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NEUMANN AND DIRICHLET HEAT KERNELS
IN INNER UNIFORM DOMAINS

Pavel Gyrya, Laurent Saloff-Coste

Abstract. — This monograph focuses on the heat equation with either the Neumann
or the Dirichlet boundary condition in unbounded domains in Euclidean space, Rie-
mannian manifolds, and in the more general context of certain regular local Dirichlet
spaces. In works by A. Grigor’yan, L. Saloff-Coste and K-T. Sturm, the equivalence
between

— the parabolic Harnack inequality,
— the two-sided Gaussian heat kernel estimate,
— the Poincaré inequality and the volume doubling property,

is established in a very general context. We use this result to provide precise two-sided
heat kernel estimates in a large class of domains described in terms of their inner in-
trinsic metric and called inner (or intrinsically) uniform domains. Perhaps surprisingly,
we treat both the Neumann boundary condition and the Dirichlet boundary condi-
tion using essentially the same approach albeit with the additional help of a Doob’s
h-transform in the case of Dirichlet boundary condition.

The main results are new even when applied to Euclidean domains with smooth
boundary where they capture the global effect of the condition of inner uniformity
as, for instance, in the case of domains that are the complement of a convex set in
Euclidean space.

Résumé (Le noyau de la chaleur avec condition de Neumann ou de Dirichlet dans les do-
maines intérieurement uniformes). — Ce texte traite de I’étude du noyau de la chaleur
avec condition de Neumann ou condition de Dirichlet au bord dans les domaines
euclidiens non-bornés, mais aussi les domaines non-bornés dans les variétés riemanni-
ennes et, plus généralement, les domaines non-bornés de certain espaces de Dirichlet
réguliers locaux.

Les travaux de A. Grigor’yan, L. Saloff-Coste et K-T. Sturm, ont montré
I’équivalence, dans un large contexte, des propriétés suivantes:

— l’inégalité de Harnack parabolique,
— les estimations gaussiennes du noyau de la chaleur,
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— l’inégalité de Poincaré et la propriété de doublement du volume.

Nous utilisons ce résultat pour obtenir des estimations précises du noyau de la chaleur
pour une large classe de domaines définis en termes de leur distance intrinséque et
appelés domaines intérieurement (ou intrinséquement) uniformes. De fagon peut étre
surprenante, nous traitons le probleme avec la condition de Neumann au bord et
celui avec la condition de Dirichlet au bord par la méme approche, mais avec ’aide
supplémentaire d’une transformation de Doob dans le cas de la condition de Dirichlet.

Les résultats principaux que nous obtenons sont nouveaux méme dans le cas des
domaines euclidiens a bord régulier ou ils capturent ’effet de la condition d’uniformité
intérieure comme, par exemple, dans le cas des domaines qui sont le complement d’un
convexe fermé de R™.
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CHAPTER 1

INTRODUCTION

This monograph is based on joint work of the authors that served as the basis for
Pavel Gyrya’s 2007 Ph.D. Thesis at Cornell. As Pavel left academia after his Ph.D.
and since there was no pressing need for publication, the authors decided to publish
the results in the form of a monograph, thus allowing for a more detailled and more
unified presentation of the work. The second author had the pleasure to lecture on this
material at Université Paris XI (Orsay, France) at the invitation of Alano Ancona. We
thank Janna Lierl for her careful reading of the manuscript. Many thanks to Alano
Ancona, Hiroaki Aikawa, Alexander Bendikov, Zhen-Qing Chen, Piotr Hajlaz and
Theo Sturm for answering various queries in detailed and useful ways.

1.1. Goals: informal description

The aim of this monograph is to prove precise two-sided global estimates for the
heat kernel with Dirichlet boundary condition in good domains in a good ambient
space. Roughly speaking, a good ambient space is one where a precise two-sided
global Gaussian heat kernel estimate holds.

Thanks to the work of Grigor’yan, Saloff-Coste and Sturm, we know that any local
regular Dirichlet space whose intrinsic distance yields a complete metric structure in
which the volume doubling condition and Poincaré inequality are satisfied is a good
ambient space as defined above. The most important and simplest example is the
Euclidean space R™ but there are many further interesting examples: Riemannian
manifolds with non-negative Ricci curvature, nilpotent Lie groups equipped with a
sub-Riemannian invariant structure, etc.

In the classical study of harmonic functions with Dirichlet boundary condition,
attention has often been restricted to important and interesting but somewhat un-
natural Euclidean domains such as the region above the graph of a Lipschitz function.
See, e.g., [3] and the references therein. A more recent picture of what is known and
further references are in [1, 4].

One problem with such Euclidean domains is that they do not have an obvious
generalization in the setting of manifolds or, more generally, in the setting of Dirichlet
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2 CHAPTER 1. INTRODUCTION

spaces, especially if one thinks in global terms and considers unbounded domains.
What is needed for an easy generalization to a wider setting is a metric definition
of what constitutes a good domain in purely metric terms. Such a definition has
emerged over a rather long period of time and it will be used extensively in this
monograph. Ultimately, a good domain for us is an inner uniform domain. A useful
survey concerning this notion is in [93]. The precise definition will be given later
in this introduction but what is important to note here is that it only involves the
natural inner metric of the domain and nothing else.

Our original hope, at the start of this project, was to provide a simple proof of
a precise two-sided Gaussian estimate for the heat kernel with Dirichlet boundary
condition in any Euclidean domain above the graph of a Lipschitz function. Such
estimates are derived in [99] and, in a more restrictive case, in [87]. As an alternative
test case not covered by these references, we were also interested in treating the
complement of an arbitrary convex set.

We were thrilled to discover that, thanks to recent works of Aikawa and his col-
laborators [1, 2] (and also Ancona [4]) concerning the boundary Harnack principle
for harmonic functions with Dirichlet boundary condition, we were able to handle the
much larger and more satisfying class of all inner uniform Euclidean domains. Indeed,
this meant that the same ideas would also apply in a much larger and very natural
context and provide great many further examples. Some of these examples are treated
in details in the last chapter of this monograph. In the next few sections, we give a
more detailed description of our techniques and results.

From the viewpoint developed in this monograph, two-sided heat kernel estimates
go hand in hand with the validity of a certain form of the parabolic Harnack inequality.
This connection is clearly established in the work of Grigor’yan, Saloff-Coste and
Sturm [52, 81, 82, 83, 89, 92] in situations when there is no boundary (i.e., complete
Riemannian manifolds) or when the Neumann boundary condition is assumed at the
boundary (e.g., for Euclidean domains with smooth boundary). In the case of domains
with the Dirichlet boundary condition, the relation between two-sided heat kernel
estimates and some version of the parabolic Harnack inequality is not so clear. It
is one of the contributions of this monograph to establish a clear straightforward
connection. Various versions of the parabolic boundary Harnack inequality have been
discussed in previous work. See [40, 41, 42, 60, 61, 62, 80]. These versions are often
stronger than (or different from) the one considered in this monograph.

The work presented in this monograph calls for further developments in several
directions and we comment here only on the most obvious ones. We have chosen to
emphasize the case when heat kernel bounds of a completely global nature can be
established. By this we mean that we only discuss situations when the heat kernel
h(t,z,y) of interest can be estimated for all (¢, z, y). As our estimates come in the form
of almost matching upper and lower bounds, this puts very strong global requirement
on the underlying space and the domains we treat. Indeed, there are many good
reasons to view the small scales and large scales behaviors of the heat kernel as two
separate issues. It is obvious that the methods we use can (and should) be developed
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1.2. SMOOTH UNBOUNDED EUCLIDEAN DOMAINS 3

from a localized viewpoint without difficulties. Of particular interest is the study of
the Dirichlet heat kernel on compact (inner uniform) domains and its relation to the
notion of intrinsic ultracontractivity. This will be discussed elsewhere.

1.2. Smooth unbounded Euclidean domains

Neumann boundary condition. — Let U C R™ be an unbounded Euclidean
domain with smooth boundary OU. Let A be the Lebesgue measure. We use the
notation dA\(z) = dz when no confusions can possibly arise. Without any kind of
difficulty, we can consider the spaces €o°(U) (smooth functions with compact support
in U) and €:°(U) (smooth functions with compact support in U) as well as the
Sobolev spaces W(U) and W3 (U). The space W!(U) is the space of all functions in
L?(U) whose distributional first derivatives can be represented by functions in L2(U),
equipped with the norm

1/2
flwr oy = (IF12 + 1V F12)
where
o

Ered

n n 2\ 1/2
v =(57) |Vf|=<Z ) .
t 1

The smoothness of the boundary implies that €5 (U) is dense in W(U). The space
W (U) is the closure of €o (U) in W(U).
2
Let A = Y7 ( 3—‘27) be the Laplace operator. Let 7 be the outward unit normal
vector to OU. A classical solution of the heat equation in U with Neumann boundary
condition is a function u € €°°((0,00) x U) such that

@) { du=Au in (0,00) x U

%u =0 on (0,00) x 9U.

The Neumann heat kernel in U is the fundamental solution of this equation, i.e., the
solution pfY (¢, z,y) : (0,00) x U of (1.1) (in t,y for fixed z € U) such that

lim pf} (¢, 2,) = 6:(¥)-
For any function f € L%(U),
(t.2) = v(62) = [ 2¥(62,0)7 @)y
U

is the unique solution of (1.1) with lim; o v(¢,z) = f(z) (in L2(U)). In other words,
pg is the kernel of the heat semigroup P,IJ\{ . = etAU associated with the local regular
Dirichlet form (considered over the set U)

&N (f,9) = /UVf-ngA, frg € WD)
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4 CHAPTER 1. INTRODUCTION

Note that Af) is the closed extension of (A, €5 (U) N {&f = 0}) associated with
(&0, WHU)). '

This monograph provides global two-sided Gaussian estimates for the Neumann
heat kernel p{}’ (under specific assumptions on U). The simplest instance of this prob-
lem is when U is the upper-half space R} = {x = (z;)} : , > 0}. In this case the
Neumann heat kernel is given explicitly by

1 2 1 2
N = e l=—ylf/at , = ==y |*/4t
PRg(t,xyy)— (4”)"/26 v + (4“)”/26 Ty
where ¥ = (y1,---,Yn—-1,—Yn) if ¥y = (y1,...,¥Yn). This formula plainly indicates
that the heat kernel pﬁ{z (t,z,y) and the Gauss kernel (47t)~"/ 2¢-llz=yl*/4t gre very
similar. '

Less trivial examples are obtained by considering the interior and exterior of a
paraboloid of revolution:

n—1 n—1
IP:{w:(wi)’f:a:n>fo}, EP={$=($¢)’{:$,,<Z$?}.
1 1

The domain I P is an unbounded convex set and it is well-known that, for any convex
domain U, pg (t,z,y) admits upper and lower Gaussian bounds of the type

C
Vi (x, V)
where Vi (x,7) is the Lebesgue volume of the trace in U of the Euclidean ball of center
z and radius r. The exterior EP of the paraboloid is perhaps more interesting. We

will show that the heat kernel pg p(t,z,y) admits upper and lower Gaussian bounds
of the type

e"cllz_yllz/t, z,y€e U, t>0,

c _ 2 =
We cp(z,y) /ty P((B,y) = pEP("E: y)a z,Yy € U7 t > 07

where, for any domain U, py(z,y) denotes the intrinsic geodesic distance in U, i.e.,
the infimum of the lengths of curves joining z and y in U. In fact, we will show that
such heat kernel bounds hold true for any unbounded domain U that is inner uniform.
This covers the case of EP because, as we shall prove, the complement of a convex
set is always inner uniform.

Dirichlet boundary condition. — Next, we consider classical solutions of the heat
equation in a domain U (with smooth boundary) with Dirichlet boundary condition.
A classical solution of the heat equation in U with Dirichlet boundary condition is a
function u € €°°((0,00) x U) such that

(12) Ou=Au in (0,00) x U
' u=0 on (0,00) x U
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1.2. SMOOTH UNBOUNDED EUCLIDEAN DOMAINS 5

EP

FIGURE 1. The interior and exterior domains of the parabola

The Dirichlet heat kernel in U is the funda,ment_al solution of this equation, i.e., the
solution pZ (t,z,y) of (1.2) (in (¢,y) € (0,00) x U, for fixed z € U) such that

%i_%pg(ta z,y) = 62(y).

For any function f € L%(U),
(t,z) = v(t,z) = / pg(t,a:,y)f(y)dy
U

is the unique solution of (1.2) with lim;_ov(t,z) = f(z) (in L2(U)). In other words,
pY is the kernel of the heat semigroup P, = etAU associated with the local regular
Dirichlet form

65(f,g)=/UVf-ngA, f9,€ WAD).

Note that AL is the closed extension of (A, €2°(U)) associated with (&g, W (U)).
One of the aims of this monograph is to provide a precise two-sided Gaussian
estimate for the Dirichlet heat kernel when U is an unbounded inner uniform domain
(see the next section). _
As in the Neumann case, the simplest instance of this problem is when U = R" =
{z = (x;)} : , > 0} is the upper-half space, in which case pﬁi is given by the formula

]. 2 1 me
D - —llz—yll*/4t —lle—y'||* /4t
n(t,z,y) = ———=e - e
pir (b3 Y) = e (4mt)n/2
with ¥’ = (y1,...,Yn—1, —Yn) as before. This formula is harder to interpret than the
formula for the corresponding Neumann case because, when z and/or y are close to
the boundary and/or ¢ is large, there are significant cancellations occurring between
the two terms in the formula. In fact, pﬂ% (t,z,y) admits upper and lower bounds of

the type
Czpyn

t"/2(xn + V1) (yn + V1)
which capture both the (linear) vanishing at the boundary and the additional long
time decay pﬂ% (t,x,y) ~ cat~1~™2 due to the Dirichlet boundary condition.

e—clle-yl?/t
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6 CHAPTER 1. INTRODUCTION

Let us now consider what happens in the cases of the interior (IP) and exterior
(EP) of a paraboloid. Interestingly, the situation for the Dirichlet heat kernel is rather
different from that for the Neumann heat kernel. On the one hand, for the interior
of a paraboloid, the Dirichlet condition has a huge effect on the behavior of the heat
kernel and obtaining two-sided heat kernel estimates (i.e., upper and lower estimates
that matches closely, in some sense) becomes a very delicate matter. This case will not
be discussed in this monograph (the interior of a paraboloid is not an inner uniform
domain). Some results are contained in the work of Baifiuelos et al [9]. On the other
hand, for the exterior of a paraboloid, the boundary effect is much tamer and we
will give a sharp two-sided estimate of the Dirichlet heat kernel pg p- This two-sided
estimate involves in crucial ways a function h that we call a harmonic profile (or
simply a profile, for short) of the domain. More precisely, given a domain U, call
harmonic profile of U any continuous positive function h in U which is harmonic in U
and vanishes continuously at the boundary (for the readers familiar with the theory
of the Martin boundary, h is a function associated with “the point at infinity” of the
Martin boundary). For many domains, such a profile is unique (up to multiplication
by a positive constant). For instance, the profile of R} = {z = ()} : z, > 0} is
h(z) = . The profile of U = R™ \ B(0,1) = {z = (z;)} : ||z|| > 1} is h(z) = log||z||
if n =2 and h(z) = 1 — ||z||7"*? if n > 2. In studying the Dirichlet heat kernel, we
will make extensive use of the celebrated technique known as Doob’s transform (or
h-transform, or Doob’s h-transform)) for which, in the present case, the most basic
ingredient is the harmonic profile h of U.

For any unbounded intrinsically uniform domain with profile h, we will prove upper
and lower bounds for the Dirichlet heat kernel pf? (¢, z,y) of the type

Ch(z)h(y)
V Vi (2, VO Vi (v, V)
2 .

To be very concrete, in the case of the exterior V = EP of the parabola y = z° in
the plane, that is, V = {z = (z1,22) = 2 < 23}, the profile of V is

h(z) = \/2 (Val+ (/a-2)2 +1/4-2) - 1.

The heat kernel estimates above indicate in particular that, for any fixed z,y €
V, p2(t,z,y) is bounded above and below in a time neighborhood of +oo by t=3/2
(compare with the upper-half plane for which the corresponding behavior given earlier
is in t72).

Unfortunately, this type of explicit expression for h is mostly restricted to dimension
2 where conformal techniques are available.

e—cpu(w,y)Z/t’ z,y€e U, t>0.

1.3. Inner uniform domains

As explained in the previous two sections, this work is devoted to the study of the
Neumann and Dirichlet heat kernels in unbounded inner uniform domain (bounded
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1.3. INNER UNIFORM DOMAINS 7

domains will be treated elsewhere). Inner uniformity is a simple condition that involves
the intrinsic geodesic distance (inner distance) of the domain. Any domain U in R"
can be equipped with its inner Euclidean metric py where py(z,y) is defined as the
infimum of the Euclidean lengths of all rectifiable curves v joining z and y in U.
A domain U C R" is said to be an inner uniform domain if there are constants
o, Co € (0,00) such that for any two points z,y in U there exists a rectifiable curve
v :[0,1] = U of length at most Copy(z,y) joining = and y and satisfying

: pu (2, 2)pu (Y, 2)
Vze~(0,1]), dist(z,0U) > COW.

This last condition is the same as requiring
Vz € ([0,1)), dist(z,0U) > cimin{py(z, 2), pv(y, )}

The reason we write dist(z, 0U) on the left-hand side of these inequalities is that the
distance to the boundary can be computed using either the usual Euclidean distance
or the inner distance since both give the same result.

Let us recall for comparison that a uniform domain is a domain U for which there
are constants cg,Cy € (0,00) such that for any two points z,y in U there exists a
rectifiable curve v : [0,1] — U of length at most Cy ||z —y|| joining z to y and satisfying

lz — zlllly — 2|

le—ol ~
It is easy to see that a uniform domain is nothing else than an inner uniform domain
whose inner distance is comparable to the Euclidean distance, i.e., such that Vz,y €
U, pu(z,y) < Cillz — y||. The slitted plane R? \ {(z,y) : 2 =0, y € (—o0,0]} is a
simple example of an inner uniform domain that is not uniform.

In the literature, uniformity and inner uniformity are often defined in terms of
length of curves instead of the purely metric definitions discussed above. That our
definition above agrees with these definitions in Euclidean space is a non-trivial but
well-known fact (at least, for the specialists of the subject). We will review this fact
in Chapter 3 in the more general context of interest to us in this monograph.

Inner uniform domains form a very large class of domains and can have a rather wild
boundary. In fact, this is already the case for uniform domains. It is worth pointing
out that inner uniformity is not very easy to check for the simple reason that it is not
easy to compute the inner distance.

We show in Chapter 6 that the complement of any convex set in R” is inner uniform
(many such domains are not uniform). This is less obvious than it first appears and
it produces an interesting simple class of inner uniform domains.

If  : R"~! — R is a Lipschitz function, the region above its graph

U(®) ={z = ()] : zn > ®(z1,...,2n-1)}

Vz € v([0,1]), dist(z,0U) > ¢

is an important example of uniform domain.
As a toy example of some interest, let us mention the following collection of verti-
cally slitted upper-half planes. Given a (finite or) countable family f = {(z;,¥:))} C
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8 CHAPTER 1. INTRODUCTION

FIGURE 2. The domain above the graph of the Lipschitz function ®

U

R of points in the upper-half plane, let R% ¢ be the upper-half plane with the vertical
segments

si={z=(zs,y): 0 <y <y}
deleted. It is easy to check that the domain R is inner uniform if and only if there is
a constant ¢ > 0 such that for any pair (¢, j), |z; — ;| > cmin{y;, y;}. Such domains
are never uniform if there is at least one non trivial slit.

FIGURE 3. The slitted upper-half plane R? ¢

1 Ll bl bl 1 1 ||

We can now describe the main results proved in this monograph. Let U be an
unbounded domain in R™. Assume that U is inner uniform and, for now, has smooth
boundary. In this case, we will show that the Neumann heat kernel pll}[ (t,z,y) in U is
bounded above and below by functions of the type

ie—cw(z,y)z/t
tn/2 ’
uniformly for all ¢t > 0 and z,y € U.

