate the ferromagnetic component

n n
0 in t <t <Tac , using (5.20), (6 .8 ) and the expansion 
t 1 2 M

(2K ) 2K -1 2K
r ' ( z ) = r " ( o ) z + r  0 ( o ) z  0  / ( 2K - i ) i  + G ( z  ° ) .

0
t

n 2 n 2 r 2f 1-1/K n n n n
|o I = | 0 I +2 Q(N °|ö I |r”(0)ß 1 * 0  X -6 | ) 

t -r t -r Jt L s -r o s  s -r
2 o 1 o 1 o o

n (2K ) n 2K - 1 n n n
+<Ö ,r 0 (0)/(2K -1 )! (ß ) 0 X > +o(1 ) 10 [ K  I

s o o s  -r s -r s -r
o o o

1-1/K n n n n H 7 .
+ N °<0 , (exp r ( ß  , (• ).)-l) (r"(O)0 2 *7) X - X  i \

s o 1-1/K o s
sN

- 1/2K n n 2K 1
ds

t
2

t

-1/K n n 2K +1 -1/2K n n 2K
+Q (N °|0 | |i | 0 )+0(N 0 10 | If | 0 

s -r s s -r s -r
o o o

n n 2 n n n .n
|(m-a (x)M I A (m.x.cr )p(dn)^ (dx)ds+M ,(6.32)

BxT 1-1/K -r 1-1/K t ,t
1 sN 0 o sN 0 1 2
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M
t . t I 1 - 1 / K

where
1-1/K 

t N 0
-n r 2 r n -(1-1/2K ) n n

( | 0 + N 0 («-a (x)M |
, B x l  -(1-1/K ) s-

1 2 t N 0 sN 0
1

n 2 ' .n
- | 0  1 )A (dm.dx.ds).

-(1-1/K ) -r 
sN 0 o

By (6.3) and (5.10), we have the estimates

1-1/K n~~n n ^n n
N 0 1 T " ( 0  ) j3 7 * 0  X ( 0) / t  -0 (0) / t  |

o s  s -r

1-1/K ^ n  . ''n ° n
= N ° | r " ( 0 ) ( j  (7X  ( 0 ) - ? ( 0 ) ) I \e ( 0 ) ;  |

o s - r
o

1-1/K n n -r +1-1/K n
< N ° r ” (0)19 I?| \X -/t| \0 | =0 (N 0 0 16 | ) ,

o r  -r s -r s -r
o o o  o

1-1/K n n n n n
n °<Ö , (exp riß 1*0 (■ ) ) - D ( r " ( 0 ) ß  x -n )>

s o 1-1/K o s  s -r
sN 0 o

1-2/K n n n 2
-  0 < n ° | o  I I M  I n i  ) ,  

s -r s -r s -r 
o o o

and

n (2K ) n 2K -1 n
<0 ,r 0 (0)/(2K -1 ) ! (0 7 * Z  ) 0 X > 

s o o s -r
o

(2K ) 2K -1 n n n 2K - 1 n
= T 0 (0)/(2K -1 )'. ß 0 <0 , ( 7 * 9  +7*i) ) 0 X >

o o s s s -r
o

(2K0 ) 2K0 -l/'/>nk 2K0 -l'/n‘ 2K0 n 2

- r (0)/(2K -1 )! ß 7 X (0 ) 6 (0 ) \X |
(6 .8 ) o o s -r

o

n 2K -2 n 2 n n 2K -1
+0(|0 | 0 |7, I +|0 | |i? | 0 ) 

s -r s -r s -r s -r
o o o o

^ / \
n n  n n  n n n

since 7 *T) X (0 ) = 7 X (0) jj (0) = 0 implies <0 , 7 * n >1 >
s s s s -r

o

The second integral in (6.32) is again bounded by (t -t ) C
2 1 7

C independent of M. Hence 
7

- r
o

(6 .33)

(6.34)

(6.35)

(6.36)

= 0. 

w i t h
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n 2 n 2 
|0 | <|0 | *2 

t - r t - r

2

t

t / \  /N
' 2 (2K ) 2K -r n 2K -1 n 2K n 2

r 0 (0)/(2K -1 ) !0 0 (0) 0 0(0)' 01 ̂  I ds
t o o  s -r

2 o 1 o ’ 1 o
t

r -r +1-1/K l-2/K n 2 n 2K - 1 -1/K -1/2K 2'
0 (N 0 °+ (N ° + l) 17) | +|tj | 0 +N °+N °) +o (1)H
M s -r s -r

1 0 0 
-n

+ C (t -t ) + M . (6.37)
7 2 1 t . t

1 2

where the constants in the terra 0 depend on M. The first condition
M

of (6.16) shows that we can find n (e,M) > n (e,M) such that on the
1 o

sets A from (6.31), the second integrand in (6.37) is less than 1 
n

for all n>n (e,M), and the first integrand is non-positive, thanks
1

(2K ) n n 2
to r 0 (0) < 0 . (6.14) implies P (|0 | > C } < e for C large

o -r 8 8
o

enough and for all n, by which, together with (6.37), we obtain for

n£n (e ,H )
1
n 2 n 2 „n

{[0 I <C }PIA n( sup |0 I >T(C +1)+C +C }C( sup M >C }. (6.38)
o -r 8 n t<TAtn t -r 7 8 9 t<TArn t 9

o M o M
But

n „n - 2 -n 2 - 2
P { sup M > C } < C E(M ) < C C < e, (6.39)

t<TArn t 9 9 Ta t n 9 10 
M M

1 / 2
where C is independent of n and H and C > (C /e) . By

10 9 10

(6.31) and (6.38-39), we finally get for M>1 + T(C +1) + C + C
7 8 9

{ A t }  - { sup I f V  >K}C{ sup ItjV >1)UQ\A U{ | 2 >C }
M t<TAtn t -r t<TAtn t -r n o -r 8

M o  M o  o

U { | / | 2 <c ) n a n{ sup Ion | 2 > c +t(c +i)},
o -r 8 n t<TArn t -r 8 7

o M o
n n

which show P (r < T) < 4s. (6.40)
M

The condition (5.12) is satisfied. In order to establish (5.13) for

n n
£ , it is enough to show it for 0 , since (6.30) and (6.40) show 
t t

n
that the sequence of processes rj is tight and converges in law to

t



112

i} - 0. Thus, let 0 < r < x <(r +5)aT. We have 
t 1 2  1

n n 
<g .0 -0 > 

r r
2 1 

/\  r
n r 2 1 -1/2K n n n n

“ gÀ (0) N 0 (m-ff (x ))A (m.x.ff )p (dm)  ̂ (dx)ds
r 1-1/K 1-1/K
1 sN 0 sN 0

.n
+ H (6.41)

t , r
1 2 1-1/K

with r N 0
.n n r 2 -(1-1/2K ) n .n
M = g À (0) N 0 (m-a (x))A (dra.dx.ds). (6.42)
r ,r J 1-1/K s-

1 2  t  N 0
1

After the same expansion of the first integral as in (6.32-37), we 

have for large n

n n 2 2 _n 2
1 (< S. O  -0 >) < C (M)(t ) + 2(M ) , (6.43)

n r * r  9 2 1
(r >T) 2 1 1 2

M

such that by (6.40)

n n n n n n
P { 1 <&. 0 -0 >| > 71} < 46 ♦ P {| 1 <g , d  -8 > |>»j)

r r n r r
2 1 (r >T> 2 1

M
2 2 2

< 4e + C ( n ) 5 / ti + C <5/tj < 5e (6.44)
9 10

for n>n ( e , M ) and «5 sufficiently snail. This conpletes the proof
2

n
of the tightness of the critical fluctuation processes £ .

t

n
Before we can characterize the limit process of £ , we need the

t
following result :

Let x" - ((a" (.))2 - r " ( o n / e H  . (6.45)
t 1-1/K -r

tN 0 o

We claim that for some n(e)

n n 2 (1-1/K ) / 2 k -1/2
sup P { sup |X | > N 0 a } < e. (6.46)

n>n(«) t<TAtn t -r n
M o
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Ito's formula shows for t < t < r
1 2 M

n 2 n 2 1-1/K r 2
|X I = |X I + 2N 0

t -r t -r |t
2 o 1 o 1

2 n 2 n n n
<X ,| S (m - ( a (x)) ) A ( m , x . a )p(dmM (dx)> ds

x 1-1/K 1-1/K -r
OxT sN 0 sN 0 o

t
r 2 -1/K r 2 n  2 2 n n n

V i

N

1 

n
+M ' 

t ,t 
1 2

where

n
M' 
t . t 
1 2

1-1/K 
t N 0
r 2

"  J 1~1/Knt N 0 
1

BxT
I (m -(a

1-1/K 
sN 0

(x)) )6 I A (m.x.a
x -r 1-1/K 

sN 0

)p(dm)/i (dx)ds

(6.47)

n -1 2 n 2 2 n 2 "
|X +N (m -a (x) )<5 I -IX I

-(1-1/K ) s- x -r -(1-1/Ko) -r
sN 0 o sN o

A (dm,dx , ds). (6.48)

Using Sobolev-norm estiaates as above, we get

n 2 n 2 p 2 1-1/K n 2 
|X I =|X I - 2N 0|X I

t -r t -r Jt
2 o 1

s -r
1

-1/K0
+ 0(N )(t -t ) + M'

2 1 t . t 
1 2

t
n 2 r 2 1-1/K n 2 n

< |X I - (N 0 1X I +1)ds + M
t.-C Jt

-(1-1/K ) -l/K n 2 
l+o(N 0 )+Q(N °|f I )

s -r
o

n

ds

1 1
s ‘**o t ,t 

1 2

(6.49)

n
for t < r and n > n(M). Applying the proposition on collapsing pro-

2 M
n 2

cesses to |X | with a from (6.18), we see that (6.17) cor- 
tArn -r n

M o
responds to (A.3) and (6.49) to (A.4). Here

n - 1 n 2 n 2
f ( m , x ) =2N <X . (m - ( a ( x ) ) ) <5 >
t t 1-1/K x -r

tN 0 o
_2 2 n 2 2

♦N |(m -(a (x)) )S | - 0(N ).
1-1/K x -r

tN 0 o
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and n 2 - 1 / K  n n n
g (dra.dx) = N °A (m.x.ff ) p ( d m ) -i (dx).
t 1-1/K

tN 0

such that ( A . 5) and ( A . 8) are a l s o  s a t i s f i e d .  T h e r e f o r e ,  the p r o p o 

s i t i o n  on c o l l a p s i n g  p r o c e s s e s  i m p l i e s  (6.46).

Finally, we compute the limit of

/ ' nn . n n n n
f(Î ) = f(0 +r) ) =  f(g ^ (0)0 (0) 

t t t 1 t

^  n '^'n n
+< g  -g A ( 0 ) , tj > ... g X ( 0 ) 0  ( 0 ) + <g -g X (O).Ji >) (6.50)

i l  t i t e t  t

2 £
w i t h  fÉ'g (R ), g 6H for i = l ... i, and for t<TAf, w h e r e

b j r
o

n n 2 ( 1 - 1 / K  )/«' -1
r = r a  inf ( t ; | j) | > N 0 a )

M t -r n
o*

n 2 ( 1 - 1 / K  )/ 2 c _ - 1/2 
a  i n f { t ; [X | > N 0 a } (6.51 )

t -r n
o

n «
w i t h  P {r < T} < 6e by ( 6 . 3 0 - 3 1 ,  40, 46).

S e t t i n g
1 - 1 / K

o
n — ( 1 — 1/2K ) n

M = .g >+N 0 (m-a (x))g (x),.)
1 “ 1 /K - 1 - 1 / K )  j s .  j

0 sN__ 0

-f(£ )]A (dm.dx.ds) (6.52)
-(1-1/K ) 

sNw 0
A

we get for t <t <t, using the same estimates as above,
1 2

t N 
f , n 2

t . t ~

1 2 t N 
1
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t

H i  ) = f U  )+ E3 f({ ) g I 
t t J t j j s JfxB j

1 1

n n r 2 n r
x ) ( m - a  {x ) )

1 - 1 / K  
sN 0

i f 1

1-1/2K n n n
N 0 A (ra.x.a )p(dn)^ (dx)ds

1-1/K 
sN 0

n - ( 1 -1/2K ) n
f ( • .<£ , g > + N 0 (m-ff (x) )g (x) , . . .

T x BL s j 1-1/K j
sN 0

- n r u  n n - ( 1-1/2K )
H i  )-  E a f ( e  )g (x) U- f f  (x ) ) n o

S j j S j
sN 0

2-1/K n n n f.n
N °A (m.x.a )p {d m )^ (dx)ds + M

1-1/K t ,t
sN 0 1 2

1-2/K n 2 -r +1-1/K n 2K -2 -1/2K 2K
+0(N 0 1 n I M )+©(N 0 0 M)+0( 17} | M 0 )+0(N °M °)

s s

-1/K 2K +1 
+0(N °M 0 ) ♦ o (1).M

t

ds

+ 1 / 2 f E r ^ f ( f n ) ( i > o ( i ) ) 2 r " ( 0 )  g / ( o ) e  A o )  + f ( e  ( x ) - g  / ( 0 ))  
Jt ij ij s . 1  j J l  1 1

(g ( x ) - g  a” ( 0 ) )An (dx)  
J J

ds

-(1-1/K ) -1/K 2 n f,n
+ o(N 0 )+Q(N °M )+0( sup |X |) +H . (6.53)

t <s<t s -r t ,t 
1 2  0 1 2

n
Here, we can even replace X by A e v erywh ere making a d d i tio nal

n - r
errors of the order |A -J( = 0 ( N  °), which however become a r b i t r a -

-r
o

rily small for large n, since r > 1 - 1 /K . By (6.16), (6.18), (6.51)
o 0

and the f act  that

n r 2 s \ J  n f 1 - 1 / K  r n n n n
-ne )+ E3 t a  > n ° u  uj-e x ( o m r m p  ? * j ,  ui  x < dx ) - n (dx 

t J t j j s L J T j j o s  s

- l / K  n 2 ( 2K ) n n 2K - 1
( 1 +0 ( N ° ( f l  ( 0 ) )  ) ) * r  0 ( 0 ) / ( 2 K  - 1 ) !  g X  ( 0 ) 0  ( 0 ) 0  ( 0 ) )  0 

s 0 j 0 s
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1-1/K r n n n n -1/K 2
N 0 (g (x)-g ; (O))(r"(O)0 ? * v /l (dx)-rj ( dx ) ) ( 1 +0 ( N °M )) 

JT j j o s  s

=N
1-1/K n '̂ 'n' -1/K 2

°, ? , r f w   ̂ ( P )  »1 ( P ) ( r " ( 0 ) |9 ?X ( P ) -1 ) ( 1 +0 ( N °H )) (6.54) 
p6 (Z/nZ)“\{0) j s o

O l  -1/K 2
has coefficients (r"(0)(3 (p)-l)(l+0(N °M )) < -7 "(O)0 5 / 2

o o o
d d

for large n, uniformly in p€Z \(nZ) , we see that any limit process

n
£ = 0 + 17 of { satisf ies 
t t t t

7) - 0, (6.55)
t

and 0 = 0 (OM solves the martingale problem : 
t t

r t ( 2K ) . . 2K - 1
f (0 )-f(0 )- I 3 f(0 )r 0 (0)/(2K -1)! g (O)(0 7 ( 0 ) 9 (0)) ° ds 

t o J O j j s  0 j 0 s

■t
£ 3 f(0 )2r"(0)g (0)g (0)ds is a martingale, (6.56)

0 i, j i j s i j

with f from (6.50). But (6.56) is equivalent to (6.19).

This completes the proof of Theorem 5. §

The unique invariant probability measure of the process 0 (0)€R
t

from (6.19) is

(2K ) 2K 2K
v (dx)-exp(r 0 (0 )/(2(2K )!(r"(0)) °] X °)dX/Z (6.57)
1 0 1

where Z is the normalization constant.
1
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7. CRITICAL FLUCTUATIONS’ AT AN ANTI FERROMAGNETIC PHASE TRANSITION.

Instead of the critical fluctuations at the ferromagnetic phase

transition, we now study critical fluctuations at the point of an

antiferromagnetic transition with frequency p ^ 0. This means that
o

instead of (6.2) and (6.3). we now have

d
?(p )“?(-P )>0 and ?(p )-?(q)><5 >0 for all q€Z \{±p ), (7.1) 

o o  o o  o

and

IS =  ( r " ( 0 ) ? ( p  ) ) ’ . ( 7 . 2 )
P o
0

In addition, we strengthen assumption (Al) of the last section by 

requiring
(4)

r (0) < 0 ( 7 . 3 )

i.e. K - 2 in (6.5). For example, this is true for Ising spins with 
o

(4)
p - (5 +5 )/2 , where r'(0 ) « 1 and r (0) ■ -2 .

1 - 1

We fceep the assumption (A2) of the last section with K = 2 .
o

We now split the critical fluctuation process

n 1/4 n
1 = N a (7.4) 
t 1 / 2

tN

into the p -antiferromagnetic component and its complement

0 /** /N
n n n n

<p (dx) ■* 2[Re(£ (P ))cos(2 xp x) + Im(£ (p ))sin(2 ;rp x)]-i (dx) (7.5) 
t t o  0 0 0

M d x )  ~ M d x )  - /(dx). (7.6)
t t t

THEOREM 6 .

Let (7.1-2), (Al) with (7.3) and (A.2) hold. For the starting

configurations, we assume

n n n 1/4 n
(1) a €JH , and q> (p ) - N a (p ) converges in law to some 

o b o o  o o

i (p ) : (7-7)
0 0
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( i i ) f o r  s o m e  k >1 a n d  an i n c r e a s i n g  s e q u e n c e  a w i t h
n

1/2k - 1 -1 / 2
N a — >■ 0, a n d  N a — > 0, ( 7 . 8 )

n n
we have

n n 2k -k
E I M  < C a ; (7.9)

o -r I n  
o

and
n n 2 n 2/:

E (|((ff (•)) - 7 " (0) )X I ) < C a (7.10)
o -r 2 n

o

for all large n . Then the critical fluctuation process converges

in law to the p -antiferromagnetic process
o

9 (dx) = 2(Ke(p (p ))cos(2>tp x) + Im(p (p )sin(2sp x)j^(dx), (7.11) 
t t o  o t o o

where p (p )£C satisfies the complex diffusion equation 
t o

(4) 3 . 2. 1/2 c
dtp (p )=7 (0) / (2 r" (0) ] |?) (p )| <p (p )dt + (2r"(0)) dw . (7.12) 

t o  t o t o t

c
starting at <p (p ). Here. w denotes a compl ex-valued Brownian

o o  t
motion.

Proof. Since the proof follows the same lines as that of the last 

section, we will give only the main estimates. Like in (6.21-25), 

we obtain for

n n
t <t <r = inf(t ; K  | > M)

1 2 M t -r
o

t
n 2 n 2 r 2 f 1/2 n n n n n 3

I* I -I* I +2 N ,rM(O)0 X -<li >' + 0(|* | M )
t -r t -r J t [ s p s s -r s -r

2 o l o l  o o o

+ o(i)| M  | M  ds 
s -r s -r

o o

♦ Q(1)(t -t ) + Q , (7.13)
2 1 t t

1 2

with the martingale

1 / 2
t N
2 r T n - 3 / 4  n n 2

| <li + N  ( m-cr ( x ) ) (<5 - 2 c o s ( 2 s p  ( x - . ) M  |
1 / 2 J DxTl -1 / 2 s„ x o -r

1 2 ' t N sN 0
1

n 2
-I* I

1 / 2 -r 
sN o

¡" = f 2 f 
t , t  J 1/2 Jt

. n
A (dm.dx,ds). (7.14)
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Using (7.1-2), we have

n d
r"(0)0 7A (q)-l < - 1 / 2 r"(O)0 <5 for all q€(Z/nZ) \(*p }, (7.15)

p P 0 0
0 0

and

n 2 n 2
10 | < |0 I + 

t -r t -r

2 1 / 2 n 2 n
(-N r"(0)0 ô |ÿ | +C (M) )ds + Q 

t p o s - r 3  t , t
(7.16)

2 o 1 o 1 o o  1 2

By (7.8-9) and estimates, similar to (6.28-29), we see that the assump-

1 / 2
tions of the proposition of the Appendix with in = N are satisfied,

so that

n n 2 1/4r. -1 / 2 n n 2 l/2c -1
P ( sup |0| >N a }<P { sup |0 | >C (M)N a }<e (7.17) 

t<TAtn t -r n t<TAtn t -r 4 n
M o  M o

for all n>n (M.e). For the p -antiferroraagnetic component and
o o

n
t <t <c , we get the estimate
1 2 M

n 2 n 2
If I - IP I

t -r t -r
2 o 1 o

-r +1/2 n 2 n (4) n 3 n
0 {N 0 |<P I )+<f , r (O)/3!(0 ? * p  ) A >

s -r s p s -r
o o o

I I M  ]
-r s -r J

n n n 2 -1/2 n n 5 n
+0 ( 1* i I ' M I M  )+Q(N |<? | U  | ) + o ( l ) | *  |

s -r s -r s -r s -r s -r s
o o o  o o  o

♦ 0(1)(t -t ) + Qn , (7.18)
2 1 t ,t

1 2
1/2

t N

ds

Q - f
* -t J 1 / 2 .
1 2 t N 

1

BxT
\9

SN
- 1 / 2

-3/4 n n 2
+ N (m-<7 (x) )2cos(2æp ( x - . ) ) X |

s o - r

n 2 '

1 / 2 -r
sN o'

.n
A (dm.dx.ds) (7.19)

We calculate

( 4 ) 3 n n 3 n
r ( 0 ) / 3 ! 0 <9 ,(3*9 ) >1 > 

p s s

0
(4) 3 ' n

- r (o )/3! 0 IX (p ) lo (p )| Ç
p o s o  q€(nZ)a

(l + |p +q | 2 ) ”r° 
o

< 0 (7 .2 0 )
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Since t {0)<0. Therefore, using (7.17), we find that for n>n (e.M)
o

n 2 n 2 „n
I? I < \<? I ♦ (C * J ) t + Q (7.21)

t - r  0 - r  4 0,t
o o

n
with C independent of M and t < r . Reasoning in the same way

4 M

as in ( 6.30-40 ). we conclude from (7.17) and (7.21) that

n n
P {t < T) < 4e (7.22)

M

for M large enough and n>n (e.M). The modulus of continuity of
1

n
9» is shown to be uniform in probability in the same way as in 
t

n
(6.41-44). Thus, by (5.12-13), the sequence of processes { is

t

tight. Of cours,e, (6.46) also holds here. Thus, it only remains to

n
identify the limit process of the critical fluctuations { . Thus, let

t

p , n n n
g 0 (x) = 2[Re gX (p )cos(2?tp x) + Im gX (p ) s i n (2xp x)] (7.23)

o o  o o

2 t
with g£H , and for fee (R ), g €H for j**l,...,£ set

r b j r
o J o

n p , n n  p , n n  p , n n  p , n n
f(£ )=f(<g 0 . 9  > + <g -g 0 J  >.-.<g 0 <9 > + <g -g 0 ,<l> >)• (7-24) 

t 1 t i l  t t t i t  t

Again, we may restrict ourselves to t <t <r with
1 2

. n n 2 n 2 n 2 1/4* -1/2
c-c Ainf(t,|* | v|(a (•) - r " ( 0 ) U  I >N a }, (7.25)

M t - r  1 / 2 -r n
tN o

and

P {r < T} < 6e for n>n (e.M). (7.26)
1

f ,n
Now, with M from (6.52), we get

t ,t
1 2

(4)
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t
. n . n r 2 n
f U  ) = f U  M  E 3 f ( i  )

t t J t j j s
2 1 1

1/ 2 p ,n n n n
N <g -g 0 , r"(0)U >

j j pQ s s

(4) 3 n 3 n n 2
+ r (0)/3! 0 <g ,(3*9 ) O  + 0(10 I M )

pn J s 1 "r„o o

-r +1/2 -1/2 5
+0(N 0 M)+0(N M )+ o(1)M ds

t
2 n

+1 / 2  I  3 f ( £ ) ( l + o ( l ) ) 2 r “(0)  
J t  i . j  i j  s

-1/2 -1/2 2 1/4C-1/2 
+o(N )+0(N M )+0(N a

p , n p , n p , n p , n
<g 0 . g 0 >+<g "g 0 .g -g  0 > 
. i J i i J J

Now

f, n 
ds+M

t ,t 
1 2

(7.27)

n 3 n  n ' n 3 n
<g . ( ? * ¥  ) * >» E ,  Z X  (q)(?*4> ) X  (q)

q€(Z/nZ)d ___

/ \  3 / n

I  g X  (q +q +q ) II ( q ) ( q ) 
q .q .q 6 ( i p  ) l  2 3 i = i  i i
1 2  3 o

n 3
n  ( p j

2 O i '̂ "'n 3
3 19> (P _) I 2Re(g/l (p )p (p ))+2Re(g^ (3p J 9 (p )) 

0 0 0 0 0

n 3
=1X (P0)

n 2 p , n n p,n n 3
3 | <P (p )| <g 0 ,9 >+<g-g 0 , 2 [Re (9 (p )) cos (2 Jt3p .)

-jn 3 n
+ Ii"(<P (Pfl)) sin(2«3pQ.) ]-t >

and therefore

o ' * o 

(7.28)

. n n . n n 
f(9 +0 )=f(fl> +0 ) 

t t t t
2 2 1 1  

t
f 2f ^  n n 1/2 p0,n n n n -1/2 3 n

+ % 3 f(9 +0 )N <g -g ,r"(0)|3 3*0 X -0 +0(N M )X 
j s s J j p, s s

n n p ,n .
+1/2 I 3 f(9 +0 )2r"(0)<g -g 0 ,g 

i.j ij s s i i
t / N

^  n n (4) n _ -
E 3 H<p +0 )r (0 )/2 O  3A (P )) 19 (pJI <g 0 ,9 > 
J J S S  p ° s ° j st

n n 

X -
s

o

P„.n
0 > ds

J
3 / n

1
n n p ,n p ,n

+1/ 2 E 3 f(p +0 )2r"(0 ) < g 0 ,g 0 >
i.j ij s s i j

f ,n

ds

+M 
t  , t
1 2

n 2 -r +1/2 -1/2 5 1/4« -1/2 -1/2
+0(sup|0 | H +N 0 H+N H +N a )+o(M+N ),(7.29)

t t -r n
0
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where we know that for large n

1/2 p , n  n n n  -1/2 3 n
N <g -g 0 .r"(O)0 X -<¡1 +0(N M M  >

j j pQ s s

1 / 2 p , n n  p , n  
... . <5 /2 <g -g 0 ,<p >< ‘

P n o j j s
<- N r"(0)/3 5 /2 <g -g 0 ,ç> >+C Ig -g 0 'I .

« j J r

n
Hence, by (7.17), any limit process £ =<p +<l> of £ has ^

t t t t t

and q> satisfies the martingale problem 
t

r 2f (4) -3 . p
t ( 9 )-f(9 )- E a f (9 ) r (0 ) / 2  (r"(0 )) |* (pJ l<e °.«> 

t t J t j j s s 0 j s
2 1 1

P0 PQ 1
+ 1 / 2 £ a f(<p ) 2 r"(o) <g ,g > Ids, (i 

i.j ij s i j J

Pn n
where g 0 is defined as in (7.23) with X replaced by X.

is equivalent to (7.12). This completes the proof.

The unique invariant probability measure of the process

is
(4) 4 4

v (dz) = exp(r (0)/£l6r"(0) J |z| }dz/Z (1
2 2

with normalization constant Z .
2

- 0,

>

.30)

(7 .30)

9 (pjec 
t 0

. 3 1 )
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8 . CRITICAL FLUCTUATIONS AT A TRIPLE POINT.

Let us suppose that we are at a triple point where a ferromagnetic

second-order phase transition and an antiferromagnetic one of frequency

p occur simultaneously. This means that 
o

5(0) -  5(p ) -  5(-p )>0 and 5(0) -5(q)  > 6 >0 (8.1)
0 0 0

d
for all q€Z \{0.±p }, and

o
-1  .  -1

i - (r"(o)?(o)) = (r“(o)?(p )) . (8 .2 )
0 0

We continue to let assumption (Al) and (A2) from Section 6 hold,

with (7.3), i.e. K = 2, like in the last section. The surviving
o

n
component of the critical fluctuation process £ from (7.4) is now

/A t
n n n n

It (dx)=f (0M  (dx)+2(Re(£ (p ))cos(2xp x) 
t t t. o o

/n n
+I*({ (p ))sin(2xp x)]; (dx) (8.3)

t o  o

v (dx) = { (dx) - ¡i (dx). (8.4)
t t t

THEOREM 7.

Let (8.1-2), (Al) with (7.3). and (A2) from section 6 hold. 

Assume

n n n
(i) a , and (i converges in law to ¡i ; (8.5)

o b o o

(ii) (7.8) and (7.9) hold, together with

n a 2k  - k
G \v | < C a . (8 .6 )

t -r I n
o

n
Then £ converges in law to the mixed-phase process 

t

ii ( dx) (0M(dx)+2(Re(f i  (p ) ) cos( 2jcp x) 
t t t o  o

+ Im(p (p )) s i n (2x p x)]-J(dx), (8.7)
t o  o

where [n (0), p (p )) satisfies the coupled stochastic equation 
t t o
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(4) 3 . 2 .  2 .
dn ( 0  ) - r  ( o ) /  ( 3 ! ( r " ( o ) )  ] u  ( o )  + 6 [  ̂ (p ) |  )n  ( o ) d t  

t t t 0 t
1 / 2

+(2r"(0 )] dw . (8 .8 )
t

(4) 3 2 2
dH (p )=r (o)/[2 (r"(o)) ] lH (O) +\'n (P )| )£ (P )dt 

t o  t t 0 t 0
1/2 C

+(2r"(0)] dw , (8.9)
t

C
starting at (n (0 ), n (p )), where w and w are independent

o o o  t t

real, resp. complex-valued Brownian motions.

Proof : Again, we give only the main estimates and formulas, the ar

il
guments being the same as in the proof of Section 6 . For t <t <r

1 2 M

we have

n 2 n 2
|i/ | =|* | 

t -r t -r 
2 o 1 <

with 1 / 2
t N

n r 2 r

Rt ,t ”J I/2J
1 2 t N BxT

1

r l / 2 n  n n n  n 3.
N <u ,r”(0)/3 1 * v  X -v > +0(|i/ I M ) 

s o s  s -r s -r
0 0

n
+o(l) \v I M 

s -r
o'

n
ds+Q(1)(t -t )+R

2 1 t ,t
1 2

(8 .1 0 )

n -3/4 n n n 2
\v _+N (m-cr ( x ) ) ( <5 -X -2cos(2sp ( x - . ) ) X |

sN
■1 / 2 -r

.n
A (dm,dx, ds ) .

