Asterisque

ULRICH BUNKE
THOMAS SCHICK

MARKUS SPITZWECK
Periodic twisted cohomology and 7'-duality

Astérisque, tome 337 (2011)
<http://www.numdam.org/item?id=AST_2011__337__R1_0>

© Société mathématique de France, 2011, tous droits réservés.

L’acces aux archives de la collection « Astérisque » (http:/smf4.emath.fr/
Publications/Asterisque/) implique I’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/conditions). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AST_2011__337__R1_0
http://smf4.emath.fr/Publications/Asterisque/
http://smf4.emath.fr/Publications/Asterisque/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

ASTERISQUE

PERIODIC TWISTED COHOMOLOGY AND T-DUALITY

Ulrich Bunke & Thomas Schick & Markus Spitzweck

SOCIETE MATHEMATIQUE DE FRANCE

Publié avec le concours du CENTRE NATIONAL DE LA RECHERCHE SCIENTIFIQUE



Ulrich Bunke

Mathematische Fakultét

Universitit Regensburg

93040 Regensburg, Germany
ulrich.bunke@mathematik.uni-regensburg.de

Thomas Schick

Mathematisches Institut
Georg-August-Universitit Gottingen
Bunsenstr. 3-5

37073 Gottingen, Germany
schickQuni-math.gwdg.de

Markus Spitzweck

Mathematische Fakultét

Universitdt Regensburg

93040 Regensburg, Germany
markus.spitzweck@mathematik.uni-regensburg.de

Classification mathématique par sujet (2000). — 55N30, 46M20, 14A20.

Mots-clefs. — Cohomologie tordue, Verdier dualité, stack topologique, théorie des faisceaux,
T-dualité, orbi-espaces, categorie derivée non-bornée, cohomologie de de Rham tordue.



PERIODIC TWISTED COHOMOLOGY AND T-DUALITY

Ulrich BUNKE, Thomas SCHICK and Markus SPITZWECK

Abstract. — Using the differentiable structure, twisted 2-periodic de Rham cohomol-
ogy is well known, and showing up as the target of Chern characters for twisted
K-theory. The main motivation of this work is a topological interpretation of two-
periodic twisted de Rham cohomology which is generalizable to arbitrary topological
spaces and at the same time to arbitrary coeflicients.

To this end we develop a sheaf theory in the context of locally compact topological
stacks with emphasis on:

— the construction of the sheaf theory operations in unbounded derived categories
— elements of Verdier duality
— and integration.

The main result is the construction of a functorial periodization associated to a U(1)-
gerbe.

As an application we verify the T-duality isomorphism in periodic twisted coho-
mology and in periodic twisted orbispace cohomology.

Résumé (Cohomologie périodique tordue et T-dualité). — La cohomologie de de Rham
tordue (periodique de période 2) est une construction bien connue, elle est importante
en tant que codomaine d’un caractére de Chern pour la K-theorie tordue.

La motivation principale de notre livre est une interprétation topologique de la
cohomologie de de Rham tordue, une interprétation avec géneralisations 4 des espaces
et coefficients arbitraires.

Dans ce but, nous développons une théorie des faisceaux sur des piles topologiques
localement compactes, et plus particulierement :

— la construction des opérations de la théorie des faisceaux dans les catégories
derivées non-bornées,

— les élements de la dualité de Verdier,

— et l'integration.

Notre résultat principal est la construction d’une périodisation fonctorielle associé a
une U(1)-gerbe.

© Astérisque 337, SMF 2011
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Parmi les applications, citons la vérification d’un isomorphisme de T-dualité pour
la cohomologie périodique tordue et celle des orbi-espaces.
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CHAPTER 1

INTRODUCTION

1.1. Periodic twisted cohomology

1.1.1. — The twisted de Rham cohomology Hzr(M,w) of a manifold M equipped
with a closed three form w € Q3(M) is the two-periodic cohomology of the complex

(1.1.1) QM, w)per: -+ — V(M) %3 Qodd(M) & Qv (M) - -+,

where d,, := dggr+w is the sum of the de Rham differential and the operation of taking
the wedge product with the form w. The two-periodic twisted de Rham cohomology
is interesting as the target of the Chern character from twisted K-theory [1], [19], [3],
or as a cohomology theory which admits a T-duality isomorphism [4], [7].

1.1.2. — In [9] we developed a sheaf theory for smooth stacks. Let f: G — X be
a gerbe with band U(1) over a smooth stack X, and consider a closed three-form
w € 9% (X) which represents the image of the Dixmier-Douady class of the gerbe
G — X in de Rham cohomology. The main result of [9] states that there exists an
isomorphism

(1.1.2) Rf. f*Rx < Qx|[[2]lw

in the bounded below derived category Dt (Sha,X) of sheaves of abelian groups on
X. Here Ry denotes the constant sheaf with value R on X. Furthermore, Qx[[2]].
is the sheaf of formal power series of smooth forms on X, where deg(z) = 2, and
its differential is given by d, := dgr + w%. The isomorphism is not canonical, but
depends on the choice of a connection on the gerbe G with characteristic form w.
1.1.3. — The complex (1.1.1) can be defined for a smooth stack X equipped with a
three-form w € Q% (X). It is the complex of global sections of a sheaf of two-periodic
complexes Qx ., per 00 X. The complex of sheaves Qx|[[z]]. is not two-periodic. The
relation between Qx[[2]], and Qx , per has been discussed in [9, 1.3.23]. Consider the
diagram

4
d

(1.13) ?: ([l & QX) [l E Q) & -
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2 CHAPTER 1. INTRODUCTION

Then there exists an isomorphism
(1.1.4) Qx w,per = holim P .

1.1.4. — As mentioned above, the isomorphism (1.1.2) depends on the choice of a
connection on the gerbe G. Moreover, the diagram % depends on these choices via
w. In order to construct a natural two-periodic cohomology one must find a natural
replacement of the operation a‘—lz— which acts on the left-hand side Rf, f*Rx of (1.1.2).
It is the first goal of this paper to carry this out properly.

1.1.5. — One can do this construction in the framework of smooth stacks developed
in [9]. But for the present paper we choose the setting of topological stacks. Only
in Subsection 2.3 we work in smooth stacks and discuss the connection with [9]. In
Section 6 we develop some aspects of the theory of locally compact stacks and the
sheaf theory in this context. For the purpose of this introduction we freely use notions
and constructions from this theory. We hope that the ideas are understandable by
analogy with the usual case of sheaf theory on locally compact spaces.

1.1.6. — Let G — X be a U(1)-banded gerbe over a locally compact stack. The
main object of the present paper is a periodization functor

Pg : D*(ShapX) — D(ShapX)

which is functorial in G — X, and where D*(ShapX) and D(ShapX) denote the
bounded below and unbounded derived categories of sheaves of abelian groups on the
site X of the stack X. A simple construction of the isomorphism class of Pg(F') is given
in Definition 2.4.2. The functorial version is much more complicated. Its construction
is completed in Definition 3.4.5.

1.1.7. — Let us sketch the construction of Pg. Recall that gerbes with band U(1)
over a locally compact stack Y are classified by H3(Y;Z), and automorphisms of a
given U(1)-gerbe are classified by H?(Y; Z) [14]. We consider the diagram

T2 x G T2 x G ,

t\/t

S

where the automorphism u of gerbes over T2 x X is classified by orgz x 1 € H(T? x
X;Z), and where orp: denotes the orientation class of the two-torus. We define a
natural transformation

D: Rf.f* — Rf.f*: DY (ShapX) — D*(ShapX)
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1.1. PERIODIC TWISTED COHOMOLOGY 3

of degree —2 as the composition

ni u= ' f
D: Rf.f* "™° Rf*Rp,Ru.u'p* f* "P57" Rf, Rp.p* f* 23 Rf.f*

where fp: Rp,p* — id is the integration map of the oriented T2-bundle 7% x G — G.
For F € D*(ShapX) we form the diagram

So(F): Rff*(F) & REf*(F)[2] & Rff*(F)[4] & -
in D(ShAbX).
Definition 1.1.5. — We define the periodization Pg(F) € D(ShapX) of F' by
Pg(F) := holim «;JG(F) S D(ShAbX) .

Note that this introduction is meant as a sketch. In particular, one has to be aware
of the fact that the notion of holim in a triagulated category is ambiguous and has
to be used with great care, as will be explained below and in the body of the paper.
At present, the above definition only fixes the isomorphism class of Pg(F').

1.1.8. — The same construction can be applied in the case of smooth stacks X. It is
an immediate consequence of Theorem 2.3.2 that there exists an isomorphism of the
diagrams Sg(Rx) and 9 (see (1.1.3)). Equation (1.1.4) implies the following result.

Corollary 1.1.6. — If X is a smooth manifold, then there exists an isomorphism
PG(RX) = QX,uJ,per

in D(ShapX). In particular we have an isomorphism of two-periodic cohomology
groups Hip(X,w) = H*(X; Po(Rx)).

The existence of this isomorphism played the role of a design criterion for the
construction of the periodization functor Pg.
1.1.9. — The operation D: Rf,f*(F) — Rf.f*(F) is a well-defined mor-
phism in the derived category. In particular, we get a well-defined diagram
Je(F) € D(ShapX)N”, where we consider the ordered set N as a category. This
determines the isomorphism class of the object Pg(F) € D(ShapX). We actually
want to define a periodization functor

Pgt D+(ShAbX) - D(ShAbX) y

which also depends functorially on the gerbe G — X. These functorial properties are
required in our applications to T-duality, or if one wants to formulate a statement
about the naturality of a Chern character from G-twisted K-theory with values in
the periodic twisted cohomology H*(X; Pa(Rx))-

In order to define Pg(F') in a functorial way we must refine the diagram J;(F) €
D(ShapX)N™ to a diagram in D((ShapX)N™). This is the technical heart of the
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4 CHAPTER 1. INTRODUCTION

present paper. The details of this construction are contained in Section 3 and will be
completed in Definition 3.4.5. Along the way, we have to use the enhancement of the
category of sheaves to bounded below complexes of flasque sheaves.

1.1.10. — The periodization functor Pg; can be applied to arbitrary objects in
D" (ShapX). In Proposition 2.5.1 we calculate examples which indicate some inter-
esting arithmetic features of this functor.

1.2. T-duality

1.2.1. — Topological T-duality is a concept which models the underlying topology
of mirror symmetry in algebraic geometry or T-duality in string theory. We refer to
[6] for a more detailed discussion of the literature. In the present paper we introduce
the concept of T-duality for pairs (E,G) of a U(1)-principal bundle E — B over a
topological stack B together with a topological gerbe G — E with band U(1) using
the notion of a T-duality diagram.

1.2.2. — Consider a diagram

AN
N

(1.2.1)

=
X
w

\ / N

GX
A /
Y

where 7, # are U(1)-principal bundles, and f, f are gerbes with band U(1). In 4.1.3 we

describe the isomorphism class of the universal T-duality diagram over the classifying
stack BU(1).

Definition 1.2.2 (Definition 4.1.3). — The diagram (1.2.1) is a T-duality diagram, if it
is locally isomorphic to the universal T-duality diagram.

The pair (G, E) is then called a T-dual of (E,G).

1.2.3. — In Lemma 4.1.5 we will check that this generalizes the concept of T-duality
(for U(1)-bundles) from the classical situation of principal bundles in the category of
spaces [6, 8] and the slightly more general situation of such bundles in orbispaces [8] to
arbitrary U(1)-actions. The situation of semi-free actions is discussed (in a completely
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1.2. T-DUALITY 5

different way) in [24]. It is an interesting open problem to relate his approach to the
approach used here.

1.2.4. — One of the main themes of topological T-duality is the T-duality trans-
formation in twisted cohomology theories. In [8] we observed that if the T-duality
transformation is an isomorphism, then the corresponding twisted cohomology theory
must be two-periodic.

This applies e.g. to twisted K-theory. In fact, one can argue that twisted K-theory
is the universal twisted cohomology theory for which the T-duality transformation is
an isomorphism (1.

1.2.5. — Our construction of Pg is designed such that the corresponding T-duality
transformation is an isomorphism. To this end we define the periodic G-twisted co-
homology of E with coefficients in 7*F, F' € D% (Sha,B), by

H*.(E,G;7*F) := H*(E; Pg(n*F)) .

per

In this case the T-duality transformation
T: H (E,G;n*F) — H' (E,G; #*F)

per per

is induced by the composition

Rr,Pg(n* F) w R, Rp.p* Pg(n*F)
~ RmyRp.Pp-g(p*m* F)
% Rm.Rp.P,..(p"n"F)
ST Rt Rpu P (57 F)
S Rt Rp.p*Py(#*F)
J, L
—  Rn,Ps(7*(F)) .

Note that here we use the functoriality of the periodization in an essential way.

Theorem 1.2.3 (Theorem 4.3.7). — The T-duality transformation in twisted periodic
cohomology is an isomorphism.

1.2.6. — If G — X is a gerbe over a nice non-singular space X, then H (X, G;Rx)
is the correct target of a Chern character from twisted K-theory. If X is a topological
stack with non-trivial automorphisms of points, then this is no longer correct. At the
moment we do understand the special case of orbispaces. In [10, Sec. 1.3] we give a
detailed motivation for the introduction of the twisted delocalized cohomology.

(1) We thank M. Hopkins for pointing out a proof of this fact.
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6 CHAPTER 1. INTRODUCTION

Let G — X be a topological gerbe with band U(1) over an orbispace X. In [10,
Definition 3.4] we show that it gives rise to a sheaf £ € Sha,LX, where LX is the
loop orbispace of X.

The G-twisted delocalized periodic cohomology of X (with complex coefficients) is
defined as (see [10, Definition 3.5])

ngloc,per(X1 G) = H*(LX; Pg,(£)) ,
where G, — LX is defined by the pull-back

Gr—@G .

L

LX — X

Let us now consider a T-duality diagram (1.2.1) over an orbispace B. Then we
define a T-duality transformation

T: Hseloc,per(Ev G) - H;eloc,per(E’ é)

by a modification of the construction 1.2.5.

Theorem 1.2.4 (Theorem 5.4.2). — The T-duality transformation in twisted delocalized
periodic cohomology is an isomorphism.

So the situation with twisted delocalized periodic cohomology is better than with
orbispace K-theory. At the moment we do not know a proof that the T-duality trans-
formation in twisted orbifold K-theory is an isomorphism (see the corresponding com-
ments in [8]). Using the fact that the Chern character is an isomorphism, our result
implies that the T-duality transformation in twisted orbifold and orbispace K-theory
is an isomorphism after complexification.

1.3. Duality for sheaves on locally compact stacks

1.3.1. — In Section 6 of the present paper we develop some features of a sheaf
theory for locally compact stacks. Our main results are the construction of the basic
setup, of the functor f', and the integration f f for oriented fiber bundles. Section 6
not only provides the technical background for the applications of sheaf theory in the
previous sections, but also contains some additional material of independent interest
(in particular the results connected with f').

ASTERISQUE 337



1.3. DUALITY FOR SHEAVES ON LOCALLY COMPACT STACKS 7

1.3.2. — A presheaf F of sets on a topological space X associates to each open
subset U C X a set of sections F(U), and to every inclusion V' — U of open subsets
a functorial restriction map F(U) — F(V), s — s)y. In short, a presheaf is a con-
travariant functor from the category (X) of open subsets of X to sets. A presheaf is
a sheaf if it has the following two properties:

(1) If s,t € F(U) are two sections and there exists an open covering (U;) of U such
that sy, = tjy, for all 4, then s =1¢.

(2) If (U;) is an open covering of U and (s;) is a collection of sections s; € F(U;)
such that s;jy;nv; = $jju;nu; for all pairs i, j, then there exists a section s €
F(U) such that sy, = s; for all 4.

The notion of a sheaf is thus determined by the Grothendieck topology on (X) given
by the collections of open coverings of open subsets. We will call (X) the small site
associated to X.

If X is a topological stack, then the open substacks form a two-category which does
not give the appropriate setting for sheaf theory on X. For example, if G is a finite
group, then the quotient stack [*/G] is quite non-trivial but does not have proper open
substacks. On the other hand its identity one-morphism has the two-automorphism
group G, and in a non-trivial theory sheaves should reflect the two-automorphisms.

1.3.3. — For applications to twisted cohomology a setting for sheaf theory on smooth
stacks has been introduced in [9]. In the present paper we develop a similar theory
for topological stacks. There are various choices to be made in order to define the
site of a stack in topological spaces. The sheaf theories associated to these choices
will have many features in common, but will differ in others. The main goal of the
present paper is the construction of the periodization functor Pg associated to a
U(1)-banded gerbe G — X. One of the main ingredients of the construction is an
integration [ f for oriented fiber bundles f with a closed topological manifold as fiber.
In order to define the integration map we need a projection formula which expresses
a compatibility of the pull-back and push-forward operations with tensor products,
see Lemma 6.2.11. Already for the projection formula in ordinary sheaf theory one
needs local compactness assumptions. For this reason we decided to work generally
with locally compact stacks and spaces though much of the theory would go through
under more general or different assumptions.

1.3.4. — A stack in topological spaces is topological if it admits an atlas A — X.
From the atlas we can derive a groupoid A xx A = A which represents X in an
appropriate sense. The stack is called locally compact if one can find an atlas A — X
such that the resulting groupoid is locally compact (i.e. A and A xx A are locally
compact spaces).

SOCIETE MATHEMATIQUE DE FRANCE 2011



8 CHAPTER 1. INTRODUCTION

The site X associated to a locally compact stack is the category of locally compact
spaces (U — X) over X such that the morphisms are morphisms of spaces over X
(i-e. pairs of a morphism between the spaces and a two-morphism filling the obvious
triangle.) We require that the structure morphism U — X has local sections. The
topology on X is again given by the collections of coverings by open subsets of the
objects (U — X). For many constructions and calculations the restriction functors
from sheaves on X to sheaves on (U) play a distinguished role. They are used to build
the connection between operations with sheaves on the stack X and corresponding
classical operations in sheaf theory on the spaces U.

1.3.5. — For the theory of stacks in topological spaces in general we refer to [14],
[10], [22]. Some special aspects of locally compact stacks are discussed in Subsection
6.1 of the present paper.

In our treatment of sheaf theory on the site X we give a description of the closed
monoidal structure on the categories of sheaves and presheaves of abelian groups
ShppX and Prap,X on X. The interplay between sheaves and presheaves will be im-
portant when we study the compatibility of the monoidal structures with the functors

f* . ShAbY s ShAbX : f*

associated to a morphism of locally compact stacks f : X — Y. In general these
functors do not come from a morphisms of sites but are constructed in an ad-hoc
manner. Because of this we must check under which conditions properties expected
from the classical theory carry over to the present case.

The derived versions of these functors on the bounded below and unbounded de-
rived categories DT (ShapX) and D(ShapX) will play an important role in the present
paper. In order to deal with the unbounded derived category we use an approach via
model categories.

1.3.6. — Besides the development of the basic set up which we will not discuss
further in the introduction let us now explain the two main results which may be of -
independent interest.

Theorem 1.3.1 (Theorem 6.3.2). — If f : X — Y is a proper representable map between
locally compact stacks such that f. has finite cohomological dimension, then the functor
Rf, : DT (ShapX) — D*(ShabY) has a right-adjoint, i.e. we have an adjoint pair

(1.3.2) Rf. : D*(ShapX) S D' (ShapY) : f' .

We think that one could prove a more general theorem stating the existence of a
right adjoint of a functor Rf) where f; is the push-forward with proper support along
an arbitrary map between locally compact stacks such that fi has finite cohomological
dimension, though we have not checked all details.

ASTERISQUE 337



1.3. DUALITY FOR SHEAVES ON LOCALLY COMPACT STACKS 9

This theorem generalizes a well-known result ([26], [17, Ch. 3]) in ordinary sheaf
theory. Its importance is due to the classical calculation

(1.3.3) FY(F) = f*(F)[n]

(compare [17, Prop.3.3.2]) for F € D*(Shap(Y)), if f : X — Y is an oriented locally
trivial bundle of closed connected topological n-dimensional manifolds on a locally
compact space Y. If we would know such an isomorphism in the present case (for

sheaves on the sites X, Y and stacks X,Y), then we could define the integration map
as the composition

/f : Rff*(F) 5 Rff (F)[-n] 5" Fl-n]

where the last map is the co-unit of the adjunction (1.3.2).

Unfortunately, at the moment we are not able to calculate f'(F) in any interesting
example. However, we can construct the integration map in a direct manner avoiding
the knowledge of (1.3.3).

Some elements of the theory developed here are formally similar to the work [23]
on sheaves on the lisse étale site of an Artin stack. In this framework in [18] a functor
f' was introduced between derived categories of constructible sheaves. On the one
hand the methods seem to be completely different. On the other hand this functor
has the expected behavior for smooth maps, i.e. it satisfies a relation like (1.3.3). At
the moment we do not see even a formal relation between the construction of [18]
with the construction in the present paper which could be exploited for a calculation
of f'(F).

1.3.7. — The following Theorem is the result of Subsection 6.4.

Theorem 1.3.4. — If the map f : X — Y of locally compact stacks is an oriented
locally trivial fiber bundle with a closed connected topological n-dimensional manifold
as fiber, then there exists an integration map, a natural transformation of functors

/ : Rfof* — id[—n] : D" (ShapX) — D (ShapX)
f
which has the expected compatibility with pull-back and compositions.

In Subsection 6.5 we extend the push-forward and pull-back operations to the
unbounded derived categories and construct the integration map in this setting.
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CHAPTER 2

GERBES AND PERIODIZATION

2.1. Sheaves on the locally compact site of a stack

2.1.1. — Let Top denote the site of topological spaces. The topology is generated
by covering families covr,p(A) of the objects A € Top, where covyop(A) is the set of
coverings by collections of open subsets.

A stack will be a stack on the site Top. Spaces are considered as stacks through
the Yoneda embedding.

A map A — X from a space A to a stack X which is surjective, representable, and
has local sections is called an atlas. We refer to 6.1.2 for definitions and more details
about stacks in topological spaces.

Definition 2.1.1. — A topological stack is a stack which admits an atlas.

Definition 2.1.2. — A topological space is locally compact if it is Hausdorff and every
point admits a compact neighborhood. A stack is called locally compact if it admits an

atlas A — X such that A and A xx A are locally compact.

If X is a locally compact stack, then the site of X is the subcategory Top,./X of
locally compact spaces over X such that the structure map A — X has local sections.
The topology is induced from Top. We denote this site by X or Site(X). See 6.1.6 for
more details.

2.1.2. — As will be explained in 6.1.9, a morphism of locally compact stacks f: X —
Y gives rise to an adjoint pair of functors

f*:ShY < ShX : f, .

The functor f, is left-exact on the categories of sheaves of abelian groups and admits
a right-derived
Rf* . D+ (ShAbX) i D+(ShAbY)

between the bounded below derived categories, compare 6.1.9.
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12 CHAPTER 2. GERBES AND PERIODIZATION

2.1.3. — Let M be some space.

Definition 2.1.3. — A map between topological stacks f : X — Y is a locally trivial
fiber bundle with fiber M if for every space U — X the pull-back U xy X — U is a
locally trivial fiber bundle of spaces with fiber M.

Assume that M is a closed connected and orientable n-dimensional topological
manifold.

Definition 2.1.4. — Let f: X — Y be a map of locally compact stacks which is a locally
trivial fiber bundle with fiber M. It is called orientable if there exists an isomorphism
R"f.(Zx) = Zv . An orientation of f is a choice of such an isomorphism.

2.1.4. — Let f: X — Y be alocally trivial oriented fiber bundle with n-dimensional
fiber M over a locally compact stack Y. Under these assumptions we can generalize
the integration map (see [17, Sec. 3.3))

Theorem 2.1.5 (Definition 6.4.6). — If f: X — Y be a locally trivial oriented fiber bun-
dle over a locally compact stack with fiber a closed topological manifold of dimension
n, then we have an integration map, i.e. a natural transformation of functors

/: Rf,o f* —id: DT(ShapY) — D (ShapY)
f
of degree —n.

2.1.5. — We consider a map of locally compact stacks f: X — Y which is a locally
trivial oriented fiber bundle with fiber a closed topological manifold of dimension n.
Furthermore let U — X be a morphism of locally compact stacks which has local
sections. Then we form the Cartesian () diagram

V—=X

.
U—>Y.

Note that g : V — U is again a locally trivial oriented fiber bundle with fiber a closed
topological manifold of dimension n. The orientation of f (which gives the marked

(1) In the present paper by a Cartesian diagram in the two-category of stacks we mean a
2-Cartesian diagram. In particular, the square commutes up to a 2-isomorphism which we
often omit to write in order to simplify the notation. More generally, when we talk about
a commutative diagram in stacks, then we mean a diagram of 1-morphisms together with a
collection of 2-isomorphism filling all faces in a compatible way, and again we will usually not
write the 2-isomorphisms explicitly.
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2.2. ALGEBRAIC STRUCTURES ON THE COHOMOLOGY OF A GERBE 13

isomorphism below) induces an orientation of g by

(6.1.15) |
R"9.(Zy) 2 R"g.v*(Zx) = u'R"fu(Zx) = u*(Zy) =Ly -

Lemma 2.1.6. — The following diagrams commute

(2.1.7) u*oRf.o f* i-f_ﬂg* ov*of* Ru,oRg.og* i)Rf* o Ru, o g*

Lu* ) lg iau* I LE

u* Rg.og*ou* Ru, Rf. o f* o Ru,

fy ff Ru.

Proof. — Commutativity of the first diagram follows immediately from the stronger
(because valid in the derived category of unbounded complexes) Lemma 6.5.31. Com-
mutativity of the second diagram is proved in Lemma 6.5.31, but only for the bounded
below derived category. O

2.2. Algebraic structures on the cohomology of a gerbe

2.2.1. — Let X be a locally compact stack and f: G — X be a topological gerbe
with band U(1). Then G is a locally compact stack. Indeed, we can choose an atlas
A — X such that A and A x x A are locally compact, and there exists a section

G .
— - X

A—>
Then A — G is an atlas and A xg A — A xx A is a locally trivial U(1)-bundle. In
particular, A xg A is a locally compact space.

2.2.2. — By T? we denote the two-dimensional torus. We fix an orientation of T°2.
We consider the pull-back priG = T% x G — T? x X. The isomorphism classes of
automorphisms of this gerbe are classified by H?(T? x X;Z). Let

¢

~ 7

T? x X

pr3G pr3G
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14 CHAPTER 2. GERBES AND PERIODIZATION

be an automorphism classified by orr2 x1x € H2(T?x X; Z). We consider the diagram

(2.2.1) pr;G pr3G

l\/t

A

Notice that ¢ is unique up to a non-canonical 2-isomorphism. In the present paper
we prefer a more canonical choice. We will fix the morphism ¢ once and for all in the
special case that X is a point and G = BU(1), i.e. we fix a diagram

T? x BU(L) — 22 T2 % GU(1) .

.

BU(1) T2 BU(1)

L7

*
If G — X is a topological gerbe with band U(1), then we obtain the induced diagram
by taking products

idg % ¢\xniv

G xT? x BU(1) GxT?x BU) .

b >~ ]

G x BU(1 X x T2 G x BU(1)
\X/

We now replace the products BU(1) x G by the tensor product of gerbes as explained
in [11, 6.1.9] and identify BU(1)® G with G using the canonical isomorphism in order
to get

pr3G pr3G

i\/l

T2 x X

)
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In this way we have constructed a 2-functor from the 2-category of U(1)-banded gerbes
over X to the 2-category of diagrams of the form (2.2.1). By taking prefered models
for the products we can, if we want, assume a strict equality fopo ¢g = f op.

2.2.3. — Observe that the map of locally compact stacks p: pr3G — G is a locally
trivial oriented fiber bundle with fiber 72. Therefore we have the integration map (see
2.1.5)

/:Rp,,op*—»id.
P

Definition 2.2.2. — We define a natural endo-transformation Dg of the functor
Rf.o f*: D*(ShapX) — D" (ShapX)
of degree —2 which associates to F € D+ (ShapX) the morphism

Rf, o f*(F) ™% Rf, o Rp, o R$, 0 ¢* o p* o f*(F)

Jopod=1%, Rf. o Rp. op* o f*(F) L Rf.o f*(F) .

2.2.4. — It follows from Lemma 2.1.6 that Dg is compatible with pull-back dia-
grams. In fact, consider a Cartesian diagram

G—G .
I, )
XILX

Using the canonical construction explained in 2.2.2 we extend this to a morphism
between diagrams of the form (2.2.1). Then we have the commutative diagram

g*oRfio f* —==Rfio(f")og* .
‘/Q*DG [Dcwy‘
g*oRf.o f* —=Rfo(f)*og*
2.2.5. — We compute the action of Dg in the case of the trivial gerbe f : G — *
and the sheaf F' € Shpy,Site(x) represented by a discrete abelian group F. Note that

Rf. o f*(F) is an object of D (ShapSite(x)). We get an object Rf, o f*(F)(*) €
D™ (Ab) by evaluation at the object (* — %) € Site(*).