Further, any such domain admits a harmonic profile h (unique up to multiplication

by a constant) and, if we set

Vie(z,7) = / h%d)\, By(z,r)={z€U:py(z,2) <r},
BU(z»T)

then the Dirichlet heat kernel pg (t,z,y) in U is bounded above and below by functions
of the type
Ch(z)h(y)

v/ Vaz (2, V) V2 (3, V)

e—cpu(z»y)z/t, z,y € U, t>0.
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1.3. INNER UNIFORM DOMAINS 9

For the Neumann heat kernel estimate, the crucial point is that the volume
A(Bu(z,r)) of the inner metric ball in U is comparable to ™, uniformly over all
z € U and r > 0 (a simple consequence of the hypothesis that U is unbounded and
inner uniform) and that the Poincaré inequality

. 2
(13) VfeWw!(B), min /B | — €PdA < P /B V£

is satisfied for every inner metric ball B = By(z,r). The fact that the Poincaré
inequality (1.3) holds is one of the main novel technical result obtained in this work
and is the key to all further developments presented here.

For the Dirichlet heat kernel, the crucial point of our approach is that the modified
volume function Vjz(z,r) satisfies the doubling property

Ve eU,Vr >0, Vp(z,2r) < DoVypz(z,r)

and that the modified Poincaré inequality
(1.4) f € WY(B, h%d)), Iﬁni]{kl/ [f —€)?h2%dA < P0r2/ |V £I2R%dA
R JB B

is satisfied for every ball B = By (z,r). These properties are obtained using the work of
Aikawa and his collaborators [1, 2] which, for any unbounded inner uniform domain,
suffices to provide both the existence of a (unique) profile A and its fundamental
properties (through the elliptic boundary Harnack principle). In particular, once the
basic properties of h are established, the proofs of (1.3) and (1.4) are similar.

In addition to the heat kernel estimates stated above, our approach naturally yields
parabolic Harnack inequalities and Holder continuity estimates, up to the boundary.
To state these results, let Q(z,r) = (0,72) x By(z,r) be a space time cylinder. Let
Q+ = (37‘2/4, T2) X BU($,7'/2), Q— = (7‘2/4,7‘2/2) X BU(va/2)7 Ql = (7‘2/4,37'2/4) x
By (z,7/2) be sub-cylinders in Q. In what follows, all boundaries are computed in R™.

First, consider the Neumann heat equation in an (unbounded) inner uniform do-
main U (for now, with smooth boundary). We will show that there exists a constant
Hj € (0,00) such that if u is a non-negative solution of the heat equation in Q(z,r)
with vanishing normal derivative along the part of OU that intersects 0By (x,r) (the
boundary is taken in R™) then

(1.5) sup{u} < Hypinf{u}.
Q- Q+

Further, there are constants Hy,a € (0,00) such that if u is a solution of the heat
equation in Q(z,r) with vanishing normal derivative along the part of U that inter-
sects OBy (z,r) then

Iu(y7 3) - u(za t)l
1.6 sup {
(19 5 LTt — s+ pu(,2)7
Second, consider the Dirichlet heat equation in an unbounded inner uniform domain
U (for now, with smooth boundary). Let h be the harmonic profile of U. We will show
that there exists a constant Hy € (0,00) such that if u is a non-negative solution of

H
} < = sup{|ul}.
re g
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10 CHAPTER 1. INTRODUCTION

the heat equation in Q(z,r) which vanishes continuously along the part of U that
intersects 0By (x,r) then

(1.7) sup{u/h} < Hyinf{u/h}.
Q. Q+

Further, there are constants Hy,a € (0,00) such that if u is a solution of the heat

equation in Q(z,r) which vanishes continuously along the part of U that intersects
OBy (z,r) then

ju(y,5)/h(y) — u(z, /M| _ H
(18) sup (gt je ) < supllu/l

It turns out that the smoothness assumption made on the boundary of U in the
discussion above is absolutely irrelevant. However, working without this assumption
introduces technical difficulties in the very definition of the objects involved. First of
all, in the Neumann case, one needs to make precise what is meant by the Neumann
heat kernel and, more generally, by local solutions of the heat equation with Neumann
condition on the boundary. In the Dirichlet case, there might be irregular points on
the boundary and the notion of a solution vanishing along OU must be understood in
an appropriate sense. Nevertheless, as we shall see, these technical difficulties can be
overcome. In particular, the constants appearing in the various estimates discussed
above depend only on the dimension and the inner uniformity constants of the domain
and not otherwise on the domain U itself.

We close this section with remarks concerning the sharpness of the inner uniformity
condition with respect to the estimates described above. In the case of the Neumann
boundary condition, the main advantage of the inner uniformity condition is that it
prevents the domain from having bottlenecks (see the Poincaré inequality). However,
there are many domains that are not inner uniform but satisfy similar Neumann heat
kernel estimates. The simplest example is the class of unbounded convex domains,
many of which are not inner uniform (i.e., IP, the inside of a paraboloid discussed
above). In any convex domain U, the Neumann heat kernel satisfies the two-sided
estimate

_c < ¢

V(z,Vt) ~ V(z, V1)
where V(z,r) is the volume of the trace of the Euclidean ball centered at = and of
radius 7 in U. This is well known and can be proved using the techniques that will
be used in this monograph (the volume V(z,r) is doubling and Poincaré inequality
holds). So, in a sense, inner uniformity is very far from being a necessary condition
for the type of Neumann heat kernel estimates we derive.

The situation for the Dirichlet heat kernel is very different. Crucial to our analysis
and to the type of results we obtain in the Dirichlet case is the doubling condition for
the modified volume function Vj,2 based on the measure h2d\ where h is the harmonic
profile of U. The inner uniformity condition is reasonably close to be optimal in this
respect. Indeed, roughly speaking, the doubling condition for V},2 is associated to the
power function behavior of h (at infinity and at the boundary). Such power function

e~Clle=vlP/t < pN (1 o ) e—clle—yl?/t
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1.5. HARNACK-TYPE DIRICHLET SPACES 11

behavior of h fails for unbounded domains whose “opening at infinity” grows much
slower than a (possibly twisted) linear cone. A typical example of this is I P, the inside
of a paraboloid, in which case the profile h grows at infinity in the vertical direction
much faster than a power function. Similarly, at the local level, the doubling condition
would fails around the point 0 in the planar domain above the graph of z — |z|, for
any € € (0,1) (at 0, the profile h of any of these domains vanishes faster than any
power function).

1.4. Remarks on the Doob h-transform technique

Central to our treatment of the heat equation on U with Dirichlet boundary con-
dition is the celebrated technique of Doob’s h-transform. See, e.g., [30, Chapter 5] for
an introduction. It is perhaps remarkable that, after being used so many times by so
many authors in so many different contexts, this technique still yields interesting new
results. In order to take full advantage of the Doob h-transform technique, we have
to solve two serious technical obstacles.

The first is of a fairly general nature and concerns the description in useful terms of
the domain h~'W{ (U) of the Dirichlet form obtained after h-transform. This problem
is discussed at some length in [35] where it is solved in the case of operators of the
type A +V in Euclidean space but left partially open for Euclidean domains with the
Dirichlet boundary condition (the basic setup of [35] is somewhat different from ours).
In Chapter 5, we obtain some general results in this direction, describing in concrete
terms the Dirichlet form obtained by h-transform when the function h is a harmonic
profile of the domain U. See Proposition 5.7. Similar results are also obtained using
different techniques and in greater generality, in [29, 45].

The second obstacle is much more concrete and technically much more difficult. In
order to obtain good two-sided heat kernel estimates for the Dirichlet heat kernel in
U with profile h via the Doob h-transform technique, we need to prove a weighted
Poincaré inequality and a weighted doubling property in the domain U equipped with
the weight h2. Such properties are certainly not true without very strong assumptions
on the domain U. Here, we base our results on the hypothesis that U is inner uniform
and on consequences of this hypothesis on the behavior of the profile h which are
drawn from the work of Aikawa, Ancona, and others. As explained at the end of the
previous section, the condition of inner uniformity is not too far from being optimal
for such a strong conclusion to hold.

1.5. Harnack-type Dirichlet spaces

In the previous two sections, we described the simplest applications of our results
in the context of unbounded Euclidean domains. Even in this classical case, the tools
we will use are best described in the general context of (local, regular) Dirichlet forms.
One reason for this is that, given an unbounded Euclidean inner uniform domain, we
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12 CHAPTER 1. INTRODUCTION

will introduce and work with the (abstract) completion U of the domain U equipped
with its inner metric. In general, U is different from U (the closure of U in R™) and is
not a subset of R®. Working in U is critical for an easy application of our techniques.
An early use of this simple idea is found in the work of M. Brelot. See [21].

Another important motivation for working in the context of regular local Dirichlet
spaces is that it opens up the possibility of applying the results to a wide array of
different settings including uniformly elliptic operators in R™, Riemannian manifolds
and manifolds equipped with a sub-Riemannian structure (e.g., nilpotent Lie groups).
Further, the Dirichlet space framework allows applications to spaces that are much
less smooth than manifolds, e.g., polytopal complexes and other such structures.

For us, a Dirichlet space is a locally compact separable metrizable space X equipped
with a non-negative Borel measure p that is finite on compact sets and positive on
non-empty open sets. In addition, (X, ) is equipped with a Dirichlet form (&, D(8)),
D(8) € LE(X, p). See [47]. We will always assume that this Dirichlet form is strictly
local and regular. The hypothesis that & is strictly local means that, in some sense, the
associated infinitesimal generator is a differential type operator. In terms of Markov
processes, it means that the associated process has continuous sample paths. The
hypothesis that & is regular involves a relation with the topology of X. Let G.(X)
be the space of compactly supported continuous functions on X. The Dirichlet space
(X, u, 6, D(8)) is regular if D(E) N G.(X) is dense in D(&) for the norm (|| f|2 +
&(f, £))1/? and dense in €.(X) for the sup norm.

The Dirichlet form &(f, f) can be written in the form [, dU'(f, f) where I is a
measure valued symmetric bilinear form (in the classical case, dU'(f, f) = |V.f|2d)).
This leads to the introduction of the intrinsic distance (in general, this “distance” may
well take the value oo)

p(x,y) = sup{f(z) — f(y) : f € D(E) N E(X) : dU(f, f) < du}.

See [16, 90, 91] and the references therein. Informally, p(z,y) is the supremum of
the differences f(z) — f(y) over all functions f whose gradient has length at most 1, p
almost everywhere. This notion of intrinsic distance (and some of its variants) plays
a very important role in a large part of the modern theory of Dirichlet spaces.

Now, we make some basic but fundamental hypotheses by assuming that p is con-
tinuous, defines the underlying topology of X, and turns (X,p) into a complete
metric space. To understand these hypotheses, let us consider two examples. In
our first example, we let X = {z = (z}) : z, > 0} be the closed upper-half
space equipped with the Lebesgue measure and the Dirichlet form (&, D(&)) where
&(f, ) = [IVFI2d\, D(6) = WH(X). This is a local regular Dirichlet form. The
associated intrinsic distance is the Euclidean distance on X and (X, p) is complete.
In our second example, we let X = {z = (z) : z, > 0} be the (open) upper-
half space equipped with the Lebesgue measure and the Dirichlet form (&, D(&5))
where &(f, f) = [|Vf|?d)\, D(&) = Wg(X). This is again a local regular Dirichlet
form. The intrinsic distance as defined above is not the Euclidean distance because
p(z,y) < min{l, max{z,,yn}}||z — y||. The intrinsic distance still defines the usual
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1.6. INNER UNIFORM DOMAINS IN HARNACK-TYPE DIRICHLET SPACES 13

topology on X but (X, p) is not complete. In this case, there is incompatibility be-
tween being regular, and being complete in the sense that, if one completes (X, p),
one looses regularity.

The qualitative assumptions on (X, u, &, D(&)) described above are very important
but we will need to make more quantitative hypotheses. Let

B(z,r)={y € X : p(z,y) <r}
be the p-ball of radius r around z. Let
V(z,r) = w(B(z,r))

be its measure. We will make the following two crucial hypotheses:

1. The doubling property. There exists Dy € (0,00) such that, for all x € X and
r >0, V(z,2r) < DoV (z,r).

2. Poincaré inequality. There exists Py € (0,00) such that, for allz € X, r > 0
and f € D(8),

win [ if-ePdn<re [ ar(rg),
§ER B(z,r) B(z,r)

We call a Dirichlet space (X, u, &, D(&)) satisfying all of these properties a Harnack-
type Dirichlet space. The reason is that properties (1)-(2) above are equivalent to a
parabolic Harnack inequality. This is the content of Sturm’s generalization [92] of
the results of Grigor’yan [52] and Saloff-Coste [81, 82, 83]. See also the works by
Biroli and Mosco [16, 17, 18]. If one wants to be more precise, the spaces defined
above should be called “globally Harnack-type Dirichlet spaces” but we will not use
this terminology here.

1.6. Inner uniform domains in Harnack-type Dirichlet spaces

We can now describe the main results obtained in this monograph in their full
generality. Let (X, u, &, D(&)) be a Harnack Dirichlet space that admits a carré du
champ (this natural hypothesis will be explained later). Recall (see, e.g., [90, 91]),
that the intrinsic metric p of a Harnack-type Dirichlet space is a length metric (i.e.,
can be computed as the minimal length of continuous curves). It follows that, in the
space (X, p), one can naturally define both the notion of inner metric py; of a domain
U C X and the notion of inner uniform domain. More precisely, the distance py (z, y)
between two points in U is the infimum of the lengths of continuous paths in U joining
T to y.

For a domain U C X, one can define the Neumann-type Dirichlet form

(60, D(&Y))
and the Dirichlet type Dirichlet form
(65, D(ED))

SOCIETE MATHEMATIQUE DE FRANCE 2011



14 CHAPTER 1. INTRODUCTION

associated with the original local regular form (&, 9(&)) on X. If U is inner uniform in
X, using the hypothesis that (X, u, &, D(&)) is a Harnack-type Dirichlet form with a
carré du champ, we will show that the Neumann-type Dirichlet form associated to U is
regular on the set ﬁ, the completion of U with respect its inner metric py. Moreover,
we will show that the space U equipped with the (restriction of the) measure y and
the Neumann-type Dirichlet form is, itself, a Harnack-type Dirichlet space. It then
follows that the associated Neumann-type heat kernel in U admits upper and lower
bounds of the type

e—czpu(z,y)2/t

V(z,Vt)

forallt > 0 and z,y € U (or ﬁ) Of course, the parabolic Harnack inequality that
gives their name to Harnack-type Dirichlet spaces also holds for local weak solutions
of the heat equation in U and these solutions are Hélder continuous.

Considering now the Dirichlet-type Dirichlet form in the unbounded intrinsic do-
main U C X, by a direct generalization of Aikawa arguments in [1], we will first show
that the elliptic boundary Harnack inequality holds in U. This first crucial step leads
to the construction and main properties of the harmonic profile h of U (a positive
harmonic function in U which, locally in ﬁ, belongs to the domain @((‘55), i.e., van-
ishes on the boundary of U, in the appropriate sense). The second crucial step is to
prove that the modified form

Enlf, f) = Q(hE,RE), feRTIDED)

is a strictly local regular Harnack-type Dirichlet form on ((7, h?dy). This is a very
non-trivial statement. The modified form &, can be viewed as the main technical
object in the well known Doob’s transform (or h-transform) technique. Once it is
proved that this modified form turns U into a Harnack-type Dirichlet space, all the
desired conclusions follow immediately. In particular, the Dirichlet heat kernel in U
admits upper and lower bounds of the type

Clh’(w)h’(y)
\/ Vaz (2, V) Viz (3, V)

where Vj2(z,7) = fB(x - h2dp.

e—czPU(ﬂ?yy)z/t, z,ye U, t>0,

1.7. Mixed boundary conditions

So far, we have considered the two type of boundary problems, Neumann and
Dirichlet, separately. One of the advantages of working in the general setting of Dirich-
let spaces is that it actually makes the treatment of some mixed boundary problems
very easy. Consider again, for simplicity, a smooth unbounded Euclidean domain U.
Let V be a closed subset of 3U. Consider the heat equation in U with mixed boundary
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conditions (Dirichlet along V', Neumann along oU \ V)

Ou=Au in (0,00) x U
(1.9) u=0 on (0,00) x V
Zu=0 on (0,00) x (U \V)

and its fundamental solution, the mixed heat kernel p{}’{v (t,z,y). Now, assume that
U is inner uniform. In the simple case considered here where the boundary of U is
smooth, the completion U of U with respect to the inner distance can be identified
with the closure U of U in R™. Then, according to the results described earlier, the
metric space (U, py) equipped with the Dirichlet form (&f, W(U)) is a Harnack-
type Dirichlet space. Now, for any closed subset V of U = U \ U, theset Q =U \ V
is an open connected set in U and it is essentially obvious that this open set € is
inner uniform in U with inner distance po equal to the original inner distance py
in U. This means that we can apply the results described earlier concerning the
heat equation with Dirichlet boundary condition in an inner uniform domain (here,
Q) of a Harnack-type Dirichlet space (here, the space (U, 65, W(U))). These results
translate immediately and straightforwardly into results concerning our original mixed
problem in the Euclidean domain U.

To illustrate this by one of the simplest possible examples, consider the open upper-
half plane U = R% = {(z,y) : ¢ > 0} and let V = {(z,y) : y = 0,z < 0} be the
non-positive half of the real axis. The profile h for the mixed problem corresponding
to this data is given explicitly in polar coordinates by (abusing notation) h(z) =
R(2'/?) = r'/2 cos(#/2). Indeed, this function is harmonic in U, has vanishing normal
derivative along the positive semi-axis, and vanishes continuously along the negative
semi-axis. Importantly for our purpose, a direct computation shows that h € W}l (U)
(it is well known and easy to check that z +— R(z!/2) is locally in W of the slitted
plane. The analysis of the mixed problem above is essentially equivalent to that of
the Dirichlet problem in the slitted plane). The conclusion is that the heat kernel
pg{ v (t, z,y) for the mixed problem specified above is bounded above and below by an
expression of the type

crh(z)h(y) e—czpu(w,y)z/t
VVie (@, VEVaa (y, V¥)
where Vy2(z,7) = fB(x " h%du and h(z) = r'/% cos(/2) as above.

z,ye U t>0,
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CHAPTER 2

HARNACK-TYPE DIRICHLET SPACES

This chapter is devoted to the description and main properties of the spaces that
will serve as candidates for the underlying ambient space in our study. The first section
describes some of the models we have in mind. The remaining sections introduce the
general setup (strictly local regular Dirichlet spaces of Harnack-type) that will be
used throughout the monograph. This general setup covers all the models described
earlier as special cases

2.1. Model spaces

2.1.1. The n-dimensional Euclidean space. — The most classical and most
important model for us is the Euclidean n-space R™. The Euclidean structure provides
us with a variety of different objects: the Lebesgue measure, the Euclidean metric,

the Laplace operator
n P 2
2=3(5,)
; 83:,-

(and the associated potential theory), the length of the gradient

n 1/2
V| = (Z |af/axi|2) :
1

and more. These objects are interrelated and it is not entirely obvious to see which
ones are the most fundamental for a given type of problem (see, e.g., the development
of abstract potential theory [31] or the more recent theory of Sobolev space on metric
spaces [57, 59, 85]).

For us here, the crucial structure is captured by the Dirichlet form

6.0 = [1VsPa, e W R € 2R, ).
The space W1(R") is the Sobolev space of all L2-functions whose first order partial

derivatives in the sense of distributions can be represented by L? functions. The same
definition applies to any open set U C R™ and yields the Sobolev space W1(U).
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From this Dirichlet form we can recover the Laplace operator (by integration by
parts through Green’s formula) and the Euclidean metric. If we let B(z,r) be the
Euclidean open ball of radius 7 around z, we have

A(B(z,r)) =V(z,r) = Qpr"

where ), is the volume of the unit ball. The standard Poincaré inequality states that
there is a constant Py such that, for any ball B(z,r),

inf |f — €]%d\ < Pyr? / IVfI2d\, fe W' (B(z,r)).
£eR B(z,r) B(z,r)

This is equivalent to saying that the lowest non-zero Neumann eigenvalue in the ball

B(z,r) is bounded below by (Pyr?)~!. Note that there is a similar inequality (also

often called Poincaré inequality) for functions in W} (B(z,)), namely,

[ i<y [ (vsan gewdB@n),
B(z,r) B(z,r)

which is equivalent to say that the lowest Dirichlet eigenvalue is bounded below by
(P4r?)~1. Despite their great similarity, these two inequalities capture rather different
properties and should be clearly distinguished. For the purpose of this monograph, it
is the Neumann Poincaré inequality that plays a crucial role.