Since

n 2
- |i» I

-1 / 2 -r 
sN 0

//'n
r"(O )0 IX (q) - 1 < - 1/2 r”(O)0 6 

0 0 0

( 8 . 1 1 )

( 8 . 1 2 )

for all q£(Z/nZ) \(0,ip ), we get
0

t
n 2 n 2 

\ v  I = | u  I 
t -r t -r

p 2 1 / 2 n n
(N r“(0)j9 <5 \v I +C (M) )ds + R 

t 0 0 s -r 3 t , t
(8.13)

2 0 1 0 ' 1 0 1 2

for which the proposition of the appendix yields

n n 2 1/4« -1/2
P ( sup \v | > N a ) < e 

t<ÎArn t -r n
H o

for all n>n (M,e). Similarly, 
o

( 8 . 1 4 )
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n 2 n 2
|Af I -\V I + 2

t - r t -r

2
-r +1 / 2

2 o 1 o 1

0 (N
n 2 n (4) n 3 n

\U I ' < V  .r (0 ) / 3 ! ( 0 3*// ) X >
s - r s 

o
o s - r

1/2 n n 5  n n 2  n n
♦0(N M  | |£ | )+0(|i< | | y | M )+o(l)|j£ | |£ I

s -r s -r s -r s -r s -r s -r
o o  o o  o oJ

ds

+0 (1 ) (t -t )+R
2 1 t , t

1 2

(8.15)

with 1 / 2
t N

r" - f 2 r
t ,t J 1/2J BxT 

1 2 t N 
1

n 3/4 n n n 2
\lt _ +N (ra-<; (x))(^ + 2cos(2;tp (x-.))^ |

and

- 1 / 2  
sN_

n 2 1

-1 / 2 -r I 
sN _ 0

s _

. n
A (d m ,d x ,ds),

-r

(8.16)

(4) 3 n n 3 n
r (0) /3 i 0 <ji ,(?«iz ) -I >

o s  s -r

3 n n(4) 3 . . . . .
= 7 (0) / 3! 0 £ ii (q +q +q ) n IX (q )(i (q )

o q ,q ,q 6(0,ip ) s 1 2 3 i=l i s i
1 2  3 0

q€?nZ)d

2 -r
(1+ |q +q +q +q | ) 0

1 2 3

(4) 3
-r (0)/3 ! 0

o

S' nn 3 'a 4 ' n ' n 2 ^  2 ^n 2
(3J (0)p (0) +6 IX (0)3J (p )p (0)|i£ (p )| )
I s 0 s s 0

^  2 ^

qefnZ)^^

< 0.

2 -r n 2 ''n ' n 2 ' a  2
+ |q| ) ° + ( 6 I X (0)3,1 (p )n (0 )|(i (p )|

0 s s 0

//~n 3 4 2 - r
+ 6 IX (P0 ) U  (P0 )l )• E d (l+|P0+<ll ) 0 

s q€(nZ)

(8.17)

n 2 n 2 _n
Hence \n | < \ii | + (C +l)t + R , which implies, like in 

t -r_ o -r. 4 o,t
o o

n n n
(6.38-40), P (r <T} < 4e for large M and n>n (e,H). // is 

M 1 t

shown to have a modulus of continuity uniform in probability, such

that by (5.12-13) £ is tight. Since (6.46) still holds, we only
t

n
need to calculate the limit of £ . For g€H , define

t r
o
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_n n p .n p . n
g (x) = gX (0) + g 0 (x) with g 0 from (7.23). (8.18)

2 £
Thus, t G H (R ). g £H for j=l.... £, have the decomposition

b j r
o

n _n n _n n _n n n n
f({ ) = f(<g > + <g -g ,v > .... <g ,(i > + <g -g ,v >). (8.19)

t I t  l i t  i t  £ £ t

n n
We define r as in (7.25) with tfr replaced by v , such that (7.26)

t t

still holds, because of (8.14), and we get for t <t <r
1 2

n n
f(e ) - f(i )♦ 

t t 
2 1

t n
i a f u  :

t j j s 
1

(4)

1 / 2 _n n n n
N <g -g .r“(0)3 3 * v  X -v > 

j j 0 s s

n 3 n -r +1 / 2 n 2

* <g ,r (0)/3! 0 (7*11 ) X >+0(N M) +Q( | v | H )
j o s  s -r

-1/2 5 
+ 0(N M ) +o(1 )M ds

+ 1 / 2
2 n 

I a f u  ) (i+o( i) )2r"(o) 
t i , j i j s 
1

1/2 -1/2 2 1/4« -1/2
+o(N )+0(N M )+0(N a

n

_n _n n _n
<g.,g.>+<g.-gi.e.-g.)

l j l i J J

f ,n
ds+K (8 .2 0 )

t ,t 
1 2

f , n n 3 n
with M from (6.52) with K =2. We compute < g ) X >,

t . t 0
1 2

similar to (8.17), and obtain

0 0 ^  ,/N
n 3 n n n 3 n 3 n n 2 n 2 n

) x > = e X  ( o ) ( » j  ( 0 ) n ( 0 ) + 6  I X  ( o j j u  ( p  ) ( p  ) |  n  ( o ) )
o o

+ 6 Re

+ 6 Re

^  S' -S'
n n 2 n n 2 n n n 2 n

g-i (p )(?^ (0 ) (p )n (0 ) n (p )+?-* (p )|#£ (p )| n (p ))
0 0 0 0 0 0

p/^ / \  ~
n n n 2 n n 2

gX (2 p )1X (O)'iX (p ) ii ( 0 ) n (p )
o o o

+ 2Re
r/Nn 3 3
gx (3p )?; (p ) ii (p )

o o  o
( 8 . 2 1 )
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This shows

a n 
f(f( +v ) 

t t
2 2

■f (/*
n n r ‘ 

**> ) + 
t t Jt  

1 1 1

n n 1/2 n n n n -1/2 3 n
E 3 f (fi *u ) N <g -g ,r"( 0)0 7 * v  A -v +0( N M )A > 
.j j s s  j j o s s

/~' n n _n n
+ 1/2 E 3. tin +1/ )2r"(0)<g -g , g -g > 

i . J 1 j s s  i i j j J

n n (4) . -r 3 3
Z 3 f (#i )r ( 0 ) /3 ! (0 ? { 0 ) ( 1 +0 ( N °H )) )  .
J j s s o

ds

Z'-
n

« A  -A  „ Z'*
2 n n n 2 n 2 p , n n

(¡i ( 0 ) +6 [ // (p )| )g A (0)v (0)+3 (ft (0) + | ¡1 (p )| )<g 0 ,n >
s s o j s  s s o j s

n n n n
+ 1/2 Z 3 Ufi ) 2 r ” (0)<g ,5 >

i , j i j s s  i j j
ds + M

f .n
I
t , t

1 2

n 2 -r +1/2 -1/2 5 1/4« -1/2 -1/2
+9(supJ y | M +N 0 M + N M + N a )+o(M+N ). (8.22)

t t -r no

Taking the limit n — ► we get a limit process § ~ ¡i +u with
t t t

v ■ 0 by (8.14) and n given by (8.7-9), since this is the only 
t t

solution to the martingale problem

t i n  ) - t ( n  ) 
t t

2 1

r V  ^  (4)
- j t  ^  ( 0 ) / [ 3 l ( r " < 0 ) ) ] | ( M 0 )  + 6 | # I  ( p j l  )g, (0)i£ (0)

2 . -

0Jl - y  s

2 2 D
+3(jt (0) + |£ ( p ) | )<g Q ,fi > 

s s 0 j s

+1/2 E 3 t(n  )2r”(0){g (0)g (0)+2Re(g (p )g (p )) 
i.J ij s \ i j i o j o ,

ds. (8.23)

The proof of Theorem 7 is complete.

t
f 2 f 
t

J r

ß ) r
S
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A P  P  E  N D I X

A PROPOSITION ON COLLAPSING PROCESSES

PROPOSITION.

m
(i) Let X > 0  be a sequence of positive semimartingales with 

t

m m 
dX = S dt + 

t t
f (y) [A (dt.dy)-g (dy)dt]. (A.l)
t- t

m m  ra
Here S and f are adapted processes, A is a point process on 

t t
* ra

some me a s u r a b l e  s Dace  Y with c o mp e n s a t o r  e ( d y ) d t .  Let k>1 and
t

1et be an increasing sequence with

1/k -1 -1
m a — > 0, a .m — > 0, (A.2)

m m

m m «  - k
E (X ) < C a for all m. (A.3)

o Ira

m m
Furthermore, r are stopping times such that for t£[0,r ], m>l,

m m
S < -m5X + C , S > 0 (A.4)
t t 2

m - 1
sup |f | < C « (A.5)
.y£Y,t<rm t 4 m

< f (y )) g (dy) < C . (A.6 )
Y t t 5

m
(Here, and in the sequel, C are constants independent of m and X !

i t

Then for any £>0, there exist C >0 and m such that
6 o

m m 1 I k - 1 - 1
sup P ( sup X > C (ra a v a m )} < e. (A.7)
m>m 0<t<TArm t 6 m m

o

(ii) If Instead of (A.6 ), we have even

m 2 m - 1
(f (y)) S (dy) < C (X + m ). (A.8 )

Y t t 5 t
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t h e n  we  g e t  i n s t e a d  of (A .7)

m m 1/c -1
sup P { sup X > C m a } < e. (A.9)
m>ra 0<t<TArm t 6 n

o

Proof : (We drop the superscript m everywhere). Let h be a smooth, 

positive, increasing, convex function on IR with

(y ) < h(y ) < a + (y ) . (A.10)

and

sup sup h"(y +y )/h'(y ) - C < « . (A.11)
y @R ly |<C 1 2  1 7
1 2 4

2
(A.11) implies h(y +y )-h(y )-h'(y )y < 1/2 h'(y )C y for all

1 2  1 1 2  1 7  2

|y | < C and all y €R. | (A.12)
2 4 1

Now for £ = 1.... (Tm] + 1 and t < (£/m)ATAr, let

£ .

2 =h(X ) 
t t

<5 (m t - Z) rt 2 2<5(ms-£)r 2
:=h(a e (X -C /<5m)-C a e

m t 2 7J 0 m

Ito's formula gives

If (y)I S (dy)ds). (A.13) 
Y s s

4 rsJ 5 ( rat-I)
dZ =h'(X )a e (m<5X -C +S )

t  t  m t  2 t

^  5(mt-£) 2 25(ras-£) 2
h(X +f )-h(X )-h'(X )(a e f +C a e (f (y)) )

t t t  t m  t 7 m t
S (dy) 
t

+i [h(X +f )—h (X )](A(dy.dt)-g (dy)dt). (A.14)
J y t t t t

Using (A.5), mt-KO and (A.12), the first two terms in (A.14) are

non-positive, such that Z are positive supermartingales on
t

t < (£/m)ATAr. Doob's inequality and (A.3) yield

[mT]+lf £ -l\ -1 [Tn]+1
P( Q < sup Z >mrj >)<m ij £ E(Z )<>j(T+l) (a+C )<e (A.15)

1=1 \ t < ( £ / r a ) A T A r  t / £-1 o 1

£ -1
for r; sufficiently small. But sup Z < m 17 is equivalent to

t < ( £ / m ) A T A t  t

<5 (mt - £) -1 - 1 pt 2 2i(ms-£) r 2
a e (X -C /<5m)<h (mi) )+C a e
in t 2 7J 0 m

|f (y)I g (dy)ds (A.16) 
Y s s
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for all t < (i / mJaTat. I f w e  restrict t to the interval 

( ( I - 1)/ m ,{t/m)aTat]. we see that by (A.10) and (A.6), resp. (A.8), 

(A.16) implies

-1 -1 <5 -1 - 1 - 1  
X < C <5 m +e h (mi] )a 
t 2 m

+ e C a sup 
7 m s<t

2 25(mt-£) -26 £
|f i y ) I g (dy)[e -e ]/4<5m

Y s s

-1 -1 l/t -1 -1 
< C ( 5 m + C m  a + C a m

8 9 m

r i
-i

sup X + m 
s<t s

(A.17)

where the first component in the last bracket refers to the condition 

(A.6 ) and the second to (A.8 ). Thus by (A.2)

[mT] + 1 / £ -I)
0 sup Z <mi)
4=1 \ t < ( i / m ) A T A t  t  J

( -1 -1 1/e -1 -1
C< sup X <C 6 m +C m a +C a m 
ls<t s 2 8 o 9 n

supX +m 
s<t s

-1

cl sup X <C 
l>t<TAT s 10

1/i -1
ra

-1
a v« m 
m m

1/e -1 
m a

m

(A.18)

for m sufficiently large. (A.15) and (A.18) prove (A.7), resp. (A.9)
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A b s t r a c t .  —  We arc interested in a local mean-field Ising model on 
the torus which exhibits two stable equilibria at low temperature and in 
the limit o f infinite number o f particles. Using large deviations techniques, 
we analyse the behaviour of the system during dynamical transitions from 
one equilibrium to the other: it is shown to be crucially dependent on 
the temperature and the interaction structure; symmetry breaking may 
occur, as in the asymptotic behaviour of the Gibbs measure.

Keywords: Mean-field, ising model, large deviations, nucléation.

R é s u m é .  —  On considère un modèle d’Ising de champ moyen local 
sur le tore, qui présente deux états d’équilibre stable, dans l’asymptotique 
d’un nombre infini d’aimants et à température suffisamment basse. A 
l’aide de techniques de grandes déviations, on décrit le comportement du 
systeme lors des transitions dynamiques d’un de ces équilibres à l’autre : 
il dépend crucialement de la température ainsi que de la structure fine des 
interactions, et peut présenter une brisure de symétrie analogue à celle 
de la mesure de Gibbs.

I. INTRODUCTION

We are interested in long-time behaviour for a magnetic system, consisting 
in a large number N  of Ising spins with fixed sites, and weak pair interaction 
(depending on distance between particles).

In the case of a ferromagnetic mean-field model without external influence,

Annates de r/nstitut Henri Poincare - Probabilites et Statisiiques - 0246-0203 
Vol. 23/87/02/135/44/S . / ©  Gauthicr-Villars



135

the Gibbs measure .is concentrated on the neighbourhood of two stable 
steady states u*, — u+, at low temperature [ / / ] .  We consider a dynamic 
process, whose invariant probability is the Gibbs measure; on finite lime 
intervals, it behaves— in first approximation —  like the solution of an 
ordinary differential equation (the bigger N the better approximation) 
with u*. — u* as stable equilibria. Because of ergodicity, the process 
starting near u* leaves the domain of attraction of u+ in a finite time. 
Through this paper we study this type o f dynamical phase transition and 
establish results conjectured by G. Ruget [24]. Such transitions can be 
studied using the theory of large deviations: one can refer to [2] ( /5 ]  for 
finite dimensional processes. A quite recent reference to large deviations 
for distribution-valued processes is [5], with an application to the empirical 
distribution of a system of N  weakly coupled diffusions; however, their 
model is quite ^different from the one studied in this paper.

Using large deviations estimates, we show under some conditions that 
the transition occurs at the neighbourhood of one of the « lowest saddle 
points » separating the two domains of attraction. We then give an example, 
where these saddle points can be found explicitely, and show how these 
results yield an explanation to nucléation [23]: at low temperature, the 
decisive step during a transition is the constitution of nuclei (of macroscopic 
size) in which local magnetization approaches that of the new equilibrium; 
these nuclei will later agregate as the whole system tends to the new equi
librium. The structure of the nuclei depends on the interaction function.

To make this more precise, we first define the static model.
For every integer n, we consider o n T  =  (R/z)*, the ¿-dimensional torus,

N  =  nf magnets located at each point jc of a square lattice with mesh —;
n

the magnetization at each point is represented by a spin rj"(x) e  { — 1, +  1 }.

Let S/™ =  | x G T; x  =  ri* • • •» r* e  {0.1,  • • .» w — 1 } |  be

the set o f N  sites, and £* =  { — 1, +  1 }*”" the set of configurations 
t f  -  (nm(x))X' ÿ~.

These magnets undergo an external field, represented by an element h 
of C(T), the space of real continuous functions on T, and interact according 
to a symmetric translation-invariant coupling represented by a symmetric 
function J e Q T ) .  In statistical mechanics (cf. (25] [26]), one defines the 
internal energy of a configuration tj* as:

H"<//") =  -  V  M x h 'M  -  ^  V  J ( x -  y)'7"M'7"(}') (1.1) 

«y* x .y t  y

I 36 F. COMETS
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and the Gibbs measure on 6* as:

g "(7") =  ^  CXP “  *2)

where fi is proportional to the inverse of the temperature, and where the

constant ZJ makes G" a probability. The multiplicative coefficient ^  in

the interaction term in (1 . 1  ) ensures the existence of asymptotics when n goes 
to infinity. Notice that the interaction is long range, wherefore this model 
is qualitatively different from nearest neighbour ones (for example see [26])\ 
but interaction intensity depends on the distance between particles, thus 
being more general than the Curie- Weiss model, in which h and J are constant
[12] [13]. This is a local mean field  model (or long range model).

Let us describe now the dynamics.
For each N-particles system, the configuration will evolve with time, 

according to a stationary and reversible Markov process, whose invariant 
measure is the Gibbs measure G"; spins are allowed to flip, at most one 
at a time (Glauber’s dynamics, see [77]).

F o r x e  le ttx •.£* =  { — 1 , +  1 ~1* ¿""the operator offiip at site x:

un-ly) -  { 7; + x 
I - r t * )  »  y  =  *

and Ax operating on functions /  : £* — R,

A x/  =  /

The configuration being rjH at time i, we imagine for each site x  a clock 
delivering a random time rx with exponential law with intensity parameter

<̂ (x, n*)-
All these variables are supposed to be independent of one another, and 

of the past. Let x 0 be the site with shortest time rXo; at time t +  r^, one 
flips the spin in x0, and the previous mechanism is restarted. The resulting 
random process of configurations is denoted by >7"; its infinitesimal gene
rator is

L"/fa") «  c-(x, fj")Ax/(f/") (1.3)

x t y *

In order to obtain the previous properties together with asymptotics 
as n goes to infinity, we will restrict to jump parameters c" of a suitable 
form given below in ( 1 .9 to 1 . 1 1 ). Our purpose is to establish large deviation
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results for the configuration process: these being closely related to the 
large deviations results for Gibbs measure, we recall now the latter ones.

As the set of configurations depends on n, we will represent the state 
of the system by a measure a"

■H*1n(x)6x — tf?.m (1.4)

* i V 1where 5X is the Dirac mass at point jc, and / . * * — > Sx. As in [ / /] ,  we 

could as well consider the density of magnetization

which is constant on the cubes x  +  0 , -  , x  eK '
It’s easy to transfer properties obtained for one of the representations 

to the other. We will use (1.4) for calculations, which can be written for

mally in a simpler way: for instance, H"(rf )  is equal to — N h +  ^  aM ̂

where * denotes the convolution and <, > duality brackets. Nevertheless, 
in § 8,9, we will consider which is more suggestive.

Then cr" belongs to the set Mj(T) of all bounded measures pi on the Borel 
field of T with total variation norm || fi || 1. Mj(T) will be furnished with 

the weak-* topology r* (weakened by C(T)); since A* H a a r  pro

bability measure on T, the states of the system will be represented in the 
limit n —♦  oo by measures uA, with density u e B the closed unit ball of 
L«(T) -  L*(T; A).

The following results are due to Eisele and Ellis [ / / ] ,  for general spin 
distribution; see (5 ] for the lower bound; the techniques of [16 ] also extend 
to this situation.

T h e o r e m  1 . 1 .

1) lim —i  log ZZ = Fj,
■ —« Np

where the specific free energy F* is given by the variational problem

F* =  inf { Vfc(u); u e B } (1.6)

Annales de l'in s titu t H enri Poincare - P robabilités et S tatistiques
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The potential Vh is the r*-lower-semi-continuous ( l.s.c .) functional

Vkiy) <̂ u x̂ ^ x  if  M'** f ° r some 06 ^ (1*7)

VA(p)= oo otherwise

and <f> denotes the Cramer transform o f the single spin distribution — (<5t +<5_ t) :

1 _i_ w  1 — W
' «j!>(W)= — -—  log(i +  W) +  — -—  log (1 -  W), W e  (— 1» 11 -

X  A»

2) For all A <= M^T),

Ffc— inf V*(/i) ^  lim - j -  log G"(A) ^  lim log G"(A) <. — inf V*(/x) +  F* 
„.a N/i Np „«x

(here, and in the following, we identify G" and its image by the application
n” -  O -

Therefore the support of any accumulation point of the sequence of 
probabilities G" (on M,(T)) is contained in the set of all the solutions of 
the variational problem (1.6). We will call stable equilibrium (or phase) 
any global minimum of V*, metastable equilibrium any r*-local minimum 
of V„, and more generally equilibrium any zero for the gradient (l)

-d V h(u) = — h — J * u + -  tan h -1 u (1.8)
P

Notice that an equilibrium is ¿-equivalent to some element of # (T ;

3- 1, iD-
If h =  0 and J ^  0, the model shows a phase transition (see previous 

references); for fi greater the critical value fie =  (< 1, J > )~ l, there are 
two stable equilibria, with constant densities u +, and — u+, where u * 
is the unique positive solution of the real equation associated to (1.7):

, «. ^  -  tan n — u — u .

Now we define the jump parameters

<•"(*, rj") =  dx,  O  exp { -  t]H{x)p{h +  J * <J*)(x) } (1.9)

NUCLKATION KOR A LONG RANGE MAGNETIC MODEL 139

(*) V* is differentiable on { u ; | | u | | 9 <  I } with respcct to uniform norm with diffe
rential v —► < d VA(u), r  ). In (1.8), t a n h “ 1 denotes the inverse function of tan K
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with c a continuous function on T x M(T) (set of all bounded measures 
on T, furnished with topology t*) to ]0, + x [ .  We furthermore assume that

V xeT, V /ieM t(T), ci.v, // -  /y { a* } =  dx, fi) (1.10)

and that there exists some Co (capital C will denote constants) such that

II c<u.) -  c{u2) H, g  C0 || uj - u 2 ||, V«,, u2 e L‘(T) (1.11)

Relations (1.9, 1.10) imply that « detailed balanced conditions » are 
fulfilled with respect to G" (see [25]); the form of the multiplicative factor c 
of the exponential in (1.9) ensures us with the existence of asymptotics 
and (1.11) with the uniqueness of the limit process.

The simplest case is c(x, //) =  1, which is the situation considered in [5J. 
Other examples are given by c(xt p) = f(6 i * . .  . t 6K * ¿t(x ))

T) and 6k(0) =  0 for k =  1,__, K, and f  a Lipschitz continuous
function on RK.

For any sign rj e { — 1, +  1 } let

c„(x, /i) =  c(x, fi) exp { — f]0(h +.J * }J.)(x) } (1.116)

Then « U f l .  £  (1.12)

Let g be a bounded measurable function on T, Fe : n -* < g, n > ;

applying (1.3) to f{rjn) — ~  /  g(x)Tjm(x), we derive the infinitesimal
N ¿_j

xmy~

generator (2) of the measure-value process <rf, restricted to such linear 
functional Ft :

L-Ft{fi) =  -  ^  < ii + gcn(ix) > (1.13)

Because the particles are weakly interacting, it turns out that this process 
converges uniformly on finite time intervals to the solution u, e B of the 
ordinary differential equation

^ u , =  -  ^  (u, +  t])cn(u,) (1-14)

1 4 0  F. C O M ETS

= -  2c(ttf)N/ l  — uf sinh(idVk(ut) (M. E.)

(2) Still denoted by L".
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the mean evolution equation (3); the right hand side of (1.14) is obtained 
in taking the limit n —* oo in (1.13). In the simpler case o f Curie-Weiss 
model, this law of large numbers may be found in physical literature (see 
[75]), and in [22] for a global mean field on 2?.

Notice that the equilibrium are the stationary points for equation (1.14). 
Furthermore, one can show that V* is a Lyapunov function (*) for the dyna
mical system (1.14), in the sense that Vk is decreasing along its trajectories.

Hence, the transitions from the neighbourhood of a stable equilibrium 
to another are large deviations from the law of large numbers: we need 
estimates for the probability of such an event. We will obtain the following 
result:

let T >  0, u0 e ^ (T ;  1 - 1 ,  ID. °o a sequence of initial magnetization 
measures such that t* — lim a% — u0, and A c: 3  { [0, T ] ; M j( T ) } the

space of all right-continuous left-limited functions on [0, T], with values 
in (Mi(T); t*).

Let (A) be the set of interior points of A with respect to the uniform 
convergence topology, [A] its closure.

T h e o r e m  1.2. —  There exists a functional I0T such that the inequalities

-  inf { I0t<<P); <P e (A), q>0 =  u0 } ^  lim inf ^  Log P;g { <r" e  A } ^
W — oo ]N

<  lim sup Log PJg { o* e  A } ^  -  inf { I0T(<P); <P e  (A ], <p0 =  u0 }
„-.«o JnJ

hold whenever { <r" e  A } is measurable for all n(P£o denotes the law o f  the 

magnetisation process starting at <Tq).

The action functional I0t . or « energy », will be defined in section 3. 
It is such that IotOp) ^  0» with equality if and only if <p satisfies (1.14); 
furthermore, the least energy trajectories which leave a potential wells 
are time-reversed solutions of M. E., this least energy being related to the 
potential Vh.

In section 3, we also give some properties of I0T, which are proved in 
appendix. We establish the Vent’sel-Freidlin estimates for large deviations 
in § 4 .5 . Technical difficulties essentially arise from the lack of regularity
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f1) From (1.11),  ( t . 14) has a unique solution in L'(T); a prccise study on the of B shows 
that || u, ||w < 1 for all r >  0.

(*) Use inequality :  sinh r i  r*. r real (notice that the vector field is not a gradient field). 
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of various functionals at the boundary (local magnetization equal to + 1  
or — I). this boundary not being rare enough (in the sense of large deviations 
probability) to be negligible. The lower bound for the large deviations 
probability is obtained in a manner slightly different from [27] in the 
finite dimensional case (another problem being the structure of neighbour
hood of 0 in the weak topology); as for the upper bound« we first show a 
local estimate, then extend it similarly to the proof of Sanov's theorem [5]. 
The law of large numbers is a by-product o f theorem V. 1: it justifies intui
tively some further choices, but will not be used in the proofs: therefore 
we do not give a more precise statement o f i t  Theorem 1.2 is a straight 
consequence of theorems IV. 1 and V . l  (sec 7 .6  in [2] for the proof). 
In § 7, we solve the problem of exit points from a basin o f attraction; the 
result extends the well known one in [A5]. The quasi-potential W(u„ u), 
which represents the minimal energy to go from an equilibrium ue to u, 
is a lower semi-continuous function of u; but this doesn’t change anything 
compared to the classical situation, as we can guess from the result of [14]. 
As an application, we study nucleation in a simple model.

142 F. COMETS

II. BASIC PROPERTIES AND PRELIMINARIES

Since Sfn is finite, there exist a probability space (H", F, P") and a process r/" 
on Q" with generator L" given by (1.3). For will denote the
law of the configuration process (rtf),*** starting at rjo, or, equivalently, 
of the measure value process (erf )frfl *. Let F, be the a -field generated by the 
variables rjJ, s <  t.

Let g(t, a-) be a bounded measurable function on R + x T, such that the 
set { t e  R + ; 3x e  T, s -» g(s, x) is discontinuous at point t } is discrete. 
The process rj" is of bounded variation on every finite interval of R + with 
probability 1, so we can define as Stieltjes integrals the quantities

< ^  ^  > =  8(s ~'
« y -

In the following, we shall use the following probabilistic results (see [¡9] 
or [20]), and use (1.12):

0 M,"(g) = £  < da: > -  JQ L-F; j e f y s
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is a ( P \  F,)-mariingale with increasing process

<M "U )>, =  i £  < A" +  ne”,* g U n « )  > às. (2.1)

*«(- 1.+ Il

ii) For /x eM i(T ) and h' bounded measurable function on T (so-called 
because it is formally an external field) let’s define

r.-(̂ (.-) = ^  ) (2-2)

Then R,"(*) =  exp j  N  £  ^ < g„  d<r”t > -  £  £,)<fs j  (2.3)

is a (P", F,)-martingaIe.
Let’s define the probability P", by its restriction to i*EL

Denoting by c?, LJ for t <> T the analogues to (1.3, 1.12) with

*«.« =  <VexP -  nPg, (2.4)

instead of c,, L? is the infinitesimal generator of the process P". In parti
cular, the analogue of property i) is valid for this last process.

Because o f ( l . 12, 2.4), P" is the law of the magnetization process evolving 
under external field h ■+• gt. This fact is the counterpart of the duality 
relationship (1.6), in which F* is written like the Legendre transform of V0 
(i.e. V* for h =  0): magnetization u and external field h are conjugate 
variables. We will prove that the law of large numbers remains valid 
— with the coefficients c—  for a large class of such (non stationary) pro
cesses P" (see (4.7)).

We need some topological properties o f the space M t(T), that we state 
here for convenience:

P r o p o s i t i o n  II. 1. —  (Mj(T), r* )  is a metrizable compact space.

M j(T) is the closed unit ball o f  M(T), so it is compact for weak-* topology. 
*if(T) is a separable space according to Stone-Weierstrass theorem, and 
M ,(T) is strongly bounded; so [21 ] r* is metrizable on M ,(T), and defined 
by the metric p

p(n, v) =  sup { (1 +  |m  | ) _1 | < n -  v, e liKm * > | }.
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Notice that p e B  is equivalent to 0 <  — -—  ^ A, and therefore B is 
r*-compact too.

Let Pot(m* v) =  sup { p(p„ vr): t e [0, T ] } be the uniform metric on the 
finite time interval [0, T ]. By computations similar to those of the end of § 4, 
we can show that u0 - ♦  u the solution of (1.4) starting at u0, is continuous 
on (B, t*) to ^ ( [0 ,T ] ;  B).

Through this paper, s f  =  ( A  k;A* =  1,2 . . .  K.} will denote a parti
tion of T in rectangles (i. e.: product of connected sets of R/Z) with non
empty interior.