Lemma 2.2.3. — There exists an isomorphism
H*(Rf.o f*(E)(x)) 2 F®Z[[7]]

where deg(z) = 2. On cohomology the transformation Dg is given by Dg = id ® %.
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16 CHAPTER 2. GERBES AND PERIODIZATION

Proof. — We choose a lift x — G. Forming iterated fiber products we get a simplicial
space

ek Xgk Xgk Xgk = x Xg* Xg*x — % Xg*x — %,

Note that * xg * = U(1). One checks that the simplicial space is equivalent to the
simplicial space BU(1)", the classifying space of the group U(1),

Uy xU1Q)xUQ)—-UQ)xU1)—-UQ1) — *.

Let (U — %) € Site(x). If H € ShapG, then we consider an injective resolution
0 — H — I'. The evaluation I'(U x BU(1)’) gives a cosimplicial complex, and after
normalization, a double complex. Its total complex represents Rf.(H)(U — ) (see [9,
Lemma 2.41] for a proof of the corresponding statement in the smooth context). We
calculate the cohomology of Rf.(H)(U — %) using the associated spectral sequence.
Its second page has the form

EP =, HP(U x BU(1)% H) .

We now specialize to the sheaf H = f*(F) = F, where F' is a discrete abelian
group, and U = *. In this case the spectral sequence is the usual spectral sequence
which calculates the cohomology of the realization of the simplicial space BU (1) with
coefficients in F. Note that H*(BU(1); Z) = Z[[2]] as rings with deg(z) = 2. Since it
is torsion free as an abelian group we get

H*(R*foo f*(F)(x)) @ F® H*(BU(1);Z) = F ® Z[[2]] .

In a similar manner we calculate Rf, o Rp. op* o f*(F)(x). Its cohomology is H* (T2 x
BU(1); F), hence we have

H*(Rf, 0 Rpy op® o f*(E)(x)) = F ® H*(T* x BU(1); Z) = F ® A(u,v) ® Z[[z]] ,

where u,v € H*(T?,Z) are the canonical generators.

For every topological group I' we have a natural map I' — Q(BI'). By adjointness
we get amap c: U(1) xI' - U(1) AT — BI'. We will need a simplicial model ¢’ of this
map. We consider the standard simplicial model S* of U(1) with two non-degenerate
simplices, one in degree 0, and one in degree 1. Then S° x I' is a simplicial model
of U(1) x I'. It suffices to describe the map ¢ on the non-degenerate part of S x I.
The component ¢ maps S° x I to the base point * of BI". The component ¢! is the
natural identification of the non-degenerate copy of I' C S! x I' with I' & BI'%.

We now specialize to the case I' = U(1). We get a map ¢ : T? 2 U(1) x U(1) —
BU(1), or on the simplicial level, a map ¢ : S x U(1) — BU(1). We have
H*(BU(1); Z) = Z|[[2]] with z of degree 2, and one checks that uv = c*(z) € H?(T?;Z)
(after choosing an appropriate basis u,v € H(T?; Z)).
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2.3. IDENTIFICATION OF THE TRANSFORMATION D¢g IN THE SMOOTH CASE 17

Note that BU(1) is a simplicial abelian group. The discussion above shows that
the automorphism ¢: G — G in (2.2.1) with X = * and classified by uv € H?(T?;Z)
can be arranged so that it induces an automorphism of bundles of BU (1) -torsors

(t,z)—(t,c (t)x)

(2.2.4) S’ x U(1) x BU(1) - S x U(1) x BU(1)" .

S x U(1)

Under this isomorphism the action of
(225)  ¢*: H*(Rf. o Rp. op" o f*(F)(x)) > H*(Rf, o Rp, op" o f*(E)(¥))

is induced by z — z + uv, u — u, v — v. In order to see this note that m*(z) =
21 + 22, where m : BU(1) x BU(1) — BU(1) is the multiplication, and H*(BU(1) x
BU(1);Z) = Z[[z1, #2]]. After realization the map ¢ leads to the composition

(ide ,C)Xid 72 Xm
—

T?% x BU(1) T? x BU(1) x BU(1) ‘™3™ T2 x BU(1)

which maps

(idp2 xm)* ((idp2,c) xid)*
z — —

21 + 29 uv+ 2 .

In cohomology of the evaluations at the point the integration map
[ RfoRpeop” 0 §7(E) = Rfo £*(E)
P

induces the map F ® A(u,v) ® Z[[z]] — F ® Z|[z]] which takes the coeflicient at uv.
This implies the assertions of Lemma 2.2.3. O

2.3. Identification of the transformation Dg in the smooth case

2.3.1. — In this subsection we work in the context of [9] of manifolds and smooth
stacks. It can be considered as a supplement to [9] concerning the transformation Dg
introduced in Definition 2.2.2 which can be defined in the smooth context in a parallel
manner. :

If X is a smooth stack, then Qx denotes the sheaf of de Rham complexes on X.
It associates to (U — X) € X the de Rham complex Qx (U — X) := Q(U) of
the manifold U. Note that in this subsection X denotes the site of a smooth stack
introduced in [9].

If w € Q%(X) is a closed 3-form, then we form the sheaf of twisted de Rham
complexes Qx[[z]],. Its evaluation at (U — X) € X is the complex Qx|[2]].(U —
X) := Q(U)[[z]) & QU) ®z Z[[2]] with differential dyr +w-L. In this formula the form
w acts by wedge multiplication with the pull-back of w to U.
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18 CHAPTER 2. GERBES AND PERIODIZATION

Let f: G — X be a gerbe with band U(1) over a smooth manifold X. The choice
of a gerbe connection determines a closed 3-form w € Q% (X) which represents the
Dixmier-Douady class of the gerbe. By [9, Theorem 1.1] we have an isomorphism

(2.3.1) Rf.f*"Rx = Qx|[z]]w
in the derived category D*(ShapX).

2.3.2.
Theorem 2.3.2. — We have a commutative diagram
Rf.f*Rx +—— Q
Fof"Rx G x[[2)w
[P L4
SRy ——— Q :
Rf.f*Rx G x[[2llw
Proof. — The isomorphism (2.3.1) was constructed in [9, Section 3] using a particular

model of Rf.f*(Rx). We first recall its construction. Let A — G be an atlas. For
(U — X) € X we form the simplicial object (4;; — G) € GA™ with

A?] Z:AXG'--XGAXXU—>G.
N—————
n+1 factors

The boundaries and degenerations are given by the projections and diagonals as usual.

If F € Ct(PrapbG) is a bounded below complex of presheaves, then we form
the simplicial complex of presheaves (U — X) — F(Ay — G). We let C4(F) €
C*(PrapX) denote the presheaf of associated total complexes. Sometimes we will
write C7""(F) for the summand of bidegree (m,n), where the first entry m denotes
the cosimplicial degree.

If F is a complex of flabby sheaves, then by [9, Lemma 2.41] we have a natural iso-
morphism Rf,(F') = C4(F). Here we use in particular that the functor C4 preserves
sheaves.

Note that the resolution Ry — Q¢ of the constant sheaf with value R by the sheaf
of de Rham complexes is a flabby resolution (see [9, Subsection 3.1]). Therefore we
have a natural isomorphism Rf.(Rg) = Ca(Q¢).

We choose an atlas A — X given by the disjoint union of a collection of open
subsets of X such that there exists a lift in

G
7

A—X
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This lift is an atlas A — G of G. We furthermore choose a connection datum («, 8) €
QYA xg A) x Q?(A). The one-form « is a connection of the U(1)-principal bundle
AxgA— Axx A It is related with the two-form 8 by dgqra = §3. This equation
implies that dd g3 = 0 so that dyr[3 assembles to a uniquely determined closed form
w € 9% (X) (compare [9, Section 3.2]). The 3-form w represents the Dixmier-Douady
class of the gerbe G — X and will be used for twisting the de Rham complex.

The isomorphism (2.3.1) is given by an explicit quasi-isomorphism

(2.3.3) Qxll2]lo — Ca(Q) -

Note that Qx[[z]]. and C4(Q¢) are sheaves of associative DG-algebras central over
the sheaf of DG-algebras 2x, and that z generates Qx[[2]].,. The quasi-isomorphism
(2.3.3) is the unique morphism of sheaves of associative DG-algebras, central over
Q X with

2 (@, 8) € C31 () (X) ® CF*(Q6)(X) -
For more details we refer to [9, Subsection 3.2]

2.3.3. — Fori=1,...,n there are U(1)-principal bundle structures

piZAXG"'XGAQAXG-'-XGAXXAXG“-XgA .

- ~~ ~—
n+1 factors 1 factors n—1i+1 factors

Furthermore, we have embeddings
ji:AXG~-~XGA—>AXG-~-XgAXXAXG'--X(;A

~ ~~ ~~
n factors 1 factors n—1i+1 factors

given by
Jir=1idg--- xidga xAyg xidg--- x idg4 ,
i—1 factors n—i factors
where A : A — A X x A is the diagonal.
If (U — X) € X, then the maps p; and j; induce similar maps on the product
- X x U of these manifolds over X with U which we denote by the same symbols.
Fori=1,...,n we define the map of degree —1

v;: Q(AG) — Q(A',}'l)
as the composition of the integration over the fiber of p; with the pull-back along j;,
ie. v; == 370 fp.. Since the construction of v; is natural with respect to U we can
view v; as a morphism of sheaves C"™(Qg) — C% ™7 (¢). We define the family

of morphisms
n

D, := Z(—l)ivi : Cz’*(Qg) — 2_1’*_1(QG)
=1
and let D : C4(Qq) — Ca(Qg) be the endomorphism of sheaves of degree —2 given
by D, in bidegree (n, *).
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2.3.4.
Lemma 2.3.4. — The map D : C4(Q¢) — Ca(Q¢) is a derivation of Qx-modules.

Proof. — Note that v; commutes with the de Rham differential. Moreover, if

qr - éXG-HvaA-—)AXG*"XGA

v~

n+1 factors n factors

is the projection which leaves out the k-th factor (k = 0,...,n), then we have the
relations

Vigk = g1V, J<Kk
UJq;: = q;vj—17 J >k + 1
viqr =0, j=kk+1.

Observe that in the last case gx factors over the bundle which is used for the integration
in the definition of vy or vgy1, and the composition of a pullback along a bundle
projection followed by an integration along the same bundle projection vanishes. These
relations imply by a direct calculation that D is a chain map for the Cech-de Rham
differential of C4(Q¢).

Moreover, it follows immediately from the definition of D that it is Q x-linear (even

Q 4-linear).

It is again a straightforward calculation to verify that D is a derivation for the
associative product on C4(Qq) (compare [9, 2.4.9] for the product structure). O
2.3.5.

Lemma 2.3.5. — We have a commutative diagram
(2.3.3)

Qx[[zlle —— Ca(Q2)

el
Qx(llle 222 Ca(Q0).

Proof. — Since a is the connection one-form of a U(1)-connection on the total space
of the U(1)-principal bundle p; : Axg A — A xx A we have fpl a = 1. Consequently,
D(a, 8) = 1. This implies the assertion, since D and diz are Q x-linear derivation, and
z generates Qx[[#]]w- O

In view of Lemma 2.3.5, in order to finish the proof of Theorem 2.3.2 is suffices to
show that the operation D coincides with the operation of fp 0¢* o p* on Ca(Qg).
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2.3.6. — Let M be a simplicial manifold and consider the bundle U(1) x M" — M".
We describe the integration map

/ QUA) x M) - QM)
in the simplicial picture, i.e. as a map
/ QS X M) - QM) .

For n > 1 the manifolds S™ x M™ consists of n copies o1(M™"),...,0,(M™) of M™
which correspond to the points of S™ which are degenerations of the non-degenerated
point of S! (where the index measures which 1-simplex in the boundary is non-
degenerate), and an additional copy of M™ corresponding the point of S™ which is the
degeneration of the point in S°. For k = 1,...,n+ 1 let jx : M™ — S"+1 x M"+1 be
the map M™ — o (M™*+1) c S*+! x M™+1, which corresponds the kth degeneration
[n + 1] — [n]. We now define a chain map of total complexes

/ LS x M) = QM)

of degree —1 which is given by

n+1
(2.3.6) D (=1)F5p  QS™ x MY - Q(M™) ,
k=1

and is zero on 2(S° x M?). This map realizes the integration in the simplicial picture.
2.3.7. — For (U — X) € X the automorphism of gerbes ¢ : T2 x G — T2 x G
induces an automorphism of simplicial sets

¢ :SxUQ)x Ay =S xU(1) x Ay

which we now describe explicitly by an extension of the special case (2.2.4) to general
base spaces.

If t € S® x U(1) belongs to U(1) = ox(U(1)) Cc S x U(1), k = 1,...,n, then
¢'(t,a) = (t,mi(t,a)), where my : U(1) x A}, — A} is the action of U(1) on the
principal fibration pi. If t € S® x U(1) belongs to the degeneration of S° x U(1), then
¢'(t,a) = (t,a). This formula provides a simplicial description of the action of

#* : Cs xu1)xa(f2¢) = Cs xvyxa(Qa) -

Combining the description of the integration map (2.3.6) with this formula for the
action of ¢* it is now straightforward to show the equality of maps

D= /oqb* op* : Cu(Rg) — Ca(Qq) . O
P
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2.4. Two-periodization — up to isomorphism

2.4.1. — Let f: G —» X be a topological gerbe with band U(1) over a locally
compact stack X. In Definition 2.2.2 we have constructed a natural endomorphism
D¢ € End(Rf, o f*) of degree —2. To any object F' € D*(Sha,X) we associate the
inductive system

(2.4.1) Jo(F): Rfvo f*(F) %€ Rf. o f*(F)[2] %€ Rf.o f*(F)[4] 2 ...

indexed by {0,1,2,...}.

Using the inclusion Dt (ShapX) — D(ShapX) of the bounded below into the
unbounded derived category of sheaves of abelian groups on X we can consider
Jo(F) € D(ShapX)N”, where the ordered set of integers N is considered as a cate-

gory.

2.4.2. — Using the triangulated structure of D(ShapX) one can define for each
object J € D(ShapX)N¥” an object holim ¢ € D(ShapX) which is unique up to non-
canonical isomorphism (see [21]). An explicit construction of this homotopy limit
uses the extension of maps in D(ShapX) to exact triangles by a mapping cylinder
construction. In particular, we obtain holim J,(F') by the extension to a triangle of
the map 1 — Din

holim J,(F) — HRf* F)[21] p— HRf* F)[2i] — holim J,(F)[1] ,

>0 >0

where

D: [ Rfvo £ (F)[2i) = [[ RS o £*(F)[24]

i>0 i>0
maps the sequence (z;);>0 to the sequence (DgZit1)i>o0-

2.4.3. — We can now define the periodization Pg(F) € D(ShapX) of an object
Fe D+(ShAbX).

Definition 2.4.2. — For F € D" (ShapX) we define Pg(F') € D(ShapX) by
Pg(F) := holim J;(F) .
Note that Pg(F) is well-defined up to non-canonical isomorphism.

2.4.4. — The operator

[1Dc: [1 RS0 57 (F)2i] = (J] Rfx 0 £+ (P (2i)[-2]

>0 >0 120
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commutes with D and therefore induces a map W: Pg(F) — Pg(F)[-2] via an
extension in the diagram

Pg(F) LA Po(F)[-2]

! !

. H4>0DG .
[Tiso Bf« o f*(F)[2]] —=—— [lizo Rf« o f*(F)[2i])[-2]

= =

Hizo D¢
_—= 5

[Tiso Rf« 0 f*(F)[24] [Liso RS« 0 f*(F)[2d))[-2]
Pa(F)[1] Y Pe(F)[1][-2] -

Note that such an extension exists by the axioms of a triangulated category, but it
might not be unique.
The following proposition asserts that Pg(F') is two-periodic.

Proposition 2.4.3. — The map W: Pg(F) — Pg(F)[—-2] is an isomorphism.

Proof. — For notational convenience, we consider the following general situation. Let
D(A) be the unbounded derived category of a Grothendieck abelian category. Note
that Shap(X) is such a category (see Section 3.3.1). We consider an object X € D(A)
together with a morphism D: X — X[—2]. We can assume that D is represented by
a map of complexes D: X — X[—-2]. We obtain the extension 1 — Dtoa triangle

(2.4.4) vy — [ X123 =P [] 124 - v[1)
i>0 i>0

where Y := [;>0 X[21] @ ([T;>0 X [2i])[1] with the differential

d 1-D
6:= ,

where d is the differential of X. The induced map W:Y — Y[-2] is given by

W .= ( HiZOD 0 ) .
0 [lizo D

E: ] x12i - (] X[20)[2)

i>0 i>0

Let
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be the shift E(z;)i>0 := (Zi+1)i>0. Note that E commutes with 1 — D, too. Therefore
we obtain the extension S: Y — Y[2] in the diagram

1-D

Y [Tizo X[2] [Ti>o X[24] Y[

o | X

Y[2] — (ITizo X [24))[2] A (TTizo X[2)[2] — Y[1][2]

(12)

Proposition 2.4.3 is a consequence of the following Lemma.

by the matrix

Lemma 2.4.5. — We have the equalities W o S =id = So W.

Proof. — First observe that [[,5oD o E = D=FEo [Ii>0 D- Therefore W o § =
SoW = (ﬁ g). In order to show that W o S = id we show that the map

0
D o
I:= R .
0 D

on Y is homotopic to the identity and therefore is equal to the identity in the derived
category. This follows from

1—-I=60J+Joé

0 0
J = . O

2.4.5. — We continue with the notation introduced in the proof of Proposition 2.4.3.

with

Applying a homological functor to the triangle (2.4.4) we get the long exact sequence

o HY(Y) - [[H (X[20) - [[ H*(X[23)) = H*(Y[1]) - .

i>0 i>0

If we analyze the middle map and compare it with the ordinary definition of limits in
abelian categories we get the following result.

Corollary 2.4.6. — We have an ezact sequence:

0— 1i5n1H*(X[2z'])[—1] — H*(Y) = lim H*(X[2i]) -0 .
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2.4.6. — Note that the construction
holim : D(A)N” — D(A)

is not a functor. The construction of the homotopy limit holim (S) for § € D(A)N”
via mapping cylinders uses explicit representatives of the maps of the system S and
depends non-trivially on this choice.

A homotopy limit functor holim : D(AN") — D(A) can be defined as the right-
derived functor of lim: AN” — A. Note that in the domain we take the derived
category of the abelian category of N°P-diagrams in A as opposed to N°P-diagrams
in the derived category of A. In Section 3 we will use this idea and refine Pg to a
periodization functor

Pgi D+(ShAbX) — D(ShAbX)
which is a triangulated functor and natural in G — X. The main idea is the construc-
tion of a refinement of the diagram (2.4.1) to a diagram in D((Shap X)), see 3.4.6
(the details are in fact more complicated).

2.5. Calculations

2.5.1. — In this subsection we calculate Pg(F) in the special case, where G — * is
the (trivial) U(1)-gerbe over the point, and F € ShaSite(x) is the sheaf represented
by a discrete abelian group F. We will calculate the abelian group H*(*; Pg(F)).
This cohomology is two-periodic so that we only have to distinguish the even and the
odd-degree case. In the table below A(% denotes the group of finite adeles of @, which
contains Q via the diagonal embedding.

Proposition 2.5.1. — We have the following table for the cohomology H*(x; Po(F)).
| F | H¥(x Po(F)) | H%(x; Po(F)) |

Z 0 A}/Q
Q Q 0
Z/nZ 0 0
Q
Q/z A7 0
2.5.2. — To prove Proposition 2.5.1, we use the exact sequence 2.4.6 where

H*(X) = H*(x; Rf. o f*(F)) ® F @ Z[[z]] = F[[2]]

by Lemma 2.2.3 with 2z of degree 2. We must discuss the cohomology of the complex

0 — [ Flizllizi) *=P [] Fli=l)i2i] — 0,

i>0 i>0
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where ﬁ(wi)izo = (Dgxit+1)i>0 with Dg = %. This means that we have to study the
solution theory for the system

d
(252) x; — 5.’1,‘,’4_1 =a;, 120, x;€ F[[Z]] .

2.5.3. — Let us start with the case F' = Q. Since we can divide by arbitrary integers
the operator Dy is surjective and we can for any (a;);en solve this system inductively.
Therefore the cokernel lim} Q[u] of 1 — D is trivial. A solution of the homogeneous
system is uniquely determined by the choice of zy and the constant terms of the z;,
1 > 1. Note that the constant term of x; is in degree —2i. It follows that

H (% Pe(Q)=Q, H°(xPs(Q)=0.

2.5.4. — We now discuss torsion coefficients F' = Z/nZ. Write z; = in,kzk,
= 3" a; x2* with z; &, a; s € Z/nZ. Then we have to solve

o0
Zzl w2 — (k + Dy, k12" = Zai,kzk Vi > 0.

Equating coefficients this system decouples into finite systems

Tikn — (kn+ 1)Tit1 knt1 = Gikn
Tiknt1 — (KN + 2)Tit1 knt2 =  Gikntl
Tikn4+n—2 — (kn +n— 1)-'17i+1,kn+n—1 = Q4 kn4+n+2
Tikntn—1—r + (BN +N)Tit1 kntn = Giknin-1,
=0

where i,k > 0. We see that we can always solve this system uniquely by backwards
induction. We get

H® (x; Pg(Z/nZ)) =0, H°(x; Po(Z/nZ)) =0

2.5.5. — Let us now assume that F' = Q/Z. Since this group is divisible we can
solve the system (2.5.2) for every (a;);en. It follows that

H*%(x; Po(Q/2)) = 0

We now discuss the solution of the homogeneous system in degree 0. We can choose xg
arbitrary. If we have found z; for i = 0,...,n—1, then we must solve ,_; = nz, in the
next step. We see that z,, is well-defined up to the image of Z/nZ = n~'Z/Z C Q/Z.
We see that H®Y(x; Pg(Q/Z)) admits a sequence of quotients

Hev(*;Pg(%)) — e — Q’ﬂ N Qn—l NN QO
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where Q™ = Q/Z and Q™ — Q™! is given by multiplication with n for all n € N.
The limit
A% = 1im (Q/n!Z)
neN
is the ring A‘? of finite adeles of Q, and Q C A? is a subgroup. We thus get
H*(x; Po(Q/Z)) = Af .

2.5.6. — Finally assume that F' = Z. We must again consider the system (2.5.2) of
equations above. Let us discuss this system in degree 2r. Then the relevant coefficients
of z; and a; are sequences of integers, and (writing out only these) dz;1 1 = (r +i +
1)z;4+1. We see that the homogeneous equation has only the trivial solution since
otherwise the integer zy must be divisible by n + i + 1 for all ¢ > 0. Hence

H(x; Pc(Z)) =0 .
In order to calculate H°3(*; Pg(Z)) we consider the exact sequence
0-Z-Q—-Q/Z—0.
It gives rise to an exact sequence of sheaves
0-Z—-Q— Q_/Z —0.

and a long exact cohomology sequence. In Section 3.4 we will construct a functorial
version of Pz which is a triangulated functor, and which coincides with the isomor-
phism class constructed above. Using this functor, we get a triangle

Pg(Z) — Pa(Q) — Pe(Q/Z) — Pa(Z)[1]
and therefore a long exact cohomology sequence
H*(x; Pg(2)) — H*(x; Pc(Q)) — H™(%; Pa(Q/Z)) — H*(x; Pa(Z))[1] -
By the calculations for Q and Q/Z we get exact sequences
0— Q-5 A} — H*(x; Ps(Z)) — 0,
where c is the canonical embedding. Therefore

H°%(x; Po(F)) = A%/Q . O
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CHAPTER 3

FUNCTORIAL PERIODIZATION

3.1. Flabby resolutions

3.1.1. — Let X be a site, e.g. the site of a locally compact stack. For U € X let 7 :=
(U; — U)ser € covx(U) be a covering family. Then we consider V := | |;c; U; — U.
Forming iterated fiber products we obtain a simplicial object V' in X with

Vi=Vxy---xygV .
—_—————
n+1 factors
If F € PrX is a presheaf on X, then we form the cosimplicial set C" (7, F) := F(V").

3.1.2. — If F is a presheaf of abelian groups, then we form the Cech complex C(r, F)
which is the chain complex associated to the cosimplicial abelian group C'(r, F).

If F is a sheaf, then H°C(r, F) 2 F(U). We recall the following definition (see [25,
Definition 3.5.1]).

Definition 3.1.1 (see [25, 3.5.1]). — A sheaf F' € ShapX is called flabby if for allU € X
and 7 € covx(U) we have H'C(1,F) 20 for all i > 1.

By [25, Cor. 3.5.3] a sheaf F' € Sha,X is flabby if and only if R*i(F) = 0 for all
k > 1, where i : Shap, X — PrapX is the inclusion of sheaves into presheaves.

As an immediate consequence of the definition a sheaf F' € ShppX is flabby if and
only if the restriction Fyy of F to the site (U) is flabby for all (U — X) € X (see
6.1.14 for the notation).

3.1.3. — Let now X be a locally compact stack and X be the site of X. Occasionally,
in the present paper we need the stronger notion of a flasque sheaf.

Definition 3.1.2. — A sheaf F € ShapX is called flasque if for every (U — X) € X
and open subset V. C U the restriction F(U — X) — F(V — X) is surjective.

In the literature, e.g. in [17] or [5], this is sometimes used as the definition of
flabbiness.
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Lemma 3.1.3. — A flasque sheaf is flabby.

Proof. — For U € X let I'y : ShapX — Ab be the section functor F' +— I'y(F) :=
F(U). For V C U we have I'v(Fy) = T'y(F). A sheaf F € ShypX is flasque by
definition if and only if Fy is flasque for all U € X. But a flasque sheaf is I'y-acyclic
for every V C U by [5, Ch. 2, Thm. 5.4] (note that in this reference our flasque is
called flabby). By [25, Cor. 3.5.3] it is flabby in the sense of 3.1.1.

This argument shows that Fy is flabby for all (U — X) € X and implies that F
itself is flabby. O

We do not know if the converse of Lemma 3.1.3 is true. Therefore we must be
careful when using results from the literature.

3.1.4.

Lemma3.14. — If f : X - Y is a representable map of locally compact stacks, then
a flabby sheaf is f.-acyclic.

Proof. — Let F € ShapX be a flabby sheaf. We must show that R*f,(F) = 0 for
all k > 1. We have a morphism of sites f# : Y — X, see 6.1.10. The functor ?f, :
PrX — PrY is given by Pf,F := F o f¥. It is in particular exact. Therefore we have
Rf, = i' oPf, o Ri. Since a flabby sheaf is i-acyclic we conclude that R*i(F) = 0 for
k > 1. This implies R*f.(F) = 0 for k > 1. O

3.1.5.

Lemma 3.1.5. — If a morphism f: X — Y of locally compact stacks has local sections,
then the functor f*: ShapY — ShapX preserves flabby sheaves.

Proof. — Let F € Sha,Y be flabby. We consider an object (U — X) € X and a
covering family 7 € covx (U). Then we must show that the higher cohomology groups
of C(t, f*F) vanish.

We obtain a covering family fy7 € covy (fyU), see 6.1.11. Let V" be the simplicial
object associated to 7 as in 3.1.1. Since fy preserves fiber products in the sense of
[25, 1.2.2(ii)] we see that fyV" is the simplicial object in Y associated to fy7. The
rule f*F(U) = F(fyU) (see again 6.1.11) gives the isomorphism of cosimplicial sets
f*F(V') = F(f;V") and hence an isomorphism of complexes

C(r, f*F) = C(fyr, F) .

Since F is flabby the higher cohomology groups of the right-hand side vanish. O
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3.1.6. — We now construct a canonical flabby resolution functor
H: ShAbX g C+(ShAbX) s id—o 3.

It associates to a F' a sort of Godement resolution which consists in fact of flasque
sheaves.

For a space U let (U) denote the site of open subsets of U with the topology of
open coverings. We will first construct flabby resolution functors

Tty : Shan(U) — C*(Shav(V)) , id — Fty

for all (U — X) € X which are compatible with the morphisms V' — U in X. For
F € ShppX we obtain a collection of flabby resolutions (Fy — Py (Fy))vex, which
by 6.1.14 give rise to a resolution F' — F%(F). In the following we discuss these steps
in detail.

3.1.7. — Let py: U — U be the identity map, where U is the set U with the discrete
topology. Let F' € Shap(U). We set Y (F) := (py)« opy(F) and let F — GO (F)
be given by the unit id — (py )« o p};-

Lemma 3.1.6. — The sequence 0 — F — (py). o pi, F is ezact.