The fundamental solution of the heat equation (d; — A)u = 0 is the heat kernel

e P 2T
which is also the kernel of the heat semigroup e

The elliptic Harnack inequality goes back to Carl Gustav Axel von Harnack (1851-
1888), see, e.g., [67]. It states that there exists a constant Hy (depending only on
the dimension n) such that, for any ball B = B(z,r) and any non-negative harmonic
function v in B,

tA

sup {u} < Hy inf {u}.
B(z,r/2){ ! OB(w,r/2){ )

One of the best known consequences of this inequality is the (strong) Liouville prop-
erty: any function that is bounded below and harmonic in R® must be constant.

The parabolic version of the Harnack inequality is much less known and did not
attract much attention before the work of Jiirgen Moser [75] concerning uniformly
elliptic second order differential operators in divergence form. See [74, 75, 76]. To
state the parabolic Harnack inequality, consider a time space cylinder

Q = (s,s+7%) x B(z,r).
In this cylinder, consider the upper cylinder
Q4 = (s+3r2/4,5+ %) x B(z,7/2)
and the middle cylinder
Q- = (s+7r%/4,5+71%/2) x B(z,r/2).
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Then there exists a constant Hy (depending only on the dimension n) such that any
non-negative solution u of the heat equation in @) satisfies

sup{u} < Hp inf{u}.
Q_ Q+

All these properties of the n-dimensional Euclidean space will serve as models in
what follows.

2.1.2. Uniformly elliptic divergence form operators. — In R"”, consider a
measurable matrix-valued function a : z +— a(x) with the property that a is symmetric

and satisfies
n

VECER VT R, Y aij(@)€& > elél, D ai(@)&¢ < e'é-C.
i,5=1 i,j=1

Call this property uniform ellipticity. The associated second order divergence form

differential operator
Lo = - oz; a5(2) Ox;

is then said to be uniformly elliptic. Note that this operator is actually not properly
defined as a differential operator unless a is differentiable. In general, what is well
defined is the Dirichlet form
of of 1/on
E(f.1) = /%awa—m—%dx, few @),

The Riemannian type distance associated with the inverse of the matrix a is, in some
sense, the natural distance associated with this Dirichlet form. Because of the uniform
ellipticity hypothesis, it is uniformly comparable to the Euclidean distance.

Through the work of De Giorgi [36], Nash [77], Moser (74, 75, 76], Aronson
[5, 6, 7], Aronson and Serrin [8] and others, it became clear that these operators
share many of the properties of the Laplace operator. Particularly relevant to us here
is the fact that the kernel of the semigroup e*’= satisfies upper and lower bounds of
the type

O —ealla—yll*/t
tn/2

This is a celebrated result of Aronson [5, 6] which is also implicitly at the center of
Nash’s paper [77]. See also [43]. The Holder regularity of the associated solutions was
obtained in [36] in the elliptic case and in [77] in the parabolic case. The elliptic and
parabolic Harnack inequalities were derived by Moser [74, 75, 76]. See also [8].

What makes this class of examples important to us is that its study ultimately
depends on extracting from the classical case of the Laplacian the truly fundamental
properties that are needed. This is particularly clear in the work of Nash and Moser.

It is interesting to mention here that the symmetry of the matrix (a; ;) is not really
essential. The global Harnack inequality and the global two-sided heat kernel estimate
do not require this symmetry (see, e.g., [8]). The results obtained in this monograph
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also extend to the case when (a; ;) is not symmetric but this requires taking a more
general point of view and it is not covered in this monograph. It will appear in the
Cornell Ph.D. thesis of Janna Lierl.

2.1.3. Riemannian manifolds. — Riemannian manifolds offer a very rich gener-
alization of Euclidean space. Each comes equipped with a metric g (the Riemannian
tensor), a measure u (the Riemannian volume element), a distance p, geodesic balls
B(z,r) and a volume function V(z,7) = u(B(z,r)), x € M,r > 0, a Laplace-Beltrami
operator A = div grad and, most importantly for us, a natural Dirichlet form

[19stan, 5 ewan,

where |V f| = g(Vf, V£)'/2 is the length of the gradient Vf = grad f of the function
f. The space W!(M) can be defined more or less as in R”. It is the space of those
functions in L?(M, u) which, locally, have distributional first order derivatives that can
all be represented by locally integrable functions and such that |V f| is in L2(M, u).
A Riemannian manifold (M, g) is complete if the associated metric space (M, p) is
complete.

Complete Riemannian manifolds form an interesting class for us because they may
or may not satisfy the various properties we want to impose which include the dou-
bling volume property, the Poincaré inequality, the parabolic Harnack inequality, the
two-sided Aronson type heat kernel estimate, etc. The following theorem due inde-
pendently to Grigor’yan [52] and Saloff-Coste [81] shows that all these properties are
very strongly interrelated. See [83, Section 5.5] for details.

Theorem 2.1. — For any complete Riemannian manifold, the following properties are
equivalent:

1. The volume doubling property together with the Poincaré inequality on geodesic
balls;

2. The parabolic Harnack inequality;

8. The two-sided heat kernel bound

=@Vt <yt g, y) < €3 o—car(zy)*/t,
V(z, Vi) SPY) S G T

Interesting classes of manifolds satisfying the equivalent properties listed above
are: complete manifolds with non-negative Ricci curvature; connected Lie groups of
polynomial volume growth (this includes all connected nilpotent Lie groups); covers
of compact manifolds with fundamental groups of polynomial volume growth. See
[81, 83, 84| and the references therein. On hyperbolic n-space, these properties fail
at large scale (e.g., the volume growth is exponential).

2.1.4. Sub-Riemannian geometry. — In this short section, we discuss the impor-
tant framework associated with sub-Riemannian geometries. Since our aim is simply
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to illustrate how this framework fits into our general picture, we only consider the sim-
plest and perhaps most basic sub-Riemannian geometries. See, e.g., [72, 81, 82, 100]
for further details.

There are at least two very natural and different ways to generalize Euclidean
space. One leads to the notion of Riemannian manifold which was discussed above.
The other leads to Lie groups equipped with invariant sub-Riemannian geometries.
Let G be a unimodular connected Lie group with Haar measure dy (unimodular
means that the Haar measure is both left and right invariant). Let g be its Lie algebra
viewed as the space of all left-invariant vector fields. Let X = {X;,...,Xx} Cgbea
family of left-invariant vector fields which generates g, algebraically. This means that
the span of the X;’s and all their Lie brackets of all orders is g itself. This is known
as the Hérmander condition because, by a celebrated (and more general) theorem of
Hormander [64], this condition implies that the operator L = Z'f X? is hypoelliptic.

Given this structure, we obtain a Dirichlet form by setting

k
6x(f,5) = [ S 1XifPau, 1€ WHE)
1

where W3 (G) is the set of all functions f in L?(G) such that the distributions X; f can
be represented by functions in L?#(G), i = 1,...,k. Let py(t,z,y) be the associated
heat kernel (see, e.g., [100]).

Associated with X is a natural left-invariant distance function py on G which is
given by the infimum of the lengths of absolutely continuous paths that stay tangent
to the linear span of X (such paths are often called horizontal paths). Because of the
Hérmander condition, this distance defines the natural topology of G and (G, py) is
a complete metric space. Denote by By/(x,r) the corresponding balls and set Vy(r) =
w(By(z,r)) (by invariance, u(By(z,r)) is independent of z). Any such geometry
behaves very nicely locally. But for the volume doubling property to hold globally,
we need to restrict our attention to the class of Lie groups with polynomial volume
growth (see, e.g., [100]). These include all nilpotent Lie groups and, in particular, the
Heisenberg group which is R3 equipped with the product

9192 = (T1 + T2,y1 + Y2, 21 + 22 + 2 (T1y2 — T211))

where g; = (z;,9i,2), ¢ = 1,2. Let us recall here that a locally compact, compactly
generated group has polynomial volume growth if, for one (equivalently, any) compact
generating neighborhood V of the identity element, there are constants A, C' such that,
for all n, u(V™) < Cn4.

In the present setting, the following theorem holds. See, e.g., [81, 82, 83, 84, 100].

Theorem 2.2. — For any unimodular connected Lie group G equipped with a Hérman-
der family X of left-invariant vector fields, the following properties are equivalent:
1. Polynomial volume growth;

2. The volume doubling property together with the Poincaré inequality on geodesic
balls;
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8. The parabolic Harnack inequality;
4. The two-sided heat kernel bound of the type

C1 —copy(x,y)?/t e —capx(z,y)?/t
—e <px(t,z,y) < e .
Va (V) Va(Vt)
2.1.5. Polytopal complexes. — The aim of this short section is again to present

the simplest cases of a large class of illustrative examples. This time, we leave the
category of smooth spaces for that of polytopal complexes. For an excellent treatment
of this type of spaces from a point of view closely related to ours, see [39]. To obtain
the simplest examples, start with the square lattice Z™ in Euclidean n-space. Now,
fix k € {1,2,,...,n} and flesh out this lattice by adding all the faces of dimension
less or equal to k of each of the unit cubes with integer coordinates. For k = 1, we
obtain a one dimensional complex (the natural Cayley graph of the square lattice).
For k = n, we recover R". Call E}} the corresponding space. It can be turned into a
metric space by using the length of curves in E7} to define the distance between points.
There is a natural measure on E}} given by the k-dimensional Lebesgue measure on
each k-dimensional face.

Given an open unit cube @ in dimension k, the Sobolev space W!(Q) is the
space of functions in L?(Q) whose first partial derivatives in @ in the sense of
distributions can be represented by L2 functions. The natural norm on W1(Q) is

(||f||§Q + IIVfllng)l/z. To define the domain W!(E}) of the natural Dirichlet form
on E}, we need to use the following trace theorem: For any (k —1)-dimensional face F'
of @, there exists a continuous operator TFQ from W1(Q) to L?(F) which, restricted
to smooth functions in @, is simply the trace operator T f = f | . Write E} = J, Q1
where @ is the k-dimensional unit cube with 1 = (I1,...,lx) as its integer point with
smallest coordinates. Let W!(E7) be the space of all functions in L?(E}) such that,
for each 1, f € W1(Q), for each 1, m such that Q;, Qy, share a k — 1 dimensional face
F, T3 f=T2™f, and

b1 =Y [ 194Pdu< oo

1ezZk

Now, (égp, W'(ER)) is the natural Dirichlet form on E}} and it induces a heat semi-
group, its infinitesimal generator and its heat kernel. It is not hard to check that
the doubling volume property and the Poincaré inequality hold. It follows from the
general theory to be presented in next sections that the parabolic Harnack inequality
holds true, local solutions of the heat equation are Holder continuous, and the heat
kernel p(t, z,y) is continuous and bounded by

€1 —can(z)?/t <p(t,z,y) < €3 o—can(zy)?/t

V(z,Vt) V(z,Vt)

for all z,y € ER,t > 0. Moreover, V (z,r) ~ r¥ for r € [0, 1] whereas V (z,r) ~ r™ for
r € (1,00).
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2.2. Local regular Dirichlet spaces

In this important section, we introduce the basic framework that will be used
throughout this monograph. We refer the reader to [47, Ch. 1] for details.

Let (X, 1) be a locally compact separable metric space equipped with a Borel mea-
sure u which is finite on compact sets and strictly positive on any non-empty open set.
This X is our basic underlying space. We let &.(X) be the space of continuous func-
tions with compact support in X and &o(X) its closure for the sup norm (continuous
functions vanishing at infinity).

We let || f||2 be the norm of f in the Hilbert space L2(X, i) and set

(f,q) = /X f3du.

In most of this monograph, functions actually take real values. In particular, one can
take L%(X, u) to be the L? space of real valued functions on X. Because Markov semi-
groups preserve real functions and positivity, no difficulties arise when it is necessary
to use complex valued functions (e.g., when using interpolation techniques or analytic
extensions).

2.2.1. Regular Dirichlet forms. — Let (&, 9(&)) be a densely defined non-
negative definite closed symmetric form on L?(X, u). A function v is called a normal
contraction of the function wu if for all z,y € X,

lv(2) —v(y)| < u(z) —u(y)| and |v(z)| < |u(z)].

We assume that the form (&, D(&)) is Markovian, that is, has the property that if
u € P(&E) and v is a normal contraction of u then v € (&) and &(v,v) < E(u,u).
Such a form is called a Dirichlet form. For any Dirichlet form, the set D(&) N L (X)
is an algebra ([47, Theorem 1.4.2)).

A core for (X, &, D(5)) is a subset G of both &.(X) and D(&) that is dense in
6(X) in uniform norm and dense in ?(&) in the norm
1/2

(£ + &(£, )

When referring to the Hilbert space (&), we always mean 9(&) equipped with
the norm above. Note that the notion of core depends on the precise choice of the
topological space X as a well as on the form (&, D(&)).

A Dirichlet form that admits a core is called regular. Any regular Dirichlet form
admits a core & with the following properties: (1) & is an algebra and (2) for any
compact set K and relatively compact open set V' containing K, there exists a function
v in & such that u =1 on K and u =0 on X \ V ([47, Problem 1.4.1]). Again, note
that the notion of regularity involves the choice of the topological space X over which
the form is defined.
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2.2.2. Energy and carré du champ. — A Dirichlet form is called strictly local
if for any two functions u,v € 9(&) with compact supports such that v is constant in
a neighborhood of the support of u, we have &(u,v) = 0. Unless explicitly stated, we
assume throughout this monograph that (&, 9(&)) is a regular strictly local Dirichlet
form. All the examples in Section 2.1 are of this type.

Any strictly local regular Dirichlet form can be written in terms of an energy
measure I'(u,v) so that

6(u,v) = /dl"(u,'u)

where for u,v € D(&), I'(u,v) is a signed Radon measure on X. More precisely, the
measure-valued quadratic form ['(u,u) is defined for u € 9(85) N L>®(X) by

Vé € D(E) N Bo(X), / P, ) = E(u,gu) — 3 6(u,6).
It is extended to D(8) by

dT'(u, u) = sup{dl(vn,vp) : v, = min{n, max{u, —n}}, n=1,2....}.

The measure-valued symmetric bilinear form I'(u,v), u,v € D(8), is obtained by
polarization. The measure-valued symmetric form I' satisfies the Leibniz rule and the
chain rule. See, e.g., [47, Section 3.2] and also [73]. It is local in the sense that for
any open set V and functions u1,uz,v € D(&) such that u; = ug a.e. in V.

I'(u1, )|y, = T(ug,v)ly -
Definition 2.3. — For any open set V C X, set

Froe(V) ={u € LE (V) :V compact K C V,3u” € D(&),u = U#L{ a.e.}.

loc
For u,v € F1,.(V) and for any relatively compact set Q2 C V, set
I'va(u,v) = I‘('zﬁ(’é,v#)‘Q

where u#,v# are any elements of 9(&) such that u = u#|,, v = v#|ﬂ, a.e. in .
Since T'v,q(u,v)|q = T'v,a/(u,v) a.e. on Q' if Q' C Q, we can define 'y (u,v) on all of
V by setting

'y (u,v)|q =Tv,a(u,v)
for all relatively compact set 2 C V.
We will make repeated use of the following subspaces of F,.(V).

Definition 2.4. — For any open set V C X, set

FV)={u € Frc(V): /V lu|?dp +/Vd1"v(u, u) < oo}

and
F(V)={ue F(V): the essential support of u is compact in V}.
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The next lemma clarifies the nature of the space &.(V'). The proof uses straight-
forward cutoff function arguments and is omitted. For the last statement, see [47,
Lemma 3.2.5]. For the definition of the notion of quasi-continuity (associated with a
the given regular Dirichlet form), see [47, Chapter 2, pp. 67] and [47, Theorem 2.1.3,
2.1.7).

Lemma 2.5. — Let V C X be an open set. The space F.(V) is a subspace of D(&)
and

F.(V)={f € D(E): the essential support of f is a compact subset of V'}.

The space F1oc(V)NLX (V) is an algebra. Moreover, for f,g € F1o.(V)NLY

loc loc

any compact K C'V

(V) and

r(fg, fo)(K) <2 [

K

Par N+ [ Fie).

In this last formula, quasi-continuous versions of f,g on K must be used on the right-
hand side.

In the best case scenario, the energy measure I'(u,v) is actually absolutely con-
tinuous with respect to the measure p for any u,v € D(&). The following definition
introduces this property.

Definition 2.6. — The strictly local regular Dirichlet form (&, D(&)) is said to admit
a carré du champ if, for any u,v € 9(&), the measure I'(u, v) is absolutely continuous
with respect to p. When that is the case, the Radon-Nikodym derivative

T(u,’v) = € Ll(le‘L)’ u,v € @(6)a

dl(u,v)
n

is called the carré du champ and, for any open set V' and functions u,v € F..(V),

we let

dl'y (u,v)

TV(U7U) = d;u

€ Ly, (V,p).

Lemma 2.7.

Assume that (&, D(&)) is a strictly local regular Dirichlet form which

admits a carré du champ. Then, for any open set V and f,g € F1,.(V) N LE(V), we
have

Tv(fg,f9) <2(f*Tv(g,9) + &> YTv(f, 1))
Remark 2.8. — In most cases, we will drop the reference to the open set V' when

referring to the energy measure I'y(f,g) or the carré du champ Yv(f,g), f,g9 €
F1oe(V) and write I' and T instead.
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2.2.3. The intrinsic distance associated with a Dirichlet form. — The fact
that there is a simple way to attach a “distance like function” p to any strictly local
regular Dirichlet form & is an important observation that is captured in the following
definition. Note that, without further hypotheses, this definition should be manipu-
lated with great care because slight modification of the definition may lead to different
quantities. An excellent discussion is in [90, 91]. In each of the model examples dis-
cussed earlier in Section 2.1, the natural distance of the model can be obtained from
the natural Dirichlet form of the model using this definition.

Definition 2.9. — Given a strictly local regular Dirichlet form (&, 2(&)) on L?(X, p),
for any z,y € X, set

p(z,y) = pg(z,y) = sup{u(z) — u(y) : u € D(E) N €o(X), dl'(u,u) < du}.

In this definition, the condition dI'(u,u) < dy is understood to mean that I'(u, u) is
absolutely continuous w.r.t. y with Radon-Nikodym derivative bounded by 1 y a.e. on
X. The function p depends on (&, D(8)), X, and the topology of X. It is always lower
semicontinuous, symmetric, and satisfies the triangle inequality p(z,y) < p(z,z) +
p(z,y). It is only a pseudo-distance because it is well possible that p(z,y) = +o00 or
p(z,y) = 0. Even if p is finite for all z,y, it may not define the original topology of
X (for instance, it is possible that p = 0!). It is possible that p is finite on a dense set
but +00 a.e. on X x X (see, e.g., [14]).

Among the possible variants of this definition, let us consider

(2.1) p*(z,y) = sup{u(z) — u(y) : u € Fioe(X) N B(X), dl'(u,u) < du}.

In full generality, it is possible that p* # p. However, we will work throughout this
monograph under the following qualitative hypotheses:

(A1) The pseudo-distance p is finite everywhere, continuous, and defines the original
topology of X.
(A2) The metric space (X, p) is complete.

Under these hypotheses, the metric p has many nice properties. In particular, assuming
(A1)-(A2) for p is equivalent to assuming (A1)-(A2) for p* and, if (A1)-(A2) hold then
p = p*. See [88, 90, 91].

Definition 2.10. — Let (&, D(&)) be a strictly local regular Dirichlet form on L2(X, p).
Assume that (A1)-(A2) hold true. For z € X and r > 0, let

B(z,r)={y € X : p(z,y) <}

be the open ball of radius r around z in the metric space (X, p).

In any metric space, define the length of a continuous curve 7 : I = [a,b] — X by

L(~) = sup {z": p(v(t:),v(ti—1)) :neNa<ty < - <t, < b} .
1
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In general, L(y) > p(v(a),v(b)). A metric space is a length space if p(z,y) is equal
to the infimum of the lengths of continuous curves joining z and y. A length space
is a geodesic length space if, for any pair z,y there exists a continuous curve y: I =
[0,1] — X with v(0) = z,v(1) =y and

Vs,tel, p(v(s),7(t) = |t - slo(=,y).

Such a curve is called a minimal geodesic. The crucial property for us is that (X, p)
is a length space. The fact that minimal geodesic exist is related to the completeness
of the space (more precisely, to the fact that balls are relatively compact). Note that
length spaces are locally path connected (every neighborhood of a point contains
another neighborhood that is path connected). The next theorem gathers properties
discussed in [88, 89, 90, 91].