Let 7r* the projection operator associating to a measure p  the Radon- 
Nikodym derivative of its restriction p j s /  to the algebra generated by s i  
with respect to X /s/:

_  d p f s i  _  V *  p(At)

11 dX /s / ¿ _ j s iA k) *** 
k -  1

For s/„  the algebra generated by the cubes x  +  0, — , xeS?*, one sees
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that =  j t^ V . In § IV, V, we will use operator tc*  to define sets that are 
approximately neighbourhoods of 0:

P roposition  II. 2. —  i) Given such a partition s / Q, and a x*~neigh- 

bourhood "V o f  0 in M(T), there exist a finer partition s /  and t  >  0 such that

V/i, v e  M t(T), H ic*(p -  v) H, <  c ==► p  — v e

ii) Given s f  and e >  0, there exist and integer n0 and a weak neighbourhood 
'ir  o f  0 in M(T) such that for all u € B, n ^  n0 and a" e

a* — u e f  =► || — u) | | , <  e .

To prove i) use uniform approximation of continuous functions by step 
functions on s i ,  then recall the inequality H p. j| ^  1; for ii) notice that a

strip of width a on the torus contains at most +  -^ N  points of S*m lattice.

III. THE ACTION FUNCTIONAL IOT

In this section we state some standard properties of the action functional 
Io t- The proofs of the results III .3, 4 and 6, somewhat technical, are carried 
out in the appendix.

Annaies dc i'/nstilut Henri Poincare - P r o b a b i l i t y  ct S ta t is i tqucs
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First of all, wc anticipate the demonstration of theorem IV. 1 in order 
to introduce the action functional in a heuristic manner. Let’s fix some 
time T. and consider a smooth enough trajectory <p defined on (0, T] with 
values in B; let’s try and estimate the probability for the process <r" to be 
uniformly close to <p on [0, T], following the idea of [27].

We look for some exponential change of probability making q> the central 
path; since magnetization and external field are conjugate variables (see § 2), 
it will consist in an adequate choice of some extra external field h„ under 

which <p satisfies the mean evolution equation M. E.: let P" be the proba
bility law on (Q \ Ft ) of the magnetization process with external field h +  h,

=  R- =  exp N  |  ^ < h„ do”t > -  £  r;(<r;, h,)dt |  (3.1) 

We then require the analogue of (1.14) for P"

<P» =  -  ^  (<P. +  n)cnJspt) (3.2)

it — i-i»

with ip, the time derivative of <p, and c,., given by relation (2.4). Using 
(1.11 ¿>), we derive the following expression for h ,:

h, =  — h — J • <pt +  f i~ l tan fc" V i  +  1 sin frs- ' ---------^  ; , (3.3)
2 <K<P,)Vl-<P«2

where tan h~ l, sin 1 denote the inverse functions of tan Ji, sinK
Formally, the computation will consist in writing P"(<r" ~  <p) as 

E" { 1,„-«,,(Rt)" 1 }, with E" the expectation for P". For trajectories <7*, 
close to <p, we replace approximately r;(<Tf, ht) with r;(<p„ h,) and

r<!"
We now recall that <p is the central path for the process P", and obtain the 

estimate exp — N  { ( k h„<p,') — r*(<p„ h, ) } dt for the previous pro

bability. This justifies the

III. l .  Definition of the action functional IOT.

Because of (1.11 b, 2.2), we define for u e B, a e R and h" e  L” (T)

r~(u, a, x) =  c(<p) ^  1 *  ~  e "*** * '*“’(<?” n*a -  1Xx)

* « i - i . +  u

Vol. 23. n* 2-1987
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and
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r •(«, h') =  |  Hu, h'(x). x)dx . (3.4)

For an evolution speed v e  L‘(T) of the magnetization, its Legendre trans
form is

u) =  sup j  ^ < v, h' > -  T*(u, h' ) }  (3.5)
A-c«.-<T) (.2 )

r*(u ,.) is a convex differentiable function on L®(T). If Hull« <  I, the 
supremum (3.5) is achieved for h' given by the right-hand side of for
mula (3.3) with u instead of q>„ and is equal to

_ J _  + y i  — + W2c<u))’

V) -  j T [ -  L og--------------— --------------

-  p ^ (/l +  J •  u) +  Ciui |  - y i  -  uJ +  (¡’/2c(u))1

+ cosh/7(fi + J • u) — u sin h/if/i + J • u) j  ~J(jc)c/x (3.6)

Troughout this paper, we furnish ^([O.T]; B) with metric p0T defined 
in § 2; for an element <p of this space, we denote by (D) the following diffe
rentiability condition:

3<p € L‘([0, T] x T) such that for all t <; T,

-JV<p,(x) -  <po(x) =  J <p(s, x)ds ;.-a. s.

We will then denote <p(s, x) — <ps(x).

D e f in i t io n  I I I . 1. —  The action functional I0T is

Io
<p,)dt if  q> satisfies to property (D)

oo otherwise

We shall say that an element <p of'ë’ifO,T]; B) is absolutely continuous 
if for ail t  >  0, there exists some A >  0 such that for all integer i0 and all 
rectangles A j , . . . ,  Aio of T, and all real numbers s | , t ,, . . . ,  s,0, th satisfying

Annales de rin sritu t Henri Poincare - P robabili tés  et S tatistiques
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to 0 ^  5, <  r,- ^ T, the inequality y  1t{ — 5, | ^(Aj) <  A implies

Ii £ *o
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I < <Pu -  Vi,.1a4 >1 <  «.

Proposition III .2. —  <pe^([0, T ]; B) satisfies (D) if and only if  <p is 
absolutely continuous.

The proof of the proposition is standard (see [/0]), and is not carried out 
here.

III.2. Some properties of the action functional.

We first notice that if <p satisfies to (D), we can find a modification of <p 
such that (pip <> 0 at all points (r, x) such that | <p | *= 1. We will then sup
pose this condition fulfilled by functions u, u in the following of this section. 
We need some technical results for obtaining usual properties of I0T:

P r o p e r t i e s  III .3.

a) Iot(<p) =  sup {  I | ^ < / ( t ,  •), <P, > -r*(<p„ f { t , . ) \ i t  1 
/•«.-((O.TÎKT) (J o  L2 J J

■ i
<p,(x), x)dtdx

HO.TI * T

with

Jf{u, t \x \x )  =  sup itx)a -  T(u, a, x) j  (3 .7)

b) U t(? ) <  00 if and only if <p Log | q> |, <p Log — -—  ¿ >0| and

1 1 _ < P  
<p Log -------- are elements of L*([0,T] x T).

1 +  <P

c) There exists some constant K such that

Jf?(u, v, x) £  Log M+1b>0 L og— !—  +  |  Log — -̂--- hK j(x)+  K
2 l_ 1 — u 1 + u  J

(here, and up to property e) we write v for v(x), no confusion being possible).
d) There exists some constant K >  0 such that

Jf(u, v, x) £  - 1 v | [Log | v | -  K ] -  K.

Vol. 23. n* 2-1987.
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e) For y >  0 we have 

| Jf(u, v, x ) — JT(u,, t\ y) |

= (i + \ v \ ) {  <ry(|u(.v) -  «,(;»)! ] + M l*  -  y \ + P<u* u») 1}

for all u, u, such that || u H«,, || u, IL ^  1 — y, all x, y e  T and y e  R.

The property a) shows that one can reverse the order of the supremum 
and the integrals; b) is a characterisation of finite energy trajectories. With 
upper bound c) one can limit to consider magnetization densities avoiding 
the boundary points —1, + 1 . The continuity property e) is somewhat 
similar to condition (Q  in [27]; « outer » speeds being forbidden at these 
boundary points, it only holds for non-zero y. The regularity in the x  
variable is a (new) property that enables us to replace magnetization u 
with a smooth function on T in proposition III.6 d ) shows how J f  increases 
at infinity; it is an usual property for Cramer transforms.

Furthermore one can notice that the condition required in [2] is not 
satisfied here, because the set of possible speeds is discontinuous at the 
boundary points —1, + 1 .

Theorem III.4. — 1) Io } is compact in #([0 ,T ]; B)
for all non negative —c"

2 ) 'The functional I0T is lower semi-continuous on [0, T ]; B).

This result ensures us with existence of solution to variational problem 
min { Io-ri'P); <P£ A } for closed subset A of ^([0, T ]; B).

Remark. —  Whenever tp satisfies to (D), <p is continuous on [0,T] with 
values in B furnished with || . l|t norm; but this topology is too fine to 
make D,0 compact.

In the proof of theorem IV. 1, we will need a large enough class of smooth 
functions: piecewise ^ l,° functions.

D efinitions III. 5. —  We define <5fP|X) °s the class o f  all <p o f  #([0, T] x T ; 
] — 1, 1 0 such that there exists a subdivision S =  (rt )ksto o f  [0,T] with:

148 F. COMETS

i d<P
Vk ^  — 1, —  exists on [rt , ft+. , ] x T  and is continuous.

Then <p satisfies to (D), and <p =  — .
dt

P r o p o s i t i o n  I I I . 6. — L e r  <p with  I0r(<p) <  oo, <Po€*&(T\ ] — 1,1[), y, 
<5 >  0 . T  hen, there exists <p e ^ P 1-0 such that

<Po =  <Po .  P o t O p .  <P) < S  and | I 0T (<P) -  I o t ( £ )  I <  )’ ( 3 . 8 )

Annates de l'institu t Henrt Poincaré - P robabili tés  cl Statistiques
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IV. LARGE DEVIATIONS: LOWER BOUND  
FOR THE PROBABILITY OF PASSAGE IN A TUBELET

For (pe<^([0, T]; B) and S >  0, we define the [0,T]-tubeIet with axis <p 
and radius <5 as the set of all p.: [0,T] -*■ MjfT) such that Pot(/^ <p) <  & 
We shall denote it shortly by { <p }*.

Theorem IV .1. —  Let 8>0and<p €<£([0,T]; B)with<p0 e <&(T\ ]— 1,1 [). 
For all y > 0, there exist an integer nQ and 5, >  0 such that n n0 implies

Pig { Pot(*", <p) <  S } £  exp -  N  { I0T(<P) +  7 }

on the set { p(oq, <Po) <  ¿1 }•

□  Proof. — Suppose first «pe^Pi'0 (sec def. III.5).
We can define the extra external field h, by (3.3) and the probability P* 

by ( 3 .1); as written in the beginning of § III,

(4.D

q> being a smooth function, there exists a finite subset S of [0, T ] such that 

the family { h, ; t # S } be equicontinuous on T ; so is { c,(ji); if e { — 1, +1 }, 
¡i s  M ,{T )}. Then, the Riemann sums in T ht) converges to the /.-inte
gral, uniformly for f £ S  and /ieM ,(T ), and this last quantity converges 
uniformly to

r * 0 * , s , ) «  y  -  i ) c » \  (4.2)

n « l -  J .+ I)

which is an extension of (3.4). Recall that the generator Lf of the process P* 

is given by (1.13) with c,<t =  c,.exp — rjfih, instead of c ,:  in particular,

M"(/i) =  < h„ do*t > — j*1" Lj'iFs.Xoi^r (notation Ft being defined just

before (1.13) is a random variable with mean 0 for P" and variance less 
than Q N -1 , relation (2.1) showing that the constant C, depends only 
on (p. Using ChebichefTs inequality, we choose some integer n, such that

Vns s n , .  V<r"0 e« r , P^ { <  v/6 } £  3/4 (4.3)

As above, we notice that LT(Fs,Xm) converges informly to Lf(Fj,XM)> with

U(FrXAi) = -  ^  < n  +  n i  gc,Af*) > (4-4)

Vol. 23. n" 2-19S7.
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wc then choose n2 such that, for n >  n2, we can replace on { Mt(/i) < y/6 

up to an e r r o r  of magnitude y/6 for each operation, J* < h„ do" > with

J** L"(Fj;eXtrfMi. this last term with L,(F¡,Xo'rMí» and TJ with T*; 

we obtain:

 ̂~pn{j: [ ^ k> - r*(<- s')}i'+1}- <4-5)
We need the following result, where Lv denotes the operator given by (4.4)  

with h' instead of h, (i. e.: c , exp — r¡fih' instead o f  c,.,):

Lemma IV . 2. —  Let Q be a compact subset o f  ^?(T). ~\he fam ily

{ H —* h'), n —* Lfc*(F*-X/i); h' € Q } is equicontinuous on (M ,(T), p) .

We go on the proof of the theorem: since q> is smooth, Ascoli’s theorem  
shows that { ht ; t $ S } is relatively compact; the lemma yields some S’ <  6 
such that:

f ^  f |L ,(F ifX/il ) -L ,(F s ,X /i2) |< ( 3 /r r ) - 1y

l  PÜ*i, A*2) <  5' ^  1 I £,) -  r * ( ^ 2, h,) \ <  (6T)_ l y 6 l ’
(4.6)

Now, we claim it’s enough to find n3 e  ftJ, ^  > 0  with:

p(oo, <Po) <  ¿ i ,  n ^  n3 => P^,( { <p }*) £  (4 .7)

Indeed, for n >  n, V n2 V n3, relations (4 .4 , 8, 9) imply: 

p;s< {«.} ')>  é , ! , - i {lM., í ) l í | } }

exp -  n ( T T ^  L,(Fs,X«>.) -  r*(v „ A ,)]*  +  5 | \

Combining (4 .3  and 7), we see that the last probability is not less than 0 .5 .  
<p being the central path for P \  Lf(Fs,X<Pi) =  < h„ tp, > holds for all t 4 S 
(one can compute it from (3.2) and (4.4)): recalling then that h, is the solu
tion to variational problem (3.5), we see that the term between brackets 
in the last exponential is equal to <pt), this yields the desired result.

We now prove (4.7). From proposition 1 . 4 . i )  we first fix some parti-
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lion ssf of T  in rectangles with non empty interior and positive c such that 

V * v € M j(T), || it*{p  -  v) i|, <  c ~  pi/t, v) <. (4.8)

Let’s consider a finer partition .<&0 — { Ak; k £  K0 }: for rj e  { — 1, +1  }*°,
K»

we set /i^= We recall property i) in section II:

M;(2 ) =  < <x; -  o ”o. /«; > -  £  l ; ( f * ; X < ^

are (P" — F,) martingales, which increasing process is uniformly bounded 
over (0, T  ] with C 2/N  for some constant C 2 depending on <p. Since equality 

L^FjX^*) =  < g , <pt > holds for all bounded measurable function g  on T  
and all s $  S, and since < p, i t * ° f  > =  < > f ° r /  € *«^00, we
derive:

Mr in) =  < -  <P,l K_ > -  < -  <Po), K  >

-  £  X,ds -  £  [L^F*.X ^) -  W F .- X ^ ) ] ^  (4.9)

with X, =  L / F ^ )  -  WF*.X<p,).
We state it’s enough to show:

Vs £ S I x ,  I ^  C 3 || TC*°{G*t — <pt) ||j +  £0 (diam js/0) (4.10)

where diam s / 0 denotes the diameter sup { | x —y  | ; x, y e  A*, k =  1 , . . . ,  K0 } 
of partition s / 0, £0 a function with limit zero, and C 3 some positive constant.

Indeed, we then fix partition s / 0 finer than s /  such that last term in (4.10) 
be less than (e/4T) exp — C 3T. As above, we can suppose the last integral 
in (4.9) to be bounded with (e/4)exp — C 3T for all-n superior to some nA: 
this time, the functions to be integrated with ).H are equicontinuous on the 
rectangles A*. At last, using property (2 .1 , i i )  we can choose S x >  0 and n5 
such thatn ^  n 5 , p {c t q, <p0) <  <5j imply || ic^ ^ O q  —  <Po) ||t <  (c/4)exp —  C3T. 
Then, (4.9) yields

I < TT-'o« -  <pt), /»; > I £  I Mr(ff) I +  (3e/4) exp -  C 3T

+  C 3 J  || -  <pt) | | t<fe (4.11)

Using D o o b ’s inequality for each martingale Mr(n), tj e  { — 1, +  1 J1̂ , 
we can control the probability of

SCH =  { max roax | Mr(rj) | ^  (e/4) exp — C 3T }

n u c l e a t i o s  f o r  a  l o n g  r a n g e  m a g n e t i c  m o o e l  151
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with
P:3(2T”) £  1 -  2Ko(25C2/c2N) exp 2C3T,

^  3/4 whenever n is more than some n6.

Notice that || jr'/ °(<r" — <p,)||i *= max < — <p,\, h'n > : for
n ^  n 3 =  nA V ns V n6, relation (4.11) shows that

|| -  <p.) ||, ^  C 3 || it--'0«  -  tpM) ||,<fc +  s exp -  C 3T

holds on the set ST" r\ { p(oo, <Po) <  ¿i }• Using Gromwall’s lemma, we 
derive sup || — Vr)||i ^  c; since js/0 is finer than s / ,  Jensen's ine-

I S T

quality and (4 .8) imply (4.7).
Now, let’s prove (4.10): denoting the random function

2c(<rî) cosh fi(h +  hs •+• J*erj) by
we have:

i x ,  i «s i <<p , ~  > i + 1 * ; ( .< £  -  > i
r A  s *

)  < I <Ps +  n  ! <**>,) | « - ^ 5  - 0 - 1 1

+  I <*<?,) — c(7r̂ °CTî) | +  | c(7r*0<rî) -  c(a?) | > .

The first bound is not more than || tf/M (1«, || 7T*’°(<rJ — <ps) ||, ; the second one 
can be controled with the continuity modulus of the (equicontinuous) 

family (c(/x); / / e M , ( T ) } u { ï r; t i S } u { J , / i } .  For the last one, we 
use mean-value theorem for the derivative and inequality

I J V  | (X) II J II. || TC-'V ||, +  II fX II || J , -  TĈ OJ, IU

(denoting by Jx : v —* J(x — y)): | — 1 I is bounded with
|| — <Ps) ||i +  «i (diam s / 0) for some function e, with limit zero.

Next we use relation (1.11) to get

II <*<Ps) ~  ||i ^  C 0 { || <pt  -  Hi +  II -  <Ps) ||i } •

At last, || c(/i) — c(v) I), goes to zero with v); but for ail continuous 
function /  on T and all measure /x eM ,(T ),

| < n  -  n"°n, / >  | =  | < / *,/- |

£  < l M U / -  * - ' • / ! >
<UI / -  n * ° f  IU

then sup { p(/i, P € M ,(T) } goes to zero with diam s / 0. All the
considered functions being bounded, these estimates prove the statement 
(4.10).

I 5 2  COMETS
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In the general case, we suppose IotÎV) <  °°. the opposite case being 
trivial. Then proposition III .6 for <p, y. <5/2 yields a smooth trajectory ip, 
for which the previous computation apply. □
O  To end, we prove lemma IV .2: the functionals T* and L* are 
composed of two kinds of terms.

S",(aî) =  < À, 0 exp > and ST2(a*) =  < Gc(n) exp rçpT*- j*>

with
6 exp — rjfih — 1, exp or h' exp ti0h'.

Since / ie M ,(T )  - ♦  c(fi) e ^ ( T )  is equicontinuous and bounded, equi- 
continuity for the first kind term will result from that o f// —» J*fi. According 
to Stone-Weierstrass theorem one can uniformly approximate J with some

trigonometric polynomial f (x )  =  ^   ̂ aq exp 2 inq. x. Furthermore

««z-
I f l S *

II J*(M -  v) llao ^  2 II J -  /  IL +  ^  I a, I I < PL -  V, exp 2 in q .x  > |

for pu, v € M j(T), where the last duality brackets are linear continuous forms: 
one easily derive that | <F,(pi) — &i(v)\ *= eipif^ v)) f°r som e function e 
independent of pL, v, with limit zero.

Using this to control | 3T2(aO ~  2Ta(v) I. onc sees that the only extra work 
necessary iŝ  to bound | < pi — v, 0c(/i) exp T\fiJ*pi > |. Because of Ascoli’s 
theorem, the family dc(ft) exp is equicontinuous and bounded on T,
then totally bounded: taking a finite covering o f  this set with || — IL-balls 
centered at points gk e^ (T ), k ^  K, and radius 5 >  0, one can see that the

+ zC 1 < M ~ V* Sk > 1 )*previous quantity is some &[ 5 +  )  | < pi — v, gk > | }, which ends the 
proof. □  ksK

V . UPPER BO U N D  
FOR LARGE DEVIATIONS PROBABILITIES

Recall that D lo =  { < peV {[0 ,T ];  B); IOT<<p) <: Ic }•

T h e o r e m  V. 1. —  Let y >  0, c >  0, I0 >  0. There exists an integer n0 
such that for all n >  n0 and all Oq,

PJa { D lo) ^  e } ^  exp { — N(I0 -  y) }.

Vol. 23. n* 2-1987. 6
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In order to prove theorem, we need the two following results: the first 
one is a local upper bound, and will be obtained from Markov exponential 
inequality; the second one is a (very) rough global estimate.

. L e m m a  V .2. —  For all TJ; B), and all I <  Iot(V>) there exist
S' >  0 and n , € N such that

V/i £  n ,, P23'{ poTia", <p) <  5 '}  <  e x p ( -  NI).

L e m m a  V. 3. —  For all a ^  0, there exist a compact subset A  o f  *6 ({0, TJ; B) 
with following property : V<5 >  0, 3n2 such that Vn ^  n2.

Pig { Po-ti*** A) ^  <5 } ^  exp ( -  Na).

□  We first prove theorem V . l :

Choose a compact set A from lemma V .3  with a =  I0. Then A r\  { <p; 
Pot(<P. Du,) ^  c/2 } is com pact; for each element q> o f this set, apply 
Lemma V 2 with I =  Iq, and obtain some integer n,(<p) and some <5'(<p), that can 
be supposed less than t  without loss o f  generality. Then make a covering 
of the; previous compact with a finite number K of open neighbourhoods

where the <pk belong to this compact.

Let <5 =  ^m in { <5'(<pk); k < K. }; p 0-t(oJ', A ) < 5  and Poiio*, D lo) ^ c  imply 

Po-ri^y <Pt) <  ¿'(<Pk) for some k ^  K; hence 

PT- { p 0^ c \  D J  >  e } <: P:3 { p 0T{a”, A) >  <5 }

+  ^  { Pot(g*, <pk) <  S'(<pk) } ,

k S K

which is less than (K. +  1)«_NI°, when n n2 V m a x n ,^ ) ;  finally, for 

large n the last bound is less than e ~N<lo~r). □

□  We now prove lemma V. 2:

a) If q> is absolutely continuous, let I <  IotOp) and y > 0  with I + 3 y <  Iot(<p); 
according to property III. 3 a, there exists some /  e L “ ([0 ,T ]  x T) such that

J o  *P" ^  ̂ ^ ^  ^  1 +  3 y ‘

The functions h, J and f  being bounded, Lusin’s theorem shows that we
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can suppose f  to be continuous with respect to (t*x). and even / e # 1-0, 
using a density argument.

Let P" be the probability on (Q", FT) defined by its Radon-Nikodym  
derivative with respect to the restriction of P" to FT:

N U C L E a TIO N f o r  a  l o n g  r a n g e  m a g n e t i c  m o d e l  155

d  P-
=  R î  =  exP N  -  £ r:(<xr. / , &  j  (5 . 0

d P 7F T 

Then, we have

PI, { P o t <«". * ) < * ' ) -  E:,([R-t ] -  ' . 1 , » ^ . . , «  ,). (5 .2)

As rj"(x) is P"-almost surely o f  bounded variation on [0, T ] for every x e  
we integrate by parts:

f T < y ; , ^ >  =  r < f „ i , > d t -  r c a r - « * , . ; : ) * +  [ < < * ; - * „ / > ] 5
Jo Jo Jo (5 3)

Like in the proof of theorem IV. 1, we have for large n:

| J  [ r ?(«7. f )  ~  f ) ] dt ^  y for all path a ” .

According to lemma IV .2, the family { fi —* r*(/i, f,) \ t <  T  } is equi- 
continuous on the compact Mj(T); furthermore, { t ^  T  } is totaly 
bounded in <<f(T). Therefore we can choose S' >  0 such that Poxio"^’) <  S' 
implies the inequalities

ir~T

[r*«, /) -  r*(<p„ fS\dt < y
)0

and
• t

< <  -  <Pt* /  > *  +  [ < <  -  <P,. f t  > ]oir <  y  -

Then, the last three inequalities, together with relations (5.1 to 3) yield 
for large n:

P£g { P o t ^ ,  <P) <  S' } ^  exp |  “ N J^ ^  < f> <P* > ~  r *(V.. / ) J ^ + 3 y N  j

< e x p (  —NI) .

b) In the case of a non absolutely continuous function q>, let’s fix y >  0 
such that for all A >  0 there exist sh r, e  [0, T], i =  1, . . . ,  i0, s, <  tf, and /0

V o l.  23 . n* 2 -1987 .
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rectangles Af of T with positive /.-measure, satisfying both inequalities
IQ »O

-  i,)A(Ar) <  A and j < (p,t -  </>„, 1A( > | >  y.

i «  1 i -  I

By parting some AJ, s, then modifying them at the boundary, and 
increasing i0t we can suppose without loss o f generality that { A,- ; i <; i’o } is 
included in som e partition of T in rectangles with non-empty interior. 
Let b a positive real number, //,- the sign of

*o

< <P,t — <*>«,. 1a, > and / =  b ^  ■
■ - 1

Let’s define probability P" by (5.1) and this function / ;  we have:

1 p  V
-  — L o g R t =  - j &  > ^ < 1 A/. <P„ ~  <P„>

l »  I

156  r .  c o m e ts

- y % ) - { ° : - < P . t)>+£r:{o:t f,)dt (5. 36) 

i« i

In the right-hand side member of this equality, the first term is not more

than — —  y, the second one not more than ^  i0 sup || — <pt) |j,.
2 2 i s t

For the measure ?.m +  rjal is positive
J 

r : K ,  i>1A) <; C, ^  ^ “  l )  “  c »A"iA^ 6 -
•»*( — ! . ♦  1»

with constant Cj =  max { c,(x, n); tj e  { — 1, +  1 }, x e  T, f i e  M ,(T) }; so 
last term of (5 .3  b) is less than C,(e*b — 1XA +  i0T | |  ic*Xn — 1 |]t>.

We now choose b =  8I(/?y)-1 and A =  I (C x(e*b — 1)J-1 .Proposition 
I .4 . i i )  for partition s f  and c — 2 \ ( i0fib)~l yields 5' >  0 such that, for 
large n, p OT(a", <p) <  5’ implies || 7C*(<r? — q>,) ||, <  e for all t ^  T.
|| it* )?  — 1 ||, <> A(i0T)-1 for large enough n, so that (5 .2) leads to

PS8 { Po-ri^", <P) <  ^  sup { [R t]  '  1; P o < P )  <  & }
<  exp — NI Q

A nna  Us de V in s t i tu t  H en r i Poincare • Probability  ct Statistiqucs
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□  We next prove lemma V . 3 : suppose a > 0 (the case a =  0 is trivial). 
First of all, fix a sequence AJtj  =  1. 2, . . .  such that T /A ( 6 N,

A, £  {a +  1 )/C, (exp [2p(a +  1 )/] -  1 ), A,/ Ai+ , e N -  { 0, 1 } , 
for j  =  1, 2, these conditions imply in particular that T/A^eN and 
jA j is decreasing. j -j
For <p: [0, T ] -* B, let A*(J) =  sup $ A ^  0; sup || <p, — <pr || x <  t  > be its

L  | « - r ' U A  j  )
» . i '« ( O .T J

modulus of uniform continuity for ||. ||t norm. Let’s define A'— { 0,T ]; 
B); A*(j) ^  Aj% V /^  1 }; because ||. ||t norm dominates metric p Ascoli’s 
theorem proves that A' is relatively compact in space (#( [0, T ] ; B), p0T); 
so its closure A is compact.

Given Ô >  0, from proposition 1.4 . j) we can choose a partition s /  =  { Ak; 
k <  K } of T in rectangles with non-empty interior and c >  0 such that 
for every //e M i(T ), the ¿-neighbourhood of p  in metric p contains all 
veM ,(T )  satisfying to || i^ {p  — v) ||, <  e. Let’s fix now _/0= [ 2/e ]+ l ,  
tm =  mAj01m — 1, 2 __m0 =  T/Aj0. For b >  0 and tj e  { — 1, 1 }K we define

K *

h’n =  Then,

M f-*(m, ,)  =  e x p N { <  bh'T £  r;(<r:, bhÿds |  (5.4)

is a P"-martingale for t ^  tm. Recall inequality r;(tr;, fc/t') ^  Cife*6 — 1) 
from the proof of lemma V. 2 (part 6); since (h'T of— o7_>=</iy  
is equal to || of,J||, for at least one choice of rç,

;  sup h iz^(<  ̂ -  o7j  ii j ^  1
\  U S '  i J o  J

<= I J  { sup M ^ m , tj) >  exp N  { (bjjo) -  AJoC i(efb -  1)} }.
n

For each tj, we bound from above the conditional probability of this 
event using Kolmogorov’s maximal inequality [7 ] by •

exp -  N { (bfj0) -  A j .C d e»  -  1) }.

Take b =  2(a ■+■ lj/oî this term is not more than exp — N(a 4- 1), because 
of the properties of the sequence A j.

As a conclusion,

RC/o)' } ^  2 Km0 exp — N(a + 1) (5.5)

where R(/0) denotes the event { sup sup || nM(a  ̂ — <r^)||i <  1 / j  } .
^  S  f S  I n« ♦  |
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Let /" be the random polygon on (0. TJ, ja^-measurable valued, with 
vertices at the points (/m. ir^cO* Of course, on R(JaU Pot ^ -  I") <  so

P:3 { Pot(<A A) £  6 }  <, P^(RCy0r )+  P;8(RC/o)^ i A '} )  (5.6)

In the following, we bound the last term of (5.6).
On RC/o)» the slope of /" satisfies

II C — C 111/I t -  t ' \  <  C/oAJO) - 1 UAj) - ’ if j  *  jo

(see remark at the beginning of the proof).
We derive from this A '"(/) ^  A j  for j  ;> y'o- For y <  Jo* we show first that:

max H C — C* Hi «  max || -  £  | | , . (5.7)
— m.r

t [resp. t' ] belongs to some interval [tm, t m + 1  ] [resp. [tr% tr+ x ] J.
For s e  (rm V (r +  tr -  0 , t m+1 A (f +  £p+1 -  f')]?5 -* -  £+,*-, is an 

affine function; u —» ||u |li being a convex function, so is the product 
function: this one achieves its maximum value on the boundary of the 
interval. Thus, it’s enough to show that || C ~  C .||i is not more than the 
right-hand side of (5.7) when t e  ]tr, tr+ t [ and | r — tm | <  A¡. In this situa
tion, A;/AJO being integer implies that | r, — tm \ V |rr+, — | < A}. 
Combining this with the convexity of s —*■ || Ç — /T„,||i yields the desired 
result.