Proof. — Let w € U. We must show that the induced map on stalks F,, — ((pv)« ©
P4 F)w is injective. This immediately follows from the description

((pu)s 0 PG F)w = colimyewcu H F, . O
veW
3.1.8. — We now construct ¥y (F') inductively. Assume that we have already con-

structed G (F) — - -- — G5 (F). Then we let
T (F) = (pu)» o piy (coker (725" (F) — T2 (F))
and F2,(F) — F5T(F) be again given by
Tk (F) — coker (051 (F) — FE%)) B¢ grk+1(F) |
In this way we construct an exact complex
0~ F = Fly(F) = Fy(F) — -+ = Fy(F) — -+ .

All pieces of the construction are functorial. Hence, the association F' — Jy (F) is
functorial in F. The inclusion F — geg(F) gives the natural transformation id —
Hy.
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3.1.9.

Lemma 3.1.7. — For any sheaf F' € Shay(U) the sheaf (py)« o pf;(F) is flasque and
flabby.
Proof. — For W C U we have
(3.1.8) (v)s o py ()W) = ] Fo
weWw

It is now obvious that (py ). o pf; (F)(U) — (pu)« o py (F)(W) is surjective. A flasque
sheaf is flabby by Lemma 3.1.3. O

3.1.10. — We now consider a sheaf F' € ShppX. For (U — X) let Fyy € Shap(U)
denote its restriction to (U). We apply the previous construction to all objects (U —
X) € X and the sheaves Fyy. Then we get a collection of complexes of sheaves Hy (Fyr)
for all (U —» X) € X. Let f: V — U be a morphism in X. We shall construct a
functorial morphism f* %y (Fy) — Fy (Fy).

Let G € Sh(U), H € Sh(V), and f*G — H be a morphism of sheaves. We consider
the diagram

V—U
It induces the transformation, natural in G and H,
fro(pu)sopy(G) — (pv)so f*oph(G)
= (pv)sopy o f(G)
= (pv)« 0Py (H)
We now construct the map f*%y(Fy) — Py (Fy) of complexes inductively. As-
sume that we have already constructed the morphisms f*(Hy (Fy)) — Fy, (Fy) for

all 7 < k compatible with the differential. Using that f* is right exact (Lemma 6.1.9),
we have an induced morphism

F*coker(FeE (Fy) — F(Fy)) — coker(Fy  (Fy) — Fo(Fy)).

The construction above gives a morphism f* %kﬂ( Fy) — ]@ (Fy), again compat-
ible with the differential of the complexes.

In this way we get the morphism f*%y (Fy) — 2y (Fv). By an inspection of the
construction we check that for a second morphism g: W — V in X the morphisms
g Fu(Fy) = ¢*Fv(Fv) = Fw(Fw) and (f o 9)*Fu(Fy) » Fw(Fw) coincide.

The collections of resolutions Fyy — Hy(Fy), (U — X) € X, determines a resolu-
tion F — F(F) in C*(ShapX).
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3.1.11.
Lemma 3.1.9. — The association F — (F — F(F)) is a functorial flabby resolution.

Proof. — The local constructions Fyy — Py (Fy) are functorial in Fyy. The connect-
ing maps f*Hy(Fy) — Hy(Fy) are compatible with this functoriality. It follows
that the construction F — F(F) is functorial in F'.

The restrictions ShX — Sh(U) detect flabbiness and exact sequences (see 6.1.14).
Therefore the local statements 3.1.6 and 3.1.7 imply that the sequence 0 — F —
FL(F) is a quasi-isomorphism, and that the sheaves F*(F) are flabby forallk > 0. O

Definition 3.1.10. — We call F — FE(F) the functorial flabby resolution of F.

Note that it actually produces resolutions by flasque sheaves.

3.1.12. — Let f: X — Y be a map of locally compact stacks which has local sec-
tions. Let Hx and Hy denote the flabby resolution functors for X and Y according
to Definition 3.1.10.

Lemma 3.1.11. — We have a natural isomorphism of functors f* o Hy = Hx o f*.

Proof. — For (U — X) € X we have by 6.1.11 a natural isomorphism f*Fy = Fy,y.
It gives natural isomorphisms Hy ((f*F)v) & Hy,u(Fyv) and thus Hx(f*F)y =
(f*Py)y. Finally this collection of isomorphisms gives a natural isomorphism

Fx(f*F) = f*Py (F) . U

3.1.13.

Lemma 3.1.12. — The functorial flabby resolution functor preserves flatness.

Proof. — Consider a space U, p : U — U as above and a flat sheaf F € Shap(U).
Then coker(F — p.p*(F)) is flat as shown in the proof of [17, Lemma 3.1.4]. This
implies inductively that the sheaves gflfj (F) are flat for all k > 0. The result for
the functorial flabby resolution functor on ShapX now follows from the fact that the
restriction functors Shap,X — Shap(U) detect flatness (see 6.2.6). |

3.1.14. — We can extend the flabby resolution functor 3.1.10 to a quasi-isomorphism
preserving functor

H: C+(ShAbX) — C+(ShAbX)

by applying & to a complex term-wise and forming the total complex of the resulting
double complex.
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3.2. A model for the push-forward

3.2.1. — Let f: G — X be a morphism of locally compact stacks which has local
sections. Following [9, Sec. 2.4] we construct a nice model for the functor Rf, o
f*: D¥(ShapX) — D*(ShapX). We choose an atlas a: A — G. Then by Proposition
6.1.1 the composition foa: A — G — X is representable. Then we can define the
functor

pCA! C+(PI‘AbG) — C+(PI‘AbX)
as in [9, Sec. 2.4] (the subscript P indicates that it acts between categories of

presheaves).

3.2.2. — We recall the definition PC4. For (U — X) consider the Cartesian diagram
Gy —G .
|k
U——X
Then for F € Pra, G we have
(3.2.1) PCE(F)U —» X)=F((Axg - xg A) xg Gy — Q) .
k+1 factors
The differential ?C%(F)(U — X) — PCE*}(F)(U — X) is induced as usual as an
alternating sum by the projections

(Axg %6 A) = (Axa - Xg A) .

—

k+2 factors k+1 factors

We extend the functor PC4 to sheaves by the formula
Cy:=i'oPCyoi.
3.2.3. — The functor
i*: C*(PrapX) — C*(ShapX)

is exact by 6.1.8. The functor PCy4 is exact, see [9, 2.4.8]. Since flabby sheaves are
i-acyclic the functor 0 : C*(ShapX) — C*(PrapX) preserves quasi-isomorphisms.
Therefore the composition

! oPCyoio T =CypoF:CH(ShpprG) — CH(ShapX)
preserves quasi-isomorphisms and descends to the homotopy categories M

CA oH: hC+(ShAbG) - hC+(ShAbX) .

(1) By abuse of notation we use the same symbol
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After identification of the homotopy categories with the derived categories we have
by [9, 2.41] that

CaoFA X Rf,: D+(ShAbG) — D+(ShAbX) .

3.2.4. — Since f: G — X has local sections the functor f* is exact. It therefore
descends to

f*: hCT(ShapX) — hCT(ShapG) .
The composition
CaoFHo f*: hCt(ShapX) — hCH(ShapX)
thus represents
Rf.o f*: DY (ShapX) — D' (ShapX) .

3.2.5. — We now study the dependence of C4 on the choice of the atlas A — G.
Let us consider a diagram

(3.2.2) A ¢ 4,
al
a
G
where a’ satisfies the same assumptions as a (see 3.2.1). The map ¢ induces maps
¢t xiday,

(A'XG--'XGAI)X(,:GU (AXG”-XgA)XgGU

\/

G

and therefore

PCE(FYU - X) = F(Axg--xgA) xgGy—G)
k+1 factors
— F((A, XqGg: " XGA/) xg Gy — G)
k+1 factors

= PCK(F)U - X).

This map is natural in F' and preserves the cosimplicial structures. In other words,
the diagram (3.2.2) induces a natural transformation

pC¢:pCA—>pCA/ .
Composing with i# and i 0 7 we get a morphism of functors

Cy: Cpo Tl — Caro F: hCH(ShapG) — hC*(ShapX) .
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Both C4 o H and C4 o H represent Rf,. Using the explicit constructions and the
proof of [9, Lemma 2.36] one checks that the diagram

H°(Cy)

H(C4 o0 F)(F) HO(Car o F)(F)

\/

fo(F)

commutes. Therefore, on the level of derived categories, Cy : C4 0 H — Car 0 F is
the canonical isomorphism between two realizations of R f,.

3.2.6. — Let q: H — G be a representable morphism with local sections. Consider
the pullback diagram

LS

B
I
A

L
k

X

Then b : B — H is an atlas, and we can form the functor Cp: C*(PrapH) —
C+ (PI‘AbX).
Observe that

BXH-”XHB%J(AXG-"XGA)XGH-

For (U — X) consider the diagram

Hy——H

Observe further that

(BXH-~-><HB) XHHUE(AXG-”XG‘A) XGGU Xc,'H.
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For a presheaf F' € PrH and (V — G) € G we have Pq.(F)(V) = F(V x¢ H). We
now have the following identity

PCY 0 Pqu(F)(U — X)

IR

pq*(F)((A Xg** Xag A) XOGU — G)
———
k+1 factors
2 F((Axg- - xg4) xgGu) xg H— H)
—————

k+1 factors

= F((BXH'~'XHB’XHHu—>H)

k+1 factors

PCE(F)(U — X)

IR

This isomorphism is functorial in F' and induces a natural isomorphism
pCA ° pq* = qu*A )

where we write ¢*A := B.
The functor Pq, preserves sheaves [9, Lemma 2.13]. Therefore we get the identity

ioiﬂopq* oi="Pqg, 01

and thus an isomorphism
(3.2.3) Cgoqys = foPCuoioitoPq,0i =i oPCyoPg, 042t 0PCpra0i = Cyrya .
3.2.7. — Consider a Cartesian diagram

H——G

-

Y — X
where u has local sections. We extend the diagram to

B——A

L,

H—~

b

LN °6

The map B — H is again an atlas.

Lemma 3.2.4. — We have a natural isomorphism of functors

u*oCyxCgov*.
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Proof. — We first find a natural isomorphism
Pu* oPCy = PCpgoPv*.
Let (U - Y) €Y and F € Prap, G. Then we have
Pu* o PCH(F)(U) 2 PCA(F)(wyU) .

‘We have a diagram

Hy = Guv—H—=G .
k]
X

U y —

We calculate

(Axg--xgA) XgGu“U 2 (Axg---%XgA) X(;HXHGWU

IR

’vu(B XH:* " XHB) XHHU
This implies that
Put 0 O4(F)(U) & PCA(F)(wyU)
> F((Axg---xgA) xgGuyu)
= F(’Uu((BXH-'-XHB)XHHU))
= (p'v*F)((BXH'-'XHB)XHHU)
> PCgoPy*(F)(U)

Since u and v have local sections, by 6.1.11 the functors Pu* and Pv* commute with
i 04! and this isomorphism induces

u*oCy = Cpgov*

(compare with the calculation (3.2.3)). O
3.2.8. — The isomorphisms of Lemma 3.2.4 and Lemma 3.1.11 induce an isomor-
phism

(3.2.5) uoCpoH=2Cpou*oFHA2CroHov*.

On the other hand, by Lemma 6.1.12 we have an isomorphism

u* o Rf, & Rg.ov* .

Lemma 3.2.6. — The following diagram of natural isomorphisms of functors

D*(Sha,G) — D (ShapH)
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commutes.

u*oCAo%—E>CBogeov*

L

u* o Rf, o Rg, o v*

Proof. — It is easy to check that this commutativity holds true on the level of ze-
roth cohomology sheaves. Since all functors are the derived versions of their zeroth
cohomology functors the required commutativity follows. O

Corollary 3.2.7. — The following diagram of natural isomorphisms commutes

u*OCAOWOf*—E>C’Bog€og*ou*

lg ) Lg

U*ORf*Of* = Rg*og*ou*

3.3. Zig-zag diagrams and limits

3.3.1. — We define the unbounded derived category D(#) of an abelian category
as the homotopy category hC(#) of complexes (with no restrictions) in #.

Definition 3.3.1. — An abelian category @ with the following properties

(1) & is cocomplete,

(2) filtered colimits are exact,

(3) & has a generator, i.e. there is an object Z such that for every object F with
proper subobject F' C F, Hom(Z, F') — Hom(Z, F) is not surjective.

is called a Grothendieck abelian category.

In this section, we will consider a Grothendieck category in which countable prod-
ucts exist, e.g. a complete Grothendieck category. The category Sha,X of sheaves of
abelian groups on a site X is a complete Grothendieck abelian category [25, Chapter
I, Thm. 3.2.1].

Lemma 3.3.2. — If Z is a small category and & is a Grothendieck abelian category in
which countable products exists, then the diagram category @2 is again a Grothendieck
abelian category in which countable products exist.

This is proved in [25, 1.4.3].

SOCIETE MATHEMATIQUE DE FRANCE 2011



40 CHAPTER 3. FUNCTORIAL PERIODIZATION

3.3.2. — We consider the category C(#) of complexes in a Grothendieck abelian
category &@. It is known that C(#&) has a model category structure (see [16, Theorem
2.2] where this fact is attributed to Joyal, [15, Thm. 2.3.12] for the example of the
category of modules over a ring, and [2] for a proof in general). This model structure
is given by the following data:

(1) The weak equivalences are the quasi-isomorphisms.
(2) The cofibrations are the degree-wise injections.
(3) The fibrations are defined by the right lifting property.

By hC(8) we denote the homotopy category of C(#&). The category hC(#) is trian-
gulated with the shift functor T': hC(&) — hC(&) given by the shift of complexes
T(X) = X[1]. The class of distinguished triangles is generated by the mapping cone
sequences on C(#),

AL BoCo)-TA)-- .

The extension of a morphism in [f] € hC(&) with chosen representative f € C(&)
to a triangle can thus naturally be defined using the mapping cone C(f).

3.3.3. — Let @ be a Grothendieck abelian category, and consider a small category
Z. Then we have an equivalence C(9)Z = C(#?). Because @ is a Grothendieck
category by Lemma 3.3.2, we can equip the category of Z-diagrams C(%)? with
the injective model category structure. By translation of 3.3.2 we get the following
description.

(1) The weak equivalences are the level-wise quasi-isomorphisms.
(2) The cofibrations are the level-wise injections.
(3) The fibrations are defined by the right lifting property.

3.3.4. — We consider the category U pictured by

We let D(@) C C*H (&)Y be the subcategory of objects of the form

(3.3.3) Yo<—Y; ) P — YA
X X[-2]

with bounded below complexes Y;, X. A morphism in the category (%) is given
by maps Y; — Y/, i = 0,1,2,3, and X — X' which are compatible with the struc-
ture maps. A quasi-isomorphism in this category is a morphism which is a quasi-
isomorphism level-wise.
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3.3.5. — We let Z be the category pictured by

Let C(&)Z be the category of Z-diagrams of complexes in &. We define a functor
Ry: 9(8) — C(8)?

which maps the diagram (3.3.3) to the Z-diagram

Y3 [4] _— Y2 [4]

N\

Y1[2] — Yo[2]

N

¥3[2] — Y3[2]
The maps are induced by the shifted maps of the diagram (3.3.3), and the composition

Y32k + 2] — X|[2k] — Y)[2k]. The functor R; preserves quasi-isomorphisms, since
those are defined level-wise.

3.3.6. — We now define a triangulated functor

lim: h(C(8)?) — hC(8)
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by a direct construction on the level of complexes. Consider a Z-diagram X € C(%)?

03—-63—>B3 .

d3

Cc1

Cl —_— B1
dy

Co — By
We define the morphism in C(&)
¢ X . H Ci — H B,’
i>0 i>0
which maps (z;)i>0 to (¢;(@;) — di+1(Zi+1))i>0. Then we define lim(X) as a shifted
cone of ¢x:
lim(X) := C(¢x)[-1] € C(8) .
Since quasi-isomorphisms in C(#)? are defined level-wise, the functorial construction
X — lim X preserves quasi-isomorphisms and thus descends to a functor

lim: h(C(&)?) — hC(8) .
Note that lim commutes with the shift and sum, so that it is a triangulated functor.

3.8.7. — We now consider the composition limoR;: D(&) — hC(¥). The compo-
sition of the maps (or their inverses, respectively) in the diagram (3.3.3) gives rise to
a morphism D[-2]: X — X[-2] in hC(#). We consider the sequence

(3.3.4) x:x 2 xp P xg) - .

in hC(&). As already explained in 2.4, for such a diagram in the triangulated category
hC (@) the homotopy limit holim (X*) € hC(&) is a well-defined isomorphism class
of objects. It is given by the mapping cone shifted by —1 of the morphism

1 x12i - ] x1241
i>0 i>0
which maps (z;)i>0 to (z; — D[2i]zit+1)i>0 (see [21, Sec. 1.6]).

Lemma 3.3.5. — For a diagram W € D(&) of the form (3.3.3) we have a non-
canonical isomorphism

holim (X°®) & limoR; (W) .
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Proof. — We use the dual statement of [21, Lemma 1.7.1]. For i > 1 let C2;—1 :=
Y3[2i], Ca; := Y1[2i], Bg;—1 := Y2[2i] and By; := Y;[2i]. Note that we have morphisms
v;: C; — B; in C(#) which become isomorphisms in hC(%). Moreover, we have
maps wa;: Co; — Bg;_; coming from the map Y; — Y5 of (3.3.3), and morphisms
waiy1: Coi41 — Ba; coming from Y3(2] — X — Y of (3.3.3). We consider the diagram
in hC(8), using the invertibility of v; in hC(&),

Ao S | Ny

PRy (W)
lid lH'L>1 i
HiZI ¢ — HiZl Ci,
whose vertical maps are isomorphism. By definition, the mapping cone of the upper
horizontal map is lim oR; (W). Because the vertical maps are isomorphisms in hC(&),

this is isomorphic to the mapping cone of the lower horizontal map, which gives the
homotopy limit of the sequence

Y3[2] — Y1[2] « Y3[4] < Y1[4] « Y35[6]---
We can expand this sequence to
(3.3.6) X « Y3[2] « Y3[2] — Y1[2] « Y[2] «— X[2]
— Y3[4] « Yo[4] — Y1[4] — Yo[4] — X[4] — Y3[6]--- ,

and because the sequence (3.3.4) is just another contraction of (3.3.6), by [21, Lemma
1.7.1] its homotopy limit holim (X*) is then also isomorphic to lim o R, (W). O

3.4. The functorial periodization

3.4.1. — Let X be a locally compact stack. Define C*(Shia*X) C C*(ShapX) to
be the full subcategory of bounded below complexes of flat sheaves.

Lemma 3.4.1. — This inclusion induces an equivalence of homotopy categories
RCT (ShA%X) 5 hC* (ShapX) .
Proof. — We first construct a functorial flat resolution functor
R : ShpapX — C°(ShA2X) .

Note that a torsion free sheaf is flat. If FF € Shap, X, then let F € PrX denote
the underlying presheaf of sets. Let ZF' € PrapX be the presheaf of free abelian
groups generated by F', and ZF := i!ZF be its sheafification. Then we have a natural
evaluation ZF — F, which extends uniquely to e : ZF — F since F is a sheaf. We
define R(F') to be the complex ker(e) — ZF, where ZF is in degree zero. The natural
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map R(F) — F is a quasi-isomorphism. Moreover, ZF and its subsheaf ker(e) are
torsion-free, hence flat.

We extend R to a functor R : C*(ShapX) — C*(Shf2*X) by applying R objectwise
and taking the total complex of the resulting double complex.

The inclusion C+(Shi2*X) — C*(ShapX) and R : C*(ShapX) — CH(ShA2X)
induce mutually inverse functors of the homotopy categories. O

3.4.2. — Let f: G — X be a topological gerbe with band U(1) over a locally com-
pact stack. Recall the associated geometry introduced in 2.2.1. Using the functorial
version we get the diagram

(3.4.2) T2 x

which 2-functorially depends on the gerbe G — X. The map p: T? x G — G is the
projection onto the second factor, and m := po ¢.

3.4.3. — Observe that p is a trivial oriented fiber bundle with fiber T2. Let

\/Q

0— ZSite(szG) - %(ane(w xc))
be the functorial flat and flabby resolution of Zg constructed in 3.1.10, see also 3.1.12
for flatness. By
K:0-K'>K!'->K?-0
we denote the truncation of F(Zg;se(r2x¢)) after the second term, i.e. with

K?:= ker(ge2(ZSite(T2xG)) - %3(ZSite(T2xG))) .

The complex K is still a flat and p.-acyclic resolution of Zg;e(72x ) (Lemma 6.3.3).
Let
T: C*(ShppSite(T? x G)) — CT(ShapSite(T? x G))

be the functor given on objects by
Tk (F):=FQK' .

3.4.4. — We consider the commutative diagram 3.4.2. Since f op & f om (recall
that we actually can assume equality) we have by Lemma 6.6.8 and Corollary 6.6.9
isomorphisms of functors m* o f* & p* o f* and f, o m, = f. o p.. We fix an atlas
A — G and define X : C*(Sh#*X) — C*+(ShX) by

X :=CpoffoH.

ASTERISQUE 337



3.4. THE FUNCTORIAL PERIODIZATION 45

Since f has local sections we have f* o H = FH o f* by Lemma 3.1.11. It now follows
from 3.2.4 that X = C4 o o f* preserves quasi-isomorphisms. It therefore descends
to the homotopy categories and induces the functor Rf, o f* as composition

Lemma 3.4.

1
DT (ShapG) = hCT(ShE2G) 5 hCt(ShapX) & Dt (ShapX) .

3.4.5. — We further form B := m*A X254 gp*A. It comes with a natural morphism
B — m*A over T? x G which induces a transformation C,,-4 — Cp. Using the unit
id — m, o m*, the inclusion id — Tk, and the isomorphisms m* o f* & p* o f*, and
using that by 3.2.6 C'4 o m, = C),» 4, we define a natural transformation

X = CpoftoHA
Caoomeom*o f*oH
CpomeoTg-om*o f*oH
CpsaoTg-om*of*oH
CreaoTx op*of ot
CpraoHoTg op*offoHA
CpoFloTk op*of*oH
Yo

olbomowr oLl

Using the other projection B — p*A we define

Yi = CpeaoHoTk op*of*
5 CgoPHoTg op*of*
5 CgoHoTk op*offoH

Y, .

Using the identity Cp«4 = Cy o p, we define

Y1 = CpaoFHoTk op*of”
> Cpop,oHoTk op*of*
— CpoHop,oFHoTk op*o f*
= Y,
Note that p. o Tk is an exact functor by Lemma 6.3.6 and calculates Rp, by Corollary
6.4.4. Since p, o H o Tk represents the same functor, the map p, o T — p,o Ho Tk
induces a quasi-isomorphism which is preserved by C4 o . The natural transforma-

tion Tp, k- = py o Tk o p* is an isomorphism, if applied to complexes of flat sheaves
by 6.2.11. By Lemma 6.1.11 the pull-back f* preserves flatness.
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These two facts explain the quasi-isomorphisms in

Y3 = CpoFHoT,k of"
% CaoTlop.oTk op'of*
5 CpoFHop,oFHoTk op*of*

= Y.
Using the projection Tj, x =2 id of (6.5.8) we define the natural transformation

(3.4.3) Y; = CpoHoT, k of"

— CaoTlo f*[-2]

= Cypo f*oH[-2|

= X[-2].
Observe that all functors Y; preserve quasi-isomorphisms, using that f*, p*, C4 o A,
P« © Tk (and by Lemma 6.2.11 therefore also Tj, ) do so.

3.4.6. — The construction 3.4.4, 3.4.5 gives a quasi-isomorphism preserving functor
Ro: C*(Sh2X) — D(ShapX)

(see 3.3.4 for the definition of the target). By composition with the functor R; (see
3.3.5) we get a functor

R:= R, o Ry: C*(ShB3*X) — C(ShapX)? .
It preserves quasi-isomorphisms and therefore descends to (again using Lemma 3.4.1)
R: D*(ShapX) — h(C(ShapX)?) .

3.4.7. — The construction of the functor Ry explicitly depends on the choice of
an atlas A — G. These choices form a subcategory Z C Stacks/G. The choice of
A — G enters the definition via the functor C4. For the moment let us indicate the
dependence on A in the notation and write R{ for the functor Ry defined with the
choice A.

Observe, that A — m*A, A — p*A and A — m*A Xp24¢ p*A are functors
Stacks/G — Stacks/(T? x G). The construction 3.2.5 shows that for a given F €
D*(ShapX) the association A — R§ (F) extends to a functor

Ry (F): Z% — D(ShapX) .

The components X &2 Cgo0 FHo f*and Y; £ Cr0 Ho--- (where ? € {A,p*A,m*A,
m*A xp24g p*A}) all involve a flabby resolution functor in front of C,. If A — A’
is a morphism in Z, then the transformation Cy 0 # — C4 o F (or the similar
transformations for the other subscripts) produce quasi-isomorphisms by 3.2.5.
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It follows that the functor Ry (F): Z°° — D(ShapX) maps all morphisms to quasi-
isomorphisms. We now consider the composition R (F) := R; o Ry (F): Z°° —
h(C(ShabX)?).

For two objects A, B € Z we consider the diagram

Ax B ,

RN

A B

where the fiber product is taken in Stacks/G. We consider the isomorphism
R(A,B) := Rto (R®)™': RA(F) —» RB(F)

in h(C(Shap(X))?). Using the commutativity of the squares in the diagram

AxBxC
Ax B AxC BxC

R(A,B)o R(B,C) = R(A,0) .

we check that

This has the following consequence:.

Lemma 3.4.4. — The functor R: D*(ShapX) — hC((ShapX)?) is independent of
the choice of the atlas A — G up to canonical isomorphism.

Consider an automorphism ¢: A — A in Z and observe that it induces the identity

on the level of cohomology, i.e. H*(R?) = id. It is an interesting question whether R¢
is the identity.

3.4.8.
Definition 3.4.5. — We define the periodization functor

PG :=limoR: D+(ShAbX) — h(C((ShAbX)Z)) — hC(ShAbX) .

By Lemma 3.4.4 it is well defined up to canonical isomorphism.
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3.49. — Let F € D" (ShapX). By 3.24 X(F) = Ca o f* o H(F) represents
Rf. o f*(F). The composition D[—2]: X — X[—2] of the maps (or their inverses,
respectively) in the diagram R#(F) € 9(Sha,X) represents the map Dg: Rf, o
f*(F) — Rf« o f*(F)[—2] defined in Definition 2.2.2. By Lemma 3.3.5 we see that
Pg(F) (according to 3.4.5) is isomorphic to our former Definition 2.4.2 of the isomor-
phism class Pg(F).

3.5. Properties of the periodization functor

3.5.1. — The domain and the target of Pg are triangulated categories. Distinguished
triangles in both categories are all triangles which are isomorphic to mapping cone
sequences

s O XLy so) -
Lemma 3.5.1. — The functor Pg: Dt (ShapX) — hC(ShapX) is triangulated.

Proof. — We must show that it is additive, preserves the shift, and maps distinguished
triangles to distinguished triangles. It follows from the explicit constructions that
the functors lim and R; are additive and preserve the shift. The functorial flabby
resolution % on sheaves is additive. On complexes of sheaves it is defined as the
level-wise application of the flabby resolution functor composed with the total complex
construction. Therefore it also commutes with the shift. All other functors involved
in the construction of Ry (e.g. Ca, q¢*, Tk-) are additive and commute with the shift,
too.

Since the distinguished triangles in D (ShapX), h(C(ShapX)Z), and hC(ShapX)
are defined as triangles which are isomorphic to mapping cone sequences, and the
latter only depend on the additive structure and the shift, we see that lim and R
preserve triangles. O

3.5.2.

Lemma 3.5.2. — For F € D% (ShapX) the object Pg(F) € hC(ShapX) is two-
periodic.

Proof. — The isomorphism Pg(F)[2] — Pg(F) is given by the isomorphism W in
2.4.3. a

The two-periodicity will be analyzed in more detail in Subsection 3.6.
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3.5.3. — Let u: Y — X be a map of topological stacks which admits local sections.
Then we consider a Cartesian diagram

H—5 G

(3.5.3) lg l f
y - X.
Lemma 3.5.4. — The diagram (3.5.3) induces an isomorphism u* o Pg — Py o u*.

Proof. — By taking the pull-back of (3.4.2) along u we get the extension of the
Cartesian diagram above to

T2x H—>T2xG .

v

H G
A
Y > X

Note that there is no 2-isomorphism between n and ¢ or m and p, respectively. Since
u has local sections the functor u*: Shap, X — ShapY is exact by Lemma 6.1.11. It
therefore extends to functors u*: D(ShapX) — PD(Sha,Y) and u*: C(ShapX)? —
C(ShapY)Z which both preserve quasi-isomorphisms. We therefore also have corre-
sponding functors on the derived categories which will all be denoted by w*. In the
following we are going to show that there are natural isomorphisms

(1) u*oR; Z Ryou*

(2) u*olim 2 lim ou*

(3) u*o Ry = Rygou*
of functors on the level of homotopy categories.