Theorem 2.11. — Let (&, D(8)) be a strictly local regular Dirichlet form on L*(X, p).
Assume that (A1)-(A2) hold true. The following properties are satisfied:

1. For any subset V C X, the distance function
fri X [0700)7 T = p(:E;V)

is in Froe(X) N €(X) and dT(fv, fv) < dp.

2. For each z € X and r > 0, the ball B(x,r) is connected. Moreover, B(z,r) =
{y : p(z,y) < r} and is compact.

3. The metric space (X, p) is a geodesic length space.

4. Let v : I =[a,b] —» X be a continuous path without self-intersections joining x
to y. Let U be an open set containing y(I) and N (U,~) be the set of all open
subsets of U that contain v(I). The length of v can be computed as follows:

L(%) = sup{u(z) — u(y) : V € N (U, 7),u € E(V) N Fioe(V), dT(u,u) < dps}

For an excellent introduction to length spaces including a discussion of the abstract
version of the Hopf-Rinow-Cohn-Vossen theorem, see [22].
Finally, we introduce the intrinsic distance py associated with an open set U C X.

Definition 2.12. — Let U be an open set in a length metric space (X, p). Set
pu(z,y) = inf{L(7) : 7 : [0, 1] = U continuous, 7(0) = z,(1) =}

If U is not connected, there are points z,y such that py(z,y) = co. However, if U
is connected then py(z,y) is finite for all z,y € U (see, e.g., [22, Ex. 2.4.15]).

The fourth statement in Theorem 2.11 is very relevant to the last definition and
gives the following.

Proposition 2.13. — Let (5, D(&)) be a strictly local regular Dirichlet form on
L%(X, ). Assume that (A1)-(A2) hold true. Then

pu(z,y) = sup {u(z) — u(y) : v € GU) N F1oc(U), dl'(u,u) < dpu}.
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As we shall see later in Remark 2.35, the distance function py can be viewed as the
distance p%p defined at (2.1) with respect to the regular Dirichlet form (65, (é’g))
U

which is, by definition, the closure of (85, F(U)). This form is discussed in detail in
Section 2.4.1 below. We call it the Dirichlet-type Dirichlet form on U, as it corresponds
to imposing the Dirichlet boundary condition along OU. This observation and [88,
Lemma 1’] yield the fact that, for any fixed z € U, the function f, : y — py(z,y) is
in B(U) N F1oc(U) and satisfies dT'(fz, fz) < 1, a.e..

The following definition will be crucial for our purpose.

Definition 2.14. — Let U be an open set in a length metric space (X, p). Let U be the
completion of the metric space (U, py), equipped with the natural extension of py to
UxU.

Of course, this means that U is the quotient of the set of all Cauchy sequences in
U by the usual equivalence relation.

Definition 2.15. — The open metric balls in (U, py) and (ﬁ, pu) are denoted respec-
tively by

By(z,r)={y €U :p(x,y) <r}, Bg(w,r)={yeU:py(z,y) <r}
where, in the first case, x € U, and in the second case, x € U.

In the case of Euclidean domains, M. Brelot considered the Dirichlet problem in
terms of U in [21].

Remark 2.16. — Observe that (ﬁ, pu) is a length metric space. Observe also that it
is possible that U is not locally compact. For instance, in the Euclidean plane, let

U =(0,1) x (0,1) U (Up2,[(27%7/2,27%) x (0,00)]) .
Then U is given by
U =[0,1] x [0,1] U (U2, [[27%7/2,27¥] x (0, 00)])

and, if we let xo be the point o = (0, 1), none of the balls Bi;(a:o, r), r > 0, is compact

in U because any such ball contains infinitely many disjoint balls of any fixed radius
less than r/8.

2.2.4. The doubling property. — Having at our disposal the intrinsic distance
of the previous section, we can now introduce the notion of volume doubling property.

Definition 2.17. — We say that a measure metric space (X, p, 1) has the volume dou-
bling property if there exists a constant Dy such that the volume growth function
V(z,r) = u(B(z,r)) satisfies

(2.2) Vee X,r>0, V(z,2r) < DoV (zx,r).
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The doubling property has many simple useful consequences. For the convenience
of the reader, we quote here two of them. They will be used throughout this work
without further notice.

The first property we quote gives a controlled comparison between the volumes of
balls of different centers and radii. Namely, if the doubling property holds then, for
any z,y € X and 0 < r < s < 0o, we have

+ s

A
V(z,s) < D3 (%—) V(y,r),

with A = log, Dy. In particular, this gives a polynomial upper bound on the growth
of the volume as r tends to infinity.

The second property gives a power function lower bound on the volume growth.
For this, we need to assume that the metric space (X, p) is a locally compact com-
plete length metric space that is not compact. Under these assumptions, the doubling
property yields the existence of positive constants C, a such that, for any z € X and
0 < s<r < oo, we have

Viz,s) <C (;)a Viz,r).

See, e.g., [83, Sec. 5.2.1]. Note that this last inequality says large balls have volume
bounded below by a multiple of 7* and small balls have volume bounded above by a
multiple s*.

2.2.5. The Poincaré inequality. — This section introduces the Poincaré inequal-
ity that will play a key role in this monograph. In the present general setting, the
relevant inequality is an L? inequality.

Definition 2.18. — Let (&, D(6)) be a strictly local regular Dirichlet form on L?(X, p)
which satisfies the qualitative hypothesis (A1)-(A2). We say that the Poincaré in-
equality holds if there exists a constant Py such that for any x € X, » > 0 and

f € Froe(B(z, 1)),
: 2 2
(2.3) min /B el P [ g,

LeR B(a,r)

From a technical viewpoint, one of the most important properties related to the
above Poincaré inequality is that, assuming that the doubling condition is satisfied,
it is equivalent to the a priori weaker property that there exists a constant P§ and a
k > 1 such that for any z € X, r > 0 and f € F1..(B(z, kr)),

(2.4) mon [ -gPaus<ry? [ angp.
§eR B(z,r) B(z,kr)

See, e.g., [83, Sec. 5.3] and [57, Cor. 9.8]. In fact, [57, Cor. 9.8] shows that one can
even weaken (2.4) further to (at least under the existence of a carré du champ)

1/2
min/ |f—§|d,uSP6’7‘(/ dP(f,f)> .
fER B(a;,'r) B(ka"‘)
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We will not use this last fact in this monograph.

2.2.6. Lipschitz functions

Definition 2.19. — Given a metric space (X, p), a function f on X is said to be a
Lipschitz function if there exists a constant C such that

Vz,y € X, |f(z) - f(y)| < Cp(z,y).

The smallest constant C for which this inequality holds is called the Lipschitz constant
of f. We let Lip(X) be the space of Lipschitz functions on (X, p), Lip®(X) be the
space of bounded Lipschitz functions on (X, p), and Lip,(X) be the space of Lipschitz
funtions with compact support.

Remark 2.20. — Let (&, D(8)) be a strictly local regular Dirichlet form on L?(X, u)
satisfying (A1)-(A2). Let f € G(X) N F1oc(X) be such that

dU(f,f)/du <1, ae..

Then f is Lipschitz in (X, p) with Lipschitz constant at most 1. See the definition
of p.

Given any set A, the function fa(x) = p(z, A) is a Lipschitz function on (X, p). By
Theorem 2.11, when p is the intrinsic distance associated with a strictly local regular
Dirichlet space satisfying (A1)-(A2), fa is in §(X) N F1,.(X). However, in general,
there is no reason to believe that a Lipschitz function for p is necessarily in F,.(X).
The following proposition addresses this issue. See [63, Corollary 3.6] and [101]. The
reader should note that we use sup f to mean the essential supremum of f relative to
the underlying measure p unless stated otherwise.

Proposition 2.21. — Let (&, D(6)) be a strictly local regular Dirichlet form on
L?(X, ) which satisfies the qualitative conditions (A1)-(A2) and admits a carré du
champ Y. If f € Lip(X) with Lipschitz constant k then f € F1,.(X) and

k= sup VIS, )

In particular, Lip(X) coincides with the space
{f € B(X)NFoe(X) : SI;(pT(f, f) < oo}

Corollary 2.22. — Referring to the setting of Proposition 2.21, let U be an open subset
of X . Every function on U which is Lipschitz with respect to py with Lipschitz constant
k is in F1o.(U) and satisfies

(2.5) k> sup / T(f, f)-
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Proof. — Let f be k-Lipschitz in (U, py). For any open ball B = B(z,r) in (X, p)
such that p(B,8U) > 2r, the restriction f|p is Lipschitz with respect to py and thus
with respect to p since p = py in B. Therefore we can extend f|p to some compactly
supported Lipschitz function f’ on (X, p) with the same Lipschitz constant k. We
have f = f’ in B. Using Proposition 2.21 and the local property of dI', we see that
f€e D(&), f € F(B) and

k= sup VYL ) > sup VYIS, )

This holds for any open ball B = B(z,r) in (X, p) with p(B,X \ U) > 2r, therefore
f € Froe(U) and (2.5) holds. O

The following result follows from the work of P. Hajlasz and his collaborators.
See [55, 56]. We will actually give a version of the relevant argument, in a slightly
different context, in Chapter 3. See Theorem 3.30.

Theorem 2.23. — Let (&, D(8)) be a strictly local regular Dirichlet form on L?(X, p)
which satisfies the qualitative hypotheses (A1)-(A2) and admits a carré du champ.
Assume further that the doubling property and the Poincaré inequality are satisfied.
Then the space Lip,(X) is a dense subspace of the Hilbert space D(68).

2.2.7. The heat semigroup. — Any Dirichlet form (&, D(&)), D(&) € LA(X, p),
yields a strongly continuous self-adjoint semigroup of contractions, Py, t > 0, acting
on L%(X, ) which preserves positivity, i.e., satisfies 0 < f <1 = 0 < P,f < 1. The
infinitesimal generator L of this semigroup can be obtained from the Dirichlet form
as follows. Its domain PD(L) is the subset of D(&) of those functions u for which there
exists a constant C such that, for any v € D(8), &(u,v) < C||v||2. On this domain,
L is defined by (Lu,v) = &(u,v). It is a self-adjoint operator and D(&) = D(v/-L),
&(u,v) = (v/—Lu,+/—Lv). Moreover, the formula P; = e~ can be understood in the
sense of spectral theory and of the associated functional calculus, that is,

oo
P=e" = / e dEy
0
where —L = fooo AdE) is a spectral resolution of —L.

2.2.8. Local weak solutions of the Laplace and heat equation. — The notion
of weak solution plays a crucial role in the result presented in this monograph. It is
useful here to introduce these notions in the general context of a strictly local Dirichlet
space (6, D(8)) on L?(X, u), without additional restrictive hypotheses.

For this purpose, for any open set V' C X, note that the definition of F,.(V)
makes sense in this general context, and let F.(V') be the set of functions in D(&)
that have compact support in V' (see Lemma 2.5). For u € ¥ ,.(V) and v € F(V),
note that we can define &(v,u) by setting

E(w,u) = (v, u®)
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for any u# € 9(&) such that u = u# a.e. in a neighborhood of the compact support
of v (see the definition of &,,.(V')). This does not depend on the choice of u# because
of strict locality.

It is important to observe that the notions of local weak solution introduced below
depends not only on the Dirichlet form (&, 9(&)) but also on the topology of X. This
is because the test functions will be required to have compact support in some open
subset of X.

2.2.9. Local weak solutions of the Laplace equation. — Identify L?(X, 1) with
its dual using the scalar product. Let V be a nonempty open subset of X. Consider
the subspace 7.(V) C D(8) C L?(X, ) and their duals L2(X, u) C D(8) € F(V)'.
We will use the brackets (-, -) to denote duality pairing between these spaces.

Definition 2.24. — Let V be a nonempty open subset of X. Let f € F.(V)'. A function
u:V — R is a weak (local) solution of Lu = f in V if

1. u e gloc(V);
2. For any function ¢ € F.(V), &(d,u) = (@, f).

Remark 2.25. — If f can be represented by a locally integrable function in V' and
u is such that there exists a function u* € 9D(L) (the domain of the infinitesimal
generator L) satisfying u = u*|,, then u is a weak local solution of Lu = f if and only
if Lu*|,, = f aein V.

Remark 2.26. — The notion of weak local solution defined above may contain implic-
itly a Neumann type boundary condition if X has a natural boundary. Consider for
example the case when X is the closed upper-half plane P, = R_i equipped with its
natural Dirichlet form

a0 = (

Let V = {z = (z,y) : 2+ y% < 1;35 > 0} C P,. Note that V is open in P, . Let u be a
local weak solution of Au =0 in V. Then u is smooth in V' and must have vanishing
normal derivative along the segment (—1, 1) of the real axis.

of
ox

2 |of? 12
+l6—y d\, feWHR2).

2.2.10. Local weak solutions of the heat equation. — This section introduces
local weak solutions of the heat equation d;u = Lu in a time space cylinder I x V
where [ is a time interval and V' is an nonempty open subset of X.

Given a Hilbert space H, let L2(I — H) be the Hilbert space of those functions
v: I — H such that

1/2
lvll2(1—m) = ( /1 ||v(t)||§,dt) < .

Let W'(I — H) C L*(I — H) be the Hilbert space of those functions v : I — H in
L?(I — H) whose distributional time derivative v’ can be represented by functions in
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L?*(I — H), equipped with the norm

lebwcrm = ([ Aol + @) < oo
Given an open time interval I, set
T x X)=L*(I — D(E))NWHI — D(8)).
Given an open time interval I and an open set V C X (both nonempty), let
Froc(I X V)

be the set of all functions v : I X V — R such that, for any open interval I’ C I
relatively compact in I and any open subset V' relatively compact in V there exists
a function u# € F(I x X) satisfying u = u* a.e. in I’ x V. Finally, let

Fe(IxV)={veF(xX):v(t,-) has compact support in V for a.e. t € I'}.

Definition 2.27. — Let I be an open time interval. Let V be an open subset in X and
set @ = I x V. A function u : Q — R is a weak (local) solution of the heat equation
(0t — L)u=0in Q if

1. (TS gloc(Q);

2. For any open interval J relatively compact in I and any ¢ € .(Q),

/J /V POududt + /J £t ), ult, ))dt = 0.

As noticed in the elliptic case, this definition may contain implicitly some Neumann-
type boundary condition along a natural boundary of X.

As a first example, note that if f is in L2(X, u) then P, f = et f is a weak solution
of the heat equation in I x X for any bounded time interval I C (0,00) (in the
sense introduced above). The next lemma produces more interesting local solutions.
Its origins are in the work of Aronson [6]. See the “Extension Principle” on page 621
of [6].

Lemma 2.28. — Assume that (&, D(8)) is regular and strictly local. Let ¢ € D(&E)
and set

(2:6) o(t, z) = { Pip(z) ift >0,

o(z) ift<0.

Then v € Joc(R x X). Moreover, if V is an open set such that ¢|,, =1 then v is a
local weak solution of the heat equation in R x V.

Proof. — For the first assertion, it suffices to show that v is in F(I x X) for any
bounded time interval I. As &(Pi¢, Pip) < &(d,¢), it is clear that v is a bounded

SOCIETE MATHEMATIQUE DE FRANCE 2011



34 CHAPTER 2. HARNACK-TYPE DIRICHLET SPACES

continuous function from R to 9(&). Hence v € L?(I — D(8)). The interesting part
is to show that v € W1(I — D(8)’). Set

—LP,g(z) ift>0,

¢(t’x)={ 0 ift<0

We first show that v is the distributional time derivative of v, i.e., v/ = 1. The only
difficulty is on the positive side, at ¢ = 0. But, by spectral theory,

) ,)dt = s—LPd= | oo—/\‘t"dE dt = Py — ¢ = v(s,-) — v(0, ).
/0”’“”/0 tqst/O/O e dErgdt = Pup— ¢ = v(s, ) — v(0, )

We are left to show that v'(¢,-) is in D(&)" with uniformly bounded norm. But, for
any t > 0 and u € D(8),

0/ = [ (~LPg)uds = E(Pigy)

and thus
(v, ), w)| < 6(o, $)E(u, u)
as desired. Hence, v € ¥ (I x X) for any bounded time interval I. This proves the first
assertion. Note that the hypothesis that the Dirichlet form is regular strictly local has
not been used so far.
Assume now that ¢ is equal to 1 in the open set V. To show that v is a local weak
solution in R x V it suffices to show that for almost every ¢ and any q € & (R x V),

[avan+ [aryiat, ), Ndn=o0.

Recall that v’ = 9 (see above). Both integrals are clearly 0 for negative ¢. For positive
t, the equality above easily follows from the fact that v(¢,-) = Pi¢p and ¢,q € D(&). O

2.3. Harnack-type Dirichlet spaces

In this section we introduce the notion of Harnack-type Dirichlet space and discuss
the main properties of these spaces.

2.3.1. Parabolic Harnack inequality. — The following is the main definition of
this section. See Figure 1 below. We keep the notation introduced in the previous
sections.

Definition 2.29. — A regular strictly local Dirichlet space (X, u, &, D(8)) is of Har-
nack type if the distance pg satisfies the conditions (A1)-(A2) of Section 2.2.3, and
the following uniform parabolic Harnack inequality holds. There exists a constant Hy
such that, for any z € X, r > 0, and any non-negative weak solution u of the heat
equation 8;u — Lu = 0 in (0,72) x B(z,r), we have

(2.7) sup u(t,z) < Hy inf wu(t,z),
(t,2)EQ— (t,z)€Q+
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FIGURE 1. The cylinders Q_,Q+ C Q, VT =R=r

On a Harnack-type Dirichlet space, any positive solution
of the heat equation in Q satisfies sup{u} < Hyp ian{u}.
Q- +

R/2

T/4

T/4

T/4

T/4

where Q_ = (r2/4,72/2) x B(z,7/2), Q+ = (3r?/4,72) x B(z,7/2) and both sup and
inf are essential, i.e., computed up to sets of measure zero.

Any Harnack-type Dirichlet form (&, D(&)) satisfies the following elliptic Harnack
inequality (with the same constant Hy as in (2.7)). For any z € X and 7 > 0 and any
non-negative weak solution u of the equation Lu = 0 in B(z, 2r), we have

2.8 sup u < Hy inf wu.

( ) B(z,r) 0 B(z,r)
This elliptic Harnack inequality is weaker than its parabolic counterpart. See [58] for
a discussion of situations where they are equivalent.

The following variant of the Harnack inequality (2.7) is sometimes useful. We men-
tion it for the record. Fix parameters 7,0 € (0,1) and 0 < e < < 0 < 1. If
(X, i, &, D(8)) is of Harnack-type then there exists a constant H{ such that, for any
z € X, r >0, s € R and any non-negative weak solution u of the heat equation
Oy — Lu=01in (s — 772,s) x B(z,r), we have

2.9 sup u(t,z) < H) inf wu(t,z),

(2.9) i (t,z) < H - (t,z)
where Q' = (s — or2,s —nr?) x B(z,0r), Q+ = (s — er?,s) x B(z,0r). The constant
HY depends on the parameter 7,60, ¢,7, o fixed above as well as of the constant Hy.
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One of the important consequences of the Harnack inequality (2.7) is the following
quantitative Holder continuity estimate (see, e.g., [83, Theorem 5.4.7]).

Theorem 2.30. — Assume that (&, D(&)) is a Harnack-type Dirichlet form on
L*(X,p). Fiz T > 0 Then there ezxists o € (0,1) and H; € (0,00) such that any local
(weak) solution of su+Lu=0inQ = (s—7r%s)x B(z,r), s € X, 7 >0 has a
continuous representatwe and satisfies

t,y) —ut,y H
sup { |u(/1y/)2 ult,y) a}é—lsup|u|
)t y)eq it =112+ ps(y,v')] Q

Here Q' = (s — 37r%,s — 27r?) x B(=,7/2) and B(z,r) is a ball in (X,pg) centered
at T.

A crucial consequence of this is that, on a Harnack-type Dirichlet space, local weak
solutions of the Laplace or heat equation are continuous functions (in the sense that
they admit a continuous representative).

2.3.2. Doubling, Poincaré, and Harnack inequality. — The main result con-
cerning Harnack-type Dirichlet spaces is the following theorem of Sturm [89, 92]
which generalizes works by Grigor’yan and by Saloff-Coste mentioned earlier.