From (5.7), we derive the inclusion

{ A"(J) <  Aj } <r { || -  < .)  II, >  Ifj }.
(m .r )

where the union extends to all couples (m, r) such that

0 <; m <  r ^  m0 A (m +  AJo/A j ) .

For such a couple and bj >  0, |{ — c?, || x >  l / j  implies for at least
one rç :

Mr;Mm, rj) £  exp N  { (bjfJ) -  A/Z^e**' -  1) } .

We now choose bj — 2(a +  1)/, we apply Bienaymé inequality to the 
positive variables M",-bi(m, tj) with expected value 1 :

- O i l .  à  l t f } S  2s  exp -  N(<, +  I).

Annales de I*institut Henri Poincaré - Probabilités et Statistiques
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Next, using the rough u p p er  bound m 0A j / A jo of the number of couples 
int. r). we get

jn ~~ I

pz3̂  O  { a '"o') < ^ m°(^j cxp ~ + 0-
1 < JO j -  1

Combining this with (5 .5  and 6), we find

Jo

p*5 { Pqt{g" » A) >  5 } <, 2 Km 0 (^ y '  ̂A j f A j ^ j  exp — N(<a 4- 1),

NUCUiATION FOR A LONG RANGE MAGNETIC MOOEL 159

J- t

so we can choose n2 (depending on 5) such that the last bound is less than 
exp — Na for all rt ^  n2. Q

VI. PRO PER TIES  
OF T H E  Q U A SIPO TEN TIA L W (u e, u)

The quasipotential W (ue, u) is the least energy necessary to join an 
equilibrium ur to some point u e  B:

W(ur, u) =  inf { I0T(<P); cpe^([0, T ]; B), <p0 =  ur, <pr  =  u, T e  R + } (6.1)

Before studying the exit points of an attracting domain, we show some 
properties of the quasipotential. We say that u is attracted by ue (or u is 
in the basin of attraction of ue) if the solution it, o f (M. E.) starting at u 
goes to ue as t tends to oo (r*-convergence implying here convergence in 
norm | | . II«*, see (5]).

Hamilton-Jacobi equation corresponding to the free-time variational

problem (6.1) is P ^ u ,  ^ ¿ W j  =  0 where ¿W  denotes the gradient of

W(u„ u) with respect to u. Combining (1.6), (3.4) one computes that 
r*(u, 2d V*(u)) =  0; this shows the relation between large deviations results 
for the magnetization process, and the ones for the Gibbs measure we 
recalled in § 1.

Proposition V I . 1. —  a) Vu e  B, W(u„ u) S: { Vfc(u) — Vfc( u , ) }.
b) If  u is attracted by ut , the equality holds in a).
c) I f  <p is the line segment [u, u'] covered in the time T  =  || u — u' ||2 

with constant speed , I 0 t (<P) =  &(\\u — u' H^2“*) for all e >  0 and u, u' e B.

V o l .  23. n* 2 -1987 .
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We just give the sketch of the proof: refer to [5] for more details. Using 
the above remark, we have

ip,) 2L^<v,.2 d vh(cp,)> -  r^<p,.2 dvh(<p,)> ^  /?<</>,.</v*(<?,)>.

Integrating over (0, T), we obtain the first inequality.

The path <p described in c) is <p, =  u +  ~  {u* — u). Let’s fix jc e T, and

suppose that u'{x) >  u(x). the other case being treated similarly; we shortly 
denote tf(jc) by u, u'(jr) by u'. From property III. 3. <r), we derive

160 F. COMETS

I

1 u' — u
<Pt, s)dx <> — - —  (log(u' -  u) -  lo g T ]  +  [0(log0  -  l)Ji_:'

0 *■

4- y ( u '  -  u) +  KT (6.2)

f { 0 )  =  0  log 6  being a convex function on [0,2], 0 <  O'  <,  6  ^  2 implies 
/(# ')  ~  f ( 0 )  ^ / ( 0) ~ f W  — O') =  — f { 0  — O'); the second term of (6.2) is 
then bounded from above by — (u' — u) log (u' — u) +  (u' — u). Using  
Holder’s inequality together with the boundedness of 0*log 9 on [0 ,2], 
we can easily prove c).

In order to show b) let’s notice that there exists a unique function on ] — co,
0 ]  in B such that <p0 =  u and the field h‘ maximizing (3.5) along the tra
jectory be equal to 2 d V h(<pt): because of (3.2), it is the solution starting 
at <p0 — u of the mean evolution equation time being reversed

<p, =  2c(q>, )x/ l  — <p,2 sh fid V*(<p,). (6 .3)
at

Such a trajectory <p will be called and extremal. Since <p, converges to u, 
in L2(T) as t goes to — oo, b) is a consequence of c).

The previous results are valid in general finite dimensional situations [15 ]. 
But, in our case, the potential V* (and dVh too) is not continuous in the 
weak topology. We then need some extra results:

P r o p o s i t i o n  V I .2. —  There exist positive constants K , K '  such that 
for all trajectories q> on [0, oo [ with values in B, and all T >  0

loricp) > -  K +  K' £  || 1 a  }dV„{<pt) | Hi* .

In particular, whenever °5, there exists a sequence tm -* oo
such that <ptm converges to an equilibrium in IL2(T).
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By an easy calculation, one sees that

»|€< + 1 . “ 1 !

the last quantity being evaluated at point x.
On one hand we see that

r(u,</V„(u), x) < c(u)[— K" -t- y j \  — u2] (6.4)

with constant K" =  exp — /?(|| h H. +  || J ID  <  1. On the other hand,

Hu, dWk(u),x) =  — 2c(u)x/1 — u2 sh2 ^  dVk(u)

<; -  2c iu )J l -  u2\ t  d V*(u) J  (6.5)

because of the inequality | sh z | >  | z | for : s R .
Combining (6.4 and 5), we deduce that r*(u,rfVfc(u))< —K '|| 1 a  |</V*(u)| ||§ 

for some positive constant K ' depending on K" and min c{x, u). We have
X.M

Ioti<P) > | o < dVhi<P')* <P, > -  r*(<p,.rfVJ<p,))Jjr

> \  rvfc(<pT) -  v*(<p0)] +  C ' £  II i A  I d v k(<p,)| | | i^ ;

since Vfc is bounded on B, this yields the desired inequality.
Suppose now that We can find some sequence tm — oo

such that || 1 a  |</V*($£j|||! =  ¿(A^,) 4- || dVk{<ptJ .  IA<J |§  goes to 0, 
A m denoting the subset { j d V*(<plm) | < 1 } of T.

Then, write <pIm as tanh { 0(h + J*<ptwm) + dV k(<ptJ .  #Am }. iA„-l-<p,m. 8Â ;
II <Pt„ II oo ^  1 implies that the second term tends to 0 in L2(T); considering 
a subsequence of (f„)m, we may suppose that <p,m converges in the weak 
topology to some u e B ; then, J • <p,_ goes to J * «  uniformly, and we easily 
deduce that the first term converge in L2(T) to tanh P(h + 3 * u). To see that u 
is an equilibrium, write

tanh p{h -+■ J * u) = || . ||2 — lim (p,n = r* — lim <ptmm =  u.

N U C L f i A T I O N  M)K A L O N G  K A N G ! :  M A G N E T I C  M O D E L  1 61

Hu, dVh{nl x) = t i t J
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VII. T H E  EXIT PO IN TS  
FROM  TH E  ATTRACTING D O M A IN  

OF A M ETASTABLE STATE

In the next two sections, we will consider the magnetization density 
given by (1.5). Obviously there exists some function c with lim e(n) =  0

I t  QQ

and: for all configuration

P i C . t n Z e C n ) .  (7.1)

Hence theorems IV. 1 and V . l  are still valid for the process For a
subset Z of B, we will denote by 3Z, Z ,__ [resp. d2Z, Z 2, . . .  ] the boundary,
the c lo su re ,.. .  o f  Z in t* topology [resp. in the || . ||2 norm topology on B ]; 
for positive <5,1''t(Z) will denote the (closed) ¿-neighbourhood o fZ  in metric 
p: y^(Z) — { u e  B; p(«.Z) £  <5 }.

In this section, we make somewhat general assumptions, which are 
satisfied in the example of § VIII: we consider an equilibrium ue, -^-asymp
totically stable in the Lyapunov sense for the mean evolution equation  
(M. E.). Because of the continuity of u0 —*■ u (see § 2), its basin of attraction 
&Se is a weakly open subset o f B. W e are interested in the situation where 
there exist at least two locally stable equilibria, so we suppose ¿9, ^  B. 
Let Ex be the set o f the « lowest saddle points » on the boundary:

Ex =  { uf=d3St \ V„(u) =  min { V*(w); } } (7.2)

V* being I. s. c., Ex is weakly compact; since u0 -* u is continuous, and 
since V* is a Lyapunov function for M. E., its elements are equilibria.

Throughout this section, Vh(Ex) will denote the value o f  V* on Ex, and 
A =  P { V*(Ex) — V,,(ur) } the height o f  the potential barrier.

We require the following hypothesis (H):

i ) Ex r> d2&t =?* 0 ;  let be one o f its elements.

H) E x o  d 2 [(&.Y].

There exists positive 5Q such that

iii) Y^JEx) r \  { u e d&€ — Ex; dV h(u) =  0 } =  0

iv) 1 'So(dm,) o  { u € B ; d V„(U) -  0 } o  d&t .

T h e o r e m  VII.  I. —  L et x be the exit time fo r from  the basin o f

A nna U s de  I ' ln s t i tu t  H en ri P oincare  * Probability  ct Slausiiques
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attraction ¡3Sr. Under assumptions (H). we have fo r  all weakly closed subset F 
o f  and all 5 >  0

lim inf PJ, { g  e  t'jiEar) } =  1
is**

where P^- denotes the law o f  process starting at

The theorem states that, for large enough n, the process leaves the basin 
of attraction o f such an equilibrium at the neighbourhood of one of the 
« lowest saddle points » on the boundary. It extends Vent’sel-Freidlin 
result ([15] [ / ] )  about the exit point o f a compact set strictly contained 
in an attracting domain, under the assumption that the vector field at the 
boundary be transverse and pointed inwards.

The technical assumptions (H) i) ii) cannot reduce to only local condi
tions holding at exit points; they are satisfied whenever the frontier d33e 
is smooth, for example a one dimensional Banach manifold. The hypo
thesis (H) iii) iu) concern the accumulation points o f equilibria at the 
neighbourhood of d&e.

As in the previous references, we will study long time behaviour using 
finite time estimates of theorems IV. 1 and V . l  together with the fact 
that the magnetization process restarts afresh from Markov stopping times. 
The structure o f  the stopping times we use is quite different from the one 
of [75] [7], because the quasipotential W is not continuous in the weak 
topology, but only in a strong one; we must furthermore take into account 
the equilibria located in d£Se.

We will outline the proof after relation (7.5); we first reduce the analysis 
of the random path to its final part.

□  It’s enough to prove the theorem for 5 <  SQ a  p(u„ Ex). Recall 

definition (7.2); since Vfc is lower semicontinuous, and d&S, — Y^(Ejc) is 
r*-compact, one can find positive numbers a and <5, <  <5/2 such that (5)

Vu e  ^„ .(N E jc), f3Vh{u) 2: pWk(Ex) +  a (7.3)

where NEjc stands for — 'i/~,(Ex).
We consider (small) neighbourhoods /̂’T,(u,), Y^jfEx), and (large) time T. 

We first carry out the proof with initial condition in ^ ( u , )  instead of

NUCLEATION FOR A LONG MANGE MAGNETIC MOI1UI 16 .'

(*) Subscripts 1 will be used for NE.t, subscripts 3 for E.v. e for ur and 2 for points outside 
of 3tr. (NE.r is defined after ne*i relation (7.3)).
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1 M

Lei's define the slopping limes:

T? =  0
r° =  the entrance time of I ” in y 'y,(E.\*). and for k =  0. 1.. . . 
r f ” 1 =  min J f  a  (r£ +  T); i," e i  \ . ( u . ) }
ta +1 =  min {/ 2; r ‘ * 1; e Y't,(Ejc) } o
T ke * 1 =  min J f a  (r£ +  T ); ”  e Y ‘T. (u , ) }
xk3* 1 =  min {/ 2; ‘/»(E*)}

It j  =  the entrance time in y  j,(NEv).  ̂ *

Let v, be the last integer k such that r ‘ <  t, and =  { vr =  k }.
It is enough to show that, for io  e  an<i sufficiently large n:

Vfc, e  r 'J E x )  ; Rk } 2> q 2P ^  { Rt } (7.4)

with q — 1 — 2 exp — N a/6: indeed, summing this relation over all k 
provides us with the theorem.

Using strong Markov property on the set { <  t }, we obtain:

The same computation for the right hand side probability in (7.4) shows 
we only need to prove this inequality for k — 0. We now decompose R0 
according to

The main contribution in decom position (7.5) to the probability o f R0 
is given by the two last terms. The contribution of first term will be negli
gible, because the process cannot spend too much time far away from the 
equilibria (lemma 4). The trajectories close to the second set hit

so they have a large action functional value (lemma 3); this set will be negli
gible too. On the third set, we have <f" e ' / '“¿(Ex) for large enough n. To  
bound from below the contribution to P^iRo) of the last set in (7.5), we 
shall look for some tubelet in it; but we also need to study the random  
paths starting close to Ex which leave SSe before returning near ut :

L e m m a  VII. 2. — There exists y3 such that for all yr <  y', =  p(i4, '/''¿(Ex)), 
the inequality Pi- { e ‘/ '‘¿(Ex), t ,  >  t  } >  <?P*8 { t ,  >  r } holds on the set 
{ e  ^ „ (E x )  } for all sufficiently large n, where t ,  denotes the entrance 
time in "f̂ ym(uc), and q is the same as in ( 7 . 4 ) .

P"i3 { ”  e  Y',(Ex); R* } =  E;3 { P;3 { e  Y^iEx); t <; ^ * »/F* } }

-  { l , .< t .RS- ! « e  * '.(E*); t  s  x! } J. 
V s- •

fî" —  { T A  T j A  T j >  2T } u { t j  < I A T j  A  2T }

u  { : <  rj a  2T, t < t 1 }v^{t3< t a t i  a  2T } (7.5)

-  t^ (E x )) ,
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From now on. the radius ys is fixed as above. As for yr. we use it for 
controling the energy value of some trajectories.

L e m m a  V I1.3. —  There exists y” >  0 such that for  all T  >  0. 
q> e  <¿>( [0, T  ]; B). the conditions

<Po e <Pt 6  ^ W N E x ) ,  <p [0, T ]  c= -  ^ yi/J(Ex)

imply I0T(<P) ^  3a/4.

These two lemmas will be proved further. In order to fix ye, we now  look for 
a tubelet included in the last set o f  (7.5). According to the assumption (H) /), 
and to the |[. Ik-continuity (*) o f VM we can pick som e u3e¿0rr\ 
with V*(u3) ^  V*(Ex)-f-a/5; using proposition V l . l . f c )  we can find som e 
trajectory <p on [0,TS] joining u, to u3 with energy I0.ry(<p) ^  A 4- a/4; 
in particular we derive from (7 .3) that 7p does not enter 2Jl(NEx). Further
more, we can assume that <p does not return to u, on ]0, T3 ]. W e can therefore 
choose y <  ¿i a (y3/ 2) such that the random paths with Po.Tjíf"»^) <  Y 
don’t return in i ' y{ue) after reaching •/''„(Ex), and enter ^ „ (E x )  before 
time T3 and before hitting Y ^ N E x ) .  Applying theorem IV . I, we obtain Í1), 
for some y, <  y,

P *3 { Po.t,(Í". V) <  y } exp -  N(A +  a/3) ( 7 .6)

for sufficiently large n and f £ € V/'r9(ue). O f course, we can im pose the condi
tion y, <  >•; a y".

At last, we need the following

Lemma V II .4. —  L et  , 3*\ be weakly closed subsets o f  B such that
c

c= and no equilibrium lies in y . Then for all positive  I there ex is tsT0 
with P^g { € & x : Vf <  T0 } <  exp — NI for all sufficiently large n, and 

all Cj.
Because o f  (H) i ii) and iu), we can apply this result to

=  ^ o ( ^ )  -  ~  n i/2(Ex) -  tTJi/2(N Ex),

-  St. ~  -  Y ^ (E x) -  ^ . ( N E x ) ,

and I =  A +  a/2. We now fix T  =  T0 V T3, and com e back to decom po
sition (7.5).

(6) See [5] 1.2 lemme 1. Or. for this particu lar point, use proposition  VI. 1 together 
with T*-low er semicontinuity of V*.
(7) Recall that every equilibrium belongs to ̂ (T; ]— 1, 1 [).

Vol. 23, n- 2-1987.
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Sincc { t a t ,  a  t° > 2T } r\ R0 is contained in | "  e .-F, : Vf e [T. 2T] 
we bound its probability using the Markov property and the previous 
lemma.

Because of lemma V II.3. trajectories </> such that

Po.2t(<P. £") ^  (<5o/2) a  <5, a  yr a  (y3/2)

for some
í * e { t i S t  a t ?  a 2T } n  { Çm0 e 1 'r.{ue) }

satisfy Io.itOp) 2: A *+- 3y/4; theorem V.I provides:

P<3 { tj <> x A t® A  2T;R 0 } ^  exp -  N(A +  a/2) on e ^ ( u , ) .

At last, { r® <  t a  tj a  2T, R0 } contains the tubelet { P o . T s ( í " .  V) <  y }• 

Combining (7.6) and the two last inequalities, we obtain for large enough n

P;, { <  t  a  t ,  a  2T; R0 } 2: 2 " 1 exp (Na/6)

p <s([ { T A TI A t? >  2T } u  { Î! á  T A t? A 2T } ] n  Ro).

Recalling that { t  ^  t®, t <  Tt } cz { f " e t^(Ejc) }, we then derive from
(7.5)

< r ,pí3i t° <  t a  t> A  2 T -R o }

4 . P 3̂ { «  € ^ (E x ), T £  t? ; Ro } ;> P*<s(Ro). (7.7)
Furthermore,

P".3 {r§ <  t  A T, A 2T;R o} =  { 1 ^ tAt| A2T-P"3W  ^  t/F*) (7.8)

Applying the strong Markov property on the set ( t ® ^  r }, we see that 
Pí8(t¿ > x/Ftj) =  P ^ ( t , ' ^  t) with xe as in lemma V II.2; from this lemma

we deduce that (7.8) is not more than

9 '  ‘ Eíg í 1 A „  A 2T - P ~ s(T¿ ^  t ,  e  ^ ( E x ) )  }

<  ç - 1P".3 {tS  <  t , € y-"J(Ex); R0 } •
The#t(7.7) yields

ç - 2P-<5{ i ; e y ^ ( E x ) ; R 0 } P"<3 { Ro }

which is the desired result.
We end with the case e  &  : denoting by r® the entrance time in i^T/(u(), 

we must show lim inf P%(t? <  r) =  I. This can be carried out in the
«-<*> iz** ”  '

same way as in [15 ]. (Lyapunov stability implies that ^38%, & )  >  0, where 
iF denotes the set of all points visited by the solutions of (M. E.) starting 
from IF) □

Annates dv  t' ln s ti iu t  Henri Poincarê  - Probabilités  et Stat is tiques
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Q  P ro o f o f  lemma  V I I . 2. —  Let V3. T '  >  0  a n d  yr <  y^. W e define  
s to p p in g  tim es  t ,  as  a b o v e ,  a n d

=  0. * =  m in  { t >  4- T ' : Z" e  Y 'y, ( E x ) } .

Let v3 =  m a x  { k  >  0 ;  T3 <  t  }, a n d  RJ =  { r  <  t r , v3 =  k  }.

U s in g  th e  s a m e  a rg u m e n t  a s  ab o v e ,  w e  see it is e n o u g h  to  s h o w  th a t

P ^ , { £  e  ^ ( E x ) ,  R'0 } ;> g P ^ R ^ )  (7 .9 )

h o ld s  fo r  £0  e  ‘/ ' ' „ ( E x )  a n d  sufficien t la rge  n.
T h is  tim e , w e  w ill d e c o m p o s e  R{, a c c o rd in g  to

Q" = { t A T, > 2T' } u  { T, <2T' a t }u {t < 2T', t < t, } (7.10)

T o  s h o w  th a t  th e  m o s t  im p o r ta n t  c o n t r ib u t io n  to  P*s(Ro) c o m e s  f ro m  

th e  la s t  se t in  (7 .1 0 ) ,  w e  lo o k  fo r  a  fam ily  o f  tu b e le ts  in c lu d e d  in  it. U s in g  

h y p o th e s i s  (H ) 11) a n d  p r o p o s i t io n  V I .  I . e .  w e find fo r  e a c h  u e E x  s o m e  

u 2 [“ ] e ( ^ r)<" w ith  «) <  <5/4 a n d  s o m e  line  s e g m e n t  <p[u\ w ith  e n d 

p o in t s  u, u 2 [u] o n  th e  t im e  in te rv a l  [0, T 2 [u ] ]  su ch  th a t  I 0.t2m (<£ [«]) ^  a /6 .

L e t ' «52 [u] ^ ' 6 x/2  w ith  ^ ^ ( « ^ [ u ] )  <= (We)e; th e n ,

n * . , < * M [ 0 , T 2 [ii]]) c  1 ' it2{E x).  (7 .1 1 )

S in ce  u is a n  e q u i l ib r iu m , w e a p p ly  th e o r e m  I V . 1 a n d  find s o m e  

¿3  [u] <  S 2 [u] su c h  th a t  fo r  la rg e  e n o u g h  n

P«3 { P o . w r ,  < p M X < 5 2 ( u ] }  ^  ex p  — N a /3  

o n  {p (C o ,u ) < S 3 W ] } .  (7 .1 2 )

E x  b e in g  c o m p a c t ,  th e re  ex ist ¿3  >  0  a n d  a  fin ite  n u m b e r  K  o f  e le m e n ts  uk 

o f  E x  w ith  ^ i ^ E x )  W e  n o w  c la im  th e  a n a lo g u e  to
le m m a  V I I . 3 : ***

Lem m a V I I . 5. —  T here  ex is ts  y 3 >  0  such that fo r  a ll T  ^  0  and  
<p e  # (  (0, T  ]; B) th e  conditions q>0 e  ‘f'r27J(Ex),

<Pr e  2a ,(N E x ) and <p [0, T  ] <= tT 3o( # r )

im ply  I 0t(<P) ^  3a /4 .

W e  fix y 3 ; o f  c o u r s e  w e m a y  s u p p o s e  y 3 <  ¿ 3 . R ecall t im e  T 0 w e o b ta in e d  
f ro m  le m m a  V I I . 4 : f ro m  n o w , w e set T '  =  Tc V m a x  T 2 [uk],

W e n o w  c o m e  b a c k  to  the d e c o m p o s i t io n  (7.10). T h e  set {t a t , > 2 T '} r \ R o  

b e in g  c o n ta in e d  in { i f  e  , Vr e  [T, 2 T ] } ,  w e d e r iv e  a n  u n ifo rm  u p p e r  
b o u n d  fo r  its p r o b a b i l i ty  f ro m  le m m a  V I I . 4.

V o l .  2 3 .  n *  2 - 1 9 8 7 .

^ 2[ulu)

--* J ~

fuhl(

> u a 

(Ufc)-
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The trajectories </> on [0. 2T'] uniformly close to the set { t ,  <  r a  2T',
€ V%,(E.v) } up to a distance (50/2) a  cS, a  y* have action functional 

value not less than 3a,/4. according to lemma V I I . 5: thus, theorem V . l  
for D 2-/3 yields for large enough n

P<3 ( ^  2T ' A T* R 0 } ^  exp — N a/2 on { f t  e  Y 'T3(Ex) }.

At last, whenever ££ e  * ' rj(Ex). 'o lies in some but (7.11),
and the conditions on <5,, <52 (u*], T' show that the tubelet with axis <p[uk\ 
and radius ¿ 2 [uk] is included in { t ^  2 T \  t  <  x, } o  R£>: thus, the P^g-pro- 
bability of this set is not less than exp — N a/3 because of (7.12), and combi
ning the three last estimates:

P <3 { r <  2 T \  r <  x , ; Ro } ^  2 ~ 1 exp — N a/6

a  r, >  2T ';R {,} +  P;s { t, ^  2T' a  t ;  R^ } ]  .

Because o f  (7.10), the term between brackets is equal to 

P«<R o) ~  P<3 { t  ^  2T', t <  x , ; Ri, } ;

then, relation (7.9) easily follows from { t <  t , } < = { £ " €  ‘/''¿(Ejc) }. Q

Q  Proof o f  lemma VIII.  3. —  Suppose the results is false: then, there 
exist time Tk, trajectories <pk with r* — lim <pk0 =  ue, <p%h e  '/''231(NEx)>

*  — oc

<pk [0 ,1*] =  -  Y"y,(Ex), l 0T*(<Pk) £  A -f- 3a/4 (7.11)

We may suppose— shortening T* if necessary— that T* is the entrance 
time of <pk in 'i''2j,(NEj:). If (T*)k was bounded, say with T® e  R +, we would 
extend <pk on [T*, T®] as being the solution of(M . E.) starting at (without 
changing action value); according to the theorem III .4, there should exist 
some accumulation point <p00 with <po =  ue, I0T«(<p®) ^  A 4- 3a/4 and 

2ai(NEx) for som e accumulation point t o f (T*)*, which would 
contradict (7.3).

So we may suppose that the times T* increase to infinity. Let’s shift <pk 
in \f/k: =  </>?+!*»* e  ( ~  0]. Using the same argument as before for all 
K e  N*, one can find a subsequence— still denoted by tf/k— uniformly 
converging on [ — K , 0 ]  to some \j/k such that

I -k .o (£ ‘ ) ^  A +  3a/4,  ̂ ^ e ^ 2Sl(NEx),  

j , K[ -  K , 0 ]  <= Y"io(£8e) -  f ' r,(Ex) -  y\ ( N E x ) (7.12)

By a classical argument, we then find a subsequence— still denoted

16X I .  COMETS
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by 4**— uniform ly con v erg in g  on  [ — K.. 0 ]  to  \jfK for all K : o f  course,  
the \j/K are the restrictions o f  s o m e  iff defined on  ] — oc, 0 ]  with  

1 - * .o('P) ^  A 4- 3ot/4; thus, using p rop osit ion  V I 1 .2, there exist tim es  
t1 <  0  such  that ¡¡/,, con verges  in | | . | |2 norm  to  an equ ilib r iu m  w hich m ust  

be u, b ecau se  o f  (7 .1 2 ) .  F o r  large e n o u g h  /, h en ce  w e derive from
p ro p o sit io n  V I .  1 that W(ur, 4/,i) — P { Vfc(0 ,ti) — Vfc(u ,)  } g o es  to  zero;  

for large /, w e  can  find a function  <p on  {0, 5 ] w ith  <p0 — <P* — 0V>» 
los(<P) <  a /4 :  m a k in g  a trajectory <p from p ieces <p o n  (0, s ]  and ¡¡r on  

[s, s  — r'], w e  w o u ld  o b ta in  <pt - tt e  f W |(N E x )  an d

A +  a >  l 0 j -A<P) >  P { -  Vh(ur) } ,

w hich  con trad ic ts  (7 .3 ) .  0

□  T h e  p r o o f  o f  lem m a V I I . 5 is carried ou t in the sa m e w ay  as the  

p rev iou s  o n e:  if the result w as false, w e  co u ld  find an accu m u la tio n  po in t ij/ 
o f  so m e  seq u en ce  satisfying to  I - « .o ( iO  ^  3a /4 , \jr0 e  “V I4 |(N E x );  th is tim e, 
there w o u ld  exist a  seq u en ce  o f  tim es t1 such  that ij/t> co n v erg es  in the | | . | |2 

n orm  to  ue or s o m e  e lem en t o f  Ex. In b o th  cases, w e are lead to  a c o n tra 
d iction . □

T h e  p r o o f  o f  lem m a V I I . 4  is m u ch  sim pler here than in general 
fram ew ork s; a>-Iimit sets (8) con sist  in equilibria. First, n otice  that 

m in { [| 1 a | d VA(u) 11|2 ; u e  } >  0: o therw ise , an  argu m en t w e used in 

the end  o f  the p r o o f  o f  p ro p o s it io n  I V . 2 w ou ld  c o n c lu d e  to  the ex isten ce  

o f  so m e  eq u ilib r iu m  in
T h is  p r o p o s it io n  therefore s h o w s  there exist co n sta n ts  C, C' such that  

1ot(*P) ^  C T  — C ' for all T  >  0  an d  trajectory q> on  [0, T ]  w ith  values in 
S o  the lem m a is an easy  co n seq u e n c e  o f  the th eorem  V . I .  □

VII I .  A N  E X A M P L E .
N U C L E A T I O N  P H E N O M E N O N

S tu d yin g  the eq u ilib riu m  eq u a tio n  <iVfc(u) =  0  is difficult in the general 
s itu a tio n ;  it requires tech n iq u es  o f  b ifurcation  (param eter P varying in R + ). 
In the case  h ^  0  one ca n  hard ly  d erive a few q u an tita tive  results [5]. 
If h =  0  the en ergy  lan d scap e defined  by V0 on ly  d ep en d s  on  P and the  

F ou rier  structure o f  in teraction  J: so m ew h a t  general results ab ou t bifur

ca tion  bran ch es in the set o f  equ ilibria  are sh ow n  in [6].

(*) For ihe mean equation (M. E.).

Vol. 23. n* 2- >987.
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We consider here the simplest example exhibiting nuclcaiion phenome
non. which is the (ferromagnetic) case

J(.t) = 1 + 2 b cos 2n p .x ,  h =  0 (8 . 1)

with p e Z *  — { 0 } , 0 < b < ,  1/2.
Then, all the equilibria are (see [5]) u =  0, constants u*. —u* if ß  >  ßc— 1 

(given in the end of section 1.1), and up^9, x 0 e T  if ß  >  ß p~  [ J(/?)3~m(b~ ‘, 
where uPrXo is given by

Up.Xo(x) — tanh { 2ßba  cos 2np.{x  — x 0) } (8 . 2)

and a is the unique positive root o f a — < tanh { 2ßba cos In p .x  }, 
cos 2np.x)> \ a depends on ß , and is equal to up 0 {p).