In fact it follows from an inspection of the construction of R; that already u*oR; &
R; o u* on the level of functors D(ShapX) — C(ShapY)Z, i.e. before descending to
the homotopy category. Assertion (1) follows.

Since u*: C(ShapX)Z — C(ShapY)?Z preserves products and mapping cones we
again have u* o lim 2 lim ou* before going to the homotopy categories. This implies
(2).

In order to see (3), using v we construct a canonical isomorphism

u* o RY = RS ow*: CT(ShA%X) — D(ShapY)
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where we indicate the dependence of the functor Ry on the choices by a superscript
as in 3.4.7. The atlas C — H is given by the diagram

|

|

—>X

|

I{_} )
'

where the upper square is also Cartesian.
The isomorphism (3) is induced by a collection of isomorphisms indexed by the
objects of the diagram U (3.3.4) which induce a morphism of diagrams in h9D(ShaY).
First we have

woX=u*oChof*oH
2Ccov*of*oFH
(3.5.5) 2Ccog*ou*oH
2 Ccog*oFHou*
=Xou"

where we use Lemma 3.2.4, v* o f* & g* ou* (see Lemma 6.6.9) and the fact that the
flabby resolution functor commutes with the pull-back by u, since u has local sections
(Lemma 3.1.11).

Let D :=n*C X124y ¢*C. We write K., for the complex formerly denoted by
K.

Next we observe that there is a canonical isomorphism w*Kr 2, o & Kpay gy In
fact Ko, o and Ki,, 4 are given by truncations of the complexes F(Zge(r2x))
and F(Lsise(r2x ory)- The isomorphism is induced by the fact that w* commutes with
the flabby resolution functor, and the isomorphism

* ~
W Lsite(T2x @) = Lsite(T? x H)-

This implies by Lemma 6.2.5 that w* o TKT2 o = TKT2 . ° w*. In order to increase
X X

readability of the formulas we will omit the double subscript from now on and write

Ty for both functors. Using this observation, Lemma 3.2.4, and the other previously
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used isomorphisms, we get

u* oYy

In a similar manner we get

u* oY

u*OYz

u oY

IR 1R

IR

IR 1R

1%

1%

IR

IR

IR

woCpoHoTk op*of*oH
Cpow*oHoTk op o f*oH
CpoHow*oTk-op*of*oFH
CpoHoTkg ow*op*o ffoFH
CpoFloTkg og*ov*of*oH
CpoHoTk oq*og*ou* o
CpoHoTk oq*og*oFHou*

Yoou®

u*oCppoHoTk op*of*
Cpcow* oHoTk op*of*

YIO'U,*
Y 0u”

Y;ou*

51

For these isomorphisms, we use in particular Lemma 6.1.12 to get v*p, = g, w*, and

moreover Lemma 6.2.5 to get the chain of isomorphisms

V'(FRpK)=2v'FRu'p, K 2v'F Q@ quw*K 2 v'F Q ¢.K = T, g (v*F),

which gives the isomorphism v* o T, g = Ty, g 0 v*.

By a tedious check of the commutativity of many little squares we see that these
maps indeed define an isomorphism of functors u* o Rf,“ = RS ov*. As an example of
these checks, let us indicate some details of the argument for the map Y3 — X[-2].
For F € D" (ShapX) we have the maps ¢ : Y3(F) — X[-2](F) and ¢ : Y3(u*F) —
X[—2](u*F) given by (3.4.3). We must show that

u*Y3(F)

=]

Y3(u"F)

v |

w* X[-2)(F) — X[-2](«*F)
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commutes. This indeed follows from the sequence of commutative diagrams

2] .
’U,*Y3 Tp,xk—id

W CART, k f* W CATUf*[~2] ——— u*X[~2]

|= |+

2] .
Tp‘ Kk —id
PR BN

Cpv*HAT,, k f* Cpv*Af*[-2]
(3.5.6) lg l’e

[2] |
Tp* K —id
_— 5

Cp Fv*T,. k f* C'p Fv* *[-2]

= =
2] .
Tq* Kk —id

Ysu* CgHAT,, kg*u* CpHg*u*[-2 X[-2Ju*
where for the last we use that w preserves the orientation of the fiber T2. O
The following statement directly follows from the constructions.
Lemma 3.5.7. — The isomorphism of Lemma 8.5.4 behaves functorially under com-

positions of diagrams of the form (3.5.3).

3.5.4. — Let F € D" (ShapX). Recall that Pg(F') is the homotopy limit of a Z-
diagram consisting of sheaves Y;[2], Y;[2], Y2[2i], Y3[2:]. For all ¢ > 0 we construct
an evaluation transformation

ei: Po(F) — Rf. o f*(F)[2]

as the composition of the canonical map from the limit to Y3[2¢+ 2] with the structure
map to X|[2i] and the identification X[2i[(F) & Rf, o f*[2i{](F). To be precise we
consider Rf,f*(F) € D(ShapX) via the inclusion Dt (Sha,X) — D(ShapX). In the
situation of 3.5.3 an inspection of the proof of Lemma 3.5.4 together with Corollary
3.2.7 shows that we have a commutative diagram in D(ShapX)

w'Pg(F) ——  Py(u'F)
(3.5.8) lu‘ei lei
w*Rff*(F)[2i] —— Rgug*(u*F)[2i]

Note, however, that the morphism in the bottom line is only defined on Dt (Sha}, X)
(or equivalently on its image in D(ShapX)), and we do not know whether we can
extend it to the full unbounded derived category. Fortunately, we do not have to do
this for the purposes of the present paper.

ASTERISQUE 337



3.5. PROPERTIES OF THE PERIODIZATION FUNCTOR 53

3.5.5. — Consider the special case of the diagram (3.5.3) where Y = X, u = idx,
H = G, and v is an automorphism of the gerbe G. Lemma 3.5.4 provides an auto-
morphism v*: Pg — Pg of periodization functors.

3.5.6. — Let us illustrate this automorphism by an example. We consider the trivial
U(1)-gerbe G — S? over S? and let ¢ € Aut(G/S?) be classified by 1 € H2(5%,Z) =
Z. Tt induces an automorphism of the cohomology H*(S?; Pg(Fg2)), where Fg. is
the sheaf represented by a discrete abelian group F. We have a Cartesian diagram

G—— BU(1) .
P,
f
S2 —_— %
Since f*F, = F g, we have
H*(S% Pg(Fs2)) & H*(8% Pe(f*E,))
Lemm'z\i/ 3.5.4 «/ a2
= H*(S%; f*Pgy)(£.))
Lemm%6.2.13 a2 .
= H*(S%Z) ® H*(x; Pgy1)(E.,))
= Z[w]/(w®) ® H*(x; Pgy1y(F.,))
where H*(*; Pgy(1)(F,)) has been calculated in examples in Proposition 2.5.1. If
F = Q or Q/Z, then H*(; Pgy(1y(F,)) = Q or -+ = A%, respectively. If F = Z,
then H°(x; Pgy(1)(Z,)) = A“}/Q.
Lemma 3.5.9. — In all these cases the action of ¢* is given by
AN+ wRu)=12A+w® A+ pu),
where A\, p € Q, A?, or A‘?/Q, respectively.

Proof. — We will use the description of H*(S?, Pg(Fg2)) given in Corollary 2.4.6.
In Lemma 2.2.3 we have calculated the automorphism on H*(S? Rg.g*Fg.) =
Fw][[2]]/(w?) induced by the diagram

[ G .
DN
SZ

It is given by 2 — 2z + w, w — w. The operation induced by D¢ is d%, and the

G

periodized cohomology is given as the kernel (in the cases F' = Q and F = Q/Z) or
cokernel (in the case F' = Z) of [];5(1d[2i] — [];>0 Da[2i] on [T;>o Flw][[2]}/(w?)[25].
Recall from 2.5.3 that the class a € H%(S?, Po(Qg,)) = Q[w]/(w?) is represented by
(a,az,a2%/2,...,a2*/k!...), which is mapped by ¢* to (a,a(w+2),a(w+2)2/2,...).
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We must read off a representative of this class in the form above. If a = w then
w(w + 2)¥/k! = wz*/k! and therefore ¢*w = w. On the other hand, if a = 1, then
a(w + 2)*/k! = 2% k! + wz*~1/(k — 1)!, so that ¢*(1) = 1 + w.

Exactly the same argument applies if F = Q/Z. Finally, the cohomology with
coeflicients F' = Z is the cokernel (up to shift of degree) of the map induced by the
inclusion Q — AQ, which implies the assertion also for F' = Z. O

3.6. Periodicity

3.6.1. — We consider a topological U(1)-gerbe f: G — X over a locally com-
pact stack. Let F € D% (ShapX). In Lemma 3.5.2 we have argued that Pg(F) €
D(ShapX) is two-periodic. The periodicity is implemented by a certain isomorphism
W : Pg(F)[2] — Pg(F) which may depend on additional choices, see also the dis-
cussion in 2.4.4. In the present subsection we show that there is a canonical two-
periodicity isomorphism.

3.6.2. — The gerbe G — X gives rise in a 2-functorial way to the diagram (see 2.2.1

for details)

Tz/

This diagram induces the desired periodization isomorphism as the following compo-

(3.6.1)

C}%Qz
Q=7

/N/

sition of natural transformations

(3.6.2) W: Pg(F) unit Rp.p*Pg(F) Lemma 3.5.4

Rp.Ps(p*F)
%, Rp.P(p*F) = Rp.p* Pa(F) L Pa(F)[-2] .
Proposition 3.6.3. — The transformation (3.6.2)
W: Pa(F) — Pe(F)[-2]
s a canonical choice for the isomorphism in Proposition 2.4.3.

3.6.3. — To start the proof of Proposition 3.6.3, recall the definition
Dg: Rf.f*(F) = Rf. f*(F)[-2]
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as the composition

| J

Rf.f*(F) 2% Rf,Rr.R.¢*r*f*(F) = Rf.Rr.r* f*(F) ~5 Rf. f*(F)[-2] ,

where at the marked isomorphism “!” we use the natural isomorphisms 6.6.13 and
6.6.9 associated to the identity for = foro¢

Recall from 3.5.4 the definition of the natural evaluation transformation
ei: Pg(F) — Rf.f*(F)[2i] for all i > 0.

Lemma 3.6.4. — The following diagram commutes:

Pg(F) Pg(F)

Lei+1 Lei

Rf.f*(F)[2i + 2] 25—~ Rf. f*(F)[2i]

Proof. — We split this square in parts. First we observe that in D(Sha,X)

Pg(F) =, RppPo(F) D Rp.Pg(r'F)
l55+1 lRp.p‘eiH lRp*eiﬂ
Rp.r*

REF(F)2i+2 —2% Rp.p*Rf.f*(F)[2i +2] —=> Rp.Rs.s"p"(F)[2i +2]

Rf. f (F)[2i +2] 2 Rf,f*Rpp*(F)  —=— Rf.Rr.r*f*(F)[2i + 2]
commutes (use Lemma 6.1.12 for the upper left and the lower and 3.5.4 for the upper

right rectangle).
In the next step we observe that

* id * *
Rp.Ps(p"F) —_— Rp.Ps(p"F) Rp.Ps(p*F)

lRP:ei+1 lRp.e.‘H

unit

Rp.Rs.s*p* (F)[2i + 2] —=— Rp.Rs.R$.¢*s*p*(F)[2i +2] ——— Rp.Rs.s"p*(F)[2i + 2]

| E |

Rf.Rr.r* f*(F)[2i + 2] —2* Rf.Rr.R¢.¢"r" f*(F)[2i + 2] —=— Rf.Rr.r*f*(F)[2i +2]

Rp.o”
/T
I

commutes, where we use for the upper rectangle again 3.5.4, and poso¢ = po s,
pos=for, foro¢ = for and Lemma 6.1.12 for the remaining squares.
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In the last step we observe the commutativity of

r*)~1 f T2
Bp.Po'F) = Rpp'Po(F)  —2 Po(F)-2] = Po(F)

1RP* €it1 lRp*p‘eiﬂ lT—2€i+1§€i

Rp.Rs.s*p*(F)[2i + 2 (T—;_l> Rp.p*Rf. f*(F)[2i + 2] —fp-—> Rf.f*(F)[2i]

Rf,Rr.r* f*(F)[2i + 2] A, Rf. f*(F)[2].

Again, for the commutativity of the upper left rectangle we use (3.5.8) of 3.5.4. For
the upper right corner we use the fact that fp is a natural transformation between
the functors Rp.p* and id on D(Sha,X). For the lower rectangle we use Lemma
6.5.31. O

3.6.4. — We now finish the proof of Proposition 3.6.3. We have an exact triangle

..qu(F)H”“ 1 Bs.f* (F)2a) & T RS £ (F)l2i) -

>0 >0

where (using the language of elements) the map « is given by
a(zi)i>o = (zi — DeTit1)ixo-

By Lemma 3.6.4 we have a morphism of exact triangles

Ps(F) [izoe [Tiso Rff*(F)[2i] [Liso Rff*(F)[2i]

" e P Lﬂ

Pa(F)[-2 =25 TLiso Rff*(F)[2i — 2] —%> [[iso RS S (F)[2i — 2],

where the map f3 is given by £(2;)i>0 := (Dgi)i>o0- In Lemma 2.4.5 we have shown

that W is an isomorphism. O
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T-DUALITY

4.1. The universal T-duality diagram

4.1.1. — Topological T-duality intends to model the underlying topology of string
theoretic T-duality on the level of targets and quantum field theory. In the special
case of targets modeled by a gerbe on top of a T™-principal bundle over a space,
topological T-duality is by now a well-defined mathematical concept, see [11], [6] and
the literature cited therein. In the case of T-principal bundles it was extended to
orbifolds in [8]. In the present paper we propose a definition of T-duality in the case
of T-bundles over arbitrary stacks. This framework includes arbitrary T-actions on
spaces. The special case of an almost free action (i.e. every orbit is either free or a
fixed point) has been treated with completely different methods in [24].

4.1.2. — The notion of a T-duality diagram has first been introduced in [6]. In the
present paper we first produce a universal T-duality diagram over the stack BU(1) =
[*/U(1)]. Then we proceed to define a T-duality diagram over a general stack as one
which is locally isomorphic to the universal one.

4.1.3. — The universal T-duality diagram is a diagram of stacks
Uuniv Ak 2
(411) pl:niVGuniV puniVGuniv
Guniv Funiv Guniv

funiv

ijuniv /
Puniv funiv

A
Euniv

univ

Tuniv

AN/
NA N

Tuniv

Buniv

In the following we explain the stacks and the maps.
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— Buniv = @U(l)

— FEuniv := * and myy;y is the map which classifies the trivial U(1)-bundle over
the point *.

— Guniv := BU(1), and funiy is the unique map.

— Eyniv := BU (1) x U(1), and #ypiv is the projection onto the first factor.

— funiv: Guniv — Euniv is a gerbe with band U(1) classified by z ® v €
H?(BU(1); Z)®H (U(1);Z) = H3(BU(1)xU(1);Z), where z € H?(BU(1);Z)
and v € H}(U(1);Z) are the standard generators.

— Funiv := Euniv XByn Epiv 2 U (1), and puniv, Puniv are the canonical projec-
tions.

— Since H?(Funiv;Z) = 0 22 H3(Fyuniv; Z), the pull-back p%_,, Guniv can be identi-
fied with the trivial gerbe pf_,,Guniv = U(1) x BU(1) by a unique isomorphism
class of maps represented by uyniv-

Let us fix once and for all a universal T-duality diagram (i.e. a choice of uypiy in its
isomorphism class and 2-isomorphisms filling the faces).

4.1.4. — Let B be a topological stack and consider a diagram

(4.1.2)

=,

VAN
AN

/\/
\/\

B

of topological stacks where the squares are Cartesian, f: G — E and f: @ > E are
topological U(1)-gerbes, and u is an isomorphism of gerbes over F.

An isomorphism between two such diagrams over B is first of all a large commu-
tative diagram in stacks, but we furthermore require that the horizontal morphisms
are morphisms of U(1)-banded gerbes in all places where this condition makes sense.

Definition 4.1.3. — The diagram (4.1.2) is called a T-duality diagram if for every
object (U — B) € B there ezists a covering (U; — U)ier € cove(U) such that for all
i € I the pull-back of the diagram (4.1.2) along the map U; — U — B is isomorphic
to the pull-back of the universal T-duality diagram (4.1.1) along a map U; — Byniy.
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4.1.5. — In the following we describe the concept of T-duality. Let B be a topological
stack. A pair (E,G) over B consists of a T-principal bundle #: E — B and a U(1)-
gerbe f: G — E.

Definition 4.1.4. — We say that a pair (E,G) admits a T-dual, if it appears as a part
of a T-duality diagram 4.1.2. In this case the pair (E, Q) is called a T-dual of (E,G).

This is our proposal for the mathematical concept of T-duality for pairs of T-
principal bundles and gerbes. Using the T™-bundle variant of the universal T-duality
diagram one can easily generalize this definition to the higher-dimensional case. But
note that, in contrast to the case of one-dimensional fibers, a unique isomorphism
Uyniv does not exist for T™ if one uses the exactly parallel setup. This explains why
suitable modifications are necessary in [6]. In particular, the universal base space is
not simply the n-fold product of copies of Byyiv used in the one-dimensional case.

4.1.6. — In the following we show that the concept of topological T-duality as
defined above really coincides with the former definitions.

Lemma 4.1.5. — Definitions 4.1.8 and 4.1.4 reduce to the notion of T-duality as used
in [6], [7], if B is a locally acyclic space.

Proof. — By Definition 4.1.3 a T-duality triple over a space B is given by the following
data:

(1) locally trivial U(1)-principal bundles E, E over B,

(2) U(1)-banded gerbes G, G over E or E, respectively,

(3) an isomorphism u between the pullbacks of G and G to the correspondence
space E xg E.

Every point b € B admits an acyclic neighborhood b € U C B. The bundles FE and E
are trivial over U, i.e. we have Ejy 2 U x U(1) = E|U. Since H3(U x U(1);Z) =0,
the restrictions of the gerbes G| B, and GI By are trivial, too. The Definition 4.1.3
requires that the isomorphism of trivial gerbes U By xu By is classified by the generator
of H*(Eyy xu Ew;Z) (note that Ejy xy E|U = U xU(1) x U(1)). This reformulation
of the definition of a T-duality triple over a locally acyclic space B is exactly the
definition of a T-duality triple in [6].

In the approach of [7] to T-duality we start with a pair (E,G). We characterize
T-dual pairs by topological conditions. We then analyze the classifying space of pairs
and observe that the universal pair has a unique T-dual pair which gives rise to the
T-duality transformation.

It turns out that the classifying space of pairs in [7] is equivalent to the classifying
space of T-duality triples in [6], and that the universal pair and its dual are parts
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of the universal T-duality triple. This shows that the approaches of [7] and [6] are
equivalent. O

4.2. T-duality and periodization diagrams

4.2.1. — Recall that the construction of the periodization functor Pz was based on
the diagrams introduced in 2.2.1. In the present subsection we relate these diagrams
to T-duality.

4.2.2. — The double of the universal T-duality diagram (4.1.1) is (by definition) the
big universal periodization diagram

* * —1
Prg%univ U niv
Propumv univ > Pl‘ Gumv > prlpumv univ
* x .
pumv univ umv Eumv umv pumv univ
univfuniv pry punivfuniv
Pro
f\:ﬂi\’p“"i" umv umv f:nivp“ﬂiv
Puniv
Puniv
.f\lan
Guniv umv Guniv
furuv

Note that all squares are Cartesian, with the exception of the central square

which does not commute. The same remark applies to similar diagrams we introduce
later.
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4.2.3. — We form the diagram ()

Quniv
(4.2.2) ProPyniv T univ Guniv — Euiv
~—_ 7
Muniv

where

— f* ~ *, —1 * I 2 . ~
Muyniv = funivpuniv opr; o prluuniv O ProUyniv Quniv = funivpumv o Ppry .

Definition 4.2.3. — The diagram (4.2.2) is called the small universal periodization di-
agram.

4.2.4. — Let f: G — X be a topological gerbe with band U(1) over a stack X.
Then we consider the pull-back of the small universal periodization diagram to X via
the projection r: X — Eyniv & *. We form the tensor product with the gerbe G (see
[11, 6.1.9] for some details on such tensor products) and obtain the diagram

q

G f
(4.2.4) H H—X,
\m/
where
f{ = pl‘i;{G ® pr*FunivXE . Funivprsp’l‘;ﬂiVGuniV , H:=G® " Guniv ’

Pry: X X Fyniv XEuniv Funiv = X )

Funiv X X Fyniv X Buniv Funiv = Funiv X Buni Funiv

iv

eruniv x Euniv

are the projections, and m, ¢q are induced by the corresponding universal maps Mmyniv
OT Quniv, respectively.

Definition 4.2.5. — The diagram (4.2.4) is called the small periodization diagram of
G- X.

In fact we have defined a 2-functor from gerbes/X to a 2-category of such small
periodization diagrams. Using the fact that Guny = BU(1) we have a canonical
identification H = G. Furthermore, Fy,;y X Bunie Funiv & T2, and we can identify
H — X X Funiv X5 Funiv with G x T? - X x T2,

Lemma 4.2.6. — With these identifications the small periodization diagram (4.2.4) is
isomorphic to the diagram (3.4.2) used in the definition of Pg.

Proof. — This follows directly from the definitions of these maps. O

(1) This diagram does not commute. It is a short-hand for a square of the form (3.4.2) with a
2-isomorphism between fyniv © quniv and funiv © Muniv. We will adopt a similar convention for
other diagrams written in this short-hand form below.
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4.2.5. — The T-duality diagram (4.1.2) gives rise to the big double T-duality dia-

gram

* *,  —1
(4.2.7) prp*G —>"> priG = prip*G

N T

\/ \/
\/

Note that the middle square does not commute. We have

FxEF%’(ExBE‘)xE(E‘xBE)%ExBE'xBECExBExU(l),

where the last arrow is given by (e,é,eu) «— (e, é,u). Under this identification
pro(e, é,u) = (e, é) and pry (e, é,u) = (eu,é). We can correct this non-commutativity
as follows. Let ¢ : F Xz F — F X F be the isomorphism, which under the above
identification is given by c(e, é,u) := (eu™!,é, u). Note that pr, oc = pr,. Furthermore
note that pry = prgoc: F xgz F — E. Therefore we get a canonical morphism ¢é
satisfying pTz = Prz o ¢ in the diagram
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If we plug this in the big double T-duality diagram, then we get the big commutative
T-duality diagram diagram

(4.2.8)
- . . . -1
prip*G Pro® pr;G = pr;G Rl prip*G
p*G FXEF—C>FXEF p*G
p"f pry p*f
pro
fp F F fp
P
; P
G E=——F G

f
From this we derive the diagram
qr
evpr N, f
(4.2.9) prgp G\/ G——E ,
mr
where
gr := f*popry, mr:=f*popr,opriu”’oéoprju.

Definition 4.2.10. — The diagram (4.2.9) is called the small double T-duality diagram
associated to (4.1.2).

4.2.6. — The following fact is an immediate consequence of the definitions.

Proposition 4.2.11. — The small double T-duality diagram (4.2.9) is locally isomor-
phic to the small periodization diagram (4.2.4) of G — E.

4.3. Twisted cohomology and the T-duality transformation

4.3.1. — Let E be a topological stack. In order to write out operations on twisted
cohomology effectively we introduce some notation for operations on Dt (ShapE) or
D(ShanE). If p: F — FE is a map of topological stacks, then we let p* : id — Rp,p*
denote the unit. If p is an oriented fiber bundle, then we let p; : Rp,p* — id denote
the integration map. If # : E — B is a second map, then we write m,p*, m.py or
simply also p* and p for the induced transformations Rm,m* — Rm,Rp.p*n* and
Rm.Rp,p*n* — Rm,m*.
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If

E u
\ /
B
is a diagram with U(1)-gerbes H — F and G — FE such that the square is Cartesian,

then we write P(v) for the transformation u* o Py — Pg o u*, and we use the same
symbol for the induced transformation Rrw,u*Py#* — Rmw,Pgu*#*.

In a commutative diagram
F
P
P
E E
\ /
B

we will use the symbol J or, if necessary, Jrop=#o0p in order to denote the transforma-
tion

R, Rp*p*n* 5 Rt Rp.p*#

4.3.2. — We consider a topological gerbe f: G — E with band U(1) over a locally
compact stack. In [9] we define the G-twisted cohomology of E with coefficients in
F € D™ (Sha,E) by

H*(E,G;F):= H*(E;Rf.f*(F)) .
4.3.3. — Assume now that f: G — FE is a part of a T-duality diagram

/\
\/
\

(4.3.1) G

/

’U>

\/\
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Then we define the transformation
(4.3.2) Ji=§oJou ) oq*: RmRf.f*n* — Rt Rf. f*7* .
Note that here J = J, ¢gu-1=7¢4-

Consider a sheaf F € D% (Sha,B). Note that, by definition, H*(E,G;7*F) =
H*(B; RmRf f*n*F).

Definition 4.3.3. — For F € D*(ShapE) the T-duality transformation is defined as
the map

T: H*(E,G;7*F) — H* Y(E,G;#*F)

induced by the natural transformation (4.3.2).

4.3.4. — Let us calculate the effect of the T-duality transformation in a simple
example. There is a unique isomorphism class of T-duality diagrams over the point
B = x. In this case E = U(1) and G = U(1) x BU(1). We consider a discrete abelian
group F. Then we have

H*(E,G;n"Ep) 2 Z[[2]|[v)/(v*) ® F , H*(E, G;#*Fg) = Z[[]][8]/(?*) ® F ,
where deg(v) = 1 = deg(?) and deg(z) = 2.

To explicitly calculate the effect of T in this case, observe that the cohomology of
Rf.Rq.q*f*F is Z[[z]] ® A(v,?) ® F' with v and ¥ the generators corresponding to the
two Sl-factors E and E in F. The automorphism u induces in cohomology, i.e. on
Z[[2]] ® A(v,?) @ F, the algebra homomorphism given by z — z 4+ vd, v = v, ¥ — 0.
It follows that

T"® f) = /F/E(z" QFf+n"" i@ f)=n""o® f

T(z”v@f):/ v f=2"Q f.

F/E
We see that the T-duality transformation is not an isomorphism.

4.3.5. — Our main motivation for introducing the periodization functor is the con-
struction of twisted sheaf cohomology which admits a T-duality isomorphism. Let
G — E be a topological gerbe with band U(1) over a locally compact stack E.

Definition 4.3.4. — We define the periodic G-twisted cohomology of E with coefficients
in F € D*(ShanE) by

H:..(E,G;F) := H*(E; P(F)) .

Note that here we use the sheaf theory operations for the unbounded derived cat-
egory, see Subsection 6.5 for details.
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4.3.6. — Assume again that f: G — F is part of a T-duality diagram (4.3.1). We
define a natural transformation

(4.3.5) J: Rmy 0 Pgon* — Rit, 0o Pgo#*

by
J:=poJoPu)top*.

Consider a sheaf FF € D*(ShapB). Note that by definition H}. (E,G;7*F) =
H*(B, RryPg(n*(F))).

Definition 4.3.6. — For F € D% (ShanE) the T-duality transformation in periodic
twisted cohomology

T: H*. (E,G;n*F) — H*-Y(E,G;#*F)

per per

is the map induced by the natural transformation (4.3.5).

4.3.7. — As an illustration let us calculate the action of the T-duality transformation
in the example started in 4.3.4. The sequence J,(F) for F = Z,Q,Q/Z either has
trivial lim or trivial lim'. Therefore in this special case the morphism T calculated in
4.3.4 defines uniquely an endomorphism of H},, (E,G;m*Fg) (we identify E = E). For
example if F' = Q, then we read off directly from 4.3.4 that (with ngr(E, G;mQ) =
Q[v]/v?) the T-duality morphism is

T: Q]/v® — Qv)/v?, Tw) =1, T(1)=v.
In particular, we see in this example that now we get an isomorphism.

4.3.8. — In the remainder of the present subsection we show the following theorem.

Theorem 4.3.7. — The T-duality transformation in twisted periodic cohomology 4.3.6
is an isomorphism.