Theorem 2.31. — Let (X, u, &, D(&E)) be a strictly local regqular Dirichlet space. As-
sume that the distance pg satisfies the assumptions (A1)-(A2) of Section 2.2.3. Then
the following properties are equivalent:
— The form (&, D(8)) is of Harnack-type, i.e., the uniform parabolic Harnack
inequality (2.7) is satisfied.
— The volume doubling condition (2.2) and the Poincaré inequality (2.3) are sat-

isfied.
— The heat semigroup P, admits an integral kernel p(t,z,y), t > 0, z,y € X and
there exist constants c;, i = 1,...,4, such that

(2.10) ps(z, y)? cs ps(x, y)2>

exp | -2 ) < p(t,z,y) < ———— ex (—
VoD (- ot ) < st Ve ve T\ et
for all z,y € X and allt > 0.

For a complete discussion, see [88, 89, 92]. For a treatment in the case of Rieman-
nian manifolds and comments on the literature, see [83]. For a discussion of related
properties, see [58, 82] and the works by Grigor’yan including [53].

It is easy to see and often useful to observe that, under the doubling condition, the
heat kernel estimate (2.10) is equivalent to the more symmetric estimate

2 2
¢1 exp (__ pg(caiﬂty) ) ¢g €xp (_ pa(cai,ty) )
<p(t,z,y) <

V@OV VE VV (@ VOV (@, V)

for all z,y € X and all t > 0.

(2.11)
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Note that it is not hard to show, that, if the heat kernel exists, it must be a weak
solution of the heat equation. By spectral theory, the time derivatives of any order of
the heat kernel are also weak solutions. This is the starting point of the next theorem
which gathers some properties of the heat kernel.

Theorem 2.32. — Assume that (&, D(6)) is of Harnack-type. Then the heat semigroup
P, = el admits an integral kernel p(t,z,y) (the heat kernel) which is a continuous
function of (t,z,y) € (0,00) X X x X, symmetric in (z,y). For each x, the function
(t,y) — p(t,z,y) is a weak solution of the heat equation on (0,00) x X. Moreover,
there exist a, 8 > 0 and, for each k =0,1,2,..., a constant Cy, such that

¢ @v?)™ (@9
|0 p(t, z,y)| < th(zlj\/E) (1+p5’;y ) exp (_Pé zty )

forallt >0, z,y € X, and

< G (oY

for allt >0, x,y,y' € X with pg(y,y') < Vt.

atkp(t; z, y) - atkp(ta z, y/)

See, e.g., (33, 58, 83]. An even more basic property of Dirichlet forms of Harnack-
type is that the semigroup P; is conservative (we present here one of the several ways
to show this. For a sharp criterion, see [51]).

Lemma 2.33. — Let (6, D(8)) be a Harnack-type Dirichlet form on L?(X, p). For any
t>0and anyz € X,

(2.12) /X p(t, 2, 9)duy) = 1,

in other words the semigroup P; is conservative.

Proof. — Since the semigroup P; is Markovian, we have

/X p(t, z,y)du(y) < 1.
Fix z € X and R > 0. Let
¢r(z) = min(1,max (0, R + 1 — p(z, 2))).
We know that the function ¢ is supported in B(z, R + 1) and is identically one on
B(z,R). Since p(z,-) € F1oc(X) with dI'(p(z,-), p(z,-)) < du by [88, Lemma 1], it
follows that ¢p € ¥(X) C D(6) and dI'(¢pr, ¢r) < dp on X.

Let 1 be the function ¢ defined at (2.6) using the function ¢ = ¢r. Consider the
function

t, d ift>0
'U(t,fl:) — pr( "E’y) y? 1
1, ift<o0
which is the increasing limit of the functions ¥ r by the dominated convergence the-
orem. By Lemma 2.28, each of the functions 9 is a nonnegative weak solution in
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R x B(z,R) of the heat equation. Since 0 < g < 1, by the Hélder estimates of

Proposition 2.30, for for any ¢,t with |t — | < R? and y,y’ € B(z, %) we have

— / N
[¥r(y,t) — YRy, )| < A“t )’ 2}';/’6(2/,?/ )] '

Taking the limit as R — oo, we see that for all y,3’ € X and ¢,#' € R

_41/2 AN
lo(y. 1) — v(y', )] < lim sup {Allt | ;rapa(y,y ) } —o
R—oo

That, is 1 = 1. O

2.3.3. The associated Hunt process and harmonic sheaf. — Chapter 7 of [47]
shows how one can associate (in an essentially unique way) a Markov process with
continuous paths to any strictly local regular Dirichlet space. We will denote this
process by (X;):>0 and we will denote by P, E, the associated probability measure
and expectation on continuous paths starting at z. This means that for any Borel set
A and any continuous bounded function ¢,

P, (X: € A) = P1a(z), Ex(o(X:)) = Pig(x).

Let us observe that, in the case of a Harnack-type Dirichlet space, the Markov semi-
group P; is particularly nice. Its transition function admits a continuous density
p(t,z,y) and P; has the strong Feller property, that is, P; sends &o(X) into itself
and sends the space of bounded measurable functions into the space of bounded con-
tinuous functions. This follows immediately from Theorem 2.32.

Let V be an open subset of X. Then 7y = inf{t > 0: X; € V} is a stopping time
and, assuming X € V and 7v < 00, X, € V. Given a starting point Xo =z €V,
the probability distribution of X, is a probability measure wy (z,-) supported on
0V called the harmonic measure. A continuous function u in an open set U is called
harmonic (for the process (X;):>0) if for any open subset V' relatively compact in U,

Vz eV, u(z) =wy(z,u) = Ez(u(Xr,)).

References for these considerations are {12, 13, 19, 20, 31, 86| among others. The
beginning sections of [12, 13] give a useful overview. The classical treaties [37, 38|
contain much useful information concerning the classical setting. The classical refer-
ences for axiomatic potential theory are [11, 21, 31].

This defines a sheaf of harmonic functions on X. When the underlying strictly local
regular Dirichlet form is of Harnack-type, this sheaf is a Brelot sheaf. See [11, 21]
and also [12, 13]. In particular, there is a basis of the topology made of regular sets,
the Brelot convergence property is satisfied (on an open connected set, the increasing
limit of a sequence of harmonic functions is harmonic if it is finite at one point) and
all relatively compact open sets are resolutive.

A measurable lower semicontinuous function w is superharmonic in U if for any
open subset V relatively compact in U,

Vz eV, wy(z,u) < u(z)

ASTERISQUE 336



2.4. BOUNDARY CONDITIONS 39

and wy (z,u) is harmonic in V. A function p > 0 which is superharmonic on X is
called a potential if its only non-negative harmonic minorant is the constant function
0. The smallest closed set outside of which a potential p is harmonic is called the
harmonic support of p and denoted by S(p). On a strictly local Dirichlet space of
Harnack-type, the axiom of proportionality is satisfied (two potentials on X that are
harmonic on X \ {z} are proportional). Moreover the axiom of domination holds (any
locally bounded potential p which is continuous on S(p) is continuous on X). It follows
that semipolar sets and polar sets coincide.

Let us now observe that, assuming that our Dirichlet space is of Harnack-type, we
can also consider the harmonic sheaf of the local weak solutions of Lu = 0. This is
a sheaf of continuous functions because of Theorem 2.30. We claim that this sheaf
coincides with the sheaf of harmonic functions relative to the process (X;):>0 as
considered above. The fact that local weak solutions of Lu = 0 in an open set V
are harmonic functions in V for the process (modulo the choice of the continuous
representative that exists by Theorem 2.30) follows from [47, Theorem 4.3.2]. One
way to see the converse, i.e., that a harmonic function for the process is a local
solution (in particular, is locally in the domain of the Dirichlet form), is to use [86,
Lemma 3.3] (and, more generally, [86, Chap. 3]).

2.4. Boundary conditions

Given an open set U C X, the aim of this section is to define the heat semigroup
in U with Dirichlet boundary condition (Dirichlet-type heat semigroup) and the heat
semigroup in U with Neumann boundary condition (Neumann-type heat semigroup).
We will also discuss the corresponding notions of weak solutions. Throughout this
section (&, D(8)) is a regular strictly local Dirichlet form on L?(X,u) and U is an
arbitrary nonempty open set in X.

2.4.1. The Dirichlet-type heat semigroup in U. — There are no difficulties
to define the heat semigroup with Dirichlet boundary condition in an open set U.
Consider the restriction of & to the space F.(U) as a form on L%(U,u) (abusing
notation, we write u for ul,, for any open set V). Clearly, this is a symmetric bilinear
closable form.

Definition 2.34. — Let (85, D(5)) be the closure of the form (&, F(U)) in L2(U, p).
Set

F'U) = D(&D)

and

Froe(U)

{ fel? (U, ) : YV C U, open, relatively compact in U,

loc

3f* e F°WU), f* = f ae in V}.
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Note that F°(U) is the closure of F(U) in (D(8), (|| - 2 + &(-,-))*/?). Because
the closable form (&, #.(U)) is Markovian (see [47]), its closure is a Dirichlet form
[47, Theorem 3.1.1]. By definition, it is clear that (&, D(&r)) is regular with core
F(U)NE(U) on U. It is also strictly local.

Remark 2.35. — Note that F2_(U) is not the local domain of 65 on U which, by
definition, is
1?E(U) = {f € L2 _(U,p) :VV compact c U,3f# e F°(U), f#‘v =f a.e.}
= (V).
Consider the two intrinsic (pseudo-)metrics PR pjgg associated with (55, FU))

in Section 2.2.3. If U is a proper open set of X, these two metrics are distinct. By
definition,

pgp (x,y) < max{p(z,U°), p(y,U®)} — min{p(z,U°), p(y,U°)}
whereas, using Definition 2.12 and Theorem 2.11(4),

Note that hypothesis (A2) (i.e., completeness) fails in this case (for both metrics).
If one considers the form (65, F°(U)) on U then it is not regular and the distance
Pep does not define the original topology of U (it does not distinguish between two
boundary points). The equality ng = py is useful because it provides us with the
property that for any subset V' of U, the function

fuv (@) =pu(z,V)
is in F1,.(U) and satisfies
dl'(fu,v, fuv)
dp
Indeed, (65, %(U)) is regular over U and [88, Lemma 1’] applies.

<1 a.e.

Lemma 2.36. — Let (6, D(&)) be a regular strictly local Dirichlet form on L*(X, w)
and U is an nonempty open set in X. Assume that the conditions (A1)-(A2) of Section
2.2.3 are satisfied. Then a function f defined on U belongs to & &C(U ) if and only if,

for any continuous function ¢ defined on X with compact support such that ¢ € D(&)
and dT'(¢, ) /dp < 1 we have ¢f € T°(U).

Proof. — Given a compact set K in U, the intrinsic distance p can be used to con-
struct a continuous compactly supported function ¢x € D(&) with compact support
in X, which is equal to 1 on a neighborhood of K and satisfies dI'(¢x,dx) < 1. As
o f = f on K, if we know that ¢x f is in 9°(U) for any compact K then we must
have f € 73 (V).

Conversely, assume that f € F2 (U). Let ¢ be as in the lemma with compact

support K C X. As f is in F__(U), there exists a function f# € F°(U) which
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coincides with f on Q = KNU. Let f, be functions in & .(U)NE(U) that approximate
f# in the Hilbert space °(U) = @(65). Then ¢f, € D(E) N L°(X, ). Since these
functions are compactly supported in U, they are in & .(U). Now, it is clear that the
sequence ¢ f, converges to ¢f# = ¢f in L?(U,dp). Using Lemma 2.5, it is not hard to
show that the sequence ¢f, is Cauchy in the Hilbert space Fo(U) = @(55). Hence
¢f € F°(U) as desired. O

Definition 2.37. — Let P,ft be the subMarkovian semigroup on L2?(U, u) associated
with (65, @(65)) Let LY be the associated infinitesimal generator.

Note that LY is self-adjoint and non-positive.

Remark 2.38. — The Dirichlet semigroup on U can be described in term of the pro-
cess (X¢){t>0y and the exit time 7y introduced earlier as follows. For any bounded
continuous function ¢ in U, we have

PR1¢(z) = Eo[¢(Xe)1{t<rp)-

See [47, Theorem 4.4.2]. Let us assume that the original strictly local regular Dirichlet
form (&, D(8)) on L2(X, u) admits a locally bounded heat kernel

p(t,z,y), (t,z,y) € (0,00) x X x X.

In this case it is well known that for any open subset U of X, the semigroup P(?t

associated with the Dirichlet-type Dirichlet form (&, @(65)) also admits a locally
bounded kernel pZ (¢, z,y), (t,z,y) € (0,00) x U x U and, moreover, we have (a.e.),

pg(t,z,y) < plt,z,y).

More generally the kernel pg (t,z,y) is a monotone increasing function of the domain
U. When the heat kernel p(¢, z, y) is a continuous function of z,y (e.g., if the original
Dirichlet space is of Harnack-type), one can express the Dirichlet heat kernel for any
open set U using the well-known Dynkin-Hunt formula

pg(t7 z, y) = P(t, z, y) - ]E:L‘[]-{Tust}p(t —TU, XTU7 y)]

Note that this formula captures beautifully the monotonicity of p7 with respect to
the open set U and that p(t,z,y) can be replaced by pe (t,z,y), for any open set V,
UcV cX.

Lemma 2.39. — Let (X,p, &, D(8E)) be a Harnack-type Dirichlet space. Let U be an
open set in X. The heat kernel pH(t,z,y) is a continuous function of (t,z,y) in
(0,00) x U x U and for any x € U, the function y — pP(t,z,y) belongs to S’O(U).

Proof. — Because of symmetry, we have

P2t + 5,2,y) = / PB(t,2, 2)pB(s,9, 2)dp().
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In particular
PR @t,2,2) = [ 1pB (62, du).

This explains why f; . : y — pB(¢,z,y) is in L2(U, dp). Spectral theory and the fact
that pR(t + s,2,y) = P(?tfs,z(y) show that f; . is in F°(U) (in fact, it is also in the
domain of any power of the Dirichlet Laplacian A{,’ ). O

The following Theorem is in part based on the previous remark and lemma. It
gives estimates for the Dirichlet heat kernel p§ in an intrinsic ball B. See [58, Sect.
3.3-3.4].

Theorem 2.40. — Let (X, p, &, D(&E)) be a Harnack-type Dirichlet space.

(i) For any fized € € (0,1) there are constants c1,C1 € (0,00) such that, for any
z,y,2 € X, t,R > 0 such that z,y € B(z,(1 — €)R) and et < R?, the Dirichlet
heat kernel pB, B = B(z, R), is bounded below by

(2.13) PRt z,y) > ‘—/—(:—\/E) exp(—=Cip(z,y)?/t).

(ii) For any fized € € (0,1) there are constants ca,Cy € (0,00) such that, for any
z,y,2 € X, t, R > 0 such that z,y € B(z,R) and t > (¢R)?, the Dirichlet heat
kernel p2, B = B(z, R), is bounded above by

C,

V(z,R)

(iii) There exist constants c3,Cs such that, for any z,y,z € X, t,R > 0 such that
z,y € B(z, R), the Dirichlet heat kernel p§, B = B(z, R), is bounded above by

(2.14) pE(t,z,y) <

exp (—cot/R?)

(2.15) pR(t,z,y) < ‘—,ﬁ exp (—cap(z,y)?/t)

All the constants c;, C; above depend only on the constant Hy appearing in (2.7).

Proof. — The upper bounds in (iii) follows by comparing the Dirichlet heat kernel
pE to the original heat kernel p(t,z,y) in X. The lower bound in (i) follows from
the parabolic Harnack inequality (2.7) and a classical chaining argument (see e.g.,
[58, 83]). Note that in (2.13), z,y stay away from the boundary of the ball B =
B(z, R) and t/R? stays bounded from above. The estimate (ii) follows by changing
notation in [58, Lemma 3.9, part 3. d

2.4.2. Weak solutions with Dirichlet boundary condition along 0U. —
We continue to consider a domain U in a strictly local regular Dirichlet space
(X, u, &, D(E)). We assume that this underlying space satisfies the qualitative prop-
erties (A1)-(A2) of Section 2.2.3 and let py be the inner metric in U from Definition
2.12. Recall that °(U) = D(&5) is the closure of F(U) in D(6).
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Definition 2.41. — Let V be an open subset of U. Set

F2 (U, V) = {feL(V,u):V open QCV rel cpt. in U with
pu(Q,U\V) >0, 3f*c F°(U): f* = f p-ae. on Q}

Let us give an alternative equivalent definition of o (U, V) that refers to the set

U viewed as a subset of U.

loc

Definition 2.42. — Given an open set V in U, let V# be the largest open set in U
which is contained in the closure of V in U and whose intersection with U is V.

Remark2 43. — This means that V# is obtained by adding to V' those points in
U \ U that are in the interior of the closure of V in U. For instance, if z € U and
V =U\{z} then V¥ isU \ {z}. If z € U and

V =By(z,r)={y€U:p(z,y) <r}

then
# _ p.
V# = By(z,r) UE(U,z,1)

where E(ﬁ, z,r) is the “exceptional” set of those points z € ﬁ\ U that are interior
points of the closed ball {y € U : py(z,y) < r} and satisfy py(z,z) = r. Typically,
E(U,z,r) is empty.

Example 2.44. — Let R™ be equipped with its usual Euclidean structure and U =
IEQ{:E = (Z1,.-.,%pn) : Tn > 0}. Let V= {z = (21,...,2s) : o > 0, ||lz|| < r}. Then
U={r=(21,.--,2n) : T, > 0} and V# = {z = (z1,...,2Zs) : Tn, > 0, ||z|| < }.
The added set is {z = (z1,...,0) : ||z|| < r}.

Lemma 2.45. — Let V be an open subset of U. A function f is in g?oc(U, V) if and
only if, for any open set Q C V that is relatively compact in V#, there exists a function
f* € F°(U) such that f# = f on Q.

Proof. — To say that a set A C V is relatively compact in V# is to say that py (A4, ﬁ\
V#) > 0 and, by continuity, py(A4,U \ V#) = py(A,U \ V). The lemma follows. [

The next lemma gives yet another equivalent definition of #1, (U, V).

Lemma 2.46. — Let V be an open subset of U. A function f € F1,.(V) is in
F° (U, V) if and only if, for any bounded function ¢ € F (U) with compact support

loc

contained in V# and such that dT'(¢, $)/du € L*®(U,dp), we have ¢f € 9’0(U).

Proof. — Suppose that ¢f € F 0(U ) for any ¢ as in the lemma. For any fixed open set
Q C V which is relatively compact in V#, we can pick ¢ to be an appropriate cut-off
function with compact support in V# and equal to 1 on Q. Such cut-off function can
easily be obtained using the inner distance function py. See Remark 2.35. Then, by
assumption f#* = ¢f € F°(U) and f# = f on Q. Hence f € F2 (U, V).
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In the other direction, assume that f € FC_(U,V). Let ¢ be as in the lemma
with compact support K C V# in U. As f is in F2 (U,V) and K is compact in
V# there exists a function f# € F°(U) which coincides with f on @ = K N U.
Let f, be functions in .(U) N €.(U) that approximate f# in the Hilbert space
FU) = D(ED).

Let ¢,, be functions in D(&)NL> (X, 1) which coincide with ¢ on the support of f,.
Then ¢y, frn = ¢fn € D(E)NL>®(X, ). Since these functions are compactly supported
in U, they are in Z.(U). Now, it is clear that the sequence ¢ f, converges to ¢f# = ¢ f
in L?(U, du). Using Lemma 2.5, it is not hard to show that the sequence ¢ f,, is Cauchy
in the Hilbert space 7°(U) = D(&p). Hence ¢f € F°(U) as desired. O

Next we define the notion of a local weak solution of the elliptic equation Lu = f
with Dirichlet boundary conditions along oU.

Definition 2.47. — Let V be an open set in U. Let f € F.(V). We say that a function
u:V — R is a local weak solution of the equation Lu = f in V' with weak Dirichlet
boundary conditions along U if

1. The function u belongs to F2 (U, V);

loc

2. For any function ¢ € F.(V), [, dl(¢,u) = [, ofdp.

In other words, a function u is a local weak solution of the equation Lu = f in V'
with weak Dirichlet boundary conditions along QU if it is a local weak solution of the
elliptic equation Lu = f in V which, in addition, belongs to & ?OC(U, V) (condition
(1)). Condition (1) captures the vanishing of u along the portion of the boundary 68U
that touches V.