At critical value the branch of constant solutions ±  u+ bifurcates 
from the branch of null solution, with some stability transfer: ±  u + are 
stable equilibria for ß >  ßc, while 0 , being stable up to ße, becomes a saddle 
point and Ejc =  { 0 } for ß e  ]ßc, ßp] ; this is symmetry breaking. At value ßp, 
the branch { up,Xo; x Q e  T } bifurcates from zero solution branch with 
stability transfer: as in [5] we can compute that the relation

V0(u) =  (2/J )-‘ <e(u), 1 >,

6 being the concave function u tanh- l u +  log ( l  — u2). holds for all 
equilibrium u, and therefore ELr =  { up3Lo; x 0 e T  } as soon as ß  >  ß p. 
It’s easy to see that the assumptions of section VII are satisfied with the 
stable equilibria ±  u+.

For the sake of simplicity let’s assume d. — 1. If ß  >  ß p, theorem VIII. 1 
shows that the magnetization process when leaving the attracting domain 
of it* must pass the potential barrier close to one of lowest saddle points 
Up.*,,} these states exhibit p areas on the torus— « nuclei »— where local 
magnetization approaches the new phase — u*.

In this simple example, it seems to be difficult to study the extremal 
trajectories from u* to up^a (recall these are the solutions to (6 . 2) with 
lim q>, =  u + , lim <p, — u„ XA  which are the exit paths from the attracting

f — “  OG I -  +  0O

domain of u* for the process (see [ / ]  [/5]). Nevertheless one may conjec
ture, with a slight act o f faith, that, during such a dynamic phase transition 
and for ß  >  ß p, small clusters initially appear, among which some, very 
small, are due to stochastic fluctuations; they next order in p  main nuclei, 
and grow untill they attain approximately the structure of some up>Jt0. 
At last, the process is attracted by — u + , the nuclei go on spreading till 
they occupy the entire space.

I 7 0  F. COMETS

Annales de r  in s t i tu t  H e n r i  P o inca r*  - Probabilités et Statistiques



170

k u c l e a t i o s  k >k a i .o n c  k a s g i - m a c î n e t i c  m o d e l  171

For fi e ]fif , fip ) the only one exit point is 0. so nucléation phenomenon  
does not occur. In the Curie-Weiss model (J =  1), every  equilibrium is a 
constant function, and so nucléation never occurs. For more general ferro
magnetic interaction function J, a bifurcation temperature is given by 
Pp =  [!(/?)) ~ 1 with J(p) — max [ J(q); q #  0, ±  p  }, and, under additional

assumptions, (8 .2) still defines saddle points when fi >  fip (see [5]).

IX . APPENDIX: PR O O FS OF II I .3, 4 A N D  6

□  We begin with properties II I .3:

a) We show the different formulas for I0t- Let's denote by I , ,  I2 the 
second and last expression in the desired equality. We have clearly 
Ii iS IotOp) ^  12- Let’s define for all t, x, a0(t, x ) e R  maximizing (3.7):  
a0 is the (measurable) function given by (3.3) if | <p,{x) | <  1, and, if

<Pt(x) =  t] 6 { — 1, +  1 }, by — h(x) — J * <p,{x) — rjP~ log — ----- —
\ 2 . C \ C p  f y X)

with the convention log y =  — oo for y ^  0. Then, for fixed (t, x), 
am =  sign (a0) x [ | a { | a  m] converges to a0 in R as m —► oo, and 

p
bm(t, x) =  -  <p,(x). am(r, x) — r(<p„ am(t, x), x) converges to q>,{x)y x)

in R*. As a —* r(<p„ a, x) is convex and am(t, x) is between 0 and aQ(t, x),

bm is non negative. Fatou’s lemma then shows that I2 ^  lim a„ \
"•-*« J|o.ti*t

this last term being less than I , ,  we obtain property a).
Proof of the lower b o u n d s) of Jf': using the inequality 1 l .w e

obtain for T(u, a, x) an uniform upper bound A(e*,a| — 1) with constant A, 
whose Legendre transform in the sense of (3 .7) is

max ( M

To show the upper bound c) for J f ,  we notice that

—  +  V 1 — w2 +  (u/ 2c)3v 2c
0c(w, v) =  -  log

2 1 — w

(with parameter c e R  + ) is an even function on R2; we restrain to v >  0,

Vol. 23. n- 2-1987.
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and see that \0 f \ <  ^ |  1.5 log 2 +  e~ 1 +  ^log 4- log -------- Then.

the result can be easily derived.
The conditions m entioned in b) are sufficient because of c): the first one 

is necessary because of d). Inequalities

v . v v . 1 i- ,
0«(H\ v) -  -  log —  >  -  log --------^  -  -  log 2

2 2c 2 1 — u 2

hold for positive c, so the last two ones arc necessary too.
In the proof o f the regularity property e) of JÍf,  the most difficult bound 

to get is for

I 0c,(w j. u) — 0f(w. y)l
f  I 1 —  M' C |  V +  v / 4 c , ( l  —  VV’f )  +  V2 I 1

lo g --------- +  l o g -  +  lo g ------ v  lJ  I >;
(J  1 — Wj Ci  v +  ^ / 4 c ( l  — w  ) - f  v I J

we use inequality log 1 +  r <; z to bound the first two terms, and control 
the derivative o f a — log v -+■ ^Ja +  v2 for the last one.

Q  P roof o f  the theorem III .A. —  We show first that D^, is relatively 
compact. Let <pm be a sequence in D^,; because of property III. 3.  </) (<p")m«(v 
is uniformly integrable on [0, T ] x T. According to Dunford-Pettis’ 
theorem [9], there exists a subsequence that we still denote by (pm, such 
that ipm converges to som e <^®e L‘([0, T ] x T) in the weak topology  
o i V ( [ 0 ,T )  x T ) ;L - ( [0 ,T ]  x T)).

Since || <p" — <pj" || i ^  | (p?{x) | dsdx, uniform integrability shows
Ju.n * t

that (<pm) is equicontinuous on [0, T ] in the || . ||, norm, and then so it 
is in the metric p; B being r*-compact, Ascoli's theorem in the space 
(*«f( [0, T ]; B), p0T) yields the relative com pactness o f D lo.

Let <p be an accumulation point o f (<pm): we now show <p e  D^. Without 
loss o f  generality, we may suppose that <pm goes to q> in metric p0T, and 
that <pm goes to some <p® in weak topology otH1; L®).

For t <  T  and g e ^ ( T), we have

< g* <P, -  <Po > =  Km < g, <pT -  <Po >

=  l«m I <p”(x)g{x)dsdx
J(0.«J * T

- Í
<p?(x)g(x)dsdx,

[O.fl* T
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since l(0,,] x g e  L’ ifO. T]  x T). So q* satisfies to the differentiability 
condition (D) with =  ip*.

Let’s suppose I0t(<p) =  I <  o c . For t  >  0 , property I II .3 . a) yields some 
/ 6  L*  ̂[0, T ] x T) such that

I <pf ~  Hip, / ,  ^  I -  c. (9.1)
J(0.TJ * T L “ J

Because of the convergence of ipm to ip =  <p®, we have

lim ipmf  =  i p f .
"*“ *  J l O . T J x T  J ( 0 . - n * T

J cO.T] * T
We then study the convergence o f | F(<pm, f ,  x)dtdx.  The difficult
point concerns terms of the type

a(<pm) — a(<p) with =  c(î )»A exp fi(h -f- /  +  J •  \f/);

using Lebesgue’s theorem, it’s enough to show that bm 0
Jio.n * t

where bm =  (<p — q>m)c(<p)eeil'* f * ,*m\  cp? being uniformly bounded, we 
may suppose f i t , . )  to be a continuous function according to Lusin’s

rive f

f  bm — 0 .
J |0 .T ) « T

We have showed

theorem ; then we derive bm -* 0, and, together with Lebesgue’s theorem,

r
l»m j R? ipmf  ~  {(pm, f ,  jr)|«fofcr >  I -  c,

m " c o  JtO.T)* T L 2  J
so

lim Iot(<P’") ^  I — e .
m  —* oo

The case Io t(< P ) =  oo is impossible, because ( 9 . 1) would otherwise be true 
for all I, and the previous demonstration would conclude to I0 >  I. So we 
showed the first part of the result. Since IoT‘( [0, I©]) is closed, I0t  is a 1. s. c. 
function. O

0  At last, we prove the result III . 6 o f approximation by smooth tra
jectories: we first show that (3.8) is satisfied by som e trajectory <p staying 
far away from the boundary points — 1, +  1 ; then by a polygon in t variable,

Vol. 23. n” 2-I9K7.
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with vertices on the previous trajectory: to end. by a Iasi one which is further
more continuous on T.

Let cpT =  (Po +  ( l  -  ~  <?<>)- For ¿ =  1 ~  II <Po I!» » wc have

II <P? |U  ^  1 — — ; furthermore <pm -* <p and ipm =  ( l ---- — ip for all
m  \ m j

(t,x), one can notice that, for all (f, x ) such that <p,(x) =  tj e  { — 1, +  1 }, 

1 O " / 2c0 i>->] +  s / i  ( * W ) f  \Vm\, V~
V  lo g ------------------------ 1 ^ = 1 -------------------------  ~  — '° B- n 2 « P )

with the previous notation l o g a  =  — oo for a e R " ,  so that

^ ( v r .  <P?(x), x ) — <p,(x), x ) .

In order to apply Lebesgue’s theorem, we look for an upper bound of  
q>T(x), .r) using property III.3.c):  remark that, on { <pm ^  I — <5 }, 

<p — <Po 0 and 1 — q>m ^  1 — <p which is (t — x) a. s. non zero on the set 
{V’ > 0 }  =  {<p", > 0 } .  We then obtain the following bound, independent 
of m:

J f ivT ,  V?, x)

^  K(<5)^| ip j { log | | +  1 } + 1  4- E ^(w>0 1 — ¿<*«*<11 I <¿>1 log

<?«{- i.+ n ^
Property III .3 . b) and hypothesis I0t(<P) <  oo imply that the bound is 

integrable; then Iim IoT(<Pm) =  Iot(<P)- As <pm clearly goes to <p in metric p0T,
m-* oc

we can fix some m such that <pm satisfies to ( 3 .8).
We will prove further on the following

Lemma A. I .  —  Let x(/ satisfying to (D) and y >  0 with I07{i//) <  oo, 
sup || tf/, 11« ^  1 — y. For all subdivision S =  { io =  0 <  f x <  . . .  <  l to =  T  },
1ST

we define the polygon Is with vertices at points (tfc, ^ Ifc). >45 S becomes finer, 
I0T(/S) goes to IotOA) and Is goes to t¡f uniformly on (0 , T ] in || . ||, norm. 

Applying this to \J/ — <pm, we find a polygon I satisfying to ( 3 .8).
To end, we make / smoother in the x  variable, using a kernel ame ^ ( T ; R + ),

w ith supp ort conta ined  in — —, — and integral eq u al to  1 :
|_ m m j

Lemma A . 2. —  Let if/ satisfying to (D ) and y >  0 with Iot(<A) <  °o , 
sup  || *J/, IL  <  1 — y and \f/0 e  ^ (T ). Denote by *f/m the function

<J/7\x) —  tf/0 ( x )  +  a m *  ( i j / ,  — <it0 ) ( x ) .
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Then.asm — o —* *j/ uniformly on [0. T] in | | . Hi norm. I —* Iot(</0
and Ilm (sup || i/C ||x.) <, 1 -  y.

m - *  , S T

Wc apply this lemma to ^ =  /.and find some m such that ( 3 .8) is satisfied, 
and sup |j C  11« ^  1 — y/2 : we show in the proof of the lemma that "l?— am+lt,

1ST
which is a stepwise function on [0, T ]. with values in ^ (T ); so r e ^ P y 0, 
which ends the proof. □

□  We now' prove lemma A . 1 ; we will forget the index S in notation I5. 
I satisfies to (D), with

Jf =  ii!LU----- i l i ,  for r e l k =  ]ik, rt + , [, and sup || /, H* ^  1 -  y .
~  K «ST

Applying Jensen’s inequality to the convex function a —*■ Jf?(ltk, a %x) 
aocl fc> we derive

(i*+1 1, *U), *) ^  x)dt — a. s.

N U C L h A T I O N  K I R  A L O N G  RASCF. M A i i N E T U '  M O O E L  1 7 5

Next, we integrate this relation on T , and use property III .3.e)  with
y  =  x ‘. we obtain:

I i,(x), x)dx ^  I Jf(4/„tj/,(x),x)dtdx +  A k (9 .2)
JU* T J u x T

where

Ak =  J { ( l  +  | iA,(*)!X<MI</'. -  ' J M l  +
Ju * T +  ( l +  | (x) l [ I -  /,J  (a-)] +  c, (/>(*f. /.J 1} d td x .

Let’s denote r =  sup { || ij/, — ||t ; r e  I*., k' =  0, . . kQ — 1 } ; then 
|| /( — I)x ^  r if r e l t. Metric p  being dominated by | | . | |t norm and

M«»Ml being bounded from above by | f k+1 — ik | -1  \if/t(x )\dsdx ,  we 
see that *'u

A* <; c'(r) I (1 +  | | )dtdx +  K ,A ; (9 .3)
JU  * T

for some constant K y depending on y and

Ai =  I | «A, — /ik 11 <Ar \d tdx  +  (tk+ , — ik)_ 1 j | /, — /,J  | | dtdsdx .
J U * T J l„ * U * T

V o l .  23 .  n*  2 -1 9 R 7 .
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Recall lhat | /, — ltk |, 11¡/, — /lk | ^  2. For any C > 0 we have 

A£ <  4^Çr(it + , — /*) +  I •At I ®i|+,|> c:^^-vJ •

Combining this with (9 .2  and 3) we finally derive

IoT (/)£ loT («A )+ < .c(r)|l+  I |<À|Jt<fx | + 4 K r L  \ * \ d t d x  (9 .4)
L JlO.TJxT J  J(|*|>Cj

where e" c depends on y, C and goes to 0 with r. According to the remark 
after theorem III.4, r —► \pt is continuous in || . ||j norm; so I goes to if/ 
in<g( [0, T], LX(T))as the subdivision S becom es finer, and then theorem III .4  
implies lim Iot(0 St Iot(^)- O n the other hand, the integrability o f ¡¡/ and
(9.4) shows that lim IOt(0  ^  Iot(iA); so the lemma is proved. Q

□  At last we prove lemma A . 2:

1) N ote that || H* ^  || a" * «A. 11® + II <Ao — * «Ao II®. <Ao being conti
nuous, the last term converges to 0 ; the first one being less than 1 — y, we 
derive the last part o f the result.

In the following, we will suppose m large enough so that

sup || w  ||® < d  -  |  •
1ST 2

Notice that i//f =  ipQ ■+• a" * iff,ds. As o'" * i¡/s goes to i}/s in || . Hi norm
Jo r

for a. e. s e  [0 , TJ, the inequality ]| tp” — | | , ^  |a"  « 1̂ , - 1pt \dsdx
J(O.T) * T

shows that lim <A'"='A in <&([0, T]; L‘(T)); in particular, lim Io-r(*/r’") ^  lo-K'A)-
m -» a o  m — ao

2) First apply Jensen’s inequality to the probability o"(a- — y)dy:

oT • ¿,(x), x) ^  J  ar{y)JF W „ x)dy  for a. e. (f, x ) .

Com bining the relation

I ccm{y).)f(^„  tj/,(x -  y), x  — y)dydx =  f  tj/,(x), x)dx  ,
J T « T  J T

1 7 6  COMETS
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and the property III .3 . / )  we obtain for a. c. t :

.#**(»P7> i?) -  • # * * ( * , .  ¿ , )

J t  2 2

+  I <xm(ÿ){&:L[\ ^ t{x) -  ÿ,(x -  y) I ] +  C2( I y I ) }  ( I + 1 (À,(A- -  y) | )dxdy 
2 2 (9.5)

the first bound in (9.5) can be studied as we did in the proof of Lemma A . 1 : 
0¡fm)m. being convergent in L‘([0, T ] x T), is uniformly integrable on 
[0, T] x T; as for 11]/, — |, it is less than 2 and goes to 0 in space L‘(T). 

In order to use the same arguments for the last term of (9.5), we only

need to show that z  —► aT(x — z)\  tf/,{x) — \f/,(z) | dx  goes to 0 in Ll(T)

(we set z  =  x  — y). Denoting by & -Tÿ ,  : x  —» \¡/,(x — y ), we have

but translation operator is continuous in space L!(T), so this last term goes 
to 0. We then showed lim IoT(0m) ^  Iot(«A)* which ends the proof. Qm—ao

I wish to express my gratitude to Prof. G. Ruget for the intuition he gave 
me in mean-field models. I thank Prof. J. Bretagnolle and R. Azencott 
for useful conversations and suggestions during this work.
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O N  S E C O N D A R Y  B I F U R C A T I O N S  F O R  S O M E  N O N L I N E A R  
C O N V O L U T I O N  E Q U A T I O N S 1

F. COMETS, TH. EISELE AND M. SCHATZMAN

ABSTRACT. On the d-dimensional torus T d =  (R /Z )d, we study the nonlin
ear convolution equation

u(t) =  g{A * w * u(£)}, t €  T d, A > 0.

where * is the convolution on T d, w  is an integrable function which is not 
assumed to be even, and g is bounded, odd, increasing, and concave on R + .
A typical example is g =th.

For a general function w t we show by the standard theory of local bifur
cation that, if the eigenspace of the linearized problem is of dimension 2, a 
branch of solutions bifurcates at A =  (^'(OJtDfp))“ 1 from the zero solution, 
and we show that it can be extended to infinity.

For special simple forms of u/, we show that the first bifurcating branch has 
no secondary bifurcation, but the other branches can.

These results are related to the theory of spin models on T d in statistical 
mechanics, where they allow one to show the existence of a secondary phase 
transition of first order, and to some models of periodic structures in the brain 
in neurophysiology.

1 . Introduction. The aim of this paper is to analyse the branches of solutions 
of a nonlinear convolution equation on the d-dimensional torus T d =  (R /Z )^ . The  
equations are of the general form

(1.1) u(t ) =  g{Xw * u(¿)},

where t €  T d, A £  R + , * is the convolution operator, w  a given integrable function 
on T d, which is not assumed to be even, and g is a bounded, odd, increasing 
function, which is concave on R + . The positivity of A does not reduce the generality.

There is a large number of models where equations of the above kind appear, in 
particular within the theory of statistical mechanics and some mathematical models 
of biology. In statistical mechanics, (1.1) corresponds to the mean field equation 
of an interacting spin system (see [20, 2 ]). In the thermodynamical limit, the free 
energy ^>(/3) of the system is given by a variational principle

( 1.2 ) —/30(/3) =  sup (3 Í j  w ( t  — s ) u ( s ) u ( t )  d s  d t  — Í  i p ( u ( t ) ) d t  ,
ueL7(Td) J J  J T d

. (T¿)2
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where w(t — s) represents the interaction potential between a spin at site t and a 
spin at site s , w is assumed to be even, but not necessarily positive, and ip is the 
entropy function of the single spin distribution p:

(1.3) ifi(x) — sup jx y  -  In Jexp(yz)p(dz)  j

(see also §2). If uo is a (local) maximum of the variational problem (1.2), then the 
first Frechet derivative of 0F  — I  must vanish; i.e.,

(1.4) 0 F '(u o )  -  J'(tio) =  0, 

or equivalently,

(1.5) 0 w * u o(t) -tp(uo(f)) =  0

almost everywhere. This mean field equation is equivalent to (1.1) if we set i'p =  p-1 
and replace the inverse temperature 0  by the parameter A. The global maxima of
(1.2) correspond to equilibrium states, while local maxima represent metastable 
states. Both are stable solutions of (1.5) or (1.1) (see §6). Moreover, in the theory 
of nucleation (see [15, 23)), one is interested in solutions of (1.5) which are saddle 
points of the potential 0F  — I. They are unstable, or more precisely hyperbolic, 
solutions of (1.5) in the sense of dynamical systems.

Phase transitions of the spin system are nonanalytic changes of the global max
imum uq of the variational principle. They are in general linked with a bifurcation 
of the solutions of the mean field equation (1.5) and simultaneously with a change 
of the stability of the solutions of (1.5). In [2] it has been shown that there are 
primary stable bifurcations of the solutions of (1.1) not only for the nonzero con
stant solutions (Curie-Weiss model), but also for periodic solutions of (1.1), which 
appear in the antiferromagnetic case.

Beside these models, in which equation (1.1) appears literally, there are a number 
of models where one gets equations of a similar type. We like to refer especially 
to the spin-glass model of van Hemmen et al. [10], since in particular one studies 
there secondary phase transitions—corresponding to secondary bifurcations of (1.1) 
here—which establish the existence of so-called mixed phases. The similarity of 
the equations mentioned in this reference and (1.1) will become even more obvious 
after we have transformed (1.1) into the corresponding equations for the Fourier 
transforms in §2. The methods developed in this paper, and in particular those of 
the associated dynamical system (§8) allow one to understand better the results of 
[10].

Nonlinear evolution equations involving a convolution term appear also in some 
mathematical models of biological systems. We shall mention [0 , 1, 5, 6 , and 16], 
where further references are quoted, but let us give more details about the problems 
addressed in [16] because they are the closest to the ones we consider here.

The adult brain of higher organisms such as mammals displays a remarkable 
mixture of highly specific connectivity patterns with large amounts of randomness. 
The cortex is the external part of the brain; it is an envelope about 2 mm thick, 
with many folds. The visual cortex, which has been extensively studied, is located 
in the occipital region, and it receives indirect projections from the two retinae. The 
existence of ocular dominance stripes is among the striking organization patterns 
uncovered in the sixties: in the brain of adult animals, the cells are segregated into
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stripes which are sensitive either to left eye or to right eye stimuli; but this is not 
true in newborn animals.

It is a major problem to understand the rules which guide the formation of this 
circuitry during pre- and postnatal development. A theoretical explanation should 
show how microscopic mechanisms governing the growth and decay of synapses— 
the individual contacts between neurones—yield the observed macroscopic behav
ior. Models of development of ocular dominance stripes stipulate that growth of 
contacts at points x depends on the density of fibres or contacts not only at x, but 
in a neighborhood of x.

Two alternative types of mechanisms may be invoked. In the first, afferent fibres 
carry chemical markers which diffuse laterally within the cortical tissue; at point x 
in cortex, the rate of growth of synapses of a certain type—i.e., coming from either 
the left eye of the right eye—is governed by the similarity between the marker 
carried by the fibre, and the concentration of this marker at x [13]. In the second 
type of model, synaptic growth depends solely on short-term temporal correlations 
between pre- and postsynaptic activities: this is an application of the Hebb principle 
of synaptic modification [8]. According to this principle, the strength of connections 
between two cells grows proportionally to the correlation between the activities 
of the two cells. Activities in fibres of different origins—right and left eye—are 
assumed to be uncorrelated, and correlations or anticorrelations are carried through 
the cortex via a pre-existing circuitry [22].

It has been pointed out [18] that, in spite of different mechanisms, the two models 
are theoretically equivalent; both are conveniently summarized by an evolution 
equation with a spatial convolution term of a particular type: the central part 
of the convolution kernel is positive, the outer part negative. If the variable tt 
designates the difference between the density of left-eye and right-eye contacts, 
the evolution of u is described by the following equation [18], where w is a given 
convolution kernel depending only on space and * is the spatial convolution:

(1.6) du/dt =  (w *u) ■ f(u).

The nonlinearity /  serves to express a saturation or constraint; a modification of this 
equation, which has the advantage of exhibiting better the effect of the constraints, 
if for instance there is a physically maximal density of contacts, is

(1.7) du/dt =  w  * u  —  h(u),

where h is an increasing function of u, which can be taken multivalued if sharp 
constraints are desired. We would like to study the behavior of (1.6) and (1.7), as 
time increases infinitely.

It is shown in [16] that the nontrivial stable solutions of (1.6) when f(u) = 1— u 2 

satisfy, under a suitable functional hypothesis on w,

(1.8) u = sgn(u> * u),

and that the nontrivial stable stationary solutions of (1.7) satisfy

(1.9) h(u) =  w  * u.

Clearly, if g is the reciprocal of the signum function, which means that, in (1.7), u  
is constrained to stay between —1 and + 1, problems (1.8) and (1.9) are identical.

SECONDARY BIFURCATIONS FOR CONVOLUTION EQUATIONS 663
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If we write (1.9) as

(1.10) u =  h ~ 1(w * u),

it is natural to imbed (1.10) in a family of similar problems depending on a pa
rameter u = h~ 1 (Xw * u), which is precisely problem (1.1) considered above in a 
statistical physics setting. If, in particular, we take g =  h~x =  th as in (2.10), we 
obtain

(1.11) u =  th(Atu * u).

Observe that as A goes to infinity, problem (1.11) resembles more and more problem
(1.8). We expect to gain some understanding of problems (1.6) and (1.7) through 
a careful study of the set of their stable stationary solutions, which are the main 
candidates to be asymptotic states of (1.6) and (1.7) as time grows infinitely. Thus 
we are interested in a rather complete description of all solutions of (1.1), at least 
for some natural choices of the function w.

This paper contains
(a) The proof that if A € (0, ( (̂OJItuKO))-1 ), the only solution of (1.1) is zero. 

Here and below, f (p )  = f Td f ( t )  exp{—2iript} dt  denotes the Fourier coefficient of 
the function /  on T d, p  € Zd.

(b) A description of the primary bifurcation picture. Assuming w(p)  real and 
w(q)  ^ w(p)  for all q ^ ±p, we obtain in some cases a branch starting at Ap =  
(g'(0)ti(p))_l and extending to infinity. We do not presently cover the cases when 
w has symmetries in T d, d > 1, i.e., w{p)  =  w(q)  for some q ^ ±p, because this 
would lead to bifurcation kernels of dimension larger than 2.

(c) A description of secondary bifurcations for some special choices of w. More 
precisely, if we assume that

(1.12) w (t)  =  acos(2n p t)  + /?cos(27r qt)  +  wq (£) 

with a, ¡3 > 0

two(r) = 0 for r €  [(2Z -I- l)p -I- 2ZqJ U [2Zp+ (2Z + 1)<?]» 

and p, q satisfying either the noncollinearity condition

(1.13) p  = 0 q or (pp)(<7<?) -  (pq)2 > 0, 

or in the collinear case, the arithmetic condition

(1.14) q £  (2Z +  l)p  and p <£ (2Z +  l ) q y '

then we are able to give a rather complete picture of the secondary bifurcations in 
Theorems 5 and 1. In particular, no second bifurcation from the first-appearing 
branch occurs, but some may occur from the second branch. This secondary bifur
cation is connected with an exchange in the stability of the primary branch. In the 
noncollinear case, this branch is unstable, or more precisely hyperbolic (see §8 for 
the definition), until the appearance of the secondary bifurcation, but it is stable  
after the occurrence of the secondary bifurcation. The solutions on the secondary 
branch are, in general, hyperbolic.

In an example we show that the mentioned exchange in stability on the second 
of the primary branches, which goes together with the secondary bifurcation, is
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of physical relevance in some models of statistical mechanics. It gives rise to a 
secondary phase transition of first order, where the equilibrium state jumps from 
the first primary branch to another stable solution.

The stability analysis of the different branches is done by reducing the prob
lem to a finite-dimensional one on the Fourier coefficients u (dtp) and u(±<?) and 
by studying the geometric properties of an associated mapping. When the non- 
collinearity condition (1.13) holds, the set of solutions can be completely described. 
Moreover, in this case we characterize the fixed points as stable, hyperbolic, or 
totally unstable.

Of course, these results depend heavily on the oddness of g. Small perturbations 
from this condition would lead to nonconnected manifolds of solutions, which show 
turning points and so-called two-sided bifurcations. They appear, for example, in 
the spin model of the beginning of this section if there exists an additional external 
magnetic field h =  /i(s).

Also higher-dimensional spin variables may be treated similarly: for example, 
X-Y  spins or Heisenberg spins with values in S2. Their mean field equations have 
the form of systems of nonlinear convolution equations. However, these generaliza
tions will not be discussed in this paper.

2. General assumptions and preliminary results. Let Td = (R/Z)d be 
the d-dimensional torus. By dt we denote the Lebesgue measure on T d. We are 
concerned with the nonlinear convolution equation

(2.1) u(i) = g { \ - w * u ( t ) } ,  t e  T d,

where A € R+ = [0, +oo). Here, for a given Lebesgue-integrable function w on T d, 
we define the convolution operator

(2.2) w * u ( t ) =  f  w(t  — s)u(s) ds,
J Td

and we assume g : R  —► R  to be an odd, increasing, bounded function which is

(2.3) concave on [0, oo).

Here and in the rest of the paper, we understand increasing, decreasing, etc., in 
the weak sense of nondecreasing, nonincreasing, etc., respectively, and similarly for 
concave. Otherwise, we say strictly increasing, strictly decreasing, strictly concave, 
etc. Of course, we exclude the trivial cases g =  0 or w  =  0 .

REMARK. In principle, there is no restriction in having A >  0 instead of A G R , 
since the pair ( —A,tt;) gives the same equation (2.1) as the pair (A, —w).  However, 
the formulation of the theorems is much simplified by considering only A £  R + .

In the examples from statistical mechanics, the interaction potential is given by 
the function w , and a thermodynamical state u  on T d has internal energy

1 I f
(2.4) E  =  ~ ( u , w  * u )  =  -  I u ( t )  • w  * u ( t )  d t .

2 2 Jr̂ d

On the other hand, the nonlinear function g reflects in some sense the entropy of 
the system. To be more precise, let us recall (see [1 2 , 2 ], e.g.) the definition of the 
«^-function for a measure p:

(2.5) <t>p(x) =  In / exp (xy)p(dy).
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The entropy function ip of p can then be calculated as the Legendre transformation 
of <t>p:

(2.6) ip{y) =  sup{xy -  ¿p(x)}.
X

Now, g is the derivative of the function <j>p or, equivalently, by (2.6), the inverse 
function of the derivative of the entropy ip:

(2-7) g(x) =  <t>'p(x) =  (t'p)_ 1(s)-

In examples with Ising spins, we have

(2.8) po =  (5+i +  S - i ) / 2  

such that

(2.9) <t>p0(x) =  lncosh(x), 

and

(2.10) g0(x) -  4>'p<i(x) =  th(*).