Proof. — The opposite of the T-duality diagram (4.3.1) is obtained by reflecting it in
the middle vertical, and by replacing u by its inverse. We let T": H;er(E‘, G, #*F) —
H*2Y(E,G;7*F) be the associated T-duality transformation.

per
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Both, the T-duality diagram and its opposite can be recognized as subdiagrams of
the (slightly extended) big commutative T-duality diagram
(4.3.8)

kel
=
)
e
>
%)
>
kel
=
-

p*G FxpF = FxzF
p"f s pry
Pro .
o F i E p F o
p
p
f
G E E G

We now calculate the composition 7" o T. The compatibility of the integration with
pull-back in the Cartesian diagram

F<FxyF

.

E F

is employed in the equality marked by ! below. The equality p o pryoc™! = po pr, is
used in the equality !!. Finally we use pry o ¢ = pr; at !!!. We have

J'oJ = poJoP(u)op*opoToP(u)op®

proJoP(u)opr, 0Topty* oJo Plu)top*
proJoP(u)opry 0FoP(E o (cH* opr,* 0Jo Pu) top*

1=

p1 o pry, o P(priu) o P(¢71) o P(prju) ! o pr,* o p*

= propry o P(priucé™ o (prgu) ") opr,* o p”

This is exactly the transformation coming from the associated small double 7T-
duality diagram (4.2.9) (actually its mirror). Since this is locally isomorphic to the
small periodization diagram we see that locally J’ o J coincides with m, W, where W
is as in Proposition 3.6.3. By Proposition 3.6.3 this transformation is an isomorphism
on periodic sheaves of the form R, Pg(n*F). Therefore T o T” is an isomorphism.
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We can interchange the roles of T and T”, hence T o T” is an isomorphism, too. This
implies the result. O
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CHAPTER 5

ORBISPACES

5.1. Twisted periodic delocalized cohomology of orbispaces

5.1.1. — Let us recall some notions related to orbispaces (compare [10]). Orbispaces
as particular kind of topological stacks have previously been introduced in [8, Sec. 2.1]
and [22, Sec. 19.3]. In the present paper we use the set-up of [8] but add the additional
condition that an orbifold atlas should be separated. This condition is needed in order
to show that the loop stack of an orbifold is again an orbifold.

(1) A topological groupoid A: A! = A° is called separated if the identity
14: A° — A! of the groupoid is a closed map.

(2) A topological groupoid A! = A° is called proper if (s,r): A’ - A% x A%is a
proper map.

(3) A topological groupoid is called étale if the source and range maps s,r: A —
AC are étale.

(4) A proper étale topological groupoid A! = A? is called very proper if there
exists a continuous function x: A° — [0, 1] such that

(a) r: supp(s*x) — A is proper
(b) Y yeca=x(s(y)) =1 for all z € A°.

(5) A topological stack is called (very) proper (or étale, separated, respectively),
if it admits an atlas A — X such that the topological groupoid A xx A = A
is (very) proper (or étale, separated, respectively).

(6) An orbispace atlas of a topological stack X is an atlas A — X such that
A xx A= Ais a very proper étale and separated groupoid.

(7) An orbispace X is a topological stack which admits an orbispace atlas.

(8) If X,Y are orbispaces, then a morphism of orbispaces X — Y is a representable
morphism of stacks.

(9) A locally compact orbispace is an orbispace X which admits an orbispace atlas
A — X such that A is locally compact.
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5.1.2. — If X is a stack, then its inertia stack (sometimes called loop stack) LX is
defined as the two-categorical equalizer of the diagram

X =% x .
idx
In [10, Sec 2.2] we have introduced an explicit model of LX and studied its prop-
erties. The loop stack LX depends 2-functorially on X. Indeed, since Homg,, is a
strict 2-functor, the loop functor is a strict functor between 2-categories. As already
mentioned before, later we will suppress the 2-morphisms in 2-commutative diagrams
in 2-categories for better legibility. If X is a topological stack (orbispace), then LX is
a topological stack (orbispace), too (see [10, Lemma 2.25], [10, Lemma 2.33]).

Lemma5.1.1. — If X is a locally compact orbispace, then LX is a locally compact
orbispace, too.

Proof. — Let A — X be a locally compact orbispace atlas of X. Then we have the
proper, separated and étale topological groupoid A x x A = A. Since the source map
of this groupoid is étale, the space of morphisms A x x A of this groupoid is locally
compact, too.

In the proof of Lemma [10, Lemma 2.25] we constructed an orbispace atlas W —
LX of LX, where W was given by the pull-back of spaces

W—Axx A

L"” [](Prl ,PIa)
di

A—-—ﬁAxA

This implies that W is locally compact. O

5.1.3. — Let G — X be a topological gerbe with band U(1) over a locally com-
pact orbispace. The truly interesting G-twisted cohomology of X (with complex co-
efficients) is not the cohomology Hj. (X,G;C) (see 4.3.6), but a more complicated
delocalized version Hj, . ,..(X,G), which we will define below (see [10, Sec. 1.3] for
an explanation).

As shown in [10, Sec. 2.5] the gerbe gives rise to a principal bundle G® — LX
with structure group U(1)? in a functorial way, where U(1)® denotes the group U(1)
with the discrete topology. By £ € ShapLX we denote the sheaf of locally constant
sections of the associated vector bundle G? Xy C— LX.

We define the gerbe Gy — LX as the pull-back

G, ——G

3

LX — X
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Definition 5.1.2. — We define
£g = Pg,(£) € D(ShpapLX) .
The G-twisted delocalized periodic cohomology of X is defined as
Hjeloc per (X, G) := H*(LX; L) -

5.2. The T-duality transformation in twisted periodic
delocalized cohomology

5.2.1. — We consider a T-duality diagram
(5.2.1)

VAN
AN A
N

(see Definition 4.1.3), where B is a locally compact orbispace.
We apply the loops functor L: orbispaces — orbispaces to the subdiagram

and get

In the first diagram the maps p,p,w, 7 are all U(1)-principal bundles. The maps
Lp, Lp, L7, L7 are not necessarily surjective. Thus in general the derived diagram of
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loop stacks is not part of a T-duality diagram. But it is so locally in a certain sense
which we will explain in the following.

5.2.2. — We can extend the second diagram by the local systems (see 5.1.3)

ﬁi‘}\
/

(5.2.2) Lp*

e
\

S

™

\/\

™

/\/

LB
and the pull-backs of gerbes

(5.2.3) Lp*GyL

S
\

Lp*Gy

N\,
/

s

/\/
R/\

In particular, we have an isomorphism
(5.2.4) u: Lp* Lo 5 Lp* Py, .

5.2.3. — Note that p: F — E is a U(1)-principal bundle. In [10, Lemma 2.34] we
have constructed a map h: LE — U(1)® which measures the action of the automor-
phisms of the points of £ on the fibers of p. We get a decomposition into a disjoint
union of open substacks
LE= || LE.,
uelU(1)

where LE,, := h™'(u). Here and in the following we use the simplified notation k= (u)
for the pullback of h: LE — U(1)® along the inclusion i, : * — U(1) with i, (%) := u.
By [10, Lemma 2.36], the map Lp: LF — LE factors over the inclusion J : LE; —
LE, and the corresponding map Lp,: LF — LE,isaU (1)-principal bundle. The
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integration

£pay: R(Lp1)« o Lp] — id
is well-defined. The open inclusion J induces a natural transformation J;: RJ,0J* —
id. We can thus define

£p:=JoLpy: RLp. o Lp* —id .

5.2.4.

Definition 5.2.5. — The local T-duality transformation associated to the diagram
(5.2.1) is given by the composition

Tioc := £py o uo £p*: RLm, £¢ — RL#, Py
where u is induced by (5.2.4).

Note that Hj
definition.

(E,G) & H*(LB; RLw.£¢). Hence we can make the following

eloc,per

Definition 5.2.6. — The T-duality transformation in twisted periodic delocalized coho-
mology associated to the T-duality diagram (5.2.1) is the transformation
T: Hseloc,per (E? G) - H;eloc (E) é)

,per

induced by the local T-duality transformation T, defined in 5.2.5.

5.3. The geometry of T-duality diagrams over orbispaces

5.3.1. — We consider a T-duality diagram (5.2.1) over a locally compact orbispace.
As explained in [10, Sec. 2.5] (see also 5.1.3) the gerbe G — E naturally gives rise
to a U(1)%-principal bundle G® — LE. Let g: LB; — U(1)® be the function which
describes the holonomy of the bundle G® — LE along the fibers of LE — LB, (see
(10, 2.6.3]). In the following we recall from [10] a cohomological description of the
functions g and h (introduced in 5.2.3).

Let ¢; € H?(B;Z) denote the first Chern class of the U(1)-principal bundle 7: E —
B, and let d € H3(E;Z) denote the Dixmier-Douady class of the gerbe f: G — E.
By integration over the fiber it gives rise to a class [ d € H*(B;Z). In [10, 2.4.11]
we have shown that a class x € H?(B;Z) gives rise to a function x¥: LB — U(1)® in
a natural way.

Proposition 5.3.1 (Lemma 2.38 and Prop. 2.49 [10] ). — We have the equalities

(1)
ei=h: LB - U(1)° .
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d =g: LB, - UQ1)°.
™ |LB,

5.3.2. — We now have functions h, h: LB — U(1)® associated to the U(1)-principal
bundles 7: E — B and #: E — B. We define

LB( . =h"*(1), LBgu:=h"1(1).
We furthermore have functions (see 5.2.1)
9: LBy = U(1)°, §: LBy —U(1)°
measuring the holonomy of G® — LE and é«s — LE along the fibers.

Proposition 5.3.2. — We have the equalities

-1 -1
9= hlLB(*,l) 9= hlLB(m) )

Proof. — Let
de H3E;Z), de H3(E;Z)
be the Dixmier-Douady classes of the gerbes G, — F and G L — E. Furthermore let
c1,¢1 € H*(B;7)

denote the first Chern classes of the U(1)-principal bundles 7: E — B and #: E — B.
The theory of T-duality for orbispaces [8] gives the equalities

ca=-md), é=-md).

Hence the assertion follows from Proposition 5.3.1. a

5.4. The T-duality transformation in twisted periodic delocalized cohomol-
ogy is an isomorphism

5.4.1. — Let us consider a U(1)-principal bundle 7: E — B in locally compact
orbispaces with first Chern class ¢; € H%(B;Z) and a topological U(1)-banded gerbe
f: G — E with Dixmier-Douady class d € H?(E;Z). In Definition 5.1.2 we have
introduced the object £¢ € D(ShapLE). Furthermore we have U (1)?-valued functions
h = and g = m(d) on LB. Let LB; := h~'(1) and note that Lw: LE — LB factors
over the U(1)-principal bundle Lw: LE — LB;. We fix u € U(1)° \ {1} and consider
the component LB(j ) :=h~(1) N g~ (u).

Lemma 5.4.1. — We have Rn.(£6)|LB,, .., = 0.
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Proof. — Let (T — LBy ,)) € LBy y). After refining T' by a covering we can assume
that there is a diagram

BU(1) < U(1) x BU(1) s*Gyr GL(1,u)
Pk _—
* - UQ) —— T x U(1) === LEq,4)

* - T ! ~ LB( )

of Cartesian squares. We get

t*Rm.(La)

IR

Rp.s*(£q)

Rp.s*(Pg, (%))

Rp.Pyg,(s*F) .

Let # € Shap(Site(U(1))) be the locally constant sheaf over U(1) with fiber C and

holonomy u € U(1) \ {1}. Then we have s*¥ & v*J. We calculate further
Rp.Ps«g,(s*f) = Rp.Psg, (vV'H)

Rp.v* Py1yx gu ) (H)

w*RqPy1yx auq) (H) -

IR

11

IR

It remains to show that
Rq.Py1yxgu)(H) = 0.
Recall from 3.4.9 that the object Py(1)xgu)(H#) € D(ShaSite(U(1))) is given (up
to non-canonical isomorphism) by the holim of a diagram
0 — Rz.a*(#) & Rz,z*(%)[2] & Ra.a*(#)[4] £ Rz,z*(H)[6] - .
The functor Rq, commutes with this holim (*). Therefore Rq. Pyayx gu(1)(H) is given
by the holim of the diagram

0 — Rg.Rz.x*(¥) Ree(D) Rg. Rz, z*(H)[2]

") pq,Ra,a* (#)4] ") R, Rz,a* (#)[6] - .

The following calculation uses the projection formula twice, first by Lemma 6.2.10 for
the non-representable map = and a tensor product with a one-dimensional local system
of complex vector spaces J¢, secondly using Lemma 6.2.13 for the proper representable

(1) Rq, is a right-adjoint and commutes with products and mapping cones
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map ¢ and the tensor product with the bounded below object Ry, (i”ZSite([* Ju))) €
D™ (ShapSite(U(1)))

Rq.Rz.z* (%)

IR

RqR2\ (Lsiseu(1yx U (1) ® T (H))
=2 Rg.(Rzv(Lsiweuyx du(1))) ® H)
Rq.(Rz. (2" Lsire(gu (1)) ® H)

2 Rq.(q" (RysLsite(gu(1))) ® H)
Ry.Zsise(gu (1)) ® Rax () -

IR

IR

Since the holonomy of # along U(1) is non-trivial, and the cohomology of S* with
coefficients in a non-trivial flat line bundle is trivial, we have

Rq. (%) =0. a

5.4.2. — We now consider a T-duality diagram (5.2.1) where B is a locally compact
orbispace.

Theorem 5.4.2. — The local T-duality transformation (Definition 5.2.5)
Tioc: RL7,(£6) — RL#.(L¢)[—2]
is an isomorphism in D(ShapLB). In particular, the T-duality transformation
T Hieloc per(Es G) = Hieloc per(E G)

is an isomorphism.

Proof. — We have functions hh: LB — U (1) which define substacks LBy . :=
h~1(1) and LB 1) = h=1(1). By Proposition 5.3.2 we have g = hﬁ‘lB(l o' LB, —
U(1)%. By Lemma 5.4.1 the object RLm.(£g) € D(ShapLB) is supported on

g_l(l) = LB(I‘*) n LB(*’I) = LB(l,l) .

Note that § = h|_LlB(, . SO that RLﬁ*E?G is supported on LB(i ), too. Let
i: LB(1;) — LB denote the inclusion. The following diagram is the pull-back

ASTERISQUE 337



5.4. T-DUALITY IS AN ISOMORPHISM 77

of (5.2.1) via the map LB;,;) —» LB — B

(5.4.3)
PZ(GL)lLEwB(l’l) uL ﬁZ(GL)lLEMB(l "
(GL)|LE|LB(1’1) LFILB(LU (GL)ILEMB(I 1
fL Lp
Lp fL
LElLB(l,l) LElLB(l,l)
Lmy
L7y
LB,

We consider )
L= LiLEys,,, » L1 waILB(M) .
Because we restrict to the subset LB(; 1) of trivial holonomy we have isomorphisms
£ = LWIQLB(M) £ = LﬁIQLB(M) .
The local T-duality transformation T, is now locally equal to the transformation J
defined in 4.3.5 applied to the T-duality diagram (5.4.3) and the sheaf C; g e As
in the proof of Theorem 4.3.7 one shows, using the commutative double T-duality
diagram, that T}, is an isomorphism.
The global second assertion can be deduced directly from Theorem 4.3.7. By the
observation on the support of RL7.(£¢g) € D(ShapLB) made above we get

Horoc,per(E G) % Hior(LB1,1)i RL(T)+ PG 1) 1, (E7iCB, ) 5

and similarly

H;eloc,per(Ev G) = H;er(LB(l,l); RL(7AI’1) P

’ (GL)|LEILB(1 1

(LWIQLB(IJ) )) *
)

With these identifications the T-duality transformation in twisted periodic delocal-
ized cohomology is then equal to the T-duality transformation in twisted periodic
cohomology for the diagram (5.4.3) and the sheaf QLB(I € D*(ShapLBy1). O
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CHAPTER 6

VERDIER DUALITY
FOR LOCALLY COMPACT STACKS

6.1. Elements of the theory of stacks on Top and sheaf theory

6.1.1. — In the present paper we consider stacks on the site Top. A prestack is
a lax presheaf X of groupoids on Top. The prefix “lax” indicates that for a pair of
composable morphisms u: U — V, v: V — W we have a natural transformation
of functors ¢, ,: X(u) o X(v) — X (v ou) which is not necessarily the identity, and
which satisfies a compatibility condition for triples. A prestack is a stack if it satisfies
the standard descent conditions on the level of objects and morphisms. A sheaf of
sets can be considered as a stack in the canonical way. Via the Yoneda embedding
Top — ShTop (note that the topology of Top is sub-canonical, i.e. representable
presheaves are sheaves) we consider topological spaces as stacks in the natural way.

6.1.2. — In the following we collect some definitions and facts of the theory of
stacks in topological spaces. Stacks are objects of a two-category, and fiber products
and more general limits in stacks are understood in the two-categorial sense. Note
that two-categorial limits in stacks exists (see [10] for more information), and that
the inclusion of spaces into stacks preserves those limits. A useful reference for stacks
in topological spaces and manifolds is the survey [14].

(1) A morphism of stacks G — H is called representable, if for each space U and
map U — H the fiber product U x gy G is equivalent to a space.

(2) A representable map G — H between stacks is called proper if for every map
K — H from a compact space the fiber product K x gy G is a compact space.

(3) A map f: A — B of topological spaces has local sections if for each point
b € B in the image of f there exists a neighbourhood b € U C B and a map
s :U — A such that fou=idy.

(4) A representable morphism G — H has local sections if for every map U — H
from a space the induced map U xg G — U of spaces has local sections.

SOCIETE MATHEMATIQUE DE FRANCE 2011



80 CHAPTER 6. VERDIER DUALITY FOR LOCALLY COMPACT STACKS

(5) A representable map G — H is surjective if for every map U — H from a
space the induced map U xg G — U is a surjective map of spaces.

(6) A map A — X from a space A to a stack X is called an atlas of X, if it is
surjective, representable and admits local sections. A stack which admits an
atlas is called a topological stack.

(7) A morphism (not necessarily representable) between topological stacks G — H
is surjective (or has local sections, respectively) if for an atlas A — G the
composition A — G — H is surjective (or has local sections, respectively)
(note that this composition is representable by Proposition 6.1.1 below).

(8) A composition of maps with local sections has local sections. The corresponding
assertion is true for the following properties of maps:

(a) representable
(b) representable and proper
(c) surjective.
(9) Consider a two-cartesian diagram of stacks

H — G
I
Y — X
If uw has local sections, then so has v. If f is representable, then so is g.

6.1.3. — The inclusion of spaces into sheaves and of sheaves into stacks preserves
small limits, where limits in stacks are understood in the 2-categorical sense. This
implies that a map of spaces X — Y is representable. In fact we have the following
more general result.

Proposition 6.1.1. — Let G be a topological stack and X a space. Then every morphism
f: X — G is representable.

The proof will be given in 6.1.5 and needs some preparations.
6.1.4. — We will need the notion of an open substack.
Definition 6.1.2. — Let G be a stack in topological spaces. A morphism H — G of
stacks is an embedding of an open substack, if it is representable and for each map

T — G from a space T the induced map of spaces T xg H — T is an open embedding
of topological spaces.

Note that, via Yoneda, an open embedding of spaces is an open embedding of
stacks.
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Definition 6.1.3. — A morphism U — G of topological stacks is locally an open em-
bedding if U = | |;c; Us for a collection (Us)scr of topological stacks and U; — G is an
embedding of an open substack for every i € I.

Let us first characterize spaces as stacks which can be covered by a collection of
spaces.

Lemma 6.1.4. — Let X be a stack in topological spaces for which there exists a mor-
phism U — X from a space which is surjective and locally an open embedding. Then
X is equivalent to a space.

Proof. — Let U = L;U; be such that U; — X is an open embedding for all . Then
we define the space B as the coequalizer in spaces

(6.1.5) B := coeq(l_l UixxU; 3 LIUZ) .
1,7 7

Since U; — X is an open embedding we see that pry, : U; xx U; — U; is an open
embedding. We can now refer to [22, Prop. 16.1] and deduce that the equalizer in
spaces B is also the two-categorical equalizer in stacks of the diagram (6.1.5), which is
of course equivalent to X. Note that the difficulty at this point is that the embedding
of the category of spaces (viewed as a two-category) into the two-category of stacks
does not preserve general small colimits, as opposed to the case of limits.

For completeness we will give an argument. First note that pry,: U; xx U; 5 U;
is a homeomorphism. It thus follows from the groupoid structure of the coequalizer
diagram that U; — B is injective for all ¢. Since | |; U; — B is a topological quotient
map it is open. Therefore | |; U; — B is a open covering. We further conclude that
the natural map U; xx U; — U; x Uj is in fact a homeomorphism.

The claim is that X is equivalent to B. We first construct a morphism X — B.
Let (T — X) € X(T). Then (T; := T xx U;); is an open covering of T'. Using the
identification T; x7 T; = T x x (U; xx U;) we get a diagram

Li,; Ti X2 Tj —— U; xx Uj

VY

L T3 L Ui

| |

T ............................ >B

where the horizontal maps are induced by the projections T' x x U; — Uj;, and the

)

left vertical is the representation of T' as a coequalizer. Therefore we obtain a unique
factorization (I' — B) € B(T). The construction is functorial in T and therefore
induces a morphism X — B.
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In order to see that it has an inverse let (T' — B) € B(T') be given. Then we define
the open covering (T; := T x g U;); of T. The compositions

¢>iZTi§TXBUipHi U, —- X
can be considered as a collection of objects (¢; € X(T3));. The induced map

TiNT; 2T xrT; > (T xpl;) XT(TXBUJ-)QTXB (U; XBU]‘)
PIy;x gU;

— UiXBUj§U¢XXUj—+XXXX
can be considered as a collection of isomorphisms ¢;; : (#:)1;n1; = (#5)T:nT; Which
satisfy the cocycle condition on triple intersections. Since X is a stack we can therefore
glue the local maps and get a map (T — X) € X(T) which is unique up to unique
isomorphism. This construction is again functorial in 7" and provides the map B — X.

It is easy to see that both maps X — B and B — X constructed above are
mutually inverse. O

6.1.5. — We now show Proposition 6.1.1

Proof. — Consider a map T' — G from a space T. We have to prove that the fiber
product T' X X is equivalent to a space. Using the assumption that G is topological
we choose an atlas A — G of G. Because A — G has local sections, we can find an
open covering | |;c; U; =: U — X such that UxgA — U has asection s: U — U xgA.
We first want to show that T' xg U is a space. Since the structure map A — G of
an atlas is representable we know that U xg A and T xg A are spaces. Therefore,
TxgUxgA= (T xgA) x4 (U xg A) is a space, too. The section s pulls back to a
section § : T XxqgU — T xg U xg A which implements T xg U as a subspace of the
space T' xg U x¢g A.

/_T\XGUXGAjsCUxGA .
U

TXGU

TXGX X

e
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Since the map U — X is surjective and locally an open embedding its pull-back
T xgU — T xg X is surjective and locally an open embedding, too. Therefore by
Lemma, 6.1.4 the stack T x¢ X is equivalent to a space. O

6.1.6. — Recall that a topological stack is called locally compact if it admits a locally
compact atlas A — G such that A xg A is a locally compact space. Furthermore
recall that the site X = Site(X) associated to a locally compact stack X is the full
subcategory of locally compact spaces U — X over X such that the structure map
has local sections. A morphism in this site X is a diagram

X

consisting of a morphism of spaces over X and a two-morphism. The topology on X

(6.1.6) U

is given by the covering families of the objects (U — X) induced by open covering of
U.

Much of the general theory would work without the assumption of local compact-
ness. But local compactness is important in connection with the projection formula
Lemma 6.2.11 which is a crucial ingredient of the theory of integration. Since the
latter is our main goal of the present section we generally adopt the restriction to
locally compact stacks.

6.1.7. — The sheaf theory for topological stacks can be built in a parallel manner
to the sheaf theory for smooth stacks developed in [9]. The transition goes via the
following replacements of words:

(1) For the definition of stacks the site of smooth manifolds Mf*° is replaced by the
site of topological spaces Top. In the definition of the site of a locally compact
stack manifolds are replaced by locally compact spaces.

(2) The concept of a smooth stack is replaced by the concept of a locally compact
stack.

(3) The notion of a smooth map is replaced by the notion of a map which admits
local sections.

In the present paper we freely use results in the general sheaf theory for topological
stacks from [9, Sec. 2] in the case of stacks in topological spaces which are proved there
for manifolds. It should be noted that with the conventions just made, all statements
and proofs carry over verbatim

6.1.8. — Let X be a locally compact stack. By PrX and ShX we denote the cate-
gories of presheaves and sheaves on X. They are related by a pair of adjoint functors

i PrX S ShX :i.
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The sheafification functor ! is exact.

6.1.9. — Let f : X — Y be a morphism of locally compact stacks. In induces a
functor Pf, : PrX — PrY by

PF,.E(V -Y):=limF({U — X),
where the limit is taken over the category of diagrams

(6.1.7) U—X
T

[’ ..:;:'»::::: Lf

V—sY
with (U — X) € X. For details we refer to [9, Sections 2.1, 2.2]. This functor fits into
an adjoint pair

Pf*.PrY SPrX:Pf, .
The functor ? f* is given by
PF*GU — X) =colimG(V - Y),

where the colimit is again taken over the category of diagrams with (V —-Y) €Y.
We extend these functors to sheaves by

f*:Zi”Opf*Oi, f* :Zi”opf*oi
and obtain an adjoint pair
f*:ShY S ShX: f, .

Note that ?f. preserves sheaves (see [9, Lemma 2.13]). The right-adjoint functor
[+« : ShapX — ShapY is left exact and therefore admits a right-derived functor

Rf, : DT (ShapX) — DT (ShapY)
between the bounded below derived categories.

6.1.10. — If g : Y — Z is a second morphism of locally compact stacks, then we
have natural isomorphisms of functors

(gof)x=guofs, frog=(gof)
(see 6.6.9). Furthermore, we have
Rg.oRf. 2 R(go f)«

on the level of bounded below derived categories by Lemma 6.6.13. The relation
f*og* = (go f)* descends to the derived categories if the pull-back functors are exact,
e.g. if f and g have local sections (see 6.1.11). These facts generalize corresponding
results shown in [9].
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6.1.11. — Let f : G — H be a morphism between topological stacks which has
local sections. It induces a morphism between sites f; : G — H by composition. On
objects it is given by fy(U — G) := (U —» G — H) (we will often use the short hand
U for (U — G) and write fyU). In fact, since U — G and f have local sections, the
composition U — H has local sections. Furthermore, the map U — H from a space to
a topological stack is representable by Lemma 6.1.1. One checks that fy maps covering
families to covering families and preserves the fiber products as in [25, 1.2.2].

If f : G — H has local sections, then the functor f* : ShH — ShG is the pull-back
f* = (fy)* associated to a morphism of sites. Explicitly it is given by f*F(U) :=
F(fyU), compare Lemma [9, 2.7]. In addition, the functor f* : ShH — ShG is exact
(see [9, 2.5.9]) and preserves flat sheaves of abelian groups.

Lemma 6.1.8. — If f : X — Y is a morphism between locally compact stacks which
has local sections, then we have the derived adjunction

F*: D*(ShapY) S D*(ShapX): Rf. .
Proof. — Since f* is exact its right adjoint f, preserves injectives. If G € C*(Sha,X)
is a complex of injectives and F' € C*(ShapY), then we have
RHomgp,,, v (F, Rf.(G)) = Homgn,, v (F, f+(G))
= Homsh,,x (f*(F), G) 2 RHomgy ., x (f*(F),G) .

This implies the assertion. O

6.1.12.
Lemma 6.1.9. — Let X be a locally compact stack. If C, B — X are maps from locally

compact spaces, then C X x B is locally compact.

Proof. — By assumption X is locally compact so that we can chose an atlas A —» X
such that A and A x x A are locally compact. Since A — X is surjective and has local
sections, there exists an open covering (B;) of B such that we have lifts

A .

|

Bi—B—>X

Then (A xx B;) is an open covering of A xx B. In order to show that A X x B is
locally compact it suffices to show that the space A xx B; is locally compact. By
Axx B; 2 (Axx A) xa B; C Axx A x B, this space is a closed (note that A is
Hausdorff) subspace of a locally compact space and hence itself locally compact.
The same argument shows that C x x A is locally compact. We now write C x x B; &
(C xx A) x4 B; C (C xx A) x B; in order to see that C x x B; is locally compact.
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Since (C x x B;) is an open covering of C X x B we conclude that C x x B is locally
compact. O
6.1.13. — Let f: X — Y be a morphism between locally compact stacks.

Lemma 6.1.10. — If f is representable, then it induces a morphism of sites f! : Y —
X given by fH(V - Y):= (X xy V — X).