Next, we will define the notion of a weak solution of the heat equation in Q = I xV

with Dirichlet boundary conditions along OU. Set
FUI x U) = L*(I -» F°(U)) nW(I — F°(U)").
Given an open interval I and an open set V C U, let Q =1 x V and let
TV, Q)

be the set of all functions v : @ — R such that, for any open interval I’ C I relatively
compact in I and any open set Q C V relatively compact in U with py(Q,U\ V) > 0,
there exists a function u# € F°(I x U) such that u# = u a.e. in I’ x Q.

Definition 2.48. — Let I be an open time interval, V be an open set in U and let
Q =1 xV. A function u : @ — R is a weak solution of the heat equation in Q
with weak Dirichlet boundary conditions along OU if the following two conditions are
satisfied:

1. The function u belongs to 3 (U, Q).
2. For any open interval J relatively compact in I,

Vo e F(Q), /I/‘/df(¢(t,‘),u(t,~))dt+/J/Vantu dudt = 0.
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2.4.3. The Neumann-type heat semigroup in U. — The definition of the
Neumann-type heat semigroup in an arbitrary open set U is more subtle than the
corresponding Dirichlet case. Consider first the case of an open set U in R™. Recall
that W1(U) is the subspace of L2(U) of those functions whose first order partial
derivatives in the sense of distributions can be represented by functions in L2(U).
The space W (U) equipped with the norm ([, |f|?> + [V £|?dA)'/? is a Hilbert space
and 5g(f7g) = fU Vf-Vgd) f,g € WL(U) is a strictly local Dirichlet form. The
subtle question in this case is whether or not this form is regular on U. Indeed, in
general, it is not true that functions that are smooth in U are dense in W(U). For
general Dirichlet spaces, the question of defining a Neumann-type Dirichlet form in
subdomains has its origin in the work of Silverstein (e.g., [86]) and is discussed in
[27, 28, 68, 86].

Definition 2.49. — Let (&, D(8)) be a strictly local regular Dirichlet form on L?(X, u)
with energy form I'. Let U be an open set in X. Recall that

FWU) = {feLz(U,,u):/UdFU(f,f)<oo}.

Set
EN(f,9) = /U dr(f,g9), f.9€ IU).

The main point of the following proposition is that this form is closed. It is quite
clear that it is Markovian (see [47]) and strictly local. We note that the restrictive
hypothesis that (A1)-(A2) hold are not necessary for the result to hold but that the
proof given below makes use of this hypothesis. See [27, 68] for a discussion of the
result in more general contexts.

Proposition 2.50. — Let (&, D(5)) be a strictly local regular Dirichlet form on
L?(X,p) such that the conditions (A1)-(A2) of Section 2.2.3 are satisfied. Then the
form

N
(by, F(U))
is a strictly local Dirichlet form.
Proof. — For any compact subset V' of U, set
Yy (z) = max{0,1 — 2p(z,V)/p(8U,V)}.
This function is continuous, identically equal to 1 in V' and compactly supported in U.
Let V' be the compact support of ¢y . By Theorem 2.11(1), it belongs to ¥.(U) and

satisfies dI' (v, ¥y) < Cydp for some constant Cy. By Lemma 2.5, if u € F,.(U)
then ¢Yyu € F.(U) and

EWvu, Pyu) < 2Cy (/V’ |u|?dp + /V’ dl"(u,u)) .

Let (u;)3° be a Cauchy sequence for the norm N(u) = ([, |ul*du + &0 (u, u))2/2.
Let u € L2(U, u) be its limit in L2(U, ). For any compact set V C U, the sequence
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Yy, is Cauchy in (|| - |2 + &(-,-))'/2. It follows that it converges to ¥yu in D(E).
Since ¥y = 1 on V, it follows that u € Z1,.(U). We claim that the Radon measures
I'(u;,u;) form a Cauchy sequence in total variation. This easily follows from the fact
that I'(u;, u;) —['(uj,u;) = I'(u; —uj, u;+u;) and the hypothesis that (u;)$° is Cauchy
for the norm N. Let v be the Radon measure on U with finite total variation that
is the limit of the sequence I'(u;, u;). Since v coincides with I'(u,u) on any compact
subset of U, we must have v = ['(u,u). Hence [, dl'(u,u) < co and u € F(U). A
similar argument shows that the sequence of Radon measures I'(u;,u) is Cauchy in
total variation and its limit coincides with I'(u,u). As I'(u — u;,u — u;) = I'(u,u) —
2I'(u, u;) + I'(us, ui), it thus follows that

lim / dl'(u — us,u —u;) = 0.
1—00 U

That is, u; tends to u in the norm N. This proves that the form (&g, F(U)) is closed
as desired. a

Definition 2.51. — Let (&, D(8)) be a strictly local regular Dirichlet form on L2(X, i)
such that the conditions (A1)-(A2) of Section 2.2.3 are satisfied. Let P{}ft be the
reversible semigroup on L2(U, 1) associated with the Dirichlet form (&5, F(U)). We
call this semigroup the Neumann-type heat semigroup in U.

It should be noted that the Dirichlet form (&, D(&)) is not regular on U (when
# X) and not always regular on U, the closure of U. Later we will show that this
form is regular on U under the hypothesis that X is of Harnack type and U is inner
uniform in X.

Proposition 2.52. — Let (&, D(&)) be a Harnack-type strictly local regular Dirichlet
form on L%(X, ). Let U be an open subset of X. Then the Neumann-type heat semi-
group PIIJ\; admits a continuous kernel pfY (t,z,y), (t,z,y) € (0,00) x U x U.

Proof. — 1t is not hard to see that for any f € L*(U, u), u(t,z) = P, f(z) is a local
weak solution of the heat equation (for (&, D(&))) in U. As we assume that (&, D(8))
is of Harnack-type, this implies that u(¢,z) is continuous in U and it easily follows
that P{}{t admits a locally bounded kernel which is itself a local weak solution of the
heat equation in U. For details, see the arguments used in [89, Sect. 2.4]. Naturally,
we will refer to ply (t,z,y) as the Neumann-type heat kernel in U. Please note that,
without further assumption on the boundary of U, the continuous Neumann-type heat
kernel may not extend continuously to the boundary of U and may be unbounded
on U for fixed ¢t > 0, i.e., it may happen that P{}{t is not ultracontractive, even for
bounded U. 0O

2.4.4. Weak solutions with Neumann boundary condition along 0U. — In
Section 2.2.8, we pointed out how the Neumann boundary condition may be contained
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in the definition of local weak solution. Nﬂlely, consider the example of the upper-
half space R%;. Consider its closure X = R} = {z = (x;)} : £n > 0} equipped with
the classical Dirichlet form

/ IV£I2d\, feWHRTE).
R

Because we are working on R (and not R"), this strictly local Dirichlet form is reg-
ular. Applying the notion of local weak solution of the heat equation to this example,
say in (0,00) XV with V = {z = (z;)T € X : ||z|| < 1}, the trace of the open Euclidean
unit ball in R?, we obtain solutions u of the heat equation in (0, 00) x (R} NV') which
satisfy the Neumann condltlon = 0 along the boundary {z = (z;)} : z, =0} NV.

In order to generalize this 1dea in the case of a general open set U in a strictly
local regular Dirichlet space, it is crucial to introduce the correct “closure” of U.
Even for domains in Euclidean space, the usual closure is not, in general, the correct
notion to use. A good simple example to keep in mind is the case of the slitted plane
R?\ {(z,y) € {0} x (—00,0]}. Instead of the usual closure U of U in (X, p) we will
use the abstract completion U of (U, pv) introduced in Definition 2.14.

Fix a regular strictly local Dirichlet form (&, D(&)) on L%(X, u). Let U be an open
subset of X. Note that for any open subset V of U and any open time interval I, the
notion of local weak solution of the heat equation in Q = I XV is the same whether we
consider the (global) Dirichlet form (&, 9(&)) on X or the Neumann-type Dirichlet
form (&, F(U)) on U.

Now, things are different if we assume that the intrinsic distance p satisfies the
conditions (A1)-(A2) of Section 2.2.3, that (U pu) is locally compact, and consider
the Dirichlet form (&py, #(U)) as a Dirichlet form on U. Then, given an open set
V C U as above, consider any open set V' in U such that V' N U = V. With this
data, any local weak solution u of the heat equation for (&5, F(U)) in Q' = I x V' is
a local weak solution of the heat equation for (&, 9(&)) in @ but, in addition, must
satisfy some additional property related to the “boundary” ﬁ\ U. In general, it is not
possible to describe this additional condition in any other terms than those used in
the definition of a local weak solution in @’. However, in the case when U is an open
set in Euclidean space and ﬁ\ U is made of smooth enough pieces, this condition
indeed requires that % = 0 along the relevant portions of ﬁ\ U.

Although it is not strictly necessary, we introduce the following definition which
captures what has just been said above. Recall from Definition 2.42 that, given an
open set V in U, V# denotes the largest open set in U which is contained in the closure
of V in U and whose intersection with U is V. This means that V# is obtained d by
adding to V those points in U \ U that are in the interior of the closure of V in U.

Example 2.53. — For z € U and V = By(z,r), the set V# = By(z,r)# is the
interior of the closure of By(z,r) in U. If no points of {y € U : py(z,y) = r} are
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interior in the closure of By (z,r) in U (in a sense, this is the generic case), then
BU(:E)T)# = Bﬁ(.’l),?")

Definition 2.54. — Fix a regular strictly local Dirichlet form (&, D(&)) on L?(X, p)
satisfying the conditions (A1)-(A2) of Section 2.2.3. Let U be an open set in X. Let V
be an open set in U and V# C U be as defined above. Let I be an open time interval
and Q=IxV,Q# =IxV#,

A function u : @ — R is called a local weak solution of the heat equation (for
(X, 6, D(8))) in Q with Neumann condition along the boundary of U if it is a local
weak solution of the heat equation for (U, &y, 7 (U)) in Q*.

Remark 2.55. — In this definition, we used the sentence “with Neumann boundary
condition along the boundary of U”. Similarly, in the title of this subsection we wrote
“with Neumann boundary condition along OU”. Nevertheless, the “boundary” that is
relevant here is ﬁ\ U which is possibly very different than the boundary of U in X.
For instance, on a slitted plane, the relevant Neumann boundary condition holds on
both side of the slit.
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CHAPTER 3

THE NEUMANN HEAT KERNEL
IN INNER UNIFORM DOMAINS

This chapter contains some of the crucial technical material necessary to obtain
our main results. The first section introduces the notion of an inner uniform domain
which plays a key part in our results as already explained in the introduction. The
second section contains the statements of our main results concerning Neumann-
type Dirichlet forms, namely, that the Neumann-type Dirichlet form on any inner
uniform domain of any Harnack-type Dirichlet space with a carré du champ is, itself,
of Harnack-type. The third section proves that the Poincaré inequality holds true on
the inner balls of an inner uniform domain in a Harnack-type Dirichlet space. This
is the main technical result of this monograph and all our other results rest on it.
The fourth and last section uses the Poincaré inequality of Section 3 to prove the
statements announced in Section 2 concerning the Neumann-type Dirichlet forms and
heat kernels in inner uniform domains.

3.1. Inner uniform domains

3.1.1. Uniform domains. — Recall that, in any metric space, the length of a
continuous curve 7 : I = [a,b] — X is given by

n
L(v) = sup {Z p(v(t:),Y(ti-1)) :n€EN,a<tg <+ <ty < b} :
1
In general, L(y) > p(v(a),v(b)). A metric space is a length space if p(z, y) is equal to
the infimum of the lengths of continuous curves joining z to y.
A length space is a geodesic length space if, for any pair z,y there exists a contin-
uous curve v : I = [0,1] — X with v(0) = z,7(1) = y and
Vs,t € I’ P(’Y(S),’Y(t)) = It - S|p(l‘,y)
Such a curve is called a minimal geodesic (parametrized by a multiple of arc length).
One of the basic results in this context states that, in a complete locally compact

length metric space, any two points can be joined by a minimal geodesic (e.g., [22,
Theorem 2.5.23]).
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banana region around path
path from x toy in U

FIGURE 1. The banana condition

Definition 3.1. — Let U be an open connected subset of a length metric space (X, p).
We say that U is uniform if there are constants cg,Co € (0,00) such that, for any
z,y € U, there exists a continuous curve v,y : [0,1] — U with v(0) =z, y(1) = y
and satisfying the following two properties:

1. The length L(v,,y) of vz, is at most Cop(z,y).

2. For any z € v;,4([0,1]),

p(z,2)p(2,y)
p(z,y)
Note that max{p(z,z), p(z,y)} > p(z,y)/2. Hence (3.1) is equivalent to

p(z,0U) > cymin{p(z, ), p(z,y)}-

Condition (3.1) is a banana-type (or cigar) condition.

There is another definition of uniform sets that appears in the literature and may
actually be more common. The two definitions yield different classes of sets in general
but it is known and we will show below that the two definitions are equivalent when
the metric space (X,p) is equipped with a measure p which is doubling. For our

(3.1) p(z,0U) > co
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purpose and in order to distinguish the two definitions, we call the sets defined below
length-uniform.

Definition 3.2. — Let U be an open connected subset of a length metric space (X, p).
We say that U is length-uniform if there are constants ¢y, Cp € (0,00) such that, for
any z,y € U, there exists a continuous curve v, 4 : [0,1] = U with v(0) =z, y(1) =y
and satisfying the following two properties:

1. The length L(7yz,y) of 7z, is at most Cop(z,y).

2. For any z € v;,4([0,1]),

L(7[z,z])L(7[z,y])
L('Y:c,y)

where for any z = 75,4 (), 2’ = Y2,4(5'), 0 < 8 <8 <1, L(Vz,2)) = L(V[s,s1))-

(3.2) p(z,0U) > ¢

Proposition 3.3. — Assume that (X, p) is a complete locally compact length metric
space with the property that there exists a constant D such that, for any r > 0, the
mazimal number of disjoint balls of radius r/4 contained in any ball of radius r is
bounded above by D. Then any connected open subset U of X is uniform if and only
if it is length-uniform.

Proof. — As L(7};,.) > p(2,2') for any 2,2’ € 75,4([0,1]), it is clear that a length-
uniform domain is uniform. To prove the converse, we follow closely the straightening
technique of [70, Lemma 2.7].

Let U be a uniform domain and z,y € U. Let 4/ be a path from z to y satisfying
the conditions (1)-(2) of Definition 3.1. Let zp be a point on ' such that p(z,zo) =
p(y, o). Such a point exists by a continuity argument. Observe that we must have
p(z,y) < L(Y') < Cop(z, y)

We are going to construct a path v, from z¢ to x that will replace the portion of
~' between zo and z and a path ~; from zg to y that will replace the portion of 4/
from z¢ to y.

Fix € € (0,¢0) to be chosen later (co as in Definition 3.1(2)). Let ¢y be the time
parameter such that v'(¢9) = . Define ¢ € [0,t0], z1 € v'([0, to]) by

t1 = inf{t € [0,t0] : p(v'(t),7'(t0)) < ep(x,20)/2}, 1 =7'(t1)

and set r; = min{p(z, o), p(x,z1)}. Assuming that t;,z; =~'(¢;), j =0,...,1, have
been constructed, set r; = min{r;_1, p(z, z;)} and

tiy1 = inf{t € [0,;] : p(7'(t),7'(t:)) < €ri/2}, Tiv1 =7'(tit1).

It is possible that z; = x in which case x; =z, r; =0 for all j > 1.

Observe that, by construction and because ' satisfies condition (2) of Definition
3.1, each ball B(z;,er;) is contained in U. We claim that there exists N such that, for
any ¢ and any k > N

1
(33) Tit+k S 57‘1.
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Suppose that for some i,k we have r; > r;/2 for j =i+ 1,--- ,i+ k. This implies
that z; # x, ¢ < j < i+k, and that z,, ¢ B(zj,er;/2) fori < j <n <i+k. It follows
that the balls B(z;, er;/8) are disjoint. Moreover,

B(zj,erj/2) C B(z,(1+¢€/2)r;) C B(z, (1 + €/2)r;).

But the number of disjoint balls of radius er;/8 that can be contained in one ball of
radius (1 + €/2)r; is bounded by a constant N that depends only of e. This proves
(3.3) for some integer N = N (€).

From (3.3), it follows that z; converges to = and t; converges to 0. Define a new
path ~; from zg to = passing through all the points z; constructed above and following
a minimal geodesic from z; to ;1. This path has finite total length bounded by

Zp(xz,wz+l <€N (22 ) -'155130

Moreover, if z is a point on 7; on the portion between z;,; and z;, we have

L(Yo,2) < D (@, Tj41) < Cers

Jj2i
and, by the triangle inequality and the fact that B(z;,er;) C U,
p(z, X \U) > er; /2.

As said earlier, a similar argument produces a path 7, from z( to y with the same
properties (with z replaced by y). Putting the paths 71,2 together yields a path ~
satisfying the conditions (1)-(2) of Definition 3.2. a

It may be useful to state the conclusions obtained in the proof above in a slightly
more precise way.

Theorem 3.4. — Assume that (X, p) is a complete locally compact length metric space
with the property that there exists a constant D such that, for any r > 0, the mazimal
number of disjoint balls of radius /4 contained in any ball of radius r is bounded above
by D. Let U be a open connected uniform subset of X. Then, there are constants
¢y, Ch € (0,00) such that, for any pair of points x,y € U there exist a continuous
rectifiable path v = 75,y : [0,1] — U parametrized by a constant multiple of arclength
and joining x to y in U with the following properties:

1. L(v) < Cyp(z,y) and, for any t € [0,1],

L(Yz,) = tL(7) < GCop(z,7(2)),
L(Vzy) = Q=t)L(y) < Coply,7(t)).
2. The linearly growing banana-type set b(y) joining z to y and defined by
(34) b(y) = |J B((),cot(1 —t)L(v))
t€(0,1]

1s contained in U.
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Remark 3.5. — A curve y with b(y) C U is sometimes called a John curve. We will not
use the notion of John domain here but recall that a John domain is a domain in which
any two points can be joined by a John curve ([93, Ex. 2.18]). The difference with
the definition of a uniform domain is that, for a John domain, there is no requirement
that the length of the curve is bounded by Cop(z,y). Actually, the most common
definition of a John domain in the literature is that of a centered John domain (this
definition forces the domain to be bounded). See [70].

3.1.2. Inner uniform domains. — Recall the definition of the inner metric
pu(z,y) in an open set U of a length metric space (X, p) given in Definition 2.12.
Namely, py(z,y) is the infimum of the lengths of continuous curves connecting z to
y in U. The metric py is finite on the connected components of U (see [22, Exercise
2.1.3]). Note that condition (1) in Definition 3.1 implies that py(z,y) is bounded
from above by Cop(z,y). In the next definition, this requirement is dropped.

Definition 3.6. — Let U be an open connected subset of a length metric space (X, p).
We say that U is inner uniform if there are constants ¢y, Co € (0,00) such that, for
any z,y € U, there exists a continuous curve v, , : [0,1] = U with v(0) =1, y(1) =y
and satisfying the following two properties:

1. The length L(vs,y) of 75,y is at most Copy(z,y).
2. For any z € 7,,4([0,1]),

pu (2 2)pu(2,y)

(3.5) p(z,0U) > ¢ 0 (@.9)

Again, note that, assuming that v, , has length at most Copy(z,y), the second
condition (3.5) is equivalent to

p(2,0U) > cymin{py (z,2), pu (2, 9)}

Note also that one always has p(z,0U) = py(z,0U). Using p(z, 8U) is natural since it
might be quite difficult to compute the inner distance (e.g., for Euclidean domains).
Observe that a domain U is uniform if and only if it is an inner uniform domain and,
for all z,yeU, PU(x,y) < C(,]p(l‘, y)

The proof of Proposition 3.3 and Theorem 3.4 applies almost verbatim to inner
uniform domains and gives the following result.

Theorem 3.7. — Assume that (X, p) is a complete locally compact length metric space
with the property that there exists a constant D such that, for any r > 0, the mazimal
number of disjoint balls of radius v/4 contained in any ball of radius r is bounded
above by D. Let U be a open connected inner uniform subset of X. Then, there are
constants ¢y, Cy € (0,00) such that, for any pair of points z,y € U there exist a
continuous rectifiable path v = v, : [0,1] — U parametrized by a constant multiple
of arclength and joining = to y in U with the following properties:
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1. L(y) < Cypu(x,y) and, for any t € [0,1],
L('Y[m,z]) = tL(’Y)
L('Y[z,'y}) = (1 - t)L('Y)
2. For any t € [0,1] we have
pu(z,7(t)) < Cop(z,v(t)) i te0,1/2]
pu(y,7(t)) < Cop(y,(t)) if te[1/2,1].