Obviously, go satisfies the desired properties (2.3). It is even real analytic on R and 
strictly concave on (0, oo). In general, the concavity condition for g is tantamount 
to the GHS-inequality for the measure p (see [4, 2]).

For a one-dimensional problem and in connection with a quadratic internal en
ergy, this inequality guarantees that there is exactly one higher-order phase tran
sition for the equilibrium state (see also [3], in particular the remark at the end of 
§5)-

We note some simple consequences from our assumptions on g : g being odd, we 
have

(2.11) ff(0) =  0.

Because g does not vanish identically and is concave on R +, we find for x ^ 0 that

(2.12) 9 (x)/x  is strictly positive and decreasing with respect to |x|. 

Therefore,

(2.13) a'iO) := l i m ^  > 0
|*|—*0 I

exists and is positive. Until §4 inclusively, we allow g'(0) =  + 00. Set

(2.14) 7 =  lim g(x) €  (0,oo).
x—* -f-00

By the concavity condition, g is necessarily continuous on R \(0}, possibly with two 
symmetric jumps at zero. Finally, we set

(2.15) g'(x) =  lim sup ^ > 0,
¡«1-0 ^

and

(2.16) S'(x) = lim inf g(* +  S> ~ 9<X> > 0.
¡e|—0 £
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g' and g' axe symmetric, decreasing in |x|, and

(2.17) ff'(0) =  g,(0)=£'(0).

We mention in particular, that if g is strictly concave on (0, oo) then

(2.18) g'(x) -  g'(x') < 0 and g'(x) -  g'(x') < 0

for all x, x' € R with |x'| < x.
We study naturally our equation (2.1) by considering the Fourier coefficients of 

u: For p €  Zd let

(2.19) u(p) =  J  u(i) exp(—2irip ■ t) dt.

The inverse transformation is given by Parseval’s formula

(2.20) u(t) = u(p) exp(27rtp • i).
p€ z*

Here and in the sequel the equality is understood in the sense of L^(Td). Since u 
and w axe real functions on T d, we have
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(2.24) û(p) =

(2.21) «(-P) =  û(p) and w(-p)  =  w(p)\ 

in particular,

(2.22) û(0) €  R  and tû(0) € R.

By the convolution rule ttf*u{p) — w(p)û(p), (2.1) can now be rewritten as

(2.23) u(t) = g J A ^  û>(<7)û(?) exp(27rtçi) I , t e  T d,
{ J

or

9 ì A 5Z û(v)û(v) exP(27riqt) > (p)
I -jez“ J .

for all p € Zd.
DEFINITION. We say that a solution u of (2.1) is p-atable, p € Zdt if

(2.25) A|u»(p)| J  g' {Aiu * u(f)} dt < 1.

It is called p-unstable or critical if

(2.26) AJtw(p)| y*g' {Xtv * u (0) dt > 1.

We conclude this section with some simple results about solutions of (2.1):
(i) Set

(2.27) G(A,ti) =  u — <7{Au; * u}.

Then

(2.28) G(A,0) =  0 for all A,
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since (2.1) has always the trivial solution u = 0. If <7'(0) < +oo, the linearized 
operator at u =  0 is given by

(2.29) DUG(A,0) • v =  v — '̂(OjAtu * v

with v €  L2 (Td). The operator v —► w * v is compact in £,2(Td), so that the 
spectrum of DuG(A,0) is

(2.30) spDuG(X, 0) =  {1} U (J  {1 -  g'(0)\w(p)}-
p €  Z *

Therefore by the implicit function theorem, there is no bifurcation for A not in

(2.31) ^ ^ {(^ (O lw fp ))'1, p e  Zd with w(p) 0}.

(ii) There are two kinds of invariance for the set of solutions of (2.1): First, (2.1) 
is translation invariant; i.e., if u is a solution of (2.1), then so is

(2.32) u,(f) =  u(t +  s) 

for all s €  T d, since

(2.33) G{A, ua)(t) = G{u, A){t +  s).

Recall that

(2.34) «7(p) =  u(p)exp{27Ti'p3}.

Second, if u is a solution of (2.1), so is —u, since

(2.35) G(A,-u) =  -G(A,tz).

Theorem  1. (i) Let j'(0) < CO and A €  (0, (ff'(0) • IM Il1)-1 )- Then (2.1) has 
only the trivial solution u = 0.

(ii) Let ty(0) > 0 and

(2 36) An =  i  0 & g'(°)  =  + ° ° ’
* * ' 1 1 otherwise.

A t Xq a branch of constant nontrivial solutions u \  =  ±u ,\(0) bifurcates from the 
trivial solution, where u \ (0 )  =  ¿ (0 ) >  0 ¿5 the unique positive solution of

(2.37) ¿ (0 ) =  0{Ati(O)ti(O)}, A 6  (A0, 4-co).

I f  moreover , w >  0, then this branch does not have secondary bifurcations.

PROOF, (i) g being odd, we have for any solution u,

sup|u(£)| = supg{A|u/ * u(0l} < 9 j'MMli,1 su p |u (i) || ,

which for A <  (9'(0 )||tx;||^i) " 1 implies sup£ |u(i)| =  0.
(ii) The first assertion of (ii) is well known (see, e.g., [2 , Appendix B],). If 

w  >  0, w  ^  0, then w(p)  <  ti)(0) for all p €  Zd — {0}. If g is differentiable on 
(0 , +oo), the spectrum of the linearization at u \  =  u(0),

D uG(Xy ¿ (0 ))u — v — Ag'{AiZ)(0)ti(0 )}ii; * v,
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consists of the values 1 and 1 — Aty(p)3/ {AtD(0)u(0)}, p 6  Z d. But

(2.38) Au>(p)g'{Aiu(0)u(0),} <  Au>(0)ff'{Atu(0)u(0)} =  -^-g{Axtu(0)}|I = i (O) <  1

and the branch u =  irit(O) cannot have a secondary bifurcation. For a general 
function g, a simple approximation by a sm ooth function g shows that there are no 
secondary bifurcations on ±tx(0) for g either. □

REMARK. Let again iu(0) >  0. We axe interested in the behavior of u \  (0) for 
A \  Aq. Assume first that g is linear in some interval [—a, + a ] , 0 <  a  <  +oo; i.e.

(2.39) g{x)  =  g'{0)x, 0 <  g'(0) <  + oo ,

for x G [—o:, + a ] . O f course, we suppose a  to be maximal with this property. Then  
at A =  Ao =  (g'(0)ti)(0))_1 we have in addition to (2.37) the constant solutions (see 
Figure 1)

(2.40) u \ 0 =  x  with x  6  [—a, 4-a].

Conversely, if g is not linear in a neighborhood of 0, then the concavity of g implies 
that either

Ao =  0 and then g{Aoti’(0)x} =  0 for all x,

or
Ao >  0, and then 0 <  <7;(0 ) <  +oo

and

(2.41) <7{Aot«(0)x} <  <7'(0)Aoti>(0)x =  x for all x 6  (0, oo).

In both cases there are no nontrivial constant solutions at Ao- This shows that 
we have, in addition to Theorem l(ii) , nontrivial constant solutions of (2.1) if and 
only if g is linear in a neighborhood of 0. (2.37) and (2.40) are the only nontrivial 
constant solutions of (2.1).

We set the maximal a  from (2.39) equal to 0 if g is not linear in a neighborhood 
of zero. It is then easy to see that

(2.42) lim ¿ A(0) =  lim g(x).
A\,Ao x\,a

In particular, if g is continuous at 0, but not linear in a neighborhood of 0, then

(2.43) lim wa(0) =  0,
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and graphically the nontrivial constant solutions branch indeed from the trivial 
solution.

Finally, we note some simple properties of the function A —» «a(0) if i&(0) > 0. 
For A € (Ao, +oo) we set

(2.44) 0o(A, x ) =  ff{At£»(0)i} 

and

(2.45) <9</>o(A,x) =  At&iOjg'iAt&iOjz}.

On (Ao,+co) the function A —* ¿ a(0) =  (£o(A,ûa(0)) is continuous and increasing 
with

(2.46) lim Ûa(0) = 7 ,
A—*4*00

where 7 stems from (2.14). The solution u\ =  ±ûa(0) is O-stable since

(2.47) 0 < ^ o(A,ûa( 0 ) ) <  1.

Moreover,

(2.48) lim <90o(A,ûa(O)) =  0.
À—*-f OO

To see the last‘equality, we fix 0 < î  < 7 and Â > Ao with tto(^) > x by (2.46). 
The concavity of g on R + shows for A > Â that

(2.49) 0 < <9<£o(A,ûa(0)) < (g{Xw(0)û\(0)} -  s{Aw(0)x})/(ua(0) -  x).

By (2.14) the right side of (2.47) goes to zero as A —* + 00.

3. Some invariance results for the Fourier coefficients. In this section, 
we show that the conditions on g imply the existence of classes of functions u, 
characterized by their Fourier coefficients, which are invariant under the operation 
u —* g{Xw * u}. Therefore, solutions of (2.1) can be studied independently in each 
of these classes.

Let us define, for p €  Zd and A C Z,

(3.1) Ap =  {kp, k €  A).

PROPOSITION 1. Let p,q & Zd and m be an integrable function on T d. Then 
(i)

(3.2) m (r)  = 0 for all r £ Zp 

if and only if

(3.3) m(- + s) = m(-) for all s 6  T d with p • s =  0 mod 1.

(»)

(3.4) râ(r) =  0 for all r £  (2Z + 1 )p 

if and only if

(3.5) m(- + s) =  —m(-) for all s €  T d with p ■ 3 =  5 mod 1.

(iii) Assume that p 0 and q ^ 0 are not collinear, i.e.,

(3 6) (pp)(<?<7) -  (pq)2 > 0.
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Then

(3.7) m(r) = 0 for all r <£ ((2Z +  l)p + 2Zq\ U [2Zp + (2Z + l)g] 

if and only if

(3.8) m(- +  s) =  m(-) for all s G Td with ps mod 1 =  qs mod 1 =  5 .

(iv) Assume that p,q €  Zd\{0} are collinear, i.e.,

(3.9) nip =  n 2 q  #  0

for some n i,n 2 € Z \{0} with gcd(ni,n2 ) =  1. Here, gcd denotes the greatest 
common divisor. Set tq = p/n2 =  q/n\. Then tq 6  Zd, and

(3.10) |(2Z + l)p + 2Zq\ U [22p + (22 +  1),] =  { +  ^  ^  

Now, if ni • n2 is odd, then

(3.7) is equivalent to (3.8).

But if ni • «2 is even, then (3.7) is equivalent to

(3.11) m(- +  a) = m(-) for all s G T d with ps mod 1 =  qs mod 1 = 0.

PROOF, (i) (3.2) and (2.20) imply (3.3) immediately. Conversely, by (3.3) and
(2.34), we get for all 3 G T4 with ps = 0 mod 1 and r G Zd that

(3.12) m(r)[exp{27ri‘rs} — 1] =  0.

Let r = (ri , . . . ,  r )̂ with rn(r) ^ 0. Then

(3.13) r • s = 0 mod 1 for all s G T d with ps =  0 mod 1.

Considering, in particular, s =  (0, . . . ,  0, . . . ) ,  we have r^Sk G Z for all Sk with 
PkSk G Z, which can only hold if r* =  n̂ p/c for some n* G Z. Moreover, if ti* ^ n/ 
for k I and Pk,Pi #  0, we take s = (0, . . . ,  Sk, . . . ,  sj, 0, . . . )  with Sk = \{nk — ni)Pk 
and si =  — ̂ (rife — ni)pi, which satisfies ps =  0 but rs =  We have a contradiction 
to (3.13). Therefore, njt = nj and r G Zp.

(ii) Obviously, if (3.4) is satisfied, then so is (3.5).
Let (3.5) hold. Then (3.3) holds also, and we get m(r) =  0 for all r £ Zp. But if 

r =  2np ^ 0 with n G Z, we take s =  (0, . . . ,  l/2pk, 0, . . . )  for some k with pk ^ 0, 
such that ps = 5 . By (3.5)

0 = 7h(r)[exp{27rzrs} + 1) = m(r)2,

which shows m(r) = 0. Thus (3.4) holds.
(iii) Evidently, (3.8) follows from (3.7). Conversely, assume (3.8). First, one 

checks that the set of all s satisfying ps = qs =  \  mod 1 is given by

(3.14) s =  ±{(pp)(qq) -  (pq)2) - 1

x (p[(2A: + 1 )(qq) -  (21 + l)(p^)] + q{(2l + l)(pp) -  (2A; + l)(p<7)]} +  a

with fc,/ G Z and (sp) = (sq) = 0. (3.8) says that if m(r) ^ 0 then r ■ s = |  mod 1 
for all 3 from (3.14). Setting r = ap 4- 0q + f  with fp = rq = 0, we find for all such 
s that

rs =  ~[a(2A: + 1) + (3(21 +  1)] + fS =  ̂ mod 1

i f  n i * 7i2 even,
i f  n i • 7i2 odd.
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for all k, l G Z and all s. Hence, f  — 0 and

(3.15) ( a ,0 )  E l(2Z +  1) x 2Z] U [2Z x  (2Z 4- 1)],

which is r Ç ((2Z -I- l)p  -I- 2Zç] U [2Zp 4- (2Z 4- l)ç].
(iv) Since gcd (n i,r i2) =  1, there exists k i , k 2 €  Z with

(3.16) k in i  4- kir i i  =  1.

Therefore

(3.17) k iq  +  k ïp  =  r0 €  Z d.

Now if n i and n2 are odd, then

(3.18) /iJîj 4“ ¿2^2 G (2Z +  1) iff (¿i, I2 ) G [(2Z +  1) x  2 Z] U [2Z x  (2Z +  1)],

which by h q  4- h p  =  (¿ini 4- h n ^ r o  shows (3.10) for n x • 712 odd. On the other 
hand, if n i • n-i is even— i.e., ( n i , n 2) €  [(2Z +  1) x  2Z] U [2Z x  (2Z 4- 1)]— then

h q  +  h p  =  { h  +  n 2)q  4 -  (¿2 -  n x ) p  =  ( / i n i  -I- / 2 n 2 ) r 0

shows

(3.19) [(2Z 4" l)p  4" 2Zq] U [2Zp 4- (2Z 4" 1)9] =  Zp 4" Zq  =  Zro*

Now, let 7ii • ri2 be odd. Then, since (¿ 1,^ 2) £  [(2Z -I-1) x  2Z] U (2Z x  (2Z -I-1)] by
(3.18),

ps =  qs  =  5 mod 1 iff ros =  5 mod 1, 

and (ii) shows the equivalence of (3.7) and (3.8). It is clear that 

ps =  qs =  0 mod 1 iff tq s  =  0 mod 1.

If n i  ■ n-2 is even, then (3.19) and (i) show that (3.7) and (3.11) are equivalent. □  
DEFINITION. We denote by ?p, 7p and 7pq the sets of integrable functions on T d 

which satisfy (3.2), (3.4), and (3.7) respectively.
We note some immediate consequences of the proposition:

COROLLARY. If w  Ç ?p, w  Ç: 7p , or w  €  7pq for noncollinear p  and q, then all 
solutions of  (2.1) are in 7P, 7p , and ?pq, respectively.

Remark. For p e  Zd\ { 0 }  set

(3.20) wp{t) =  w (r)  exp{2 ir ir t} .
r £ ( 2 Z + l  ) p \ { ± p }

If w =  w p, i.e., if

(3.21) w(r) =  0 for all r € (2Z 4 - l)p \{4-p , —p}, 

then any function u G is a solution of (2 .1) if and only if

(3.22) u(í) =  ^ | a  w (r)ú (r )  exp(27n>£)| .

Of course, the last statement also holds trivially for p =  0 . 7q =  7¿ consists only of 
constant functions, and u =  û(0 ) is a solution of (2 . 1) if and only if û(0 ) satisfies

(3.23) û(0) =  g { \w (0 ) û ( 0 ) } .
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Similarly, for p, q €  Zd, p  ^  q ^  0, we set

(3.24) wpq =  ^  ^ ( r) exp{27nr£)
r=±p,±<j

+  w (r )e x p {2 ir ir t } .
rg ( (2 Z+l)p+2Z <?ju(2Z p+(2Z +l)<j]

If w  — w pq, i.e., if

(3.25) u>(r) = 0  for all r €  ([(2Z +  l)p  +  2Zq] U (2Zp +  (2Z 4- l )g ] ) \ (± p ,  ± ? } ,  

then any function u G fpq is a solution of (2 .1) if and only if
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u(t) =  g j A
I r = ± p ,d

(3.26) u(t) =  g {  A w (r)û (r)  exp(27xirt) > .
r—±p,±q J

The simple forms of (3.22), (3.23), and (3.26) lead to the following definitions. 
DEFINITION. A function u £  Tp is called a p-primary  solution, p G Zd, if

(3.27) û(p) 0 

and

(3.28) u(t) =  g{Xwp * u(£)}

with w p from (3.20). u £  7pq is called a (p,q)-secondary  solution if

(3.29) n(p) #  0, û(q) ±  0, 

and
u(t)  =  g{Xwpq * tz(£)}

with w pq from (3.24).
Note in particular that p-primary solutions and (p, ^-secondary solutions are, 

in general, not solutions of (2. 1) unless w  =  w p t w  =  w pqi respectively, p-primary 
solutions and (p, ç)-secondary solutions are nontrivial by definition. Only for p =  0 , 
the 0-primary solutions are always the nontrivial constant solutions of (2 . 1), which 
are treated in Theorem 1.

For p ^ O w e  investigate p-primary solutions in the next section, (p, <7)-secondary 
solutions are studied in §§5 and 7.

4. P r im a r y  s o lu t io n s .  For p €  Zd\ { 0 }  we shall study the existence of (non
trivial) p-primary solutions in i.e., solutions of (3.28). This means implicitly 
that we assume w  =  w p with w p from (3.20) or that (3.21) holds. Let us define 
(assuming for a moment that g is a function on C)

(4.1) $ P(A , 2p ,z _ p) =  j  ̂ | a  Y2 w (q )z g exp{27n'gi} |  e x p { — 27npi} dt,

(4.2) 4>p(A, z)  =  R e $ p(A, 2 , z)

=  J  g {X 2 R e(w (p )zex p (2 ir ip t) )}  cos{2npt) dt,
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and its ‘formal’ symmetric derivative

(4.3) d<t>p( \ ,z )  =  i(d Sp$ p 4-â*_pO_p)(À,z,z)

= AReiîr(p) J  g'{\2Re(w(p)zexp(2iript))} dt.

Note that even if w(p) = w(—p) € R and z =  z €  R,

(4.4) d<j>p(\ ,z )  #  j <̂t>p( \ ,z )

=  A vb(p) I  g' {\w(p)z2 cos(27rpi)}2 cos2(27rpt) dt.

The following result is generalized in §5.

THEOREM 2. If  Im w(p) 0, then there do not exist p-primary solutions in 7p.

REMARK. We know already from (2.31) that the condition of Theorem 2 is 
necessary for local bifurcations from zero. The theorem and its generalization in 
§5 is more interesting as a gobal result. It has nothing to do with our restriction to 
A € R+: If Imu>(p) ^  0, then there axe no p-primary solutions even for all A € R. 
However, the restriction to A € R+ makes it necessary to have w(p) > 0, since we 
must have Atb(p) > 0 for the existence of p-primary solutions, as can be seen from
(3.22).

In this context we want to mention that in [2] the assumptions of Theorems 
1.2 and 2.3 have been formulated somewhat sloppily. Instead of simply supposing 
v ^  0, we must demand t/ > 0, as in the proof there (see also {2, p. 336]). Thus, we 
get the following assumptions for the existence of p-primary solutions in 7p with 
A £ R+ .

Theorem  3. For p e Zd\{0} let

(4.5) 0 < w(p) € R and w(r) =  0 for all r £ (2Z -I- l)p\{+p, — p}.

Define

U&\ A -  i  0 if 5'(0) =  +0° ’
1 P _ l ( s , (0)t&(p) ) - 1 ifO < ^ (0) < +oo.

With exceptions for  A =  Ap, the functions

(4.7) tip(A,i) = ÿ{Aû>(p)|û.v(p)|2cos(27rp(t +  s))>,

A € (Ap,-l-oo), s € T d, are the only p-primary solutions of (2.1), where |u(p)| =  
¡-¿a(p)| > 0 is the unique positive solution of

(4.8) |û(p)| = I g{Xw{p)\û(p)\2 cos(27rpi)} cos(23rpi) dt.

A —► |û(p)| is continuous and increasing on (Ap, + 00) with

(4.9) lim |û(p)| =
A^oo 7r

The p-prim ary solutions  (4.7) are p-stable; we even have

(4.10) d<t>p(\,  |û(p)|) € (5 , 1), A € (Ap, + 00),

674 F. CO M ETS, TH. EISELE AND M. SCHATZMAN
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and

(4.11) lim 30p (A ,|u (p )|)  =
A —* oo

REMARK. At A =  Ap there are (nontrivial) p-primary solutions if and only if g 
is linear on some interval [—a,  + a ] ,  with a  maximal (see (2.39)). If the latter is the 
case, all p-primary solutions at A =  Ap are of the form

(4.12) Up(Ap, i) =  y2cos(27rp(i +  s))

with y  €  (0, a /2 ] ,  s  €  T d.
PROOF. For z  >  0 the function <£P(A,-) is positive and concave. Excluding  

the case A =  Ap, treated in the remark, there exists a unique positive fixed point 
|u(p)| of 4>p{A, •) if and only if A<7'(0 )u>(p) >  1, or, equivalently, if A >  Ap. |u(p)| is 
increasing in A.

(4.9) is evident. Obviously, (4.7) is a p-primary solution. Conversely, if v  is 
any p-primary solution at A with v(p) ^  0, then |u(p)| is a positive fixed point of 
<£P(A,-). Excluding A =  Ap, we must have A >  Ap and |t)(p)| =  |u(p)| such that v 
has the form (4.7). To prove (4.10), we first show

(4.13) Aty(p) j  g'{Aty(p)|ti(p)j2cos(27rpi)}sin2(27rpi) dt =

For this purpose we approximate g uniformly by a differentiable function g with  
the same properties as g. Assuming without loss o f generality that pi 7  ̂ 0, we get 
by partial integration that

(4.14) AtD(p) f  g'{Aio(p)|u(p)j2cos(27rpi)}sin2(27rpi) dt
J t d

=  ~  f  [?{• • •} sin(27rpi)/2|u(p)|27rpi]tji£ d ( t 2, . . . ,  t d)
J T d - \

The argument of the {• • •} is always the same as in the first line. Since the second 
term in (4.14) vanishes and the last term tends to 5 as g tends to g, (4.13) is proved. 
Now the concavity of <j>p( \ , z )  for z  >  0 yields, with (4.4),

(4.15) 5^p(A,|i(p)|) = |  (1 +  J U p (A , | i (p ) |) )  e  ( » , , )  ,

which is (4.10). For (4.11) we have to show by the last equality that

(4.16) lim ¿</>P(A, |u(p)|) =  0.
A—oo OZ

Fix zq E ( 0 ,27 / 71“) such that? by (4.9), |ti(p)| >  zq for all sufficiently large A. The  
concavity of <f>p{A, z)  for z  >  0 implies

(4.17) 0 <  J U p(A, |u(p) |)

^  y"[i?{^^(p)l^(p)|2cos(27rpi)} -  g{\w(p)zc,2  cos(27rp£)}]

x  cos(27rpt) dt/ ( \u{p)\  — zq) —»0 for A —► oo.

This shows (4.16), and the proof is complete. □

1
2\ù{p)\ H • •

jrpt) dt.
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5. Secondary bifurcations for p, q noncollinear. For the rest of the paper 
we assume that
(5.1) 0 < g'(0) < +oo, 
and
(5.2) g is strictly concave on (0, +oo).

This does not allow g to be linear or constant on some interval. In particular, g is 
strictly increasing. For convenience we suppose, moreover, that g is differentiable 
on R, though this condition is not really necessary and can be overcome by approx
imating g suitably (see the proof of Theorem 4 for such am approximation). We 
study the following problem: In which cases do there exist secondary bifurcating 
branches of solutions from branches of primary solutions? We restrict this prob
lem to the investigation of (p, q)-secondary solutions. Moreover, we assume in this 
section that p, q €  Zd are noncollinear in the sense that

(5.3) either p =  0 ^ q or (pp)(qq) -  (pq)2 > 0-
Secondary bifurcations for collinear p, q #  0 are studied in §7.

In the following theorems the formulas for (0, g)-secondary solutions, q 0, and 
for (p, ç)-secondary solutions, p, q 6 Zd\{0} noncollinear, sure different. The proofs, 
however, follow the same lines. If necessary, we use square brackets containing two 
lines, the first of which corresponds to p =  0 and the second to p ^  0; for example,

(5.4) 2  * (r )e x p {2 « r i}=  ” exp{2, ipi})

We prove the following generalization of Theorem 2.

THEOREM 4. Letp,q €  Zd satisfy (5.3), let (3.25) hold andw(p) ^ 0, w(q) 0. 
There exist (p,q)-secondary solutions only if

(5.5) Imti(p) =  0, Imti>(<7) =  0, and w(p) > 0, tv(q) > 0.
PROOF. Let v be a (p, g)-secondary solution. By assumption (5.3) we can find 

s € T d with

(5.6)

(5.7)

s arbitrary

2irsp = — arg(t/>(p)û(p))

After a rotation  o f u by s, we have

HO)
>(p)|2 cos(27rpi)va (t) = 9

i  [û;(0)û(< 
| [ N p ) i (

27rsq =  —arg(tv(q)v(q))-

-I- A|ü>(ç)î)(g)|2cos(27rçt)

such that vs is even and therefore vs(p) € R \{0} and v3(q) €  R \{0}. Since v3 is a 
(p, g)-secondary solution, too, and g is invertible as a strictly increasing function, 
we find for all t G T d that

w(0)ô3(0)
v3(p)2 Re(û?(p) exp(27ript)) 

w ( 0 ) v ( 0 )

|u>(p)0(p)|2 cos(27rp£) 

and therefore w(p) € R, w(q) € R.

+  v3(q)2 Re(w(q) exp(2iriqt))

+  |tî)((7)û(ç)|2cos(27rg£),

w
2 te(tí>(p
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We know by P roposition  l ( i i )  that

6 7 7

|At£>(p)t)3(p)
1

(g)= 0

and

Therefore

0 v3(p)

2cos(27rpi)

[ÿ{Aû;(9)t)3(9)2 cos(27r<7f)}]A (p) =  0.

f
g { Xw(p)vs(p)

1

2 c o s ( 27rp i)

(5.8) +  Xw(q)va(q)2 cos(27rg£)

— g {Xw(q )v3(q)2 cos(2-n:qt)} I cos(2irpt) dt,

0:

I
'(P)

1

2cos(27rp£)

(5.9) + \ w ( q ) v 3(q)2 c o s ( 27tqt)

- g {  * w (p ) v s (p )
l

2  c o s ( 2 t xpi)
cos(27rgi) dt.

B ut both  equations can on ly  hold if Aw(p)  >  0 and Aw(q) >  0. B y our restriction  
to A >  0 we find the  second part o f  assertion (5.5). □

If we now assum e (5.5) in addition to (3 .18), we know by T heorem s 1 and 3 
that on (m ax(A p, Xq), -f oo) we have both  p-primary and ^-primary solutions. On  
secondary bifurcations we get the following result, which will be  proved at the end  
o f  §8. B y  |u(p)| =  |£a(p )| d enote  the unique positive solution  o f  (4 .8), and
(2.37), respectively, on (Ap,-fo o ) .

T H E O R E M  5 .  Let p ,q  G Zd satisfy (5 .3), and let (3.25) hold with w(p) >  
0, tt>(<?) > 0.

(i) If   ̂ >  U)(q) f  w{p) >  0, then in Jpq there is no secondary bifurcation on the 
branch of p-primary solutions or on the branch of q-primary solutions.

(ii) If  1 >  w(q)/w(p)  >  then in 7pq there is no secondary bifurcation on the 
p-primary branch, but on the q-primary branch there occurs a secondary bifurcation 
of a branch of [p,q)~secondary solutions at

(5.10) Xqp =  inf{A >  \ q;d<t>q{Xf\u\'{q)\) < w{q)/w(p) for all A' >  A},

with

( 5 . 1 1 ) 0 <  Ap <  \ q < \ qp <  4-oc.

ÛS(?)

?)v\û>G
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lU ( o )
Reu (q )

û  -------- —  ■” /  V

> /  \xo rq  *qo 1 I

Imu(q)  \\̂ Jj

FIGURE 2. Bifurcations for 2w (q)  >  u>(0) >  w (q)  >  0. The nu
merically exact picture is given in Example 3.3 o f  [24]

A , . 
u ( o )
Reu(q  )

*q |*ö  *oq

Imu (q )

FIGURE 3. Bifurcations for tí>(<7) > t&(0) > O

This branch exists for  all A €  (A5P, + o o )  and consists o f  (p, q)-secondary solutions 
of the form

(5.12)

u (t)  = 3 |A t y ( p ) |û ( p ) |
± 1

2cos(27rp(£ +  s))

+  ty(g)|v(ç)|2cos(27rç(t +  s))

with s G T d ( recall |0(p)| #  0 and  |t)(<7)| 7  ̂ 0, by definition).
(iii) If p  =  0 and  1 >  w(0)/vu(q) >  0, then in Toq there exists no secondary bifur

cation on the branch of q-prim ary solutions , but on the branch of nontrivial constant 
solutions there occurs a secondary bifurcation of a branch of  (0 ,q)-secondary solu
tions at

( 5 . 1 3 ) X0q — inf{A,d<£o(A', û v ( 0 ) )  <  ty(0 )/û>(<7) for  all X' >  A}
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with

(5.14) 0 < A, < A0 < Ao, < +oo.

This branch exists for all A € (Ao,,,+oo) and consists of (0,?)-secondary solutions 
of the form (5.12) with p =  0.

We want to clarify the bifurcating situation by the following two figures in the 
case 0 =  p 7̂  q. In order to take care of the rotational invariance of u(q) €  C, we 
superpose the real axis of u(q) on the «(O)-axis. At the bifurcation points it will 
be clear from the context in which direction the branch bifurcates. (See Figures 2 
and 3.)