Proof. — Let B — X be a locally compact atlas. We consider (V — Y) € Y and
form the diagram of Cartesian squares

T
-

In order to check that (U — X) € X we must show that U is locally compact. Since
B — X is surjective and has local sections we see that V xy B — U is surjective
and has local sections, too. Since Y is locally compact we see by Lemma 6.1.9 that
V Xy B is locally compact. Let u € U and W C U be a neighborhood of u such that
there exists a section

\% Xy B .

Let K C (W) be a compact neighborhood of s(u). Then s~!(K) is a compact
neighborhood of u. Indeed, s™!(K) is a closed subset of the compact set m(K).

It is easy to see that f! maps covering families to covering families and preserves
the fiber products required for a morphism of sites, see [25, 1.2.2]. O

If f: X — Y is a representable morphism between locally compact stacks, then
we have the relations f* = (f*), : ShY — ShX and f. = (f*)* : ShX — ShY , see
[9, Lemma 2.9).

6.1.14. — Let X be a topological stack and (U — X) € X. Let (U) denote the
site whose objects and morphisms are the open subsets of U and inclusions, and
whose coverings are coverings by families of open subsets. We have restriction functors
vy : ShX — Sh(U) and Pvy : PrX — Pr(U). For F' € ShX we also write vy (F') =: Fy.
We have the following assertions, most of which are straightforward to prove.
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(1) Let i* and zgf denote the sheafification functors on the sites X and (U). Then
we have a natural isomorphism

'ig]OPVU%'l/UOi”,

see [9, Lemma 2.4.7]

(2) Let F € ShX. If f: U — V is a morphism (6.1.6) in X, then we have a natural
map f*Fy — Fy.

(3) There is a one-to one correspondence of sheaves F' € ShX on the one hand,
and of collections (Fi)(y—x)ex of sheaves Fiy € Sh(U) together with functorial
maps f*Fy — Fy for all morphisms f: U — V in X on the other hand.

(4) Let F,G € ShX. There is a one-to-one correspondence between compatible
collections of morphisms gy: Fy — Gy for all (U — X) € X and maps
g: F—G.

(5) If F,G € ShX or F,G € D*(ShapX), then a map F — G is an isomorphism if
and only if the induced map Fy — Gy is an isomorphism for all (U — X) € X.

(6) Let f: X — Y be a representable map of locally compact stacks, (A - Y) €Y
and (B:= Axy X — X) € X. Let g: B — A be the projection onto the first
factor and g, : Sh(B) — Sh(A). Then we have for F' € ShX or G € Dt (ShapX)

(feF)a =2 g.(FB), (RfsG)a = Rg.(GB) .

The second isomorphism follows from the first using the fact that the restriction
vp preserves flabby or even injective sheaves (see Lemma 6.1.11).

(7) If f: X — Y is a map of topological stacks which has local sections, (B —

X) € X, then we have (B— X —Y) €Y and for F € ShY
(f*F)p = Fp .

(8) The collection of restriction functors (vu) - x)ex detects flabby (flasque, flat)
sheaves (see Definition 3.1.1), i.e. a sheaf F' € Shp,X is flabby (flasque, flat)
if and only if Fy € Shap(U) is flabby for all (U — X) € X (compare 6.2.6 for
the flat case).

(9) The collection of restriction functors (vy)w— x)ex detects exact sequences, i.e.

a sequence F' — G — H of sheaves of abelian groups on X is exact if and only
if Fy — Gy — Hy is exact for all (U — X) € X.

Lemma 6.1.11. — Let (U — X) € X. The functor vy : ShapX — Shap(U) preserves
injective sheaves.

Proof. — We show that vy has an exact left adjoint vJ : Shap(U) — ShapX. We

first show that the restriction functor Pvy : Prap,X — Prap(U) fits into an adjoint

pair

pl/g . PI‘Ab(U) fary PrAbX H pl/U .
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The left-adjoint is given by
PUI(F)(A — X) := colimF(V) ,
where the colimit is taken over the category of diagrams
V—"
U—X
where V' — U is the embedding of an open subset. As explained in [20, I1.3.18] we have

y

a decomposition of this category into a union of categories S(¢) with ¢ € Homx ((A —
X), (U — X)). The category S(¢) is the category of open neighborhoods of ¢(A) and
their inclusions. It is cofiltered. Therefore F' + colimg4)F'(V') preserves finite limits
and is in particular left exact. This implies that Pvy given by

PUI(F)(A - X) = @colims(¢)F(V)

¢

is left-exact, too. We now get vy := i¥ o Py o iy. As a left-adjoint it is right-exact.
Since iy is left exact and i¥ is exact, this composition is also left-exact. O
6.1.15.
Lemma 6.1.12. — Consider the following Cartesian diagram in locally compact topo-
logical stacks

H—"— G

IERY

Yy 2 X

In this situation the two canonical ways to define a natural transformation
u* fx — g«v*: Shap(G) — Shap(Y)

give the same result, i.e. the diagram

(6.1.13) w fo 2 ggrut £, B8 gLt £ £, g0t

unit g=f counit
U* fo —— U* fL0, 0" — UM U, g v* — g4 0"

commutes. This transformation is functorial with respect to composition of Cartesian
diagrams.
Moreover, if u has local sections, then this transformation induces isomorphisms

(6.1.14) u* fi = guv™: Shap(G) — Shap(Y),
(6.1.15) u*Rf, = Rg,v*: D"Shap(G) — D1Shap(Y).
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If u and f have local sections, then we get commutative diagrams

)
unit counit
unit counit-

Usgug” "“_>f*v*g <—f*f U f* fave — f* u,.g*———>v*g G«

u* )
unit counit
unit counit

U fof* = gt ff < gugtut v e — g'utfu —> g*g.v

and their derived versions, e.g.

(6.1.16) u* ,

unit
unit

u*Rf, f* —— Rg,v*f* <~— Rg.g*u*

and also
(6.1.17)
Ru,u*

Ru,u*Rf,f* —— Ru,Rg.v*f* —— Rf,Rv,v* f* —— Rf.Rv.g*u* < Rf.f*Ru.u*

Proof. — Most of the following arguments and the large diagrams were supplied by
Ansgar Schneider. We thank Ansgar Schneider for the premission to use these ideas
in the present article. For convenience we present a proof of (6.1.13), see also [13,
Expose XVII, Proposition2.1.3]. We first observe that

(6.1.18) O ¥ fovy 22 o,
~ counit

(fo)* (fo)s s id
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commutes. Using this in addition to standard functorial properties we check that all
squares in the following diagram commute:

u* fo 2 9,070t f — gu(ug)* fr ——— gu(fV)* fr — > g0 f* f —2s g 00

unit I{umt unit unit unit

949" u* fuv,0* —> g, (ug)* fuv,v* —>g*(f'v)*f,,v*v*—~>g*v*f*f*v*v*°21'—'§tg* *v,0* |id

' L ~ ~ couny

f0.0" 5 gu(ug)" (Fo)uv” = ga(F0)" (fu)av® = gu (fo)* (fo)v” 2 gt

*

gg*u

P x counit

*(fv
9eg*u* f0,0* = g, (ug)* (f)uv* = gu(ug)* (ug)sv* = gu(ug)* (ug)sv* === g,v*
(f

~ ~ coun

0:0*U* Fu0,0" > g% (F0)0" > gug*ut (ug)v* > gug utu, g v T g, g g 0"

] unit ] unit unit unit unit

u*f, ﬂ)u fav v* — " s (f'U)*’U = s (Ug) v* Ut u,gtv* counit v,

The two ways to go along the boundary from the upper left to lower right corner give
the two maps u* f, — g.v* in question.

The isomorphism (6.1.14) can be shown as in [9, Lemma 2.16], where the assump-
tion of smoothness of u in [9] corresponds to the assumption of local sections in the
present setting. The derived version (6.1.15) can be shown using the simplicial models
as in [9, Lemma 2.43]. Alternatively one can use the commutativity of the diagram
asserted in Lemma 3.2.6 and the isomorphism (3.2.5).

We now show the compatibility of the units and counits with Cartesian diagrams.
The arguments are purely formal and only use that the functors involved occur as
parts of adjoint pairs. We will only give the details for the two triangles involving
derived functors. If in addition to u also f has local sections, then so has g. In this
case we have the adjoint pairs (f*, Rf.) and (¢*, Rg.). In order to see (6.1.16) we
must show that

unit

ut —2'y*Rf, f* —Y > Rg.v* f* —> Rg.(fv)* —> Rg.(ug)* —— Rg.g"u*,

unit
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commutes, where ¥ : u*Rf,f* — Rg.v*f* is induced by (6.1.15). This is a conse-
quence of the commutativity of

. umt *Rf f*

lunit coun’
Rg.g*u* f.f* = Rg.(ug)*Rf.f* = Rg.(fv)*Rf.f* = Rg.v *f*R>:d

T unit T unit T unit umt
nit ~ = ~

u* —> Rg.g*u* Rg.(ug)* Rg.(fv)* Rg.v*

Rg.v*

which follows from standard functorial properties of units and counits.

The same properties are used in the proof of (6.1.17) which is represented by the
boundary of the following big array of small commutative squares and triangles (see
Fig. 1 on next page). O

6.2. Tensor products and the projection formula

6.2.1. — We consider a Grothendieck site X and a commutative ring R. The goal of
the present Subsection is to discuss aspects of the closed monoidal structures on the
categories of presheaves Prg.poqX and sheaves Shg aodX of R-modules on X. The
material is standard, but we need to understand in detail the relation between the
sheaf and presheaf versions in order to show the compatibility with the operations
induced by a morphism of stacks.
6.2.2. — Let F,G € Prg.moaX be presheaves of R-modules. The tensor product
F ®” G € PrgmoaX is defined as the presheaf which associates to (U — X) the
R-module F(U) ®% G(U). In this way Prp.moqX becomes a symmetric monoidal
category.

Since colimits of presheaves are defined objectwise we have for a diagram of
presheaves of R-modules (F;);cr that

colim;¢(F; ®§3 G) = (colim;c F;) ®11){ G.

6.2.3. — For U € X let hy € PrX denote the presheaf represented by U and
hﬁ € Prr.modX be the presheaf of R-modules generated by hyy. Let F, G € Prg.pmoaX.
We define the presheaf
Hom”(F, G) € Prg.moaX
by
How?(F, G)(U) := Hompy ,,.x (h ® F,G) .
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92

unit

Rf.f*usut =22 TR} f*u, Rg.g*u* —— Rf.f*R(ug).g"u*

Rfsf*u.

Rf. fru.

Rf, f*u.

RYf*u.

@

it o aa | ~

unit

uRf. f*

u*Rf. f*

w*Rf,f*

w*Rf,f*

uRf. f*

wRf.f*

u"Rf, f*

u*Rf. f*

unit

. u*Rf, f*

unit

" Rf.f*u.Rg.g"u" Rf.f*

unit

— Rf.f*u.Rg.g"u"Rf.f*

unit

— Rf.f'u.Rg.g"u"Rf.f"

U RS, f*u.Rg.g*u" Rf.f*

U R, f*ucRg.g*u* Rf. f*

unit

— Rf.f*u.Rg.g*u*Rf.f*

% Rf.f*u.Rg.g"u* RS, f*

unit

— Rf.f*u.Rg.g*u*Rf.f*

unit

unit

Uy Rg.g*u*Rf, f* ——— \:im.nﬁﬁﬁ.nvcm.\».\..

unit

— Rf.f*R(ug).g"u"Rf.f* — Rf.f*R(fv).g"u"Rf.f* — Rf.f*Rf.v.g"u"Rf.f*

= Rf.f*R(ug).(ug)* Rf.f* = Rf.f*R(f).(ug)*Rf.f* == Rf.f*Rfwv.

= Rf.f"R(ug).(ug)"Rf.f"

== Rf.f*R(ug).(ug)" Rf.f"

== Rf.f"R(ug).(ug)*Rf. f*

= Rf.f*R(ug).(ug)" Rf.f*

= Rf.f*R(ug).(ug)" Rf.f*

—> Rf.f"u.Rg.(ug)"Rf.f*

unit

Rf.f*R(fv).g*u®

unit

= Rf.f*R(fv).(fv)*Rf.f* = Rf.f*Rf.v.

= Rf.f*R(fv).(fv) Rf.f* = Rf.f*Rf.v.v" f*Rf.f* = Rf.v,0 f*REf*

= Rf.f*R(fv).(fv)*Rf.f* = Rf.f*Rf.v.v* f*Rf. f* == Rf.f*Rf.v.

= Rf.f*R(fv).(fo)*Rf.f* = Rf.f*R(fv)

~ Rf.f*R(ug).(fv)*Rf.f* = Rf.f*R(ug)

unit

|e u.Rg.(fv)*Rf.f*

FIGURE 1.

~

Rf.f*Rf.v.g'u’ —=28= Rf g g*u*

unit

unit

u Rg v f*Rf. f*

unit

U R fuveg*ut RE. f2SE Rf.v,gu*

counit

> Rf.f*u.Rg.(fv) Rf.f* = Rf.f"u.Rg.v" * Rf. f* "= Rf.f*u.

counit

(ug)*Rf. " Rf, v, (ug)* Rf. f*

unit

Rg.v

nit

~— Rf.v. Aﬁmv»

(f0)" RE ™22 R0, (f0)* RS f¥"5 Rf.v.(fo)”

L Rfvotf*
counit
id
Rf.vv* f*
counit
id
e..\;_:_A;l Rf.vv* f*

P REFCUERS, £ R(f0).v” FS R(f)avt £

O PR TUERS, £ R(ug).v” F*"5 R(ug).v* f*

dl:r:' u.Rg,v* f*

u,Rg.v* f*
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The topology of the site of a locally compact stack is sub-canonical. Hence, in this
case hy is actually a sheaf. But even in the case of a sub-canonical topology h{} is
only a presheaf, in general.

If U — V is a morphism in X, then Hom? (F, G)(V) — Hom?(F, G)(U) is induced
by the morphism hy — hy. If H € Prg.moqaX, then we have

HomPrR-ModX(H7 &).I_n_p(F’ G)) = HomPTR-Modx(CO]'imhg—th‘}}’I-Io—mp(FY G))

lim Homp, ,, ,x (h%, Hom?(F,G))

%

h{}—»H

>~  lim HomP(F,G)(V
hglgHﬁn_( (V)

= h{l}iin»H HomervModx(h‘}} QP F,Q)

IR

HomPrR-Modx(COIimhﬁ ——»H(h{; ®° F)v G)
= Homer_Modx((colimh‘;;__,Hh{}) ®° F,G)
=~ Homp;p . x(H ®F F,G)

In other words, the pair (®”, Hom?”) together with this natural isomorphism defines
a closed symmetric monoidal structure on PrgmoqaX. In particular, if (F;)cr is a
diagram of presheaves, then we have

(6.2.1) Hom?(colim;e F3, G) & henll Hom?(F;,QG) .
6.2.4. — An element of
Hom(F,G)(U) = Homp,, ,,.,x (k& ® F,G)

is given by a collection of R-linear maps (¢v—uv : F(V) — G(V))wv-v)ex/u such
that for a morphism (W — U) — (V — U) in X/U the diagram

F(V) — F(W)
[]¢V—»U L¢W—~U
G(V) —GW)
commutes. Therefore
Hom(F, G)(U) = Homp,, ,,,x/u(Flu, Glv) -
Lemma 6.2.2. — If G is a sheaf, then Hom(F,G) is a sheaf.

Proof. — Let U € X and (U; — U);¢1 be a covering. In order to simplify the notation
we consider V := U;c;U;. We must show that the sequence

0 — Hom(F, G)(U) — Hom(F,G)(V) — Hom(F,G)(V xy V)

is exact.
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Let ¢ € Homp, . .x,u(Fju,Gu) be such that its restriction to V vanishes. If
(W - U) € X/U, then W xy V. — W is a covering of W, and pry, : G(W) —
G(W xy V) is injective since G is a sheaf. In view of the commutative diagram

FW) —2¥ pW xu V)
L"I’W i(ﬂl’w)Wva
G(W) —X QW xy V)

we see that Yw = 0.
Let now ¢ € Homp,, ,, ,x/v(Fjv,G|v) be such that the induced map
® € Homp; o ux/(VxuV) (Flvxu v, Glv xyv)

vanishes. We will construct ¢ € Homp,, ,..x/v(Fjv,G|v) such that ¢y = ¢. Let
(W —-U)eX/U and f € Fiy(W - U) = F(W). Then W xy V — W is a covering
of W and prjy, f € Fiy(W xy V — V) = F(W xy V). We get an element

¢W><UV—'V(pr*W(f)) € G(W Xy V) = G|V(W xyV — V) .

Note that (W xy V) xw (W xy V) 2 W xy (V xy V). The difference of the pull-backs
of pwxyv—v(pryy(f)) with respect to the two projections to W xy V induces

Pw iy (vxov)(PIw (f)) =0 € G(W xy V) xw (W xy V)) .
Again, since G is a sheaf there is a unique element ¢¥w (f) € G(W) such that
Yw (H)wxov = dwxyvov(priy(f)) .
The morphism 4 is now given by the collection (Yw)w—uvyex, v- O
6.2.5. — If F,G € Shr.moaX, then we define FF ® G € Shr.MoqX to be
F®G :=#i(F)®Pi(Q)) .
We furthermore define
Hom(F, G) := i*How? (i(F), i(G)) .
Using the fact 6.2.2 that Hom? (i(F),i(G)) is a sheaf at the isomorphism marked by
! we get for every H € Shp.MmoqX that
Homgy , ,..x (H ® F,G) Homgp , . ,x (i*(i(H) ®7 i(F), G)
Homp: , y,ax (i(H) ®” i(F),1(G))
Homp, , ., x (i(H), Hom® (i(F), i(G))

IR

R~ 1R

Homp:  ,qx (i(H), i o i (Hom? (i(F), i(G))))
HomShR-Modx(iu © i(H)»-Hﬂ(F’ G))
HomShR-Modx(H? HO_m(Fa G)) .

1%
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In other words, the pair (®,Hom) together with this natural isomorphism make
Shpr.ModX into a closed symmetric monoidal category.

6.2.6. — Let F,G € Shg.moaX and (U — X) € X. Then we have
(F®G)uy =FyeGy .

Indeed, this follows from the fact that sheafification commutes with the restriction
from the site X to the site (U), see 6.1.14. Since the collection of functors (vv) - x)ex
detects exact sequences it now follows that a sheaf F' € Shg poqaX is flat if and only
if Fy € Shg.moa(U) is flat for all (U — X) € X. This fact was claimed in 6.1.14.

6.2.7.
Lemma 6.2.3. — For F,G € Prr.moaX we have i*(F ®F G) = i*(F) ® i*(G).

Proof. — This follows from (we omit the functor ¢ at various places in order to sim-
plify the formula)

IR

Homgh  .ax (i*(F ®” G), H) Homp:,, ,,.,x (F ® G, H)

>~ Homer_Modx(F, HO_mp(Gv H))

!

= Hompyp, .. x (i*(F), Hom? (G, H))
~ Homp,,,,.,x(i*(F) ® G, H)

& Hompy, \.,x (G, Hom? (i*F, H))

!

Homp,  ,,.,x (i*G, Hom? (* F, H))
Homp, ,, ,,..x ({*G ®P i* F, H)
Homgh , ,,..x (i'G ® i'F, H)

IR

for arbitrary H € Shgr MoqX, where we use Lemma 6.2.2 at the isomorphisms marked
by L. O

6.2.8. — Let f: X — Y be a morphism of locally compact stacks. Let X and Y be
the sites associated to X and Y. Consider the adjoint pair of functors

Pf*: PreModY S PrrmoaX: P fy .

The proof of the following Lemma uses the product in Y described in [9, Lemma 3.1]
in a specific way.

Lemma 6.2.4. — For F,G € Prr.moa Y we have a natural isomorphism

PFFQPG) 2P FQPPf*G .

SOCIETE MATHEMATIQUE DE FRANCE 2011



926 CHAPTER 6. VERDIER DUALITY FOR LOCALLY COMPACT STACKS

Proof. — We use the notation introduced in [9, 2.1.4]. For (U — X) € X we consider
the category U/Y of diagrams

U—X .
V—Y

The functor P f* is defined in [9, Definition 2.3] as a colimit over this category.
We consider the diagonal functor U/Y — U/Y x U/Y given on objects by

U—=X +~ (U X, U X).
T S
V—>Y v Y V Y

In view of the definition of P f* by colimits it induces a map
PI(FRPG) - PfPFRPPfG .
In the other direction we have the functor U/Y x U/Y — U/Y given by

(U——X,U—=X) =+ U X .
V—Y V —Y VxyV —Y

This together with the projections V xy V/ — V and V xy V' — V' induces the
inverse map
PF*FQRPPF*G—-Pf(F®PQ). a
6.2.9. — Let f: X — Y be a morphism of locally compact stacks.
Lemma 6.2.5. — For F,G € Shr.Moq Y we have a natural isomorphism
FFRG) 2 f FQ f*G .
Proof. — For H € Shp.modX, using the fact that Pf, preserves sheaves (see 6.1.9)
and Lemma 6.2.3, we have
Homghp yoax (f*(F ® G), H) = Homgh g p00x (F ® G, f4(H))

= Homghp, .0y (i (6(F) ®® i(G)), i* o fP 0 i(H))

= Hompyp yoa v ((i(F) &7 i(G)), f7 0 i(H))

= Homprp oo x (Pf7(((F) ®° 4(G)), i(H))

= Homprp yoax (P f" 0 4(F) ®° P f* 04(G),i(H))

2 Holgn o x (I (P 0 i(F) @7 Pf* 04(Q)), H)

= Homgh o x (F*(F) ® f*(G), H) O
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6.2.10. — For a derived version of Lemma 6.2.5 we assume that the morphism
f: X — Y of locally compact stacks has local sections. For simplicity we only consider
the case R = Z, i.e. sheaves of abelian groups (finite cohomological dimension of R
would suffice). Then the exact functor f* = (fy)* preserves torsion-free sheaves of
abelian groups. Since the derived tensor product can be calculated using torsion-free
resolutions we get the following corollary.

Corollary 6.2.6. — If f : X — Y has local sections, then for F,G € D*(ShapY) we
have a natural isomorphism
FFe'G) = frFel G .
6.2.11. — Let f: X — Y be a morphism of locally compact stacks.
Lemma 6.2.7. — For F € Shr.modY and G € Shr.modaX we have a natural isomor-
phism
Hom(F, f,G) = f Hom(f*F,G)
n ShR-ModY
Proof. — For any T € Shr_pmoq Y Wwe calculate
HomShR-ModY(T7 f*Hom(f*F, G)) = HomShR-Modx(f*T7 H_O_rll.(f*Fv G))

= HomShR-Modx(f*T ® f*F, G)

= HomShR-Modx(f* (T ® F)v G)

= HomShR-ModY(T ® F, f*G)

= Homgh , .. Y (T, Hom(F, f.G)) O

6.2.12. — Let f: X — Y be a morphism of locally compact stacks.

Lemma 6.2.8. — For F € Shr.modY and G € Shr.moaX we have a natural morphism
fLGRF — f.(G® f*F) .
Proof. — The transformation is the image of the identity under the following chain

of maps, where the first is induced by the counit f* o f, — id of the adjoint pair
(f*, f«), and the second isomorphism is given by Lemma 6.2.5.

HomShR-Modx(G ® f*Fv G® f*F) - HomShR-Modx(f*f*G ® f*F: G® f*F)
= HomShR-Modx(f*(f*G ® F), G® f*F)
= Homghy oY (GO F, fu(G® f*F)) . O

Lemma 6.2.9. — If f has local sections, then for F € ShapY and G € ShpapX we
have a natural morphism

f(G®"F — f(G®" f*F) .
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Proof. — We use the same argument as for Lemma 6.2.8 based on the adjoint pair
(f*,Rf.) and Lemma 6.2.6. O

6.2.13. — Let f: X — Y be a morphism of locally compact stacks.

Lemma 6.2.10. — Let F € Shr.moaY be a sheaf which is locally isomorphic to Ry,
i.e. there exist an atlas a: U — Y such that a*F = Ry. In this case we have the
projection formula: For all G € Shr.moaX or H € DY (ShapX) the natural morphisms

f\G®F - f.(G® f*F), Rf.HQ®"F — Rf.(H®" f*F)

are isomorphisms.
Proof. — This can be checked locally on the atlas U — Y. We consider the pull-back

v—L-x .
e
lg ,;._:1':" \(f
U—-v
‘We must check that
a*o(fiG®F) = a*o f.(G® f*F)

is an isomorphism. This map is equivalent to

a(fkGRF) = a*'f,GRa*F

~ o'f,G® Ry

> o*f,G

> g.b'G

= g.b"(GO®Ry)

> g, (b*G®b* f*Ry)

2 6 (*'G®g'a"Ry)

> 9,(0*G®g*a*F)

> ¢.b"(G® f*'F)

& o' fu(GR f'F).
The derived version is shown in similar manner. O
6.2.14. — We will also need the projection formula with different assumptions. Let

f: X — Y be a map of locally compact stacks. We consider F' € Shr.moaY and
G € Shg.MmoaX.
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Lemma 6.2.11. — Assume that f is proper and representable, and that F is flat. Then
the natural transformation

HGOF — f.(G® f*F)
of 6.2.8 is an isomorphism.

Proof. — Using the observations 6.1.14 we see that it suffices to show that for all
(U —-Y) €Y the induced morphism

(6.2.12) 9.Gv ® Fy — g.(Gv ® g" Fy)

is an isomorphism. Here g: V' — U is the proper map of locally compact spaces defined
by the Cartesian diagram

V—X .

Pl

U——Y
The map (6.2.12) is an isomorphism by [17, Prop. 2.5.13]. O
6.2.15. — We also have a derived version of the projection formula in the case of

sheaves of abelian groups. The main point is that the ring Z has finite cohomological
dimension (in fact equal to 1). Let f: X — Y be a morphism of locally compact
stacks.

Lemma 6.2.13. — Assume that f is proper and representable. If G € Dt (ShapY) and
F € D*(ShapX), then we have

Rf.G QY F 5 Rf.(G ® f*F)
in DF (ShapY).

Proof. — As in the proof of Lemma 6.2.11 we can reduce to the small sites (U) for
all objects (U — Y) € Y. After this reduction we apply [17, Prop. 2.6.6] and the fact
that the cohomological dimension of Z is 1, hence finite. O

6.2.16. — The following derived adjunction again uses the finiteness of the cohomo-
logical dimension of Z.

Lemma 6.2.14. — For F,G,H € D% (Sha,X) we have a natural isomorphism
RHomgy,, x (F ®" G, H) & RHomgy,,, x (F, RHom(G, H)) .
Proof. — If G € ShapX is flat and H € ShapX is injective, then the functor
ShapX 3 F — Homgy,, x (F, Hom(G, H)) = Homgy, ,x(F ® G, H) € Ab

is, as a composition of exact functors, exact. It follows that Hom(G, H) is again
injective. We now show the Lemma. We can assume that H is a complex of injectives.
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Furthermore, since the cohomological dimension of Z is one, hence in particular finite,
we can assume that G is a complex of flat sheaves. Then we have

RHomgy,, x(F ®F G, H) =~ Homgy,, x (F ® G, H)

= Homgh,, x (F, Hom(G, H))
= RHomShAbx(F, Hom(G, H)) . (]

6.3. Verdier duality for locally compact stacks in detail
6.3.1. — Let f: X — Y be a map of locally compact stacks.

Definition 6.3.1. — We say that the cohomological dimension of f. is not greater than
n € N if the derived functor R'f, : Shap, X — Shap Y vanishes for all i > n.

The main theorem of the present subsection is

Theorem 6.3.2. — Assume that f : X — Y is a representable and proper map be-
tween locally compact stacks such that f. has finite cohomological dimension. Then the
functor Rf.: Dt (ShapX) — D*(ShapY) admits a right adjoint f': Dt (ShapY) —
Dt (ShapX).

The proof of Theorem 6.3.2 will be finished in 6.3.6. The main idea is to transfer

the construction of f' from [17, Section 3.1] to the present situation.

6.3.2. — We consider the functorial flabby resolution (see 3.1.10) of the constant
sheaf Zy — F¢(Zx) and form the truncated complex K := 7S"F(Zx) so that in
particular K™ = ker(F"(Zx) — H"" ' (Zx)).

Lemma 6.3.3. — Assume that f is representable and that f. has cohomological di-
mension not greater than n. Then the complex

(6.3.4) 0-Zx =K' K'— ... 5 K" -0

is a flat and fi-acyclic resolution of Zx .

Proof. — The sheaf ker(K™ — K™*1) is a torsion-free subsheaf of a torsion-free
sheaf and therefore flat (compare [17, Lemma 3.1.4]). By Lemma 3.1.4 the flabby

sheaves K* for i = 0,...,n — 1 are f,-acyclic. In order to see that K™ is f,-acyclic,
it suffices to show that R'f,(ker(K™ — K"*1)) = 0 for ¢ > 1. In fact, we have
Rif,(ker(K™ — K"t1)) > R*" f, 7« 0. O
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6.3.3. — The fibers of a representable and proper morphism of topological stacks
are compact. This is explicitly used in the proof of the following Lemma.