3. The linearly growing banana-type set b(y) joining = to y and defined at (3.4) is
contained in U.

Coou(z,7(t)),
Copu (y,7(t)).

Remark 3.8. — Let U be a domain in a complete length metric space (X, p). Let py
be the inner metric in U and let U be the (abstract) completion of (U, py). Then U

is an inner uniform domain in (X, p) if and only if U is uniform in (U, py). The main
point to check is that the inner metric of U in (U, py) is py itself.

Lemma 3.9. — Assume that the measure p on the metric space (X, p) satisfies the
doubling condition (2.2). Let the open connected set U C X be inner uniform. Then
the measure ply on (ij, pu) satisfies the doubling condition and (ff, pu) is locally
compact.

Proof. — Fix any x € U and r > 0. Without loss of generality assume that the
ball By (z,r) is not contained in any ball of center z and smaller radius. Then the
ball By (x,r) contains a point z with py(z,z) > r/2. As U is inner uniform, we
see that there exists a continuous curve <y connecting x and z and satisfying (3.5).
Take some point y € By(z,r) on the path « such that py(z,y) = r/4. Such a point
exists because the distance function py (z, -) is continuous and py (z, z) > /2. By the
uniform condition (3.5) and the triangle inequality, we have

~ pu(z,y)pu(y,2z) _ cor pu(y,2)
JU\U) > gt ?) D A 22
v U\D) O pu(e, 2) 4 py(z,z2)
s Grpu(,z) = pu(z,y)
T4 pu(z, 2)
> “« (1 - T—/é> r= gl—r.
4 r/2 8

Therefore By(y,cor/8) = B(y,cor/8) C By(z,r). On the other hand the ball
By(z,2r) is a subset of B(y,4r). The doubling property (2.2) of the measure p in
(X, p) gives

#(Bu(z,2r)) < u(B(y,4r)) < Cu(B(y, cor/8)) < Cu(Bu(z,))
for some constant C' depending only on ¢y and the constant Dg appearing in (2.2).
This inequality extends to the balls in (U, py) by an obvious limiting argument. The
doubling property easily implies that the length space (U, py) is locally compact. O
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3.1.3. Basic examples and related notions. — Uniform domains in Euclidean
space already form a very large class of domains, allowing for fractal type boundary.
Inner uniform Euclidean domains form a yet wider class of domains. A slitted plane
is perhaps the simplest example of an inner uniform domain that is not uniform (the
Euclidean distance between points on opposite sides of the slit may be much smaller
than the inner distance between those points). The set U = R?\ {z = (0,y) : y €
[-2k, -2k + 1],k = 0,1,2,...} is an example of a John domain that is not inner
uniform: for each k, the points 2z = (£v’k, —2k) are at inner distance 2v'k of each
other but any John curve joining them has length greater than 2k.

The complement of a spiral in R? = C given in parametric form by z(t) = exp(t +
icmt) for some ¢ > 0, t € R, is inner uniform. The domain

U@®) ={z=(2))7 : n > ®(z1,.- ., Zn—1)}

above the graph of a Lipschitz function ® is always uniform (with constants ¢y, ¢
depending on the Lipschitz constant of ®). The complement of any closed convex set
in Euclidean space is inner uniform (and, usually, not uniform). These examples are
discussed further in Chapter 6.

John domains and uniform domains were introduced (together with the names)
in 1979 by O. Martio and J. Sarvas [70]. The motivation came from problems in
the area of quasi-conformal maps. Independently, P. Jones [66] introduced uniform
domains (using an equivalent definition based on the quasi-hyperbolic metric and
without giving them a name) in his study of BMO extension domains (Jones result is
that a domain is a BMO extension domain if and only if it is a uniform domain). Inner
uniform domains (and some variations) were introduced later on by various authors.
The survey [93] contains a thorough discussion of these notions. In their influential
work [65], Jerison and Kenig introduced a subclass of the class of uniform domains,
the NTA (nontangentially accessible) domains. The NTA domains are closer to the
model of a domain above the graph of a Lipschitz function because the NTA condition
involves both the inside and the outside of the domain.

The literature treating these notions is somewhat unwieldy, probably because of
the many variations and different contexts considered by various authors.

3.2. The Neumann-type Dirichlet form in inner uniform domains

Let U be an open connected subset of a strictly local regular Harnack-type Dirich-
let space (X, p, &, D(6)). Note that, in particular, this implies that the associated
intrinsic distance p satisfies the basic hypothesis (A1)-(A2) and the volume doubling
property is satisfied. In particular, (X, p,u) is a locally compact complete length
metric space satisfying the doubling volume property. It follows that, for any inner
uniform domain U, the abstract completion U with respect to the intrinsic distance
pu is also a locally compact space.
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In Section 2.4.3, we defined the Neumann-type heat semigroup P,IJ\ft in U associated

with the strictly local Dirichlet form (6{\,’, F(U)). The main goal of this chapter is to
prove the following result.

Theorem 3.10. — Let U be an open connected subset of a Harnack-type Dirichlet space
(X, 1,8, D(6)). Assume that (&, D(E)) admits a carré du champ. If U is inner uni-
form then the form (6U ,F(U)) on (U pU, 1) s a strictly local regqular Dirichlet form.
Moreover, it is of Harnack-type. In particular, the Neumann-type semigroup PU’t,
t > 0, admits a continuous kernel p(t,z,y) defined on (0,00) X U x U and there are
constants ¢;, i = 1,...,4 such that

a e—c2pu(@,)?/t —C4pu(z,y)2/t
VU(.’L‘,\/Z) < py (t z,y) < VU( \/—) :
Of course further conclusions (e.g., Holder - continuity, etc) can be drawn from the
fact that ( ,F(U)) is of Harnack-type on (U pU, 1t). See Section 2.3.
Recall that, in Section 2.4.4, we introduced the notion of local weak solution of
the heat equation with Neumann condition along OU. The following result is a simple
translation of the Harnack inequality in U in those terms.

Corollary 3.11. — Let U be an open connected inner uniform subset of a Harnack-type
strictly local regular Dirichlet space (X, u, &, D(&)). Assume that (&, D(E)) admits a
carré du champ operator. Then there exists a constant C' such that, for any z € U,
r > 0 and any non-negative weak solution u of the heat equation in (0,7%) x By(z,r)
with Neumann boundary condition along 80U, we have

sup u(t,z) < C’ inf  w(t,x)
(tx)EQ- (t,2)€Q+
where Q_ = (r2/4,7%/2) x By(z,7/2), Q+ = (3r2/4,7?) x By(z,7/2).

Proof. — If no points in {y € U: pu(z,y) = r} are interior in the closure of Bﬁ(z, T)
in U then By(z,r)# = Bﬁ(z,r) and the statement above is the direct translation
of the Harnack inequality on U that holds true by Theorem 3.10. See Example 2.53.

Otherwise, the result follows easily from Theorem 3.10 by a finite covering argument.
|

3.3. The Poincaré inequality in inner uniform domains

This section contains one of the main technical results on which this monograph is
based. It says that if U is an inner uniform domain in a Harnack-type Dirichlet space
then the Neumann-type Dirichlet form (&5, (U)) on (U, py, 1) satisfies the Poincaré
inequality. This will be used to prove (a) that (5(1}7, F(U)) is regular on (U, pv, 1)
and, (b) that (ﬁ, Ly é’ﬁ, F(U)) is Harnack-type. Furthermore, a simple extension of
the same argument will be crucial for the treatment of the Dirichlet heat kernel in U.
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3.3.1. Statements of the main inequalities

Theorem 3.12. — Let (X,p, &, D(8)) be a Harnack-type Dirichlet space with energy
measure I' and intrinsic distance p. Let U be an inner uniform domain. Let py be the
inner distance extended continuously to the completion U of U. Then there exists a
constant Py such that for any ball B = By(z,7) = {y € U : py(z,y) <r},z €U,
r > 0, we have

vreg®nu), jof [ 1 -ePdu<port [ aresg)

Recall that on a Harnack-type Dirichlet space, the measure ; must have the dou-
bling property and the L? Poincaré inequality (2.3) must be satisfied. Hence the
theorem above is a corollary to the following more general result.

Theorem 3.13. — Let (X,pu, &, D(E)) be a regular strictly local Dirichlet space with
energy measure I' and intrinsic distance p satisfying the condition (A1)-(A2) of Sec-
tion 2.2.3. Let U be an inner uniform domain. Let py be the inner distance ertended
continuously to the completion U of U. Let v be a Radon measure on U which satisfies
the doubling condition (2.2) on (ﬁ, pv). Fiz a constant N > 1 and assume that there
erists a constant Py such that for any ball B = B(z,r) with p(B,X \U) > Nr, the
L? Poincaré inequality

(36) vre 0(8), it [ If-ePav < P [ arrg)

holds true. _
Then there exists a constant Py such that for any ball B = Bﬁ(z,r), zeU,r>0,
we have

61 vieg®nv), jof [ 1f-av< por? [ arrn)

Remark 3.14. — The main point of this theorem is that the balls involved in the
hypothesis (3.6) are balls in (X, p) that are well inside U at the scale corresponding
to their radius. The ball B appearing in the conclusion is any ball in (ﬁ, pu) and the
domain of validity is the natural domain & (B N U). For the rest of this chapter, we
will write F(V) for F(V NU) for any open set V in U. This slight abuse of notation
should bring no difficulties.

Remark 3.15. — Even if we assume that p and py are comparable in U (i.e., U is
uniform) the Poincaré inequality (3.7) does not always hold if one replaces the inner
balls {y € U : py(z,y) < r} by the trace on U of the ball in (X, p), i.e., B' = {y €
X : p(z,y) < r} NU. See Figure 2. For such balls, only the weaker inequality (3.9)
below holds.

Proof. — We start by giving an outline of the proof and then give details for the
main step of the proof.
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FIGURE 2. A bad Euclidean ball for U (large Poincaré constant)

Notice that the assumption f € D(&) in (3.6) can be relaxed as follows. For any
€ > 0 and for any f € J(B(x,+¢)) there exists a function f € (&) coinciding with
f on B = B(z,r). Therefore dI'(f, f) = dI'(f, f) on B by the local property of dI’
(recall that, abusing notation, we do not distinguish between I'yy and T restricted to
V). Hence (3.6) implies that for any ball B = B(z,r) such that p(B,X \U) > NR,
the following L? Poincaré inequality holds

(3.8) Vf e I(B(z,r+e), inf/B( )|f—~§|2dz/ < P6r2/ dr(f, f).

ER B(z,r)

We will prove (3.7) in two stages. First we will prove that there exists k > 1 such that

(3.9) Vf € J(By(z, kr)), ggg [f — &PPdv < C‘TQ/ dr(f, f)

) Bg(m) B;(m,kr)

for each ball Ba(x, r), T € 5, r > 0. We call this a weak Poincaré inequality because
the ball on the right-hand side has been enlarged.

The second step consists of showing that the family of weak L? Poincaré inequalities
(3.9) for z € U, r > 0 and functions f € J(By(z,kr)) implies the standard L?
Poincaré inequality (3.7) for functions in Z(B). This is a well established result, and
we will omit the proof. See, e.g. [83, Chapter 5.3.2-5.3.3] and the references therein.
In fact the proof of this second step is very similar to the proof of the first step.
Note that it is essential that the requirement f € 9(&) in (3.6) can be relaxed
to f € Y(B(z,kR)) of (3.9) in step one, and henceforth similarly relaxed to the
requirement f € Y (B) of (3.7) in step two. 0

As explained above, using a well-known line of reasoning, (3.9) suffices to obtain
Theorem 3.13 and its corollary, Theorem 3.12. The main technique used in the proof
of (3.9) is the technique of Whitney covering.

3.3.2. Whitney covering. — In this section we use the following conventions. A
ball B in (U, py) is always supposed to be given in the form B = Bﬁ(x,r) with a
specified center and a radius r = r(B) which is minimal in the sense that

B (z,s) # B if s <7(B).
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Ficure 3. Typical cover by Whitney cubes

For any ball B = By (z,r) and k > 0, we set
kB = By(z, kr).

Definition 3.16. — A strict e-Whitney covering of an open set U in a metric space
(X, p) is any set R of disjoint balls A = B(z,r) C U such that

1. The balls 3A cover U, that is, | Jyen 34 = U;
2. The balls A are well inside U in the sense that

(3.10) VAeR, r(A)=ep(A X \U).

For small enough ¢, e.g., € € (0,1/3), such a Whitney covering always exists for any
open set U by a general argument using Zorn’s lemma. If, as it will be the case for us,
(X, p) is equipped with a doubling Borel measure, the cover R is always countable.
We will use Whitney coverings as defined above but any reasonable variation on this
definition would do as well. For instance, there is nothing special of importance to us
about having exact equality in (3.10).

Remark 3.17. — For a domain in Euclidean space one can use a very neat Whitney
covering using cubes instead of balls (see figure 3). Consider all the cubes of size
length 2F with edges parallel to the coordinate axes and each of the vertices having
all coordinates of the form n2*. A given cube Q is included into the covering R if and
only if its distance to the boundary is greater or equal to the fixed desired multiple
of its side length and no larger cubes containing that cube have this property.

Lemma 3.18 (Finite intersection property). — Let R be a strict e- Whitney covering of
an open set U in some metric space (X, p) with e € (0, %) Assume that X s equipped
with a Borel measure having the doubling property (2.2). Then there is a finite constant
ai such that

1
Vk < —, ZXkASa1~
10e o=t
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Proof. — Pick any point y € U. It must belong to some triple of a Whitney ball
B € R with center z. If a k-multiple of a given Whitney ball A = B(z,r) contains y,
then p(z,y) < kr. By the Whitney covering condition (3.10)

r
By the triangle inequality, this means that by
Z—kr <p(y, X \U)< Z+kr

Applying the Whitney covering condition (3.10) and the triangle inequality again
yields

r(B) = ep(2, X \U) < e(3r(B) + p(y, X \U))
since y € 3B. Therefore

r(B) < l—e_zp(y,X \U) <2 (g— + kr) = (2 4 2ke)r < 3r(A).

Similarly r(A) < 3r(B). Hence, z € 5kB, and A C 10kB C %B. By the doubling
condition (2.2), there are only finitely many disjoint Whitney balls of radius at least
r(B)/3 in the ball 1B and the number of such balls is uniformly bounded from above.
Thus the number of Whitney balls A with the property that a k-multiple of it covers
y, is finite and bounded from above by a constant independent of y. O

3.3.3. The trace of % on a fixed ball B in U. — We return to the proof of (3.9).
Set ¢ = 10~4/N, where the constant N comes from the assumption of the Theorem
3.13. Let R be a strict e-Whitney covering of the set U in (X, p) and note that it is
also a strict e-Whitney covering of the set U in (fj, oU)-

Definition 3.19. — For any ball B = Bg(z,r) in (ﬁ, pu) define the collection R(B)
by

(3.11) M(B) = {A| A€ R, 3ANB + o}

Fix a ball B = Bx(z,r) in (U, pv)- Recall that we aim to prove (3.9) for the ball

B. If B is relatively far from the boundary, i.e. p(B,ﬁ\ U) > Nr, then the strong
L2-Poincaré inequality (3.8) holds. Hence assume that B is relatively large compared
with p(B,U \ U), namely

(3.12) Nr > p(B,U\U)

The ball B is covered by the triples of the balls in the collection R(B). All the balls
A € R have small radius compared to their distance to the boundary in the sense of
(3.10), and the ball B is relatively large by assumption (3.12). Hence it is not hard
to see that

(3.13) Bc |J 34c2B
A€ER(B)
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Lemma 3.20. — Let U be an inner uniform domain in (X, p). Then for every ball
B = Bg(=,r) in (U, pu) there ezists a point y € B with p(y,U \ U) > cor/8 and
pu(y,z) =r/4. Here cp is the constant appearing in (3.5).

Proof. — Take some point z € By (z,r)\By(z,r/2), which is a nonempty set because,
by convention, the radius r of the ball B is minimal. Let v be a path from z to z
given by the uniform condition (3.5). Take some point y € B on the path v such that
pu(z,y) = r/4. Such a point exists because the distance function py(z, -) is continuous
and py(z,z) > r/2. By the uniform condition (3.5) and the triangle inequality, we
have

o PU("’/’; y)PU(y,Z) Cor PU(%Z)

JUON\U) > 222 - 2 o 2]

pu(y, U\U) O o (m,2) 4 py(z,z)
cor pu(2,2) — pu(z,y)

- 4 pu(z, 2)

< _ﬂ) _Gor
4(1 rj2)" 778

as desired. O

\Y

Definition 3.21. — Let By be a ball from the Whitney cover R(B) with the property
that the point y constructed in Lemma 3.20 is inside 3By. We call the ball By the
central ball in B.

Note that by construction, we have

(3.14) pu(Bo, U\ U) > ==

3.3.4. Decomposition using Whitney balls. — We proceed to estimate the
left-hand side of (3.9), namely,

min/B|f—§|2dV

£ER

for any function f € ¥ (kB), where the constant k will be chosen later. Choose

1
E=f4Bo = V(4B0) /;Bofdu

where By is the central ball in B introduced in Definition 3.21 and write

wf [1r=far < 3 [ 17~ fan

Dem(B) 3
(3.15) <2 ) [/ |f4D_f4Bo|2dV+/ |f = fapl?dv| ..
pem(B) V4D 4D

The second term is easily bounded. Namely, for every D € R(B), we have 4D C 2B
and 4D is far from the boundary relative to its radius in the sense of (3.10). Hence
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the Poincaré inequality (3.8) is satisfied on 4D for any f € F(3B). It follows that

> [ i-twbar < et S [ ani

Denr(B) ¥4

(3.16)

A
o
3

[V
o
o]

> xap | dU(f, f).

De(B)

The sum of characteristic functions appearing in (3.16) is uniformly bounded from
above by Lemma 3.18.

To estimate the first term of (3.15), we will use the following Lemma which esti-
mates the differences of averages of a function on close Whitney balls via its energy
integral.

Lemma 3.22. — There exists a constant ag such that for any two neighboring Whitney
balls, i.e., any balls D, E € R with 3D N3E # &, and for any f € F(16D)N F(16E)
we have

1
1 b
|fap — far| < a2r(D) (—/ dr(f, f)) .
v(D) Jiep (
Proof. — Using the Poincaré inequality (3.8) we estimate

v(4D N4E)|fsp — fap)®? = / |fap — fap|?dv
4DN4E

IA

2/ |f~f4D|2du+2/ |f = fap|?dv
ADN4AE 4DNAE
< 2/ |f_f4D|2dV+2/ |f — fag|?dv

4D 4F

< 32Pyr(D)? [1 . dr(f, f) + 32Pyr(E)? /4 : dr(f, f)

As the Whitney balls D, E are neighbors, their radii must be approximately equal, up
to the multiple of 4/3, by the Whitney condition (3.10) and the triangle inequality.
Therefore the four multiple of F is contained inside the 16 multiple of D. Furthermore,
by the doubling property (2.2) for the measure v on U, we have

v(4D N4E) > cv(D),

where ¢ > 0 depends only on the doubling constant of v appearing in (2.2). The
desired inequality follows. O

In order to estimate the first term on the right-hand side of (3.15), we will use
the following construction. Recall that for each ball D € R(B), the inner uniform
condition on the domain U produces a path <y of length at most Copy(By, D), con-
necting the closest points of By and D. Let’s choose a string of distinct balls S(D) =
{BP,BP,...BP} of length | = I(D) with the following properties:

1. Vj, B € ®;
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2. By = BY and BP = D;
3. 3BP N3BY | # ;
D
4. 3B Ny # @.
In other words, the string S(D) = {BP, BP,... BP} connects the two balls By and
D by Whitney balls along the path given by the uniform condition.

Lemma 3.23. — There is a constant ag € (0,00) such that for any inner geodesic ball
B = Bg(z,r) satisfying (3.12) and for any ball D € R(B), the sequence of Whitney
balls S(D) constructed above satisfies:

(i) For all j, pU(BjD,BO) < Copu(Bo, D) < 2Cor, so that B]P Cc 4CyB

(i) For all j, py(BP,D) < %r(Bp), so that D C azB}.