REMARKS. (1) Note that in the theorem the case u>(q) > u/(p) for p ^  0, i.e., 
(pp)(qq) — (pq)2 > 0, is covered by (i) and (ii) with p and q exchanged.

(2) By continuity we get from (5.10) and (5.13) the bifurcation conditions

(5.15) d<t>q{A, |ti(g)|) =  w(q)!w{p) at A =  Xqp,

(5.16) <9<£o(A,|u(0)|) =  w(0)/w(q) at A =  X0q.

We know from (2.47) that

(5.17) 0 < a< ,̂(A, |fi(0)|) < 1  for A € (A0, +oo),

where the upper and lower bounds are approached for A \  Ao and A —* -foo, 
respectively. Similarly, by (4.10),

(5.18) I < ^ , ( A , | u ( g ) | ) < l

for A 6  (A9, +oo), and again the bounds are approached for X \  Xq and A —* -foo. 
But unfortunately, the functions d4>q{\, ¡u(g)|) and d<f>o(X, |£(0)[) are, in general, 
not decreasing. Therefore, the sets

(5.19) A ,p =  {A > Xq,d<i>q(X, |ti(g)|) < ti/(g)/io(p)} D (A ^+ oo),

(5.20) A 0<7 =  (A >  Ao,3<£o(A, |u (0)|) <  t£»(0 )/u>(<7)} 3  (X0q, 4-oo)

may be composed by several nonconnected intervals. It is now easy to generalize 
the results of Theorem 5, such that for each A €  A<,p, A € Ao«j, respectively, there 
are (p, g)-secondary solutions, (0, <?)-secondary solutions, respectively. Thus, if we 
have strict inclusions in (5.19) and (5.20), we get secondary bifurcating branches, 
which again vanish. Schematically, we get the bifurcation picture in Figure 4.

As a common phenomenon (see e.g. [7, Chapter 11.11]), the appearance of the 
secondary bifurcations is followed by an exchange of stability. Here, we note this 
stability behavior only in terms of definitions (2.25)-(2.26). The results are conse
quences of more detailed stability investigations in §8.

THEOREM 6 . Let the general assumptions of Theorem 5 hold.
(i) I f  5 > w(q)/w(p) > 0, then the p-primary branch is p-stable and q-stable, 

while the q-primary branch is q-stable but not p-stable.
(ii) I f  1 > w(q)/w(p) > | , then the p-primary branch is again p-stable and 

q-stable, the q-primary branch is q-stable on (Afl,+oo), but at the bifurcations it

SECONDARY BIFURCATIONS F O R  C O NVOLUTION EQUATIONS 679
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(q )|
(p>| ^ ------ -------

-- x i -- (— ^ -- f— ;— 1--- ---- -

Aqp

F ig u r e  4

changes from  a p-unstable or critical solution on (Xqj + o o ) \ A qp to a p-stable solu
tion on A^p.

(iii) If p  =  0 and  1 >  w (0 ) /w (q )  >  0, then the q-prim ary branch is q-stable 
and  0 -stable, the 0 -prim ary branch is 0-stable, but it  is q-unstable or critical on 
(Ao, - fo o ) \A o <7 and q-stable on Aog.

6 . A n  e x a m p le :  A  s e c o n d a r y  p h a s e  t r a n s i t io n  o f  f ir st  o r d e r . In this 
section we give an extension of some results from [2]. There, for different interaction 
potentials J ,  the equilibrium state in the therm odynam ic limit for some mean-field 
m odels from statistical mechanics on the circle T  are studied.

It is shown that in the ferromagnetic, but also in the antiferromagnetic case, 
there exist phase transitions of the equilibrium states. In particular, the phase 
transition for the antiferromagnetic circle is linked with a breaking of the continuous 
symm etry group T . In the context of the present paper, the phase transitions 
of the ferromagnetic and antiferromagnetic circles correspond to the bifurcations 
of 0-primary, respectively, p-primary, solutions of (2.1) from the trivial solution  
u =  0, which represents the paramagnetic state. The secondary solutions, which 
we have found in the last section, cannot, however, represent equilibrium states  
of the corresponding models of statistical mechanics, since the secondary solutions 
found are not stable. Nevertheless, in an indirect way, the secondary solutions 
are of physical relevance. Though they do not appear directly, they give rise to  a 
secondary phase transition of first order.

The secondary bifurcation of the secondary solutions is linked with a change of  
the stability behavior of the primary solutions; in the words of Theorem 6(iii): if  

w(q)  >  u>(0) >  0, the 0-primary solutions are unstable on (Aq, -h o o ^ A ^ , but
are stable for A €  Ao? 2  (A og,+oo), while the p-primary solutions are stable for 
all A >  Ap. Therefore, for A E Ao^, both primary branches are stable. Now the  
equilibrium state  has to make its choice between these two possible candidates by a 
variational principle. For A between Xq and Ao the equilibrium state  will certainly 
be one of the g-primary solutions, since these are the only stable solutions there. By  
continuity, the equilibrium state  will remain a g-primary solution even for values 
A, which are little greater than Ao- But for very large A it is possible that the  
newly stable 0-primary solutions win the variational principle. If this is the case, 
there must be an intermediate value A* where the equilibrium state  jumps from a
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7-primary solution to a 0-primary solution. We have a secondary phase transition 
of first order.

The following example shows that this phenomenon may really happen. In order 
to make things as easy as possible and to have a close connection to the represen
tation in (2), we restrict ourselves to the case d =  1, though the results hold for 
general dimension d.

At the sites a /n  €  T, a  =  1 , . . . ,  n, there are fixed magnetic spins X ”. Without 
interaction, the X£  take independently the values +1 and —1 with probability 5 ; 
i.e.,

(6.1) po =  (5+x 4- 5 - 1)/2.

We let the interaction potential have the form

(6.2) J(s, t )  =  io(s — i) =  1 4- 26cos(27rq(s — t)) 

with q €  N, and

(6.3) 1 < 6 < 7r2 / 4 .

The Hamiltonian of the interacting system is then given by

(6.4) * » ( * ■ > - " S i  t
ai, a j  =  l

and the common distribution of (X ”)Q=i n is the Gibbs state to the Hamiltonian 
Hn:

(6.5) Prob„a(;C  €  dxa , a =  1, ■ . . ,  n) =  r K -  * < * * ) ,
¿ 7 1 0

where x =  ( x i , . . . ,  xn) and Znp is the normalizing constant

(6.6) Zn0 =  f  exp( - 0 H n(x)) TT p(dxa).
J* n 0=1

In [2, Theorems 1.3 and 2.1] it is shown that in the thermodynamic limit the free 
energy ip((3) is given by the variational principle

(6.7) - M 0 )  ■= Km « -1 ^  Zn0 =  sup[/?F(/) -  1(f)}.
n— 00 /ew

Here the functionals F and I  are defined on U = L2(T) by

(6.8) F(f) =  \  ff J(s , t ) f (s ) f ( t )  dsdt  = ±(f ,w  * / ) ,
T a

and

(6.9) /( /)  = J  i(f(t))dt

with

(6 10) zfu) = I  K1 +tt) in(l  + u) + (1 -  u)ln(l -  u)\/2 for |u| < 1,
7 v ; \  + 00 for |u| > 1.

(See formulas (1.16)-(1.22) in [2].)

J
(Ct\ a 2

n  J « s,.Y n01
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By [2, Theorem 5.1] the supremum in (6.7) is always achieved, and any maxi
mizing function /  satisfies the mean field equation

(6.11) — 0 { F ' f ) ( t )  for almost all t  £  T.

In our example we have from (6.8) and (6.10) that

(6.12) th- 1 ( f ( t ) )  = 0 - w * / ( t ) ,

or, equivalently, (2.1) with A — 0  and g  = (t')-1 =th (see also (2.10)).
Next, we make use of Fenchel’s duality (see [2, Appendix C]).

(6.13) sup [ 0 F ( f )  -  /( /) ]  =  sup [/*(/) -  ( 0 F Y U ) l  
/ e #  f e u

where /* and ( 0 F ) m are the Legendre transforms of /  and 0 F ,  respectively. In our 
case we get, by [2, Lemma 3.6 and the remark thereafter],

(6.14) / • ( / )  =  (r • ) • ( /)  =  r(/) =  j  t n U m d t ,

where 4>Po is given in (2.9), and 4>'po =  g  (2.10).
On the other hand, we find by easy‘calculations that

(6.15) t f i F Y U )  •= su p « /,/!)  -  0 F ( h ) }

_  ( 0 F ( f o ) if /  =  0 w  * f o  for some f 0 €  X ,

\  -I- oo otherwise.

Note that (6.15) is well defined, since /  =  0 w  * / i  =  0 w  * /2  implies 

0 H h )  =  \ { h , 0 w  * h )  =  \ { h , 0 w  * h )  =  0 F ( f 2).

Thus, we can rewrite (6.7) as

(6.16) —0i>{0) =  lim n~l In Zn =  sup[r(/3ty * / )  — 0F{f)\.
n — oo / g *

Now, if the maximum of (6.16) is achieved at / ,  then /  has to satisfy the mean 
field equation, which is now written in the form

(6.17) ( g { 0 w  * f } , 0 w  * h )  -  { f , 0 w  * h)  = Q

for all h  €  Note that by (6.15) we have reduced the variational principle to the 
space w * H. But, moreover, /  must satisfy the second-order condition

(6.18) (g'{0w * / }  • 0w * h, 0w * h) — {h,0w * h) < 0

for all h  €  U. By the form (6.2) of w ,  (6.18) implies, in particular (by calculations 
analogous to (4.18)),

(6.19) 0u>(r)  j  g ' { 0 w  * /(f)}  d t  < 1

for r =  0, q. This is the stability condition (2.25) with <  instead of < .  For 0 <  0  <  

1/6 =  0 q , the trivial solution u = 0 is the only solution of (6.17) and

(6.20) - / W )  =  0, 0 €  (0,1/6].

By (5.16) the bifurcation point 0 Oq for the (0, <7)-secondary solutions satisfies

(6 .2 1 )  b 0 Oq{ 1 -  t h 2 (/?0,u /J o ,(0 ) )  =  1
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and 0oq > 0o =  1 > 0q =  1/ 6. For 0  G (0q, 1) the ^-primary solutions uaq (4.7) are 
the only stable solutions, and

(6.22) = 0 b\up(q) \ 2 / 2  — J  i(th(0 b\u0 (q)\2 cos(2 irqt))) dt > 0.

So we have a first phase transition at (3q =  1/ 6. The phase transition is of second 
order, since Uff(q) —► 0 as 0  \  0q. But for 0 > 0oq there are at least two different 
types of stable solutions: the ^-primary and the 0-primary solutions. For 0  —* +oo 
we find by (2.46) with 7 = 1 ,

(6.23) 0F  (=  ¿^(O)) -  /  (=  MO)) =  0u0 (O)7/2  -  i(u0 (0)) «  0/2,  

since i is bounded by In 2 for |it/?(0)| < 1, while

(6.24) 0F{uaq{0, •)) -  l(uaq(0, •)) =  0b(u0 (q))7/2  -  l(u ’ (0, •)) *  0 b 2 /^

by (4.9). Now (6.3) implies that (6.23) is greater than (6.24) for 0  large enough. 
The maximum of (6.16) is not attained any longer on the ^-primary solutions. But 
by Theorem 5 the g-primary solutions do not have bifurcations. Therefore, there 
exists a 0 * €  (1, +oo), where the maximum point jumps from a 9-primary solution 
to another solution of (2.1). We have found a secondary phase transition of first 
order, as claimed at the beginning of the section. For 0  large enough the new 
maximum is attained by a constant nontrivial solution, which corresponds to a 
ferromagnetic equilibrium state.

7. Secondary bifurcations for collinear p, q. As one may expect, the be
havior of secondary bifurcations is different if p and q are collinear; i.e.,

(7.1) n\p  =  niq 7̂  0 for some 711,712 €  Z 

with gcd(7i 1, 712) =  1. As in (3.9) we set

(7.2) r0 =  p /n -2 =  q /n x G Zd.

Of course, we assume that w again satisfies condition (3.25), which by (3.10) can 
be rewritten as

(7 3) w(r) -  0 for all r e  i  z »*o\<±P, ±<7> if ni • 7i2 even,(7. JJ u»(rJ_U iorallj" e | (2Z + 1)roU ±p±9} i f n i . n2odd)

and that

(7.4) t£(p) >  ^ ( 9) >  0*

In the noncollinear case (3.25) implied condition (3.21) for p and for q (instead of 
p). Therefore, we could consider the p-primary and the <7-primary branches in the 
last section. To guarantee this also in the collinear case, we must assume

(7.5) p ^ (2Z +  l )<7 and q (2Z ■+* l)p.

Now, we get the following result about secondary bifurcations which is proved in 
§9. The assumptions about g from the beginning of §5 are still valid.
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THEOREM 7. Let p, <7 € Zd satisfy (7.1) and (7.5), and let (7.3) and (7.4) hold.
(i) There are never in Tpq bifurcations from the p-primary solutions.
(ii) If 5 > w(q)/w{p) > 0 and p £  Zq, i.e., n x ^  1, then the branch of q-primary 

solutions does not have a secondary bifurcation in 7pq.
(in) If 1 > w(q)/w(p) > \  and p ^ Zq, then

(7.6) (A„ +oo) D A,,, D (A,p, +oo) ?  0

with A,p and Xqp from (5.19) and (5.10), respectively.
For A € A«jP there are the following branches of (p, q)-secondary solutions, which 

bifurcate from the q-primary solutions:

(7.7) V\  (£) =  g{Ati/(p)|t)1(p)|2sin(27r(pi +  (n  -f J i) /n i +  h/2) )
+  Au/((j)|vi(g)|2cos(27r(gi +  (r* 4- & i)/n 2 +  m i/2 ))}

and

(7.8) v2 (f) =  ÿ{Atô(p)|û2(p)|2cos(27r(pi +  (r2 +  j 2) /n i +  Z2/ 2))
+  At&(<?)|v2(g)|2sin(27r(gi +  (r2 +  fc2) /n 2 +  m2/2 ))} ,

i €  T d, with the parameters ri,r2 €  T; j i , j 2 G { 0 , . . . ,n i  — 1}; k i ,k 2 6  ( 0 , . . . ,  
n2 -  1}; h ,l2 ,rn i,m 2 €  {0,1}.

(iv) If p €  2gZ, i.e., nj =  1 and n2 even, then there exists always a secondary 
bifurcation in Tpq. It takes place at

(7.9) Â p =  inf | a  > A,, A'û/fç) J ÿ'{A'w(<7)|û(<7)|2cos(27ra)}

x ( l  — cos(47rn2s ))ds < w(q)/w(p) for all A' > A^

with

(7.10) A, < Â p < +oo.

For A G (Agp, +oo), we have branches of (p,q)-secondary solutions of the form vi 
from (7.7) (vrith ni =  1).

REMARKS. (1) Mutans mutandum, remark (2) after Theorem 5 also holds here: 
On some intervals there may be bifurcating branches of the forms v1 or u2 described 
above, which appear, disappear, and reappear according to the conditions appearing 
in (5.19) and (7.9), respectively. We define

(7.11) A*p = | a  > Aq,Aitr(<7) J  g' {Xw(q)\û(q)\2 cos(27rni5)}

x (1 — cos(4;rn2s)) ds < w(q)/w(p) |  ,

(7.12) Aqp = | a  > A,,Att>(<7) J ÿ'{Aû/(<7)|û(<7)|2 sin(2Tn1s)}

x ( l  +  cos(47rn2s)) ds < w(q)/w(p)  > .

684 F. COM ETS, TH. EISELE AND M. SCHATZMAN
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If «2 ÇÉ niZ, then by Proposition l(i), we can cancel the last cosine term in (7.11) 
and (7.12) and get

(7-13) =  Aj„ =

So we may have A*p D ( ^ p) +oo) ^ 0  with strict inclusion. In the case p G 2çZ, 
i.e., ni =  1 and n2 even, A |p is always a bounded, possibly empty region in R +. 
If A € AgP 0 ,  we have secondary bifurcating solutions of the form v2 from (7.8) 
with ni =  1. However, these solutions disappear again as A —+ +oo.

(2) In (7.7) and (7.8) let us disregard the rotation group r G T for a moment; 
i.e., put r =  0. Then since g is invertible, u1 and v2 represent 8 • ni • n2 different 
secondary solutions if ni • n2 is odd. If ni • n2 is even, let ni be even, for example; 
then the parameters i'i = n i/2 , k\ =  1, and i i =  A:i =  0 give the same solution. 
Similarly for i2 and k2. Therefore, we have only 4 • ni • n2 different secondary 
solutions if ni • n2 is even. This fact corresponds to result (3.10).

(3) We refer to the end of §9 for some considerations concerning the stability of 
the solutions in the collinear case.

8. The associated dynamical system  for noncollinear p, q. We continue 
to let g satisfy the additional conditions from the beginning of §5, let p and q be 
noncollinear in the sense of (5.3), and let (3.25) hold with w(p) > 0, tv(q) > 0. To 
prove the results from Theorems 5 and 6, we need a good knowledge of the fixed 
point problem for z = (21, 22) ^ R 2:

(8.1) 2 = <f>{z) =  {<j>i(zi,z2),<t>2(z i , z2)), 

where

(8 .2)

4- Xw(q)y2 cos(27rqt)  ̂ cos(2npt) dt,

Atw(p)x
1

2 cos(27rpi)

(8.3) <fo(x,y) = J g{- ■ }cos{2irqt)dt,

where we have in {• • •} the sam e argum ent as in (8 .2). Of course, all fixed points  
o f 4> are contained  in

(8.4) n  =  n
n  > 0

where <f>n =  <f> o • • * o (f> (n  tim es). We shall see that here Q is exactly  the set of all 
fixed points: There are no periodic orbits or more com plicated variant limit sets. 
It turns out that <£(R2) is a very nice com pact convex set, independent o f  A, w{p) 
and *¿(<7).

4> i(z, y)  =

R2),I </>n0
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(8.5;

j iT c . -y y ) ;  M  <  |  c°s ( ^ )  , |x| <  l j  f o r p  =  0 ^ q ,  

( \ i i 8 f 1/4 ¿tsin2(27rr)
(72:1. 72:2 ); |*»| =  -  /  - = = = = = =

v  JO v   ̂— M cosJ(27rr)

8 r1/* _____________
|z3 _, | <  — I  \ / l  — n 2 cos2(27rr) dr,

ft Jo

{
dr,

0 < M < 1, t = 1,21 

for  (pp){qq ) -  (pg)2 >  0 .

PROOF. First assume p =  0 ^  q. For 0 ^  |z | <  1 we set m (z )  =  l / s i n ( 7r x /2) 
and check that

(8 .6 ) s ig n { l  +  m (z )  cos(27rr)} =  sign(z) - ( 2 - l[o ,(i+x)/4|(M ) -  1) 

for |r| <  5 and 4jr| ^  1 +  i ,  0. Then

m\ *• , (  a x  . ocxm(x) \
(8.7) lim <t> ( „ / r\\ x  ̂> v  I 

a—oo \ w ( 0 )A 2 \w (q )  )

=  7  ( /  s ig n {z ( l  ±  m (z )  cos(27rgi))} dt,

J  s ig n { z ( l  ±  m (z )  cos(27rgi))} cos(27rgi) dt^j

' + 1 / 2

=  7  • sign(z) [ /  s ign{l +  m (z ) cos(27rr)} dr, 
’ — 1 / 2

r+ 1 /2
II  s ign{l +  m (z ) cos(27rr)} cos(27rr) dr

J - 1/2
±

? ) ) •
Since <£(R2) is simply connected, we have

0 ( R 2) 2  { (7 I > 72/). |y| <  (2/7r)cos(7rz/2)} .

If we had strict inclusion in the last line, there would exist (zo,j/o) €  R 2 with

0(zo,lto) =

and
<t>2 =  (2/7r) cos(7r<^i/2).

The curve y =  (2/7r) cos(7rx/2) has in (</>i,02) the outer normal direction n =  
(sin(7r<£i/2), 1). For a  €  R + set

h (a)  =  n ■ 4>{xo +  (a/Au>(0)) sin(7r</>i/2), y0 +  a / 2 \ w ( q ) ) .

<t> R2) =

=  7 -
, 2

X, ± — s 
7T

^ 27t (1

4

ni—  « 
7T

:os

7^2)(7 ^ 1
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Then, for all a  e  R + , 
d f

— h(a)  =  I g'{Aui(0)zo +  asin(7r<^1/2 )  +  (A2iu(<7)y0 +  <*) cos(27rg£)}

x(sin(7n£i/2) +  cos(27rg£))2 dt >  0.

But, as in (8.7),

^ U m ^ a )  =  7  • n • ( J sign{sin(ir<£i/2) 4- cos(2nqt)} dt,

J sign{sin(jr^1/2 )  +  cos(2irqt)} cos(2irqt) d t )

=  7 ' n  • (0 i .  (2 / 7r)cos(7T0 x /2 )) =  /i(0)

gives a contradiction.
For (pp)(qq) =  (pq)2 >  0 and 0 <  y. <  1 , we calculate

(8.8) lim <f>(afij2\w(p), ± a / 2 \ w ( q ) )
Or— * 0 0

J  sign{/x cos(27tpt) ±  cos(2<r^i)} cos(2?rpt) dt ^

J sign{/zcos(27rpi) ±  cos(2irqt)} cos(2irqt) dt

Set B qp =  {(r, 3 ), r =  ip, 3 =  tq, £ €  T d}, and the last expression equals 

/  iI l{/icos{2wr)±co8(27rj)>o} cos(27rr) dr ds 

<jl r
I ^{ /xcO 3(2 jrr)±cos(2 jr .s)>0}  COs(27T3) dr ds \JBp,

/ r + 1/2 r+1/2

I I l{|s|$arcco«(TMC°s(2jrr))/25r} COs(27Tr) dr ds
2-v J ~l/*J  - 1 / 2

r  + 1 /2  r - 1/2

, I I l { |3 |$ a r c c o s ( T ^ c o s ( 2 j r r ) ) / 2 w }  COs(27rs) dr ds 
\ J  - 1 / 2 7  - 1 / 2

/  / '+ 1 /2

— 7 2 / ^  r + l/i
I ±  sin arccos(^F^ cos(27rr)) dr

J - 1/2

/•1/4

/  (it — 2 arccos(/Jcos(27rr)) cos(27rr)) dr
y 0

f l / A

I ± 2  sin arccos(/z cos(27rr)) dr
y 0

(8.9) 2 V IB

7

y  +  1/2

I ±  arccos(=f /z cos(27rr)) cos(27rr) dr
J  - 1 / 2

=  7 4 / 7 7

=  7 8 / 7T

/  Z-l/4

/
\ / l  — cos2(27rr)

dr

: /  v/ T T  /i2 cos2(27rr) dr 
./o

by partial integration. For a  —► —oo or /z =  l / / i '  G ( iT-f-oo) we get the other

¿isin (271-r)
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boundary points o f  th e  right side o f (8 .5). T hu s <j>(R 2) contains th e  right side o f
(8 .5). T h e  converse inclusion is show n by a sim ilar argum ent as in the first part o f  
the proof. □

REMARK. T hanks to  T heorem  8, it is sufficient to  regard <t> as actin g  on the  
universal set <£(R2), which is independent o f A, ti)(p), and u>(<7). M oreover, th e  

geom etric form o f <£(R2) can be used  to analyse the behavior o f the equilibrium  
sta tes  and their phase transitions. In particular, the ground sta tes  can be nicely  
discussed  w ith  the help o f the set <£(R2). See also [10, §§VII and VIII], where the  
ground sta te s  o f a  sp in-glass m odel are stud ied  in detail.

T he essentia l s tep  for determ in ing th e fixed points o f  <j> is to  analyse the fixed  
points o f the com pon en ts <f>\ and <f>2 separately. We note the following easy facts:

(i) (x , y) is a fixed point o f  <t> if  and only  if x  is a fixed point o f <f>i(- ,  y) and y  is 

a fixed point o f <£2(^1 •)-

(ii) 0 is a fixed poin t for 4>\(* ,y) and <£2(2 , *) for all y  6  R , x 6  R ,  respectively.

(iii) If (x , y) is a stab le  fixed p o in t o f  <£, then  so  is x for <f>i(-, y) and y  for <j>2(x , •).

However, the converse o f  th e last s ta tem en t is not true, as we shall see later.

In contrast to  g> the  functions <f>i(*, y) and <f>2 (2 , •) need not be concave on ( 0 ,00), 
in general. Instead  o f concavity, w e use the following result.

LEMMA. Under the conditions from the beginning of this section , <£i(x,y) is 
strictly increasing and odd in x but even in y. For x G R \ { 0 }  fixed, | 0 i ( x , - ) l  ^  
strictly decreasing in |y| with

(8.10) lim |<£i(x ,y)| =  0.
| y |—00

The same assertions hold for <¡>2 with x and y  exchanged.

PROOF. Sim ilarly to  the first equations in (8.8)-(8.9), we get

/•+1/2 r + 1/2 r
(8 .11) 4>i ( x , y ) =  /  g < \ w ( p ) i

j - 1/2 y - 1/2 I

1
2 cos(27rr)

+  \ w ( q ) y 2  cos(27rs)

c o s ( 2 7 r r )
dr  <¿5 ,

/ • - f - l / 2  / * + l / 2

( 8 . 1 2 )  <f)2(x,y) =  /  /  g{ - •} c o s ( 2 tts ) d r d s ,
J - 1 / 2  J - 1/2

again repeating the argum ent in {*••}  from (8 .11). T h e first assertions are then  
easily verified by the properties o f  g. For the second assertion we can assum e

(8.12)
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x >  0, y >  0. Then

(8.13)

d x fa  ( x , y )

r + l / 2  r +  l/2 (
=  2 \w (q ) I /  g'  ̂ Au>(p)a 

J -1 /2  J - 1/2 I 2 cos(2?rr)
+  Au>(g)t/2cos(27rs)

r + i / 2  r + i / 2  (  f
^ (f l)  /  /  I ff' S a™(p) 

J —1/2 J - 1/2 \  {

- 4

i

2 cos(2?rr)

cos(27rr)

4- AtD(<j)y2cos(27rs)

cos(27rs) dr ds

Xw (p ) q
1
2 cos(27rr)

— Aiy(g)y2cos(27T5)

1

cos(27rr)
cos(27rs) dr ds

<  0,

since the integrand is a.e. negative, as seen  by cases.

Finally, 4>i(x,y) —►|y| _ 0o 0 and 4>2(x ,y )  -+ |i |- .o o  0 follow from (8.11) and
(8 .12). □

B y the lem m a, we can now describe th e  fixed points o f  (f>\ and 02 separately. 
Recall the definition o f Xp, \ q from (2.36) or (4.6) and o f |u (p) |, |u(<7)l from (2.37) 
or (4.8).

THEOREM 9. For A & (0, Ap], x =  0 is the only fixed point of 4>\(-,y) for 
all y. For A €  (Ap, + 00 ) there exists a unique, positive, symmetric, continuously 
differentiable function

^ i -  ( - |« (p ) I .+ I« (p ) I )  -*■ (0,oo)

with

(8.14) 4>i{x,xl}i(x)) =  4>i(x, - ^ i ( x ) )  =  x

for all x 6  ( —|u (p)|, + |u (p ) |) .  We have

lim 4) i (x )  =  0.
| i | - * |u ( p ) |

(8.15)

0 1  (0) >  0 is uniquely determined by

(8.16) At£>(p) J g'{\w(q)xi>i(0)2cos(2Trqt)} dt  =  1.

Similar assertions hold for  <fo(x, •) by a function

rl>2 : (~|u(g)I, + |u(7)|) (0,00),

dy4>l[>.y) 2 vj(q)
L/tüiO)

l/2tb{p)



208

6 9 0 F. COM ETS, TH. EISELE AND M. SCHATZMAN

where p and q,x and y are exchanged everywhere. Here, *0 2 (0) is uniquely deter
mined by

(8.17) Au>(<?) J  g' |  AtD(p)^2(0) 2cos(27rpt)
|  dt =  1.

REMARK. We want to point out that the strict concavity of g is essential for 
Theorem 9. If g were linear on some intervals, then as in the remarks following 
Theorems 1 and 3, we would not have uniqueness for the values of t/>j satisfying
(8.14). The points of a whole interval would then satisfy these equations, and 
equally the set of fixed points of <j> in (0, oo)2 could then have a two-dimensional 
subset.

PROOF. For A €  (0, Ap] and x > 0, we get by the lemma and the definition of 
Ap that

(8.18) 0 < 0i(x, y) < <f>i(x ,0) =  f  gi^Xw(p):
2 cos(27rp£)

cos(27rpi) dt < x

for all y € R. <t>i being odd in x, x =  0 is thus the only fixed point of <f>i(-,y) for 
all y.

Now let A € (Ap, +oo). 0i(x,O) =  <f>p{A,x) from (2.44) or (4.2) is strictly concave 
in x >  0 with |u a ( p ) |  as the unique positive fixed point. Thus

(8.19) l^i(x,0)| > |x| for |x| €  (0, |u(p)|), 
|0 i(x ,0)| < |x] for |x| 6  (|tt(p)|,+oo).

Hence, by the second assertion of the lemma, exactly for |x| G (0, |u(p)|), there 
exists a unique y =  ipi(x) > 0 with

(8.20) <f>i(x,y) =  < M x , - y )  = x.

Since 0 i is odd in x, V»i is symmetric in x. By the implicit function theorem V'l is 
continuously differentiable and

(8.21)
d_ . . _  1 -  d z0i(x,V>i(x)) 

dx 1 1  dv<f>i{x,tpi(x)}

where d x<j>i (resp. d y<j>{) denote the partied derivatives of </>i with respect to x (resp. 
y). Next, we show that is bounded on (0, |n(p)|). Set

(8.22) g'(v) =  sup^'fv +  2Atu(p)x); 0 < |x| < |u(p)|}.

Since f  g1 {Xw(q)y2 cos(2irqt)} dt —»ly^oo 0, we find yo > 0 with

(8.23) Atu(p) Jg'{Xw(q)y02cos(2irqt)}
2 cos2 (2 Trpt)

dt < 1.
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y

2 r/v

c  ( „—z z z  , > g*

+  <IRZ)

t

FIGURE 5. The function ipi and the action of 4>i ( - ,y ) ,  y  fixed, 
P =  0 ^  q.