Lemma 6.3.5. — If f : X — Y is a representable and proper morphism of locally
compact stacks, then the functor f.: ShapX — Shay, Y preserves direct sums.

Proof. — Let (G;)icr be a family of sheaves in ShypX. Then we have a canonical
map

@c’f*(Gi) - fu °®(Gi) .

i€l i€l
In order to show that this map is an isomorphism we show that the induced map
(P £ (Gi)u — (fr o P (Gi))u
i€l i€l
is an isomorphism for all (U — Y) € Y. Choose such (U — Y) and consider the
Cartesian diagram
V—X
9 f
U——Y
It suffices to show that the induced map
P 09.(Gi)v = g+ o P(Gi)v
i€l i€l
is an isomorphism. We consider the induced map on the stalk at x € U. Since the
restriction to g~ (z) commutes with the sum and g~!(z) is compact it is given by

@C’F(g—l(x)’ [(Gi)U]|g—1(z)) - F(g_l(z)7 @[(Gi)U]lg—l(z))

iel i€l
(see [17, Proposition 2.5.2]). But this last map is an isomorphism since the global
section functor on sheaves on a compact space commutes with sums. O

6.3.4. — Fix j € {0,1,2,...,n} and set K := K7, see 6.3.2

Lemma 6.3.6. — Let f: X — Y be a representable, proper morphism of locally com-
pact stacks such that f. has cohomological dimension not greater than n. Then the
functor G — f.(G® K) is an ezact functor Shayp X — Shap,Y. Furthermore, G ® K
is fe-acyclic.
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Proof. — In the following proof we freely use the facts listed in 6.1.14. Let G' be an
exact complex in ShapX. For (U — Y) € Y consider the Cartesian diagram

V—X

N2

U—Y

Note that (V' — X) € X. By construction (see [17, Lemma 3.1.4]) Ky is flat and g-
soft. The complex Gy, is exact. By {17, Lemma 3.1.2 (ii)] the complex ¢.(Gy, ® Kv') =
(f«(G° ® K))u is exact. Since this is true for all (U — Y) € Y we conclude that
f+(G ® K) is exact.

We now show that G® K is f.-acyclic. We must show that R'f,(G® K) = 0 for all
i>1.For (U > Y) €Y as above we have (R'f.(G ® K))y = Rig.(Gy ® Ky) 20,
since Gy ® Ky is g-soft by [17, Lemma 3.1.2 (i)] (note that Ky is flasque and flat).
Since (U — Y') was arbitrary this implies that R'f,(G® K) = 0 O

6.3.5. — For (V — X) € X let h% denote the sheafification of the presheaf hZ,
the presheaf of free abelian groups generated by the sheaf hy represented by V. We
consider the functor f}{ SharY — Prap X which associates to a sheaf F' € Sha,Y
the presheaf f1 (F) € PrapX given by

X3 (V- X)— fF(V) := Homgp,,v(f«(h% ® K),F) € Ab .

Note that K — fi (F) is also a functor in K (for fixed F).

Lemma 6.3.7. — Let K be as in 6.3.4 and f : X — Y be a representable, proper
morphism of locally compact stacks such that f. has cohomological dimension not
greater than n. Assume that F € ShapY is an injective sheaf. Then fi (F) is an
injective sheaf. Furthermore, for G € Sha,X there is a canonical isomorphism

(6.3.8) Homgy,,, v (f«(G ® K), F) = Homgp,, x (G, fk (F)) -

Proof. — We show that ffKF is a sheaf by copying the corresponding argument in
the proof of [17, Lemma 3.1.3]. The functor G — Homgh,, v (f«(G ® K), F) is exact
by Lemma 6.3.6 and injectivity of F. If we establish the isomorphism (6.3.8), then we
also have shown that fi(F) is injective.

For (W — X) € X we have a canonical isomorphism

(6.3.9)  Homgy,,y(fu(h% ® K),F) = fic(F)(W) = Homsn,,x (A%, fic(F)) -
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For a system (G;);cr of sheaves we have a natural map colim;cs o fu(G;) — fu 0

colim;c1(G;). For G € ShapX we get

Homgy,, v(f«+(GR® K),F) = HomShAby(f*((colim;;%}v_,cizgv) ® K),F)
! ~
>~ Homgp,, v(f«o COlim}}%V_.G(h{Z;V ® K), F)
— Homgh,,v (COIimﬁﬁ,aG o f.(h% ® K), F)
=~  lLim Homgp,,v(f.(h% ® K), F)
hL, -G
> lim Homgn,,x (b, fi(F))
hZ, -G

IR

HomShAbx(COIimﬁa] -—»G’A-"%Vv f}((F))

&  Homgp,,x(G, fk(F)) .

The marked isomorphism uses that the tensor product of sheaves commutes with

colimits, a consequence of the fact 6.2.5 that it is part of a closed monoidal structure.

It remains to show that this composition is an isomorphism. If we write out the

definition of the colimit in G = colim;,; ﬁcﬁ%‘, we obtain an exact sequence of the
w

form
(6.3.10) @ﬁa,] — @ﬁa —-G—-0.

jedJ i€l
Now observe that for any collection (G;);cy of sheaves in ShapX we have

Homgy,, v (f.((ED Gi) ® K), F) = [ [ Homsy,, v (f.(G: ® K), F)

i i€l

since f, (Lemma 6.3.5) and - -- ® K commute with sums. Clearly we also have
HOH]ShAh"(@ Gi, f}{(F)) = H Homgp,,x (Gi, f;{(F)) :

i i€l

From (6.3.10) we thus get the diagram
0 0

l !

HomShAbY (f* (G ® K)’ F) R HomShAbx(Gv f}{ (F))

! !

Hz’EI Homgn,, v (f+ (il%/:, ® K)’ F) —— Hiel HomShAbx(ﬁa’ f;{(F))

! !

~ ﬂ A~
HjEJHomShAbY(f*(ha/j ® K)7F) —_— HjGJHomShAbx(h%Vj7f;((F))'
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Because of the isomorphism (6.3.9) the maps o and § are isomorphisms. The left
vertical sequence is exact by Lemma 6.3.6. The right vertical sequence is exact by
the left-exactness of the Hom-functor. It follows from the 5-lemma that (6.3.8) is an
isomorphism. O

6.3.6. — Let IShap X C Shap X denote the full subcategory of injective objects and
K*(IShapX) be the category of complexes in ISha, X which are bounded below, and
whose morphisms are homotopy classes of chain maps. Then we have an equivalence
of triangulated categories

K+(IShAbX) = D+(ShAbX) .

Let f : X — Y be a representable, proper morphism of locally compact stacks such
that f. has cohomological dimension not greater than n, and let K be as in 6.3.2.
We then define the functor f': K+ (IShapY) — KT (IShapX) by

FF) = (Fik- (F))tot »

where E,., denotes the total complex of the double complex E™'. Since f}{ preserves
injective sheaves by Lemma 6.3.7 this functor is well-defined. Furthermore, for F' €
K*(IShapY) and G € K+ (IShapX) we have by Lemma 6.3.7 a natural isomorphism
between spaces of chain maps

Homg+ (spapy) (fx (G ® K )tot, F7) 2 Home+ (shayx) (G, f (F7))
which descends to an isomorphism on the level of homotopy classes
Hom g+ (15h, ) (fx (G ® K )tot, F') 2 Hom g+ (15m,, %) (G, f (F))
Since f'(F") is a complex of injective sheaves we have
Hom g+ (1sn,,x) (G £ (F')) 2 Homp+ sn,,x) (G, f1(F))

Note that G &2 G ® Zx — (G" ® K)ot is a quasi-isomorphism, and the complex
G ® K’ consists of f.-acyclic sheaves by Lemma 6.3.6. Therefore f.(G ® K )it =
Rf.(G"). Since F" is injective we have

Hom g+ (shpy v) (fx (G ® K )tot, F') = Homp+ (sn,, v) (RF«(G), F')
We conclude that
Homp+ (shpyy) (R (G'), F') = Homp+ (sh,,x) (G, F(FY))

This finishes the proof of Theorem 6.3.2. O
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6.3.7. — We consider morphisms f: X — Y and v : U — Y of locally compact
stacks and form the Cartesian diagram

V—=X

Lg f
U

SLENG ve

Lemma 6.3.11. — Assume the f is representable, proper and that f. has finite coho-
mological dimension. Assume furthermore that u has local sections. Then we have a
natural transformation v* o f' — g' o u*.

Proof. — First note that g is representable, proper and that g, has finite cohomologi-
cal dimension. Furthermore, v has local sections. We apply f' to the unit id — Ru,ou*
and obtain a morphism

(6.3.12) f'— floRu,ou* .

Since f is representable and u has local sections we have the isomorphism (see Lemma
6.1.12 or [9, Lemma 2.43])

u* o Rf. = Rg, ov* .
Taking its right adjoint yields the isomorphism

f'oRu, 2 Ru,o0g' .
We plug this into (6.3.12) and obtain a transformation

f'— Ru,og' ou* .

Its adjoint is the desired transformation O

6.3.8. — The following adjunction is a consequence of the derived projection formula
Lemma 6.2.13 and the derived adjunction Lemma 6.2.14

Lemma 6.3.13. — If f : X — Y is a representable proper morphism of locally compact
stacks which has local sections and is such that f. has finite cohomological dimension,
then for G € DT (ShapX) and F € Dt (ShapX) we have a natural isomorphism

Rf.RHom(G, f'F) = RHom(Rf.G,F) .
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Proof. — Let H € D*(ShapX) be arbitrary. Then we calculate using Lemma 6.1.8
and Lemma 6.2.13 that

RHomgy,,, v (H, Rf.RHom(G, f'F)) = RHomgy,, x (f* H, RHom(G, f'F))
=~ RHomgy,,, x(f*H ®F G, f'F)
= RHomgh,,v(Rf.(f*H ®" G), F)
>~ RHomgp,,v(H ®" Rf.G,F)
=~ RHomsgy,,y(H, RHom(Rf.G,F)) . O

6.3.9.

Definition 6.3.14. — If f : X — Y is a proper morphism of locally compact stacks
such that f. has finite cohomological dimension, then we define the relative dualizing
complex by

wxy = f(Zy) .

It would be interesting to know the structure of wx,y for a topological submersion f
in the sense of {17, Def. 3.3.1].

6.3.10. — In a different setup of Artin stacks and the lisse-étale site in [18] a six
functor calculus was constructed. Starting with the observation that dualizing sheaves
on the small sites are sufficiently functorial the functors Rf; and f' are constructed
on constructible sheaves by duality. In this approach one can relate the global f' with
the local versions without any difficulty.

A similar approach may work in the present topological context as well, but it is
not clear how the resulting f' will relate to the construction in the present paper.

6.4. The integration map

6.4.1. — Let M be a closed connected orientable n-dimensional topological manifold.

Definition 6.4.1. — A map between locally compact stacks f : X — Y is a locally
trivial fiber bundle with fiber M if for every space U — X the pull-back U xy X — U
is a locally trivial fiber bundle of spaces with fiber M.

Note that a locally trivial fiber bundle f with fiber M is representable, proper
and has local sections, and f, has finite cohomological dimension. In order to see the
last fact and to calculate R"f.(Zx) we consider (U — Y) € Y and let V. — U be
surjective and locally an open embedding such that we have a diagram with Cartesian
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squares
~—VXxy X —Uxy X —X

R

1% U—>—Y

(6.4.2)

p

The map g is a topological submersion in the sense of [17, Def. 3.3.1]. As remarked
in [17, Sec. 3.3] the cohomological dimension of g, is not greater than n. This implies
(R fF)u = R'g.(Fyxyx) = 0for all i > n. Since this holds true forall (U - Y) €Y
we conclude that R f,F = 0 for all i > n.

We use the left part of the diagram (6.4.2) in order to see that R™ f.(Zx) is locally
isomorphic to Zv . In fact, we have

Rf(Zx)v = Rh*Z(vXYx) = P*R(I*Z(M) .

A choice of an orientation of M gives an isomorphism R"q.Zys) = Z,) and therefore
R"f(Zx)v = D" Ly = Ly

Definition 6.4.3. — A locally trivial fiber bundle f: X — Y with fiber M is called
orientable if there exists an isomorphism R" f.(Zx) = Zy . An orientation of f is a
choice of such an isomorphism.

6.4.2. — Let f: X — Y be a locally trivial fiber bundle with fiber M, where M is
a compact closed n-dimensional topological manifold. We consider the f.-acyclic and
flat resolution K defined in (6.3.4).

Corollary 6.4.4. — The functor Rf,: DT (ShapX) — D*(Sha,Y) is represented by
fv o Tk, where Tk is tensor product with the complex K.

We now define a natural transformation
RHom(R"f.(Zx), F) = Rf.o f'(F) .
Let F € C*(IShapY) be a complex of injectives. We start from the observation that

R"f(Zx) = fo(K™) im(fo (K1) = f.(K™)) .
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For (U — Y) € Y we thus obtain a chain of maps of complexes

IR

Hom(R" f.Zx, F)(U) Homgy,, v (h%, Hom(R" f.Zx, F))

HomShAbY(ﬁ% ® R fu (ZX)> F)

IR

&~ Homsp,,y(h% ® fo(K™)/im(f.(K™"!) — f.(K™)),F)
4 HomShAbY(ﬁ%’ ® f«(K), F)

%" Homsnuv(f.(f*h ® K), F)

6.;.7

HomshAbx(f*illZ/vf;{(F))
Homsn,, x (75, f. o fi(F))
feo fx(F)U),

where the map marked by ! has degree n. The projection formula Lemma 6.2.11

IR

can be applied since f *fz% is flat. This transformation preserves homotopy classes of
morphisms F' — F’. Since F' is injective we have

Hom(R" f,Zx, F) = RHom(R" f,Zx, F) .

Further note that f}((F ) is still a complex of injectives by Lemma 6.3.7. Therefore f,o
f}((F) & Rf.of'(F). Hence this chain of maps of complexes induces a transformation

(6.4.5) RHom(R"f.Zx,F) — Rf. o f'(F) .
6.4.3. — Its adjoint is a natural transformation
Rf.f*RHom(R" f.Zx,F) — F .

Let us now assume that f : X — Y is in addition oriented by an isomorphism
R"f.Zx = Z~ . We precompose with this isomorphism and get the integration map.

Definition 6.4.6. — The integration map
/ :Rfyof*—id
f

is the natural transformation of functors D¥ (SharY) — D (ShapY) of degree —n
defined as the composition

Rf.f*(F) = Rf.f*(Hom(Zy, F)) & Rf, f*(Hom(R" f.(Zx), F)) = F .

In Lemmas 6.5.20 and 6.5.31 we will verify in the more general case of unbounded
derived categories that the integration map is functorial with respect to compositions
and compatible with pull-back diagrams.
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6.5. Operations with unbounded derived categories

6.5.1. — The category of sheaves Sha,X on a locally compact stack is a
Grothendieck abelian category (see 3.3.1). The category of complexes in a Grothendieck
abelian category carries a model category structure (see 3.3.2). The unbounded de-
rived category is the associated homotopy category. The goal of the present subsection
is to extend the sheaf theory operations (f*, f.) and the integration map [ 5 to the
unbounded derived category.

Many results of the present subsection would continue to hold if one drops the
assumption of local compactness in the definition of the site associated to stacks as
well as for the stacks themselves. But the assumption of local compactness is important
for the integration map since it uses versions of the projection formula.

6.5.2. — Let f: X — Y be a morphism between locally compact stacks. Then we
have an adjoint pair of functors

f*i C(ShAbY) s C(ShAbX) . f* .

In order to descend the functor f, to the bounded below derived category it was
sufficient to know that f, is left exact. In this case the idea is to apply f. to injective
resolutions. The descent of the other functor f* is usually only considered if it is exact,
but see e.g. [23] for more general constructions. We know by 6.1.11 that the functor
f* is exact if f has local sections.

It is not possible to show using the left exactness that f, preserves quasi-
isomorphisms between unbounded complexes of injectives. Even worse, it is not
clear how to resolve an unbounded complex by an injective complex. The method to
descend f, to the derived category uses abstract homotopy theory and works under
the additional assumption that f has local sections.

Recall that we use a model structure on the category C(Sha,X) of unbounded
complexes of sheaves for which the equivalences are the quasi-isomorphisms, and the
cofibrations are the level-wise injections (see 3.3.2). The inclusion Ct(ShapX) —
C(ShapX) of the full subcategory of bounded below complexes induces an identifi-
cation Dt (ShapX) & hCT(ShapX) — hC(ShAbX) =: D(ShapX) of the bounded
below derived category as a full subcategory of the unbounded derived category.

The functor Rf. : DT (ShapX) — D7 (Sha,Y) is the adjoint of the restriction
of f* to the bounded below derived categories, and it is therefore the restriction of
Rf. : D(ShapX) — D(ShapY) to be defined below.

Lemma 6.5.1. — If the morphism f: X — Y of locally compact stacks has local sec-
tions, then (f*, fi) is a Quillen adjoint pair.
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Proof. — We use the criterion [15, Def. 1.3.1 (2)] in order to show that f* is a
left Quillen functor. We must show that it preserves cofibrations and trivial cofibra-
tions. In other words, we must show that f* preserves injections and injections which

induce isomorphisms on cohomology. Both properties follow from the exactness of
f*: ShAbY — ShAbX. O

6.5.3. — Let f: X — Y be a map between locally compact stacks which has local

sections. Since (f*, f) is a Quillen adjoint pair it induces a derived adjoint pair
Lf*: hC(ShAbY) s hC(ShAbX) : Rf*

(see Lemma [15, Lemma 1.3.10]). Since f* is exact it directly descends to the homo-

topy category.

6.5.4. — Let g: Y — Z be a second map of locally compact stacks which admits
local sections. Then we have adjoint canonical isomorphisms

(6.5.2) (gof)*=f*og", (90f)x=giofu.
Lemma 6.5.3. — We have a canonical isomorphism

R(go f)« = Rg« o Rf. .

Proof. — Using [15, Thm. 1.3.7] we have a natural transformation
(6.5.4) R(go f)« 2 R(g« o fx) — Rgs o Rf

which is adjoint to

(6.5.5) Lf*oLg* — L(f*og*) =2 L(go f)* .

Since Lf*, Lg*, and L(go f)* are plain descents of f*, g*, and (go f)* to the homotopy
category it follows from (6.5.2) that (6.5.5) is an isomorphism. Therefore its adjoint

(6.5.4) is also an isomorphism. a
6.5.5. — Consider a Cartesian diagram of locally compact stacks

U—X ,

L

V—Y

where all maps have local sections. Using the unit id — v, ov*, the counit u*ou, — id,
and (6.5.2) we define (see Lemma 6.1.12) a transformation

u*of, > u*o fiov,ov* Xu*ou,0g,0v* — g,0v".

It is functorial with respect to compositions of such Cartesian diagrams. By the same
method we obtain a transformation

(6.5.6) Lu* o Rfx — Rgy o Lv* .
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6.5.6. — By Lemma 6.1.12 we know that the transformation
u*o f, = g,ov*

is in fact an isomorphism. The derived version is more complicated and needs an
additional assumption.

Lemma 6.5.7. — Assume that g is representable and g, : Shap, U — Shay,'V has finite
cohomological dimension. Then the transformation (6.5.6) is an isomorphism.

Proof. — We choose fibrant replacement functors
Ix: C(ShAbX) — C(ShAbX) 5 IU : C(ShAbU) i C(ShAbU) .

In terms of these replacement functors we can write the compositions of derived
functors as descents of quasi-isomorphism preserving functors on the level of chain
complexes:

Lu*oRf, =2 u*o fyolx, Rg.oLv*=g,olyov*.

Let F € C(ShapX). We must show that the marked arrows (induced by id — Iy and
id — Ix) in the following sequence are quasi-isomorphisms

w* fuIx (F) 2 g0 Ix (F) 8 g Iyv* Ix (F) € g, Iyv*(F) .

The arrow marked by (*#) is a quasi-isomorphism since the functors g,Jy and v*
preserve quasi-isomorphisms, and F — Ix(F') is a quasi-isomorphism.

The morphism (*) is more complicated, and it is here where we need the assump-
tion. It is a property of the injective model structure on the chain complexes of a
Grothendieck abelian category that a fibrant complex consists of injective objects.
An injective sheaf is in particular flabby. Since v has local sections v* preserves flabby
sheaves (Lemma 3.1.5). We conclude that v*Ix (F') is a complex of flabby sheaves.

Let G € C(ShapU) be a complex of flabby sheaves. We must show that ¢.(G) —
9+Iu (G) is a quasi-isomorphism. Since g, is an additive functor this assertion is equiv-
alent to the assertion that g.(C) is exact, where C is the mapping cone of G — Iy (G).
Note that C is an exact complex of flabby sheaves. It decomposes into short exact
sequences

02" —->C"—> 2" >0,

where Z™ := ker(C™ — C™*1). Since g is representable we know by Lemma 3.1.4 that
flabby sheaves are g,-acyclic. Therefore we obtain the exact sequence

0= :(Z2") = g.(C") = g:(Z2"*1) — R'gu(2") = 0

and the isomorphisms
ng* (Zn+1) o~ Rk+lg*(Zn)
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for all k¥ > 1. By induction we show that for K > 1 and all | € N we have
R*g,(Z™) = R**g, (277 .

Since we assume that g, has bounded cohomological dimension we conclude that
Rk(Z™) 20 for all n € Z and k > 1. In particular the sequences

0— 9*(Zn),_’ g+(C") — g*(Zn+l) -0
are exact for all n € Z. This shows the exactness of g.(C). O
6.5.7. — Let now f: X — Y be a representable map between locally compact
stacks which is an oriented locally trivial fiber bundle of closed oriented manifolds of

dimension n. In particular, f has local sections and is proper, and f, has cohomological
dimension < n. We consider the canonical flabby resolution (see 3.1.10)

0— Zx — T(Zx) = F(Zx) — - .

Then we know that f.F(Zx) is exact above degree n. We let K denote the truncation
(6.3.4) of this resolution at n. Then the orientation of the bundle (see 6.4.3) gives the
last isomorphism in the following composition

fK™ > K™ [im(f K™ - fK™) & R"f, Ly = Ly .
We let Tk : C(ShapX) — C(ShapX) denote the functor which associates to the com-
plex F' the total complex Tk (F) of F ® K. The projection formula Lemma 6.2.11 for
the proper representable map f gives an isomorphism
froTk o f*(F) =Ty k(F)
for complexes of flat sheaves F' € C'(ShapY). The inclusion Zx — K and the projec-
tion f.K — Zy[—n] induce transformations
(6.5.8) id—> Tk, Tfk —id[-n].
6.5.8. — We know by Lemma 6.3.6 that the functor
feoTk: ShapX — ShapY

is exact. We choose a functorial fibrant replacement functor id — I on C(ShapX).
Let R : C(ShapY) — C(ShapY) be the functorial flat resolution functor of 3.4.1,
extended to unbounded complexes. Then we consider the sequence

(6.5.9)

feolof* = f,oTolof* & f,oTkof* < f,oTkof*oR = T}, koR — R[—n] — id[-n].

All functors in this sequence preserve quasi-isomorphisms and therefore descend
plainly to the homotopy category hC(ShapX). Since f. o Tk is exact the arrows
marked by ! induce isomorphisms of functors on the homotopy category. Now observe
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that the descent of f, o I o f* to the homotopy category is isomorphic to Rf, o Lf*.
Therefore (6.5.9) induces a transformation

(6.5.10) /: Rf,o Lf* —id[-n] .
f

Definition 6.5.11. — The transformation (6.5.10) is called the integration map.
It generalizes Definition 6.4.6 from the bounded below to the unbounded derived
category.

6.5.9. — In order to have a simple definition we have defined the integration map
using a canonical resolution of Zx of length n. In fact, we can use more general
resolutions. This will turn out to be useful for the verification of functorial properties
of the integration map.

6.5.10. — Let us first recall some notation. An object (U — X) € X represents the
presheaf hy € PrX (see also 6.2.3). We let h% € PrapX be the free abelian presheaf
generated by hy and form A% := i*h% € ShapX.

Definition 6.5.12. — Let f : X — Y be a map of locally compact stacks. A sheaf
F € ShapX is called locally fi-acyclic, if for every (U — X) € X and k > 1 we have
RFf.(RE ® F) 0.

6.5.11. — Let f: X — Y be a map of locally compact stacks.
Lemma 6.5.13. — Assume that the cohomological dimension of f. is bounded by n. If
L0—>L1—>"'—)Ln_1—PLn—’O

is an eract complex such that the L' are f.-acyclic (or locally f.-acyclic) for i =
0,...,n—1, then L™ is fi-acyclic (or locally f.-acyclic, respectively).

This can be shown by a similar induction argument as used in the proof of Lemma
6.5.7. 0

6.5.12. — Let f: X — Y be a map of locally compact stacks.

Lemma 6.5.14. — Let (V — X) € X and F be locally f.-acyclic. Then iz%, ®F is
locally fi-acyclic.

Proof. — Indeed, let (U — X) € X. Then we have
b @ (hE @ F)~ (hE @ hL)Q F .
Furthermore we have

Lemma 6.2.3
o~

R @RL 2T i (hE @F hE) 2 it (hy x hy)E 2Rl 2 RE
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where we use the fact, that the absolute product in X is given by the fiber product
spaces over X ([9, Lemma 2.3.3]). It follows that

RE £ (hE ® (BY, ® F)) = RFfu (A v ® F) 20
for all k > 1. ‘ a
6.5.13. — Let f: X — Y be a map of locally compact stacks.

Lemma 6.5.15. — Assume that f is proper, representable, and that the cohomological
dimension of f. is finite. If F € ShapX is flat and locally f.-acyclic, then for any
sheaf G € ShapX the tensor product G ® F is fi-acyclic and locally f.-acyclic).

Proof. — We construct a resolution --- — G; — Gj_; — -+ — Gy — G, where all
G; are coproducts of sheaves of the form ﬁ% In fact, we have a surjection

@ hE — G .
RZ -G
If we have already constructed G; — --- — G — G, then we extend this complex by
&P Y -G .
h% —ker(G;—Gj-1)
Since F' is flat, the complex

=G ®F = .- 25 G®F -G®F

is exact. The tensor product commutes with direct sums. Therefore G; ® F' is a sum
of f.-acyclic sheaves, and by Lemma 6.5.14 also of locally f.-acyclic sheaves. Since
f« commutes with direct sums (Lemma 6.3.5) the sheaves G; ® F' are themselves f,-
acyclic and locally f.-acyclic. With Lemma 6.5.13 we conclude that GQ F' is f.-acyclic
and locally f.-acyclic. O

6.5.14. — Let f: X — Y be a map of locally compact stack.
Lemma 6.5.16. — If f is representable, then a flasque sheaf is locally f.-acyclic.
Proof. — Let F € ShapX be flasque. We consider (U — Y) € Y and form the

Cartesian diagram

V—s-X .

Pl

U—Y
Then (V — X) € X and we have Rf.(F)y = Rg.(Fv). The restriction Fyy € Shap(V)
is still lasque. A flasque sheaf on (V) is g-soft (see [17, Definition 3.1.1]). But this

implies that R*g,(Fy) = 0 for k > 1. Since U — Y was arbitrary we see that
R*f.(F)=0for k> 1. O
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6.5.15. — Let us from now on until the end of this subsection assume that f : X — Y
is a proper representable map of locally compact stacks which is an oriented locally
trivial fiber bundle with fiber a closed connected topological manifold of dimension n.

Since a flat and flasque sheaf is locally f.-acyclic and K is a truncation of a flat
and flasque resolution of Zx we see by Lemma 6.5.13 that K is a complex of flat and
locally f.-acyclic sheaves. These are the two properties which make the theory work.

Let L — M be a quasi-isomorphism between upper bounded complexes of locally
f-acyclic and flat sheaves.

Lemma 6.5.17. — For every complex F € C(ShapX) the induced map
H(FOL)— f(F®M)

is a quasi-isomorphism.

Proof. — We form the mapping cone C of L — M. It is an exact complex of locally f.-
acyclic and flat sheaves. Since the tensor product and g, commute with the formation
of a mapping cone it suffices to show that f.(F ® C) is exact.

We know by Lemma 6.5.15 that F'® C' is a complex of f.-acyclic sheaves. We claim
that F'® C is exact.