Therefore, by the mean value theorem

Since by definition of |u(p)|, (dh|*£i(p)|,0) =  ± |u (p ) |,  the boundedness of im
plies (8.15). Since gf is strictly decreasing on R + , so is d x(f>i{0, •)• If dz0 i ( x ,y )  §  1 
for (x, y)  =  (0, yo)i this inequality also holds in a neighborhood U  of (0,t/o) in 
( 0 ,oo)2. Since <£i(0,t/) = 0 ,  we find 4>i(x,y) $  x  for all (x ,y )  €  f / t and ( 0 ,yo) can
not be an accumulation point of (x, *0i(x)). Hence, V>i(0) is uniquely determined

which is equivalent to (8.16), since p and q are noncollinear. The analogue of (8.21) 
for rp2 is

(8.24) M x ,y o )  = f  î |a « > (p ) i  ‘ cos(2îrpi)

4- Aîû(g)yo2cos(27rçi)| cos(27rpi) dt

<  \w (p ) \x \  J  g ' { \ w ( q ) y 02cos (2nq t ) }  2 co s2(27rp£) dt

for ail |x| <  |u(p)|, and

(8.25) ipi (z )  <  yo for all |x| <  |u(p)|.

by

(8.26) dxM0,M0))  = 1,

(8.27) d M  _  1 -  dy<h(rh(v),y) n  

T y ^ y)~ d M M v U )  °

For p =  0 ^  q we get the picture of shown in Figure 5. The arrows indicate 
the action of y) for y  fixed.

The proof of Theorem 9 and fact (ii) preceding the lemma give the following 
complete description o f the fixed points of <t>.
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T heorem  10.

(8.28) F  =  [{0} x R u { ( i , ± i i i i ( i ) ) ,  |x| < |£(p)|}]
n  [ R  x { 0 }  u  { ( ± V » 2 ( y ) ,  y ) ,  | y |  <  l « ( 9 ) | } ]

is the set of all fixed points of <f>.

To formulate the following relations between 0i(O) and ¡¿(<7) j and between 02(0) 
and |û(p)|, we recall the dependence on A of 0j and 02 > though not made explicit, 
and the definition of A ,p and Ao, in (5.19)-(5.20). For A < Ap we set, for conve
nience, |û(p)| = 0 and 0 i =  0, and similarly |û(ç)| =  0 and 02 =  0 for A < A,.

Theorem  11 . (i) If \ >  w(q)/w{p) > 0, then

(8'29> l*(p)l > *.(0) 1 fcrAe(A +col
(8.30) (0) > ¡û(<ï)| /  / ° A e U ’" +co)-

(ii) If I > w(q)/w(p) > 5 , then

(8.31) |u(p)| > 0 2(O) for A G (Ap, +oo),

(8.32) 0 , (0) > |û(9)| for A € (Ap, A,), 

but

(8.33) 0 i (0) < |û(ç)| exactly for A G A qp D (A,p, 4-oo).

(iii) If p =  0 and 1 > tû(0)/ti>(ç) > 0, then

(8.34) 0i(O) < |û(g)| for A € (A,, +oo),

(8.35) |û(0)| < 02(0) for A € (A,, A0), 

but

(8.36) |û(0}| > 02(0) exactly for A G Ao, 5  (Ao<,, +oo).

PROOF. First, remark that (8.32) holds trivially since 0i(O) > 0 =  |û(g)| for 
A G (Ap, A,). Similarly for (8.35). By (2.47) or (4.10) we find
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. / 4
1
2 cos(27rpi)

dt  G w {q ) /w {p )  ■ (0 ,1)(8.37) Au>(<7) I g' { Aty(p)|£(p)| 

for A >  Ap, and

(8.38) Aw(p) j g'{A w(g)|ti(9)|2cos(27rgi)}iii G w(p)/u>(q) • ( 5 ,1 )

for A >  Ap. Thus, for A >  Ap, (8.17) implies |u.\(p)| >  0 2(O) if w (q ) /w (p )  <  I, i.e.,
(8.29) and (8.31); and for A >  Xq, (8.16) implies 0i(O ) >  |6 (<7)| if w (p ) /2 w (q )  >  1, 
i.e., (8.30), or, for p — 0, 0 i(O ) <  |u(<?)l for u>(0 )/u>(<7) <  1, i.e., (8.34). But if
1 G u>(p)/w(q) ( 5 , 1), then by definition (5.19),

(8.39) Aitr(p) J  g ' { \w (q ) lu (q ) \2 c o s (2 n q t) }  <  1



211

SECONDARY BIFURCATIONS FOR CO NV OLUTIO N EQUATIONS 693

y

2 y / r

( a )  y/

y

|G '(q )p \-  + ( R 2) 

f y //^ »^'^sv ^ ^ M p (p )l.|v (q )l )

\  V I  " J >/|ûui/ y ” 

<t> > —-----------

FIGURE 6. The functions ^ i (x )  and *02(y) forp =  0 ^  q> w(q) >  w(q)
>  u>(0) >  0, and A G (A0, X0q, X0q) in (a) (resp. A >  A0q in (b)).
The fixed points of <j> are noted by a small circle.

if and only if A G A^p ^  0 t such that (8.16) implies (8.33). Similarly, for p =  0 
and 1 G w(q)/w(Q )  • (0 ,1 ) ,  we have, by (5.20),

(8.40) Atiu(g)p/ {A|u(0)|ii>(0)} <  1

if and only if A G A 0<7, i.e., (8.36). □
REMARKS, (i) Remark (i) after Theorem 5 also applies here.
(ii) The proof of (8.29) verifies just the branching condition: there are no bifur

cations on the p-primary branch of solutions into the direction of (p, g)-secondary  
solutions. Conversely, (8.32) and (8.33) prove that indeed a secondary bifurcation 
occurs on the branch of (^-primary solutions, and similarly in case (iii) with p =  0 
and q exchanged. In case (i) there does not exist a secondary bifurcation on either 
branch of primary solutions. Nevertheless, to know, in this case, if there are no 
(p, g)-secondary solutions at all, one has to compute the functions and t/;2 <*nd 
to see if their graphs intersect as in Figure 6.

We like to note that Figure 6 is a little optimistic, since for general g one can
not prove without additional assumptions that the graphs of xfci and i!>i have 110 
intersection in case A <  Aq<j (a), and exactly one intersection point in (0, oo)2 in
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case A > \oq (b), though this is what we expect in most examples. The results of 
Theorems 10 and 11 have the following immediate consequence according to fact
(i) preceding the lemma.

COROLLARY. If (ii) 1 > w(q)/w(p) >  j  and A G A ,p, or if (iii) p = 0 q, 1 >  
w(0)/w(q) >  0 and A G Ao9, then there exists at least one fixed point of 4> in 
(0, oo)2 H 0(R 2). By (|w(p)|, |v(?)|) we denote that fixed point of <$> in (0, oo)2, for 
which |u(i7)| in case (ii) (resp. |t)(0)| in case (iii)) is maximal.

The results of this section enable us to prove Theorem 5 of §5.
PROOF o f  T h e o r e m  5. (i) If 5 > w(q)fw{p) > 0, then the expression in

(8.37) is less than 5 for all A > Ap, and the expression in (8.38) is greater than 1 for 
all A > A<j. So in Tpq  there are no secondary bifurcations either on the p-primary, 
or on the 9-primary branch.

(ii) If 1 > w(q)/w(p) > 5, then the expression in (8.37) is still less than 1 for 
all A >  Ap, and in 7pq  there is no secondary bifurcation on the p-primary branch. 
But (4.11) for q shows that Aqp, defined in (5.10), is finite and A qp D (A<jP,+oo) ^  
0 .  Aq < Xqp follows from |u(g)| - + a \ x ,  0. By continuity (8.31)-(8.33) and the 
corollary show that there exists a bifurcation of (p, g)-secondary solutions of the 
form (5.12), which branches off the ^-primary solution and exists for all A G A 9P.

(iii) Let p =  0 7̂  q and 1 > w(0)/w(q) >  0. The expression in (8.38) is less 
than 1 for all A > A9, and in ?oq there is no secondary bifurcation on the branch 
of g-primary solutions. Here, (2.48) yields Aoq < + 00, and (8.35)-(8.36) show the 
existence of a secondary bifurcation in ?oq on the branch of nontrivial constant 
solutions. The (0, g)-secondary solutions axe of the form (5.12) with p =  0 and 
exist for all A € Ao<,. By (2.43) we have Ao < Ao9. □

We finish this section by describing the stability properties of the fixed points of 
<f>. We use the following terminology:

DEFINITION. A fixed point z  of 4> is called stable if all eigenvalues m  of the 
linearization d(p of <f> at z  have modulus less than 1: |/i, | < 1 for all eigenvalues 

z  is called a hyperbolic fixed point if for some eigenvalues /*»•„,/¿tl of d<f> at z  we 
have |^tol < l^tj > 1» and 1^1 ^  1 for all other eigenvalues, z  is called ( totally) 
unstable if |/Zt| > 1 for all eigenvalues /z, of d<t> at z. z  is called critical if ¡/î j =  1 
for at least one eigenvalue m  of d<j> at z.

THEOREM 12. The fixed points of <j> have the following properties:
(i) If \  > w(q)/w(p) > 0, then

{
stable for A € (0, Ap), 
hyperbolic for A E (Ap, A,), 
unstable for A G (A,, + 00);

(8.42) (±|u(p)|,0) is stable for A G (Ap,+oo);

(8.43) (0, ±|u(g)|) is hyperbolic for all A G (A,, + 00).

(ii) If 1 > w(q)/w(p) > 5 , then (8.41) and (8.42) hold again, but

(8.44) (0, ± |u (,)|) U { f°T " ^ (A’ ' +0° )XA,',,

694 F. COM ETS, TH . EISELE AND M. SCHATZM AN

8.4i; (0,0)

hyperbolic or critical
stable for  X € Aqp;
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(8.45) (± |ti(p )|, ±|t>(<7)|) is hyperbolic or critical for  all A €  A^p.

(iii) / /  p =  0 ^  q and  1 >  w (0 ) /w (q )  >  0, then

{
stable for  A G (0, A ,), 
hyperbolic for  A G (A,, Ao), 
unstable for  A G (Ao, -Hx>);

(8.46)

(8.47)

(8.48)

(8.49)

(0, ± |tt(g )|)  is stable for  A G (Ag,+ o o );

(± !û (0 )l 0 ) m i  hyperbolic or critical fo r  A €  (A0 , + c o ) \ A 0<J,
I v 1̂* J |  stable for  A €  A o,;

( ± |v ( 0 )|, ±|u(<7)|) i3 hyperbolic or critical for  A G A o ,.

REMARK. ±|t)(p)| is a stable fixed point of <f>i(*, ± |0 (g ) |) ,  and ±|t/(<7)| is a stable 
fixed point of 0 2 (± |v (p ) |,  •), since they lie on the graphs of ipi and V'ii respectively, 
which represent stable fixed points for <£i(-,y) and 4>i{x, •), respectively. This im
plies that the corresponding solution (5.12) is p-stable and ^-stable. However, with 
regard to <f>, (± |u (p )|, ±jt)(<7)|) is not stable. See also the remark at fact (iii) pre
ceding the lemma.

PROOF. The linearization of 4> is given by

a*“ (âi‘ ft'V &x<P2 Oy<t>2
(8.50) 

where

(8.51) d x<t>i (x ,y )  =  \w ( p )  J g' j Aiû(p)
2 cos(2"7rpi)

+  Atû(ç)y2 cos(27rpi)|

2 cos2(27rpi)
dt

(8.52)

and

d y4>2 i.x,y) =  Xw(q) J ÿ '{ - • -}2cos2(27rgi) d t ,

(x,y)

is given in (8.13). By a calculation similar to the first equations in (8 .8)-(8 .9), we 
get

(8.53) d y 4>i(x,y) =  d x<t>2 { x , y )  =  0 if i  =  0 or y =  0.

(8.41) and (8.46) are obvious from the definition of Ap, A, in (2.36) or (4.6). (2.38) 
or the concavity of <f>q{X ,z)  show

and

d * 0 i(± |û (p ) |,O ) =  ^ 0 P(A, |û(p)|) G (0 ,1 ) for A G (Ap,+ o o )

3 y</>2(0, ± |û (ç ) |)  =  -Q^4>q{K |û(g)|) G (0 ,1 ) for A G (A,, +oo).

dy4>l{x , y )  = 2 w(q 0)
»

1/w
1/2Û
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By (8.37), (8.38), and the noncollinearity of p, q, we get

dy<fo(±|6(p)l,0) =  Xw(q) I  g' { ±Au>(p)|«(p)| 

€  w (q ) /w (p )  ■ (0 ,1 ),

2cos(27rpi)
2cos2(27rgi) dt

and
dx<£i(0, ± |£ (g )|)  G w ( p ) /w ( q )  • (¿ , 1).

Thus, if w ( q ) /w (p )  <  1 in case (i) or (ii), then (± |u (p )|, 0) is stable for A G (Ap, 4-oo). 
I f  w (p ) /w (q )  >  2 in case (i), then (0, ± |u (g )|) is hyperbolic, and if w ( 0 ) /w ( q )  <  1 
in case (iii), then it is stable for A G (A ,j,+oo). I f  w ( p ) /w (q )  G (1 ,2 ) in case (ii), 
then by (5.19) and (4.3) we obtain

5 x ^ ( 0 ,  ± |u (9)|) =  l«(9)l) <  1 iff A e  A <?p>

while in case (iii) with t&(0)/t£>(g) <  1 by (5.20),

«9y0 2(±|u(O)|,O) =  | | ^ ^ o( A , |u ( O ) | ) < l  iff A g A 0, .

This shows (8.44) and (8.48). For assertions (8.45) and (8.49), we have to calculate 
the eigenvalues

(8.54) =  (d x4>i +  d y<t>2)/2 ±  ((<9x01 +  d y<t>2) 2/4  +  d y<j>idxf o  -  3 x<zi>i3y0 2]1/2

at (± |u (p )|, ± |v (g )|). The maximality condition in the corollary says that in case
(ii) the graph { (0 2(y ),y );y  G (|t>(<?)|, |u(<?)|)} lies above the graph {(x , 0 i ( x ) ) ; x  €  
(0, |t>(p)|)}, while in case (iii) the graph {(x , 0 i ( x ) ) ;  x G (|u(p)|, |u (p )|)} lies above 
{ (0 2 (y)>y);y  €  (0, |u(<?)|)} (see Figure 6). Both cases imply that

(8.55) |0'i(|t>(p)!)l <  l / | ^ ( | * f o ) l ) | .

By (8.21) and (8.27) this shows that at (|£(p)|, |v(<7)|),

(8.56) 0 <  |(1 -  5 ,0 0 ( 1  -  d y<t>2)| <  dy<t>idx<f>2.

Assume first that (1 — d x<j>i){l — <9y<fo) >  0. Then in (8.54) we have

dy<j>idx<t>2 - d x<t>idy<j>2 >  1 -  (d x 0 i  + d y<i>2 )

such that with a  =  {dx4> 1 +  dy<fo)/2 >  0, we get fi 1 >  a 4- (a2 +  1 — 2 a )1/ 2 =  
a 4- |1 — a| >  1, and //2 <  a — |1 — a| <  1.

If, on the other hand, (1 — d x<t>0 (1  — d y0 2) <  0— i.e., 0 <  dx<pi <  1 <  <9y<£2 or 
0 <  d y<t>2 <  1 <  d x<j> 1— then, since

dy4> i d x<t>2 =
tD(0)
2 w(p)

{dy<t>iy 
2 w(q)

> 0 ,

we get

Mi > {dx4>i 4 -dy0 2) /2  4- |c>x0 i -  d y0 2|/2  =  m a x (d x 0 i,d y</>2) >  1. 

H2 <  (d x<t> 1 + d y<t>2)/2 -  |dx0i -  d y<t>21/2 =  m in(dx0i , d y02) <  1-

w l p )

w { q ) A.
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To finish th e  proof o f  (8 .45) and (8 .49), we need only show  th at n 2 >  0. B u t at 

( l* (p )l . l« fo )l)

0< \  w(p)w(q)  x  g' { Atw(p)|t)(p)|
2 cos(27rpi)

+Aiy(<7) |6 (g)|2 cos(27rgi)

x |  cos(27rpt)| • | cos(2irgt)j d t j

<  d x <t>idy<t>2

such that

=  (<9*01 +  5 y0 2 ) / 2  -  {(dx4>\ -  d y f a j 2/*  +  d y <t>idx<t>2)1/2

>  a — |a| =  0.

T h is  com pletes th e proof o f T heorem  12. □
T h e proof o f T heorem  6 is now an im m ediate  consequence o f T heorem  12. We 

only note that for primary solutions, the linearization d<f> has d iagonal form by
(8.53). T h e  definition of p- or ^-stability  is then  by (4 .1 4 )-(4 .1 5 ) ,  and th e  non- 
collinearity o f  p, q equivalent to  the fact th a t d x 4>\ (resp. d y f a )  is less than 1.

9 .  T h e  d y n a m ic a l  s y s t e m  fo r  c o l l in e a r  p, q. We assum e th e  collinearity  
conditions (7 .1) and (7.5) for p,q,  and (7 .3) and (7.4) for th e function to. In order 
to  get in 7pq a secondary b ifurcation from the p-primary solutions, one of the  
following bifurcation conditions m ust be satisfied:

(9.1) 1 =  Xw(q) f  g'{Xw(p)2Re(u(p) exp(27ript))}2 cos2(2nqt) dt

rl/2

— Xw(q) /  g'{Xw(p)\u(p)\2cos(27rn2s +  a r g u A(p ))}
J  — 1/ 2

x  (1 +  cos(47rnis)) ds

or
I*

g*{Xw(p)\u(p)\2 cos(27r7i25 4- a r g u A(p ))}
-1/2

x  (1 — cos(47rni5)) ds.

B ut we claim  th a t th e right expressions o f (9.1) or (9.2) are always less than  
w(q)/w(p)  <  1. To verify this, set ¿z =  2AtZ>(p)|zi(p)| >  0 and a  =  arg u(p) for 
A >  Ap. First consider the case n i  £  n 2Z. B y  P roposition  l ( i )  we have

(9.3) y* g/ {/iCOs(27rn23 +  a ) }  co s(4 7 m is)  ds  =  0, 

and (4.3) and (4 .10) yield

(9.4) Xu>(q) J g'{p,cos(2irn2S +  a ) }  ds  €  w(q)/w(p)(^ ,  1),

9y01 9x02
2
4

2

(9.2) 1 =  A
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which proves our claim in this case. On the other hand, assume ni =  / • ri2 G 
TI2Z, I > 1. We note first that for all (3 G T and z  G (0, 5)

(9.5) J  (cos(27ts) ±  cos(27r(/s — ¡3))] da

— (l/7r/)[isin(27rz) ±  sin(27rZz) cos(27r/?)]

> (l/7r/)[Zsin(27T2) — |sin(27rZz)|] > 0.

Since g' is decreasing on R + , we can define /  dg'(y) as a Lebesgue-Stieltjes integral 
on R + with

(9.6) f  dg'(y) < 0  for ail 0 < a < 6,
J a

and

(9.7) g'{n\cos(irs)\} =  g’(0 )+  [  1[„/M,i](l cos(irs)|) dg'(y).
Jo

Then by (9.5)-(9.7),
4-1/2

(9.8) I g'{fjLcos(2 irri28 +  a)}(cos(47rn2S 4- 2a) ±  cos(47rni^)] ds 
J - l / 2

1/2

=  I Q*{lA cos(7T3)|}[cos(27rs) ±  cos(27rls — 2/a)] ds 
J - 1/ 2

ft* i*SLrccoa(y/tA)/ir
= I dg*(y) I [cos(27rs) ±  cos(27ds — 2/a)] ds < 0,

JO J—arcco8(y/ )̂/7r

or, by (4.13),

/•+1/2
0 < Aw{q) I y/{^cos(27rri23 4- a)}

J - 1/2

x [2 sin2(27rn23 -I- or) — (1 ±  cos(47rnis))] ds 
/*4 X/2

=  . : : — AtD(g) /  g/{/xcos(27rn23 +  at)}(l ±  cos(47T7iis )) ds,
W{P) J - 1/2

which proves our claim, following (9.2). Therefore, under the assumptions of The
orem 7, there exists in 7pq no bifurcation from the p-primary branch of solutions.

To prove the existence of secondary bifurcations from the g-primary solutions, 
we use the same technique as in §8. Here we look for nondegenerate fixed points 
(x, y), i  5̂  0 t̂  y, of the following pair of operators:

(9.9) <t>l (x,y) =  {4>\{x,y),<f>\{x,y)) and 02(x,y) =  (0?(x,y),02(x,y)), 

where
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4>\{x,y) =  /  <7{Au>(p)z2sin(27rpi) -I- Au>(<7)y2cos(27rg£)}sin(27rpt)iit 

r+ 1/2 '
=  I  0{Au>(p)x2sin(27r7i2.s) 4 -  At£>(<7)y2cos(27rni3)} sin(27rri2s) ds,

J - 1/2
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and similarly
r+1/2

02(z»y) = I j{Ati)(p)x2sin(27rn2s) +  Atu(g)y2cos(27rni3)}
J - 1/2

x cos(2jrnis) ds,
r+1/2

(a:, y) =  I g{At&(p)x2cos(27rn23) +  AtD(g)y2sin(27rni3)}
1/2

x cos(27rn23) ¿3,
/*+i/2

02(®>y) =  I 9{Aty(p)x2cos(27rn2«) +  Atw(9)y2sin(27rni3)}
J - i / i

x sin(27rni3) da.

For the pairs (0 } ,02) and (01, 01) we Set the same results as in the lemma and 
Theorem 9 of §8.

THEOREM 13. The functions 0* and 0f are strictly increasing and odd in x 
but even in y. For i  ^ 0 they are strictly decreasing in |y | with

(9.10) lim |0l(x,y)|  =  lim |0 i(x ,y)| = 0.
| y |—*oo |y | — oo

For A £  (0, Ap], x =  0 is the only fixed point o f  <£i(*,y) and 4>\(-,y) for all y ,  while 
for  A €  (Ap, 4-oo) there exist unique, positive , symm etric, continuously differentiable 
functions rp[ and on  ( — |6 (p)|, 4-|u(p)|) with

(9.11) 0}(x ,± ^ i(x)) =  0f(x, iV'i(x)) =  X 

for all x €  ( - |u ( p ) | ,  + |i i(p ) |) ,  and

(9.12) lim V4(x ) =  0, ¿ = 1 , 2 .
| x | -> |u x (p ) |

TTie same facts hold for  and <$>\ with functions  *02 and ^2 071 (—|£i(^)|, - f |6 (<7)l) 
i f  we exchange x and y  and p  and q everywhere . A t zero and are uniquely 
determined by the equations 

r+1/2
(9.13) 1 =  \ w ( p )  /  ^/{Ati(<7)i/?11(0)2cos(27rn i5)}(l — cos(47rn25)) ¿3,

7 - 1 / 2

r +1/2
(9.14) 1 =  \ w ( p )  /  /{A t& (^)^2(0 )2 s in (2 7 r n i5 )} ( l-f  cos(47rn25)) ¿5.

y - 1/2

Analogous equations determine  t/>2 (0) and  $ 2(0 ) uniquely .

The proof of this theorem follows the same lines as those of the lemma and 
Theorem 9 in §8 . (8.13) is now replaced by

(9.15) dy4>\(x,y) =  w(q)/w{p)dx<t>i{x,y)
r + 1 /2

=  Atb(q) I (g/{Ati)(p)x2sin(27rn23) +  Ati’(9)y2cos(27rni3)}
J - 1 /2

— g ' { —Aty(p)x2sin(27rn23) +  Aty(<7)y2cos(27rn1s)}J

x sin(27rn23) cos(27rnis) ds,

SECONDARY BIFURCA TION S F O R  CON V O LU TIO N  EQUATIONS 699
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w h ich  is le ss  th a n  0  if z  >  0  an d  y  >  0 . S im ila r ly  to  (8 .2 4 ) ,  th e  b o u n d e d n e ss  o f  i>\ 
fo llow s from

(9 .1 6 )  <i>\(x,y) <  Au>(p)|z| j  < j'{A u > (g )y 2 co s(2 7 rn is )} ( l  — c o s (47rn2s ) )  d s ,

w h ich  is less  th a n  |z |  if  y  is o n ly  large  e n o u g h . H ere, g' is ta k en  from  (8 .22 ).

For th e  fo llo w in g  resu lt , recall th e  d e f in it io n s  o f  A ?p, A * p , a n d  A 2p from  (5 .1 9 ) ,  

an d  (7 .1 1 ) ,  (7 .1 2 ) ,  resp ective ly .

THEOREM 1 4 .  (i) A s s u m e  p  £  q Z .  T h e n

A \p =  A ?P =  2  (Aqp, + o o )  ^  0  i ff 1 > w ( q ) / w ( p )  >  1/ 2 .

(ii)  I f  p  €  2g Z , th en  f o r  a l l  w ( p )  >  w ( q )  >  0,

A ‘p D ( A j p , + o o ) # 0 ,

bu t  A qp is  a  bou n d ed  (p oss ib ly  e m p ty )  region in  R + .

(iii) For i  =  1 ,2  w e  h ave

|tt(p)| >  0 2 (0 ) f o r  A €  (Ap, + o o ) ,

0 1 (0 ) <  |tz(g)| i f f  A 6 A * p.

PROOF, (i) fo llow s from  (7 .1 3 )  a n d  ( 4 .1 0 ) - ( 4 .1 1 ) .  N o w , le t  p  €  2<jZ; i .e ., n i  =  1 

an d  rt2 even . W e c o n s id er  th e  p o s i t iv e  m ea su res  o n  T :

(9 .1 7 )  f* i (d s )  =  A*ii(g)g/ {Aii>(<?)|u(<7)|2cos(27r,s)} d s ,  

and

(9 .1 8 )  f*2( d s )  =  Au/(<7)<7'{Au/(g)|i£(<7)|2sin(27rs)}<is.

For A \  A , w e  h ave  | i i (g ) |  —» 0  a n d  Xqw ( q ) g ' ( 0 )  =  1 su ch  th a t

(9 .1 9 )  m ( d s ) —* d s  in th e  w eak  se n se ,  i =  l , 2 .

For A —► oo , (4 .1 1 )  sh ow s T )  —► 5 , b u t  f i \ ( d s )  —+ 0  for all 5 ^  an d  

/X2 (d s )  - *  0  for a ll s  ±  0 , | . B y  th e  s y m m e tr y  o f  {¿i o n  0 a n d  th e  s y m m e tr y  o f  ¿¿2 
o n  w e  g e t

(9 .2 0 )  lim  ( i i  =  \ { S i / 4 +  ¿3/ 4), l im  f i2 =  4 (^0 +  ¿ 1/ 2)-
A —* 00 A —*00

N o w  th e  p o s it iv e  fu n ctio n s

(9 .2 1 )  h i(X )  =  y (1 +  ( —l ) * c o s ( 47rn2s )) /x t ( d s ) ,

w h ich  by th e  a sse r t io n  fo llow ing (9 .2 ) w ith  p, q an d  n  1,712 ex c h a n g e d  are  a lw a y s  

less  th a n  I, sa t is fy

(9 .2 2 )  lim  h i ( A) =  1 for i  =  1 , 2 ,
A \ A < j

(9 .2 3 )  ¿ ^ M A )  =  \  ( 2  -  co s  -  co s  =  0,
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and

(9.24) l̂irn  ̂h2(X) =  ^ ^2 +  1 +  cos )  =  1.

Therefore

(9.25) A lqp =  {A,fcf (A) <  w{q)/xb{p)}  D (A$p> +oo) ^  0 ,  

while
A 2P =  {A. M A )  <  w {q ) /w (p )  <  1} 

is a bounded, possibly empty region in R + . This proves (ii). Now, the equations 
uniquely determining 0 / ( 0 )  and t/>?(0) in Theorem 14, the assertion after (9.2), and 
the definition of A*p yield (iii) immediately. □

PROOF OF T heorem  7. We have already seen at the beginning of this section  
that the branch of p-primary solutions does not have a secondary bifurcation in 7pq. 
Similar calculations as in (9 .3)-(9 .4), with p ,q  and n i ,r i2 exchanged, show that if
1 >  w (q ) /w (p )  >  0 and p £  Zq, then there are no secondary bifurcation from the 
g-primary solutions. But if 1 >  w ( q ) /w (p )  >   ̂ and p  £  Zq, then Theorem 14 and 
the symmetry properties of 4>l ,4>2 give us the existence of eight nondegenerated  
(l^«(p)l ¥=■ 0 #  l^(<?) |) fixed points

(9.26) ( i lu i ip J I . i lv i f a ) ! )  and (±|v2(p)|, ±|t/2(q)|)
of 4>l and 4>2, respectively, which branch from the fixed points (0, ± |u (g ) |) .  The fixed 
points (9.26) establish the secondary solutions vj and v 2 of (7 .7)-(7 .8) with r, =  
j i  =  kx =  0, i  — 1,2. Rotating these solutions Vi by tq • (t + j ,i n2 +  k't n i ) /n in ^ iro r o )  
with

y'n2 =  j i  m od n j and k^n 1 =  A:, m o d n 2, i  =  1,2, 

it is easily proved by the invariance of the set o f solutions of (2.1) under rotations 
in T d that ui and u2 given in (7 .7)-(7 .8) are indeed secondary solutions by any 
choice of the parameters.

In the same way, part (iv) of Theorem 7 follows from the results about A ‘p in 
Theorem 14. □

Let us conclude with some remarks about the stability of the solutions. The  
fact following (9.2) proves that the p-primary solutions are p-stable and stable with 
respect to all directions u{q)  G C. Similarly, the ^-primary solutions are g-stable. 
In the case p £  qZ  they are also p-stable if and only if A €  A ,p D (Xgp, + 00), i.e., 
if 1 >  w (q ) /w (p )  >   ̂ and hi(X) =  h?(A) <  w (q ) /w (p ) .  If, however, p G 2Zq, then 
one can show that the g-primary solutions are stable with respect to all directions 
u(p)  G C  only if A 6  A*pn  A 2p, which is bounded in R + . It is hyperbolic or critical 
otherwise. If, for A G Aqp, we denote by (|i)t(p)|, |6»(<7)l) that fixed point of 4>% 
in (0, oo)2 with |ut(g)| maximal, then we have a hyperbolic or critical fixed point 
of 4>x, which also gives hyperbolic or critical secondary solutions v», i =  1,2,  by 
(7-7)—(7.8).
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