To this end we first show that H ® C' is exact for an arbitrary sheaf H € ShapX.
We decompose the exact complex C into short exact sequences

S(k):0— ZF - CrF - Z¥1 50

where Z* := ker(C*¥ — Ck*1). Using the fact that the sheaves C* are flat we obtain
the exact sequence

0— Tory(H,Z*"Y s H®Z* s HRCF - H® Z**1 -0

and the isomorphisms Tor,, 1 (H, Z*¥*!) = Tor,,(H, Z*) for all m > 1. Since Z is
one-dimensional we know that Tor,, = 0 for m > 2. Inductively we conclude that
Tor; (H, Z*) = 0 for all k € Z. It follows that H ® S(k) is exact for all k € Z. This
implies that H ® C is exact.

Let now F' be a complex. Using the previous result and a spectral sequence argu-
ment we conclude that the total complex associated to the double complex F ® C is
exact.

This finishes the proof of the claim.

Let now C € C(ShapX) be an exact complex of f,-acyclic sheaves. We show that
this implies that f,(C) is exact. The complex C' decomposes into short exact sequences

052" > C"—2Z" -0,
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where Z™ := ker(C™ — C™*!). Using the fact that C™ is f,-acyclic we obtain the
exact sequence

0= fu(Z™) = fo(C™) = £.(Z™1) = R'fu(Z7) = 0
and the isomorphisms ,
B*f,(2) = R 1,(27)
for all k£ > 1. By induction we show that for £ > 1 and all | € N we have
R*f.(2Z™) = RFH f,(Zm7Y) .

Since f. has bounded cohomological dimension we conclude that RFf,(Z") = 0 for
all n € Z and k > 1. In particular the sequences

0= fu(Z") = £:(C™) = fu(Z2™1) > 0

are exact for all n € Z. This shows the exactness of f.(C). O

6.5.16.

Lemma 6.5.18. — The integration map is independent of the choice of a flat locally
f«-acyclic resolution K of Zx of length n.

Proof. — Let K,L are two such resolutions. Assume that there exists a quasi-
isomorphism K — L. The identification

coker(f L™ ' — f,L™) = coker(f, K" ! = f,K") = R"f.(Zx) = Zv

gives a map fyL — Zy[—n] which induces the transformation Ty,; — id of degree
—-n.

It induces a commutative diagram

~

Folf* —— FTxIf* <“— fTx f* <"— f.Tx f*R—— Ty kR

T T

ful f* —— f T I f* ~—— fu T f* < f T f*R——Tr.LR

R

The upper horizontal composition is the integration map defined using K (see
6.5.9), and the lower horizontal composition is the integration map defined using L.
We see that both maps are equal.

Let now K, L again be flat and locally f.-acyclic resolutions of Zx of length n. We
complete the proof of the Lemma by showing that there exists a third such resolution
M together with quasi-isomorphisms K = M & L.

The maps Zx — K and Zx — L, respectively, induce maps K — K ® L and
L — K®L which are quasi-isomorphisms. We further get induced quasi-isomorphisms

(6.5.19) K—JUK®L), L—J(KSL).
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We let M := 7<"F¢(K ® L). The maps (6.5.19) factorize over M. Note that K ® L is
flat. Since ¥ and truncation preserve flatness (see Lemma 3.1.12), we see that M is
flat. Since S in fact produces flasque and hence locally f,-acyclic resolutions, and the
cohomological dimension of f, is bounded by n we conclude by Lemma 6.5.13 that
M is locally f.-acyclic. O

6.5.17. — In this paragraph we show that the integration map is functorial. Let
g: Y — Z be a second proper and representable map of locally compact stacks which
is an oriented locally trivial fiber bundle of closed m-dimensional manifolds.

Lemma 6.5.20. — We have a commutative diagram
Rg.oRf.oLf*oLg* —— R(go f).oL(go f)* .

le*(ff) | Lfg"f

Rg, o Lg*[-n] : id[-n — m]

Proof. — The following sequence of modifications transforms the down-right compo-
sition into the right-down composition.

(6.5.21) g If If*g* — g IlfuTxIf*g* & g I fu Tk f*9*R — g.Ig*R
— g.TtIg*R & g, TLg*R — id

(6.5.22) g If If*g* — g TrIfiIf*g* — g Tl f T If*g* & g .TLf TkIf*g*
& 0 Tof Tk f*g*R — g.Trg*R — id

(6.5.23) gulfilf*g" — g TLIfulf*g" & g TLfulf*g" — 9. TLf T If*g"
- 9 TLfs Tk f*9"R — g.TLg"R — id

(6.5.24) g If If*g" < g fulf*g* = g TLfilf*g" — g TLf TkIf*g*
< 0TLf Tk f*9*R — g.TLg*R — id

(6.5.25) gufulf*9" — g Tofulf*g* — 9 TLf TIf*g" & 9T f Tk RIf*g*
= g*TLf*TKRf*g*R - g*TLg*R —id

(6.5.26) gufelf*g* — g TLf TKIf*g" & 9« fiTi+ Lo RIf*g"
< g« [T Lok Rf*g*R — g, TLg*R — id

(6.5.27) (g0 f)ud(go f)* = (g0 fTulI(go f)* < (9o f)Tu(go f)*R — id
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The transition from (6.5.21) to (6.5.22) uses the fact that tensoring with L and the
map id — Tj can be commuted with the intermediate operations. In order to go
from (6.5.22) to (6.5.23) we use the fact that g.T}, preserves quasi-isomorphisms. The
same reason and the fact that f, preserves fibrant objects is behind the transition from
(6.5.23) to (6.5.24). We use e.g. the isomorphism g, f, If*g* = g, If.If*g*. Thereis a
vertical quasi-isomorphism from (6.5.25) to (6.5.24). The step from (6.5.25) to (6.5.26)
uses the isomorphism Ty, f,Tx R = f«Tf-Lek R given by the projection formula. The
weak equivalence in (6.5.26) is not obvious (since f*L ® K is not obviously g, f.-
acyclic), but follows from the fact, that this line is isomorphic to the previous (6.5.25).
In the last step from (6.5.26) to (6.5.27) we use the map f*L ® K — M given by
a truncated flabby resolution of f*L ® K and the fact that the integration map is

independent of the choice of the resolution. O
6.5.18. — Consider a cartesian diagram of locally compact stacks
(6.5.28) V—X .

bl

U——Y

We assume that f and u, and hence also g and v have local sections. Furthermore we
assume that f is representable and a locally trivial oriented fiber bundle with a closed
manifold as fiber. Then g has these properties, too. The orientation of g is induced by

R"g«ZLy = R"gv*Zx S u' R" fulx 2 u'ZLy = Ly

We get diagrams

6.5.6
(6.5.29) u*Rf. f* ©359) Rg,v* f*
w* fft L(e.s.s)
u* Rg.g*u*

fg

(6.5.30) Ru,.Rg.g* — Rf.Ruv.g*

LRM [ N]

Ru, =—— Rf.f*Ru.
ff Ru,

For the upper horizontal transformation in (6.5.29) we use 6.5.3, and for the right
vertical one (6.1.15) or 6.5.7. Note that only in the bounded below derived category
the right vertical morphism is an equivalence for general u (which is anyway the
situation in which we will apply the assertion).
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Lemma 6.5.31. — The diagrams (6.5.29) and (6.5.30) commutes.
To prove Lemma 6.5.31, we start with the following two technical lemmas.

Lemma 6.5.32. — Given a Cartesian diagram (6.5.28) of locally compact stacks such
that f and u have local sections, then for sheaves K € Shap,X and F' € Sha,U the
following diagram commutes:

(K Qu.,F ——— f+ K @ u, F

l6.2.8 16.2.8

fo(K ® fru.F) u (VLK ® F)
~16.1.12 "’16.1.12
f«(K @ v g*F) Uy (g*K®F)
l6.2.8 l6.2.8
fu (v K ® g"F) ug«(v' K ® g*F)

Nl6.6.8 Nlﬁ.G,S

he(v*K ® g*F) ——— h,(v*K ® g*F)
where h:= fov=wuogy.

Proof. — By Definition 6.2.8, the left vertical morphism is the image of the identity
under the following sequence of maps

Hom(v*K ® " K, v*K ® g*K) - Hom(v" f*" fu K @ v"v,¢g" K, v*" K ® g* K)
— Hom(v*(f*fo K @ f*u«K),v*K ® g*K) — Hom(f*(f+ K @ u. K), v (v* K ® g* K))
— Hom(f+ K @ u. K, fuv.(v*K ® g*K)) — Hom(fu K ® u K, h (v K ® g"F)).

The right vertical morphism, on the other hand, is given by

Hom(v*'K @ g*K,v*K ® g*K) — Hom(g"g.v* K ® g"u*u.K,v* K ® g*K)
— Hom(g"(u* fx K @ u*u.K),v*K ® ¢*K) — Hom(u*(fs K @ u« K), g« (v" K ® " K))
— Hom(f, K @ us K, u.gx (v K ® g*K)) — Hom(f« K ® u K, h.(v* K ® g* F)).
In both cases, we first use the counit, then “commute” pushdown and pullback using
Lemma 6.1.12 and finally use adjunctions. By Lemma 6.1.12, the two ways to apply
the counit and the push-pull isomorphism commute. This implies commutativity of

the diagram of homomorphism sets, and therefore the commutativity of the original
diagram. O
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Lemma 6.5.33. — In the situation of Lemma 6.5.32 for K € Shap X and F € ShapY

the following diagram commutes:

w(f,K®F) 222, o f(K® f'F)

J{6.2A5 16.1.12

u*fo K @ u*F gV* (K ® f*F)
l5.1.12 16.2.5
g+v*K @ u*F g (V'K @ v*f*F)

|- oss

gsv*K Q u*F Ty g+(v*K ® g*u*F)

Proof. — The left vertical and lower composition is by definition the image of the

identity under the sequence of maps
Hom(K ® f*F,K ® f*F) *2% Hom(K ® f*F,v,v*(K ® f*F))
29, Hom(v*(K ® f*F),v* (K ® f*F))
— Hom(v*K ® g*u*F,v*K ® g*u*F)
Lount, Hom(g"g.v*K @ g*u*F,v*K ® g*u*F)
24, Hom(g.v*K @ u*F, g.(v'K ® g*u*F))
— Hom(u*(f+ K ® F), g.(v* K ® g*u*F)).
The upper and right vertical composition is the image of the identity under the se-
quence of maps
Hom(K ® f*F,K ® f*F) <™, Hom(f*f,K ® f*F,K ® f*F)
% Hom(f.K ® F, f.(K ® f*F))
2%, Hom(f K ® F,usu’ (K ® f*F))
24, Hom(u* (£ K ® F),u* fo(K ® f*F))
— Hom(u*(f« K ® F), g.v*(K ® f*F))
— Hom(u*(f« K ® F), g« (v* K ® v* f*F))
— Hom(u*(f. K ® F), 9. (v*K ® g*u"F)).

These two maps coincide, as follows from the fact that units and counits commute

(in the appropriate sense) with o, and 8*. O
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6.5.19. — We now show that (6.5.29) commutes. We simplify the definition of the
integration map which is represented by all horizontal compositions in the following
diagram.

~

fIf* fiTrIf* Tk f*R T
[l f* 1 —= f,TgIf*I <—— f.Tx f*RI I
fuf*1 [T f*I <—— KTk f*RI I

- - LN LN

o IA —— [ T [ IH ~—— [T f*RIF — ITL

N

fiuf*H [T f*H <~ fiTk f*RHA —— A

Let us comment about the isomorphisms in the first column. Let F € C(ShapX).
Then f,If*(F) — f.If*I(F) is a quasi-isomorphism since f.If* preserves quasi-
isomorphisms and F — I(F) is a quasi-isomorphism. The map f.f*I(F) —
f+If*I(F) is a quasi-isomorphism since I(F') is a complex of injective, hence flabby
sheaves, the functor f* preserves flabby sheaves, and therefore the acyclic mapping
cone of C := C(f*I(F) — If*I(F)) is an exact complex of flabby sheaves. In
particular it is an exact complex of f.-acyclic sheaves. Since f, has bounded coho-
mological dimension this implies that f.(C) is exact (see the argument in the proof .
of Lemma 6.5.17), and therefore f.f*I(F) — f.If*I(F) is a quasi-isomorphism.
The map fif*I(F) — f.f*IF(F) is a quasi-isomorphism by a similar argument.
In fact, f*F(F) — f*IF(F) is a quasi-isomorphism of f.-acyclic sheaves. This
implies again by the mapping cone argument, that f,f*P(F) — f.f*IF(F) is a
quasi-isomorphism.

The lower line of the diagram (6.5.29) expresses the integration map in terms of
the flabby resolution functor . Since we know that ¢ preserves flat sheaves (we do
not know this for I) we can drop the flat resolution functor R from the construction of
the integration by adopting the convention that the functors are applied to complexes
of flat sheaves.
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We get the following commutative diagram

w*Rf.f* —/— uwRf.f* — u*

[~ I [~

W Tk f*H ——— T g —— wH

I I I

g*'U*TKf*% Tu*f*Ku*Q'K _— Tmzu*gf
(6.5.34) g Lo gv* f*FH Tgrv,gWH ——  uwHA

I I I

9T kg W H ——— Ty g’ H —— wH

- - I

9Tk g* Pt ——— Ty g Fu* ——  Fu*

I [~ [~
S

Rg.g*v* ——— Rg.g*'u*® —— u

The commutativity of all the small squares is evident. The commutativity of the large
rectangle relies on the fact that the projection formula is compatible with pullbacks,
this is the statement of Lemma 6.5.33. The commutativity of the boundary of this
diagram gives (6.5.29).

6.5.20. — In order to show that (6.5.30) commutes we start with the following
observation.

Lemma 6.5.35. — Assume, in the situation of Lemma 6.5.32, that K is a flat locally
fx-acyclic resolution of Zx of length n, and that f is a projection of a locally trivial
orientable fiber bundle of n-dimensional closed manifolds. Assume that f K — Zy is
an orientation. Let g.v*K — Z;; be the induced orientation of the pullback bundle g.
Then the following diagram commutes, where all the horizontal maps are given by the
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orientations.
HEKQuF —— Zy Qu.F
U (W A KQF) —— u.(u*Zy ® F)
U (g K@ F) —— u.(Zy ®F)
Proof. — The upper diagram commutes because of the naturality of the homomor-

phism of the projection formula, the lower diagram commutes by the definition of the
induced orientation of g. O

To understand the relation between derived pushdown along a non-representable
map and integration we need to use an explicit model of the derived pushdown. If
u: U — Y is a morphism between locally compact stacks which has local sections,
then Ru, is given by C4 o F, where 7 is the functorial flabby resolution functor,
and C4 is defined in Section 3.2, using an atlas A — U. Note that C4 indeed can be
decomposed as the composition of a functor L4 on sheaves on U and u,. Here L4 is
the sheafification of the functor on presheaves given by

PIKF(W - U):= F(Axy - xy AxyW = U) .
ie. PLE = P.Df, With pg: Axy---xp A—-U.

Lemma 6.5.36. — In the situation of Lemma 6.5.35, we obtain a commutative dia-

gram

f*TKf*u*LAgf -—:—> f,,TKf*u*LAgé <—N—- Tf*Ku*LAgf _— u*LAS’E

[~ [ ! -

FoTxvLgeag* P 22, f.Trv,g*LaTe Ty fk LaT —— u,La T2
f*'U*Tv*Kg*LAgE 'U'*Tg,v‘KLAge _— u*LAge

E : R
UsGs Lok G LA —— u Ty, oo gk LAT —— u LAHA.

Here, the right horizontal maps are given by the orientations fs K — Zy and g,.v*K —
Zy.

Proof. — This is the direct translation of Lemma 6.5.32 and Lemma 6.5.35. O
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Note that the upper composition is a representation (when applied to flat sheaves)
of

Rf.f*Ru. L Ru,.
The leftmost vertical arrow represents the morphism
(6.5.37) Rf.f*Ru. — Rf.Rv.g",

since g* preserves flabby sheaves, and v, Ly« 4 indeed is a model for Cg- 4, which can
be used to calculate Rv,.

Therefore the diagram in Lemma 6.5.36 contains one part (lower right-up) of the
diagram (6.5.30).

6.5.21. — To represent the other composition of the diagram (6.5.30), we have to
commute not only u, but also L4 with the other operations. Recall that L4 provides
some kind of a resolution, i.e. we have a canonical map id — L4, which is used in the
Lemma below.

Lemma 6.5.38. — In the situation of Lemma 6.5.39, the following diagram commutes,
where the horizontal maps are induced by the orientation of g.

u*Tg*U‘KLAgl,’ _— u*TZLAgé

! !

u*TLAg*vaLAgf — u*TLAzLAW

! !

U*LAT*U*ng EE—— u*LATZl(]Z

The second vertical map in each column follows from a variant of the projection for-
mula, using that L, is given by application of (pr)«py (or by directly inspecting the
definitions).

Proof. — If G — H is a morphism of sheaves, then we get a natural transformation
of functors Tg — Tp. This naturality implies the commutativity of the first square.
The second square is commutative by the naturality of the morphism in the projection

formula. O

Observe that we have a natural isomorphism g*L 4 = Ly« ag™.
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Lemma 6.5.39. — In the situation of Lemma 6.5.35, we obtain the following commu-
tative diagram
u*g*Tv*Kg*LAg[ — U*Tg,v*KLAge

| !

'Uno:gazil-‘Lg;Av*Kg*LAgZ A U*Tg,Lg:Av‘KLAgz

P R

UnGa Ty yo ik Lgrag* H UTL 4 goork LATE
u*g*Lg*ATv* KQ*W 'U«*LATy,v*ng

2]~ |-

U Lagu Ty o kg ——— LTy ok Tt

Proof. — The upper square is commutative because of the naturality of the morphism
in the projection formula. The commutativity of the lower rectangle follows from
Lemma 6.5.32, as we basically have to commute two different applications of the

projection formula. a
We now prove the commutativity of (6.5.30). Using explicit representatives of the

maps in question, we obtain (applied to flat sheaves)

ff Ru.,
Rf,f*Ru. _— Rf.f*Ru, —_ Ru,
|~ |- I
[T f*us Lo —— Trgu gl —— U LgHA
| - |-

UsGu Tk g* LA T A — U*Tg.v*KLA% — U LA

! ! -

U*LAg*Tg*v"Kg*% A U*LATg,v*K% —— U LATzH

! ! l-

U LAaHG T g, 0ok §*H —— U LAAT g, o g H ——  uLgH

I I I
Ru. [

Ru,Rg.g* E— Ru,Rg.g* —_— Ru,
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Here, the first and the last rows are just added as illustration what the next or
preceding line, respectively, computes in the derived category. The map from the
third-last to the second-last row is induced by the inclusion into the flabby resolution.
This step is necessary because we don’t know that the functors in question are u.,-
acyclic, and explains why one can directly define only the map f* Ru. — Rwv.g*, and
why it is hard to show that this is an equivalence. The other vertical maps, and the
commutativity of the remaining four squares, are given by Lemmas 6.5.36, 6.5.38,
6.5.39.

Note that the left vertical composition is the composition

Rf.f*Ru, — Rf.Rv.g* — Ru,Rg.g",

as shown in the reasoning for (6.5.37). The assertion follows. a

6.5.22. — Compared with the simplicity of its statement the proof of Lemma 6.5.31
seems to be too long. But let us mention that the proof of a similar result in the
algebraic context is quite involved, too. The book [12] is devoted to this problem.

6.6. Extended sites
6.6.1. — We consider the lower right Cartesian square of the diagram

UXyB' """ >B

v v
Axy X o> Uxy X — X

R

A e > U Y
in stacks where U, X,Y are locally compact.
Lemma 6.6.1. — IfU is a space or f is representable, then U xy X is a locally compact

stack.

Proof. — We first assume that U is a locally compact space. Let B — X be a locally
compact atlas. Then U xy B — U Xy X is an atlas. Indeed, surjectivity, representabil-
ity, and local sections for this map are implied by the corresponding properties of the
map B — X. The stack U xy B is a space since U — Y is representable by Proposi-
tion 6.1.1. By Lemma 6.1.9 the space U xy B is locally compact. Furthermore, again
by Lemma 6.1.9,

(U Xy B) X(UxYX) (U Xy B)%"UXY (B Xx B)
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is locally compact since B X x B is locally compact. Hence the atlas U xy B — U xy X
has the properties required in Definition 2.1.2 so that U xy X is a locally compact
stack.

We now assume that f is representable. Let A — U be a locally compact atlas
such that A xy A is locally compact. Then A xy X 2 A xy (U xy X) - U xy X
is an atlas of U xy X. We again verify the properties required in Definition 2.1.2. By
the special case of the Lemma already shown this atlas is locally compact. Moreover
[A xy (U xy X)] xuxyx [A %y (U Xy X)]| = (Axy A) xy X is locally compact. O

6.6.2. — If f: X — Y is a representable map with local sections between locally
compact stacks, then for (U — Y) € Y we have Pf*hy = hyx,y (see the proof
of Lemma 6.6.6 below). If we drop the assumption that f is representable, then in
general P f*hy is not representable. In order to overcome this defect we enlarge the
site X to X so that it contains the stacks U xx ¥ — X over X.

We consider the 2-category Stacks'P'°/js ;opX of locally compact stacks U — X
over X, where the structure map is representable and has local sections. A morphism

X

in this category is a diagram

U |4

consisting of a one-morphism and a two-morphism. The composition is defined in the
obvious way. If there is a two-morphism between two such one-morphisms, then it is
unique by the representability of the structure maps. Therefore Stacks*P"'¢/ Is,repX 18
equivalent in two-categories to the one-category obtained by identifying all isomorphic
one-morphisms.

6.6.3. — Let f: X — Y be a map between locally compact stacks.

Definition 6.6.2. — We let X be the category obtained from Stacks'®'®/ pX by
identifying all isomorphic one-morphisms.

We now define the topology on X. A covering family (U; — U) of (U — X) € X
is a family of locally compact stacks over U such that U; — U is representable, has
local sections and U;e;U; — U is surjective (V). Using Lemma 6.6.1 one easily checks
the axioms listed in [25, 1.2.1].

Let X be the site with the same underlying category as X, but with the topol-
ogy generated by the covering families of (U — X) given by families (U; — U) €

(1) These maps are actually equivalence classes, but in order to simplify the language we will
not mention this explicitly in the following
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Stacks*®P'®/X such that U; — U is a map from a locally compact space with local
sections and U;U; — U is surjective.

Lemma 6.6.3. — We have a canonical isomorphism
ShX = ShX .
Proof. — The covering families of X are covering families in X. Here we use Propo-

sition 6.1.1 in order to see that the maps U; — U from spaces U; are representable.
On the other hand, every covering family (U; — U) of (U — X) in X can be refined
to a covering family in X by choosing a locally compact atlas A; — U; for each U;.
This implies the lemma. O

6.6.4. — The natural functor Top'°/X — Stacks*™!°/X from locally compact
spaces over X to locally compact stacks over X induces a map of sites j: X — X.

Lemma 6.6.4. — The restriction functor
j*: ShX — ShX

is an equivalence of categories.

Proof. — The inverse of j* is the functor j,. given by
W F(U) = li F\V
5-FU) (V—»Ul)IgX//U V)

for all (U — X) € X, where X//U is the category of all pairs (V € X,5(V) = U €
Mor(X)) such that the map j(V) — U has local sections.

If U € j(X), then (U,id;(y): j(U) — j(U)) is the final object of X//U. This gives
a natural isomorphism j*j.(F)(U) = F(U).

We now define a natural isomorphism j,j*(F) — F for all F' € ShX. Let (U —
X) € X. The family (V — U)x, v is a covering family of U — X in X. Since F is
also a sheaf on X by Lemma 6.6.3 we get an isomorphism

U = i T ENV)E EU) O
6.6.5.
Lemma 6.6.5. — A map f : X — Y between locally compact stacks induces a map of
sites
f“: Y ->X
by

fAU-Y)=UxyX—X.
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Proof. — Indeed, if U — Y is a map from a locally compact space, then the stack
U xy X is locally compact by Lemma 6.6.1. If (U; — U) is a covering family of
(U = Y) €Y by open subspaces, then (U; xy X — U xy X) is a covering family in
X by open substacks.

Furthermore it is easy to see that f! preserves fiber products, i.e. if (U;—-»U)isa
covering family and V — U is a morphism in Y, then f4(U; xy V) = f4(U;) X f 1y
V). O
6.6.6. — We consider a map f : X — Y between locally compact stacks. Then we
have an adjoint pair of functors

f¥. ShY s ShX : (F4)* .
Lemma 6.6.6. — We have an isomorphism of functors j* o ff 2 f*: ShY — ShX
Proof. — Themap j: X — X induces a map ?j*: PrX — PrX. We show the relation
first on representable presheaves. Let (U — Y) € Y and observe that (U xy X —

X) e X by Lemma 6.6.1. The following chain of natural isomorphisms (for arbitrary
F € PrX) shows that fhy = hyxy x:

Homp, % (fihy, F) = Hompry (hy, (f*)*F)
~ (f)FU)
~ F(f'))
> F(U xy X)
= Homp x(huxyx,F) .

For (U —Y) €Y we have Pf*hy & Pj*hy«, x- Indeed, for (V — X) € X we have

!
Pi*hyuxy x (V) =2 Homg (j(V),U xy X) 2P f*hy (V) ,

where the marked isomorphism can be seen by making the definition of P f* explicit.
Since Pj* o P ff and P f* commute with colimits the equation Pj* o P ff & Pf* holds
on all presheaves. The restriction to sheaves (note that all functors preserve sheaves)
gives j* off & f* O

By adjointness we get

(6.6.7) (M ojuf..
6.6.7. — Consider two composeable maps between locally compact stacks.
xLlv sz,

The following lemma generalizes [9, Lemma 2.23] by dropping the unnecessary addi-
tional assumptions that f has local sections or g is representable.
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Lemma 6.6.8. — We have an isomorphism of functors g.o f. = (gof).: ShX — ShZ.

Proof. — We consider the following diagram:

X

ShX ——> ShX
lﬁ l(f“)*
¥ - —_
(90f)« ShY — ShY ((gof) )™
lm L(a”)*
iz -
ShZ — Sh7Z

We know that the squares commute (Equation (6.6.7)), and that the horizontal arrows
are isomorphisms (Lemma 6.6.4). It follows from the constructions that

fogt=(gof)
on the level of sites. Hence the right triangle commutes, too. This implies commuta-
tivity of the left triangle. O
Taking adjoints we get:
Corollary 6.6.9. — We have an isomorphism f* o g* = (go f)*: ShZ — ShX.
6.6.8. — We consider a topological stack X and the inclusion j: X — X which
induces by Lemma 6.6.4 an equivalence of categories of sheaves
§*: ShX < ShX: j, .
Note that the notion of flabbiness depends on the site.
Definition 6.6.10. — We call a sheaf F € Shp,X strongly flabby if j.(F) is flabby.

Since flabbiness is a condition to be checked for all covering families and since all
covering families in X induce covering families in X it follows that a strongly flabby
sheaf is flabby. Since injective sheaves are strongly flabby each sheaf admits a strongly
flabby resolution.

6.6.9. — Let f: X — Y be a morphism of locally compact stacks.
Lemma 6.6.11. — Strongly flabby sheaves are f.-acyclic.

Proof. — In view of Lemma 6.6.6 it suffices to show that flabby sheaves in ShapX
are f*—acyclic. We now can write f* =i'oPf, o1, where i! and i are the sheafification
functor and the inclusion of sheaves into presheaves for the tilded sites, and P f,, =
P(f1*: PrX — PrY. Since ?f,(F)(V — Y) = F(V xy X — X) we see that Pf,
is exact. Since strongly flabby sheaves are i-acyclic, and 7! is exact, it follows that
strongly flabby sheaves are fe-acyclic. O
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Lemma 6.6.12. — The functor
f*: ShAbX — ShAbY
preserves strongly flabby sheaves.

Proof. — We must show that f, preserves flabby sheaves. Let F' € ShapX and 7 =
(U; — U) be a covering family of (U — Y) in Y. We must show that the Cech complex
C(r, fF) is acyclic. Note that f,F(V) = F(V xy X). The family f(r) := Uixy X —
U xy X) is a covering family of U xy X in X. We see that C(r, f, F) = C(f!(r), F).

Since F is strongly flabby, the complex C(f!r, F) is acyclic. O
6.6.10. — Consider again a sequence of composeable maps between locally compact
stacks.

xLy sz,

The following Lemma generalizes [9, Lemma 2.26], again by dropping the unnecessary
assumptions that f has local sections or g is representable.
Lemma 6.6.13. — We have an isomorphism of functors

Rg.oRf. 2 R(go f)«: DT (ShpapX) — Dt (ShapZ).
Proof. — The isomorphism (g o f)« — g« o f« induces a transformation R(go f). —
Rg. o Rf,. Since injective sheaves are strongly flabby, f. preserves strongly flabby

sheaves, and strongly flabby sheaves are g.-acyclic, this transformation is indeed an
isomorphism. O
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