Proof. — The inequality in (i) follows from the length estimate on the path given
by the uniform condition (3.5) and from (3.13). To prove (ii), we use the Whitney
condition (3.10), the uniform condition and the triangle inequality to obtain

2 D D 77 pU(B]DaBO)pU(BgDyD)
. Z Dy > : >
(3.17) gr(B] ) 2 pu(B;,U\U) 2 co 20 (Bo. D)
and
2 ~ ~
(3.18) ET(B]D) > pu(B,U\U) > py(Bo,U\U) — pu(B;, Bo).

One of these inequalities will give the desirei result in each of the two cases below.
Case (a). Assume 2py (B, Bo) > py(Bo,U \ U). Because py(Bo, D) < 2r, (3.14)
and (3.17) give

eco cor pu(BP, D) D)

Dy > =

j
with C = ec?/128.

Case (b) Assume instead that 2pU(BJD, By) < pu(Bo,U \ U), then (3.18) allows us
to estimate r(B)) from below by

r> <o
= 64 = 128G,V

T(BD) 2 __pU(BOaU\U) (BjDvD)

Here, to obtain the last inequality, we have used (3.5) to see that
pu(B7, D) < L(%) < Copy(Bo, D) < 2Cyr.

In both cases, we have pU(BJD, D) < %r (BD) with ag = min (256, 25;2? ) as desired.
o
O

Definition 3.24. — Given U, R, B = By(z,r) and R(B) as in (3.11), set
Ri(B)={Ae€R:3D e R(B), AeS(D)}.
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Note that the first part of Lemma 3.23 can be rephrased as

(3.19) IJ Ac4cB.
A€ER;(B)

Returning now to estimating the first term of (3.15) for f € F(kB), observe that
the doubling property (2.2) for the measure v gives

(3-20) > / |fap — fa,|*dv < Do/ > |fap — faBo*xp dv

DeR(B) U pem(B)
Using, for each D, the string S(D) = {BD}I(D) and Lemma, 3.22, write

1
2

(D) I(D)
|fap — faB,| < Z |fapp — fapp | < ZazT(B ) ( (BD) / 1655 dl'(f, f))

Jj=1

By Lemma 3.23, xp = XDXa3BP> and thus

(D)

|fap = fagoIxp < Z azr(By) ( /(BP) /1er dar(f, f)) XD XayBP

(3.21) <az Y. T(A)<Tfl)/mdr(f’f)) XD XasA

A€R;(B)

where we have extended the summation from the collection S(D) to the collection
R1(B). We will need the following well known result.

Lemma 3.25 (e.g., [83], Lemma 5.3.12). — Assume that the doubling condition (2.2) is
satisfied for all balls in (ﬁ, pu) with respect to the measure v. Fiz K > 1. There
exists a constant C = C(K) such that for any (possibly infinite) sequence of balls
B; = By(zi,m3) in (fj, pu) and any sequence of non-negative numbers b;, we have

2 2
(3.22) /U (Z b,'XKBi) dv<C /U (E biXB,,) dv.

ASTERISQUE 336



3.3. THE POINCARE INEQUALITY IN INNER UNIFORM DOMAINS 65

To complete the estimation of the first term in (3.15), we continue the estimate
(3.20) using the inequality (3.21) to get

> / |fap — f4Bo|2dV<DO/ > fap — fasoI*xpdv

DeR(B) DeR(B) 2
< (Doary | > <A€m (B)r(A)(@ /leAdr(f,f))%xDxaao av
RN
= (Do) [ <D§B)XD) (AE;(B)T(A)(ﬁ /IGAdF(f,f))ExasA> v
< (Doar)” [ (Ae;3> ) (o5 @ n)’ xa3A> w

where we used the fact that Y pes(pyXp < 1 (the balls D € R(B) are disjoint).
Next, Lemma 3.25 with K = a3 yields

L 2
/ <Ae§'(3,"(*‘) G [ wwn) xasA) dv
. 2
: a3)/ (Aem (B) " (ﬁ /16A i f)) 5 XA) "

and, since the balls A € R, (B) are disjoint, we finally get

> / |fap — fap,|*dv

DeER(B)
< Do) ¥ a7 (5 [ ann)ua
A€ER;,(B)
< DZ%a2C(a3)r /( Z XIBA) dr'(f, f)
A€R1(B)
< wD3dC(a)? [ dr(s, )
64co B

For the last inequality, we used Lemma 3.18 and the fact that if A € SR;(B) then
A C 4¢oB by (3.19).

This completes the analysis of the first term in (3.15) and together with (3.16)
establishes the weak Poincaré inequality (3.9) with k = 64cp. In view of the outline
presented after the statement of Theorem 3.13, this completes the proof of Theorems
3.12 and 3.13. To complete the proof of Theorem 3.10, it remains to establish some
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properties of the Neumann-type Dirichlet form and the associated metric. Before we
focus on this task, we explore how Theorem 3.13 extends to a symmetric form obtained
from the original form by a simple change of measure.

3.3.5. Poincaré inequality with a different measure. — Let (X, u, &, D(8))
be a regular strictly local Dirichlet space with energy measure I and intrinsic distance
p satisfying the conditions (A1)-(A2) of Section 2.2.3. Assume that the form (&, D(&))
admits a carré du champ Y : D(&) x D(&) — L}(X,u). Let U C X be an open set
and let v € L2 (U, 1) be a locally uniformly positive and locally bounded measurable
function on U.

Definition 3.26. — Given the data mentioned above, set

62) (o) = [ v = [ Yopdu, fig e DE”
where

DY) = T°(U) = {f € Tue0) N Oy0d): [ T, fyudp < oo}
We call such a form a weighted Neumann-type Dirichlet erm onU.

Note that, if we take the function v to be the constant function v = 1, the form
defined in (3.23) becomes (65, D(&4))). Using the argument of the proof of Proposi-
tion 2.50, it is not hard to see that (§n'", #°(U)) is a strictly local Dirichlet form on
L?(U,vdp) with carré du champ operator Y°(f,g) = Y(f, g).

The following straightforward corollary of Theorem 3.13 will yield heat kernel es-
timates for the heat semigroup associated with (&5°", D(6p "))

Theorem 3.27. — Let (X,p, &, D(E)) be a Harnack-type Dirichlet space with energy
measure I' that admits a carré du champ Y. Let p be its intrinsic distance and U be
an inner uniform domain. Let py be the inner distance extended continuously to the
completion U of U. Let v be a measurable function which is locally uniformly bounded
and positive in U. Assume that the measure vdu on U satisfies the doubling condition
(2.2). Assume also that there exist positive constants C and N such that the function
v satisfies

(3.24) supv < Cinfv
B B

on any ball B = By(z,r) with py(B,U \U) > Nr. B
Then there exists a constant Py such that, for any ball B = Bz;(x,r) in (U, pu),
we have

(3.25) vf € (B, jnf /B |f — €[Pvodp < Prr? /B wdl(f, f),

that is, the Poincaré inequality holds true for the form (é’{}’*", @(é’gv)) with reference
" measure vdy on U.
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Proof. — It suffices to repeat the proof of Theorem 3.13. Note that the hypothesis
implies that the inequality

VfeF'(U), {ig{{/B|f—§|2vd,u§Por2LvdF(f,f)

is satisfied for any ball B = B(z,r) with p(B,X \ U) > Nr. This inequality, with-
out the function v inserted, holds true because the underlying Dirichlet space is of
Harnack-type hence satisfies the Poincaré inequality. Condition (3.24) makes it very
eagy to insert the function v. The condition that the measure vdy is doubling replaces
the condition that the measure v is doubling in Theorem 3.13. The argument then
goes through without notable changes. O

Remark 3.28. — For a continuous positive function v in U, the hypothesis that the
original form admits a carré du champ can be dropped and the Theorem above holds
for é’ “(f,f) =/ v vdU(f, ). An example of a function v satisfying the conditions of
Theorem 3.27 is any positive power of the distance to the boundary,

v(z) = 6y (z)®, where dy(z) = py(z,U\U).

Another very important example is when v is the square of a positive weak solution of
L in U vanishing along 0U. In later chapters, the heat kernel estimates for the forms
(65’”, @(62]’”)) in this latter case will be used to obtain the heat kernel estimates for

the Dirichlet form (&5, D(85)).

3.4. Applications to Neumann-type Dirichlet forms

3.4.1. Regularity of Neumann-type Dirichlet forms. — It turns out that the
Poincaré inequalities proved in the previous section can be used to show that the
Neumann-type Dirichlet form (Sg (or 61(}“’) is regular on U when U is inner uniform.
Regularity is essential to be able to say that the form (&}, #(U)) is of Harnack-type
in U as stated in Theorem 3.10.

Definition 3.29. — Let Llp(U ) be the space of f Lipschitz functions on (U pu). Let
Llpc(U ) be the space of Lipschitz functions on (U pv) which are compactly supported
in U. The Lipschitz constant k of a function f in Llp(U ) is

f(z) - f(y)

X,y € ﬁ}
pU(xvy)

kzsup{

Theorem 3.30. — Assume that the local regular Dirichlet form (&, D(&)) satisfies the
conditions (A1-A2) of Section 2.2.3 and admits a carré du champ operator Y. Let
U C X be an open connected subset of X and let € be any positive number. Let v be
a locally bounded measurable function on U which is locally uniformly positive on U.
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Assume that the form (65”’, @(é’ﬁ’”)) on U satisfies the following family of Poincaré
inequalities with respect to the metric py: Vx € U, 0 < r < ¢,

(3.26) Vue F'(B), ilglf/ (u — &)2vdp < P6r2/ T (v, w)vdp, B = Bg(z,).
B B

Assume that the measure vdy satisfies the following doubling condition on U with
respect to the metric py, that is,

(3.27) VzeU, 0<r<e / vdp < D{,/ vdp.
B~(z,2r) B;(w,r)

Then the form (65", D(E5™")) on L2(U,vdp) is regular with core Lip,(U).

In order to prove Theorem 3.30 we will use the description of Lipschitz functions
on X, proved in [63, Corollary 3.6] and stated in 2.21 and 2.22.

Proof of Theorem 3.30. — The space Lipc(ﬁ) is dense in Co(U) with supremum norm
by [59, Theorem 6.8]. To see that Lip,(U) is dense in D(&p"), we follow [56, page
205], [57, page 13] and [55, Lemma 10]. Let

dv = vdu

denote the reference measure on U. Let g be any function in D(&p"") = F°(U). We
aim to prove that g can be approximated by functions in Lip (U). Because we can
approximate the function g in ¥“(U) by the bounded functions

gn = min(ma’x(ga —n)v 'I’L),
without loss of generality, we can assume that the function g is bounded. Set
¢r(z) = R~ min{(2R — pu(z,U \ U))+, (2R ~ pu(2,20))+, R}

where zg is a fixed point in U and (t)+ = min{0,t}. Since v is locally finite on U,
these compactly supported cut-off functions ¢ are in ¥ (U) N L= (U, vdu). Since
g € F°(U) N L*(U,vdp), we have g¢pr € ¥ (U) by the energy estimate of Lemma,
2.7. It is easy to see that ¢rg tends to g in é’U -norm and in L2(U dv) when R tends
to 1nﬁn1ty Thus, in the rest of the proof we assume that g is a bounded function in
@(GU ) with compact support in U.

For any r > 0, set
1

9-(y) = W /B;(y,r)g

Fix r € (0,¢) and set r; = 27'r, B; = Bg(z,ri). We say that z € U is a Lebesgue
point of g if

dv.

Lim g, (z) = g(2)

It is known that for every g € Lz(ﬁ, v), the points in U that are not Lebesgue for a
function g form a set of v-measure zero.
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For every Lebesgue point = € ﬁ, Jensen’s inequality , the Poincaré inequality and
the doubling property of the measure v on (U, py) yield

1

l9(z) — g-(z)| < Zlgm grml_. (V(B / l9(y) yri(w)|2du(y))2

< > n(so [ Y9 zsmzri\/mr(g,g»(w)
i=0 V(Bz) B;

=0
(3.28) = rV/CyMY(g,9)().
Here JM(f) is the 2e-maximal function of f with € as in (3.26)-(3.27), i.e.,

1
M(w) = Macf(2) = 00, Zrperey /Bgu,ﬂ o

Similarly for any Lebesgue points z,y € U with pu(z,y) <, the doubling property
of v|y and the Poincaré inequality (3.26) yield

l9-(2) = g- (W) < |gr (@) = g2r(z)] + 197 (¥) — g2r(2)]

¢ 3
= (W /B,,u,m gt) = 92r($‘)l"’dv(z))

C/ / %
S Tu(g,9 du)
<u<Bu(w,2r>) P LICR)

(3.29) < (2VC'r)\/ MY (g,9)(2).

Combining (3.28) and (3.29) we see that for any Lebesgue points z,y € U with
pu(z,y) < r, there exists another constant C such that

(3:30) l9(=) — 9(w)| < Cr [/ WX (g,9)(2) + /MY (3,9)(¥)] -

For any A > 0, set

E, = {x €eU: zisa Lebesgue point of g, g(x)? < A% and MY (g, 9)(z) < )\2}
F» = U\Ey

Note that F) is precompact in U for A large enough, say A > Ao, because g has
compact support in U. Furthermore, the restriction g|g, of g to E} is Lipschitz with
constant 2C\ on E) by (3.30). Let f) be some Lipschitz extension of g from E) to
U with the same Lipschitz constant (see, e.g., [59, Theorem 6.2]). Let A > Aq. For
such A, F) is precompact in U. As f>\ = g in E), it follows that f) is a bounded
function in U with compact support in U and with IFalloo < A1 +ZCR0) where Ry is

the diameter of F,. Moreover, f) has compact support. Since g € @(6 Y), we have
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g € L*(U,v), and [;; Y(g,g)dv < cc. It is known that the maximal function MY (g, g)
satisfies

Nv{zeU: MY(g9,9) >N} —0

as N — oo, see [71, Theorem 2.19]. Also, we have
/ lg|?dv — 0, as X\ — oo.
Fx

Since non-Lebesgue points of g form a set of measure zero,
MNuv{F\} < MNv{zeU:MY(g,9) > N} 4+ Nv{z e U:g(z)? > \?}

Nuv{z e U: MY (g,9) > N} +/ lg|?dv — 0
{g2>2%}

(3.31)

IA

as A — 00. The function fy is bounded by A(1 + 2CRy) and Lipschitz with respect
to py with Lipschitz constant 2C\. Therefore Y(f, f) < 4C%2)\? by Corollary 2.22.
Inequality (3.31) gives

/ (AP +Y(fr £r) dv < X2 ((1+2CRp)? + 4C?*) v{F)\} - 0
F
as A — 00. Now, since fy = g on E), we have

/U (lg—HP+Yg—FHrong—fr)dv < 2/ (g + 1£21 + X (g, 9) + T(fx, ) dv

F

and the right-hand side tends to 0 as A tends to infinity. Thus f\ tends to g in the
Hilbert space F°(U) = D(&"), as desired. O

Corollary 3.31. — Referring to Theorem 3.30, the form (6{}[‘1’, @(6?,“’)) is a strictly
local regular Dirichlet form on L?(U,vdpu).

Lemma 3.32. — Referring to Theorem 3.30, the metric pgn.. on U coincides with the
U
inner metric py.

Proof. — For any z,y € U we have
Py (z,y) = sup {u(w) —u(y):ue€ @(6’,}’*”) N Co(U), T(u,u) <1 a.e. on U} .
To show p gNe (z,y) > pu(z,y) it suffices to notice that the function

max{py(z,y) — pu(z,-),0}

is a compactly supported Lipschitz function on (fj, pv) with T(u,u) <1 ae.onU.
The opposite inequality for points in U follows easily from statement (4) of Theorem
2.11. To show p v (x,y) < pu(z,y) when at least one of the points z,y belongs to
U

ﬁ\ U, choose a sequence {z;}$2, of points in U approximating z € U and a sequence
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{y:}$2, of points in U approximating y € U. For any continuous function u on U used
in the definition of p .« (z,y), write
U

lu(z) — u(y)| < inf Hu(@:) — w(ws)| + [u(z) — u(@:)] + |uly) — w(ys)l]
< ligioglf [u(e:) — u(y:)l

< liminf p v (2i, ;) = liminf py (25, %) = pu (2, y). g
1—00 U 1—00

Corollary 3.33. — Referring to Theorem 3.30, the metric p N is everywhere finite
continuous and the topology given by this metric coincides with the original topology
on U. The conditions (A1)-(A2) of Section 2.2.3 are satisfied for the Dirichlet form
(60" D(EG™))-

3.4.2. Proof of the heat kernel estimates for the Neumann-type semi-
groups. — We now have all the ingredients to prove Theorem 3.10. In fact, we
can now prove a more general result concerning the Dirichlet form (5", D(&0'"))
under some conditions on the function v.

Theorem 3.34. — Let U be an inner uniform domain in a Harnack-type Dirichlet
space (X, p, &, D(8)). Assume that (&, D(E)) admits a carré du champ. Let v be a
measurable locally uniformly positive and locally uniformly bounded function on U.
Assume that the measure vdp on U satisfies the doubling condition (2.2) on (U, py).
Assume further that there exist positive constants C and N such

(3.32) supv < Cinfv

B B

on any ball B = B(z,r) with p(B,X \ U) > Nr. Then the Dirichlet space
(5, vdu, é’g’”, FU(U)) is of Harnack-type. In particular, the associated Neumann-type
semigroup admits a continuous kernel pg’v(t,w,y) which satisfies

z 2 2
(3.33) c1 exp (_ PU(Q;.U) ) 3 N,v(t \< C3 €Xp (_PU(Ca:yty) )
. —_— p 7w?y —_ b
Vo(z, V1) v Vo(z, V1)

forall z,y € U and all t > 0. Here V., denotes the volume V,(z,r) = fBU(z " vdp.

Proof. — We already observed that the form (65’”,@(65’”)) is a strictly local
Dirichlet form on L?(U,u). Theorem 3.30 shows that this Dirichlet form is regular
on U. Lemma 3.32 shows that the metric PN associated with the Dirichlet form
(60", D(E")) coincides with py. In particular this implies conditions (A1)-(A2) of
Sectign 2.2.3. By hypothesis, the measure vdy satisfies the doubling condition (2.2)
on (U, py). Finally, Theorem 3.27 (which we already used above implicitly to prove
regularity) shows that the Poincaré inequality (2.3) holds. Now, to obtain the desired
heat kernel inequalities, it suffices to apply Theorem 2.31. O
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Note again that since (U, vdy, 65", 7°(U)) is of Harnack-type, all the nice proper-
ties (e.g., Holder continuity, etc) associated with Harnack-type Dirichlet spaces hold.
See Section 2.3.

Proof of Theorem 8.10. — To obtain Theorem 3.10 as a corollary of Theorem 3.27,
we simply need to observe that the measure u|y is doubling when U is inner uniform.
This was proved in Lemma 3.9. O
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CHAPTER 4

THE HARMONIC PROFILE OF AN UNBOUNDED
INNER UNIFORM DOMAIN

The aim of this chapter is to construct and study the basic properties of the har-
monic profile h = hy of an unbounded inner uniform domain U in an Harnack-type
Dirichlet space. The first section describes the main result we are after, in the sim-
plest possible terms. The second and third section gives a proof in the case of uniform
domains, together with many important additional results, most notably, an elliptic
boundary Harnack principle. The outline of the proof is based on Aikawa’s work [1].
The fourth section extends these results to the case of inner uniform domains. More
precisely, it explains how Theorem 3.10 turns the case of inner uniform domains into
a corollary of the case of uniform domains. Although we follow [1] closely, it is worth
pointing out that Ancona’s approach [3] could also be used for the same purpose. De-
tails in the case of Euclidean uniform domains are given in [4] which contains many
interesting additional results.

4.1. The harmonic profile

By definition, we call harmonic profile (or profile, for short) of an unbounded
domain U in a local regular Dirichlet space X any function h such that:

1. h is a local weak solution of the Laplace equation in U;
2. he T (U);
3. h>0inU.

We will only consider such function when the underlying Dirichlet space X is a
Harnack-type Dirichlet space in which case condition (1) implies that h is contin-
uous in U and can be rephrased as saying that h is harmonic (for the corresponding
process) in U. Condition (2) is essential and captures the idea that h vanishes along
the boundary of U (as the boundary of U may contain irregular points, it is not true
in general that h vanishes continuously on 8U).

Our technique places the existence and properties of a harmonic profile of U at
the center of the study of the heat equation with Dirichlet boundary condition in U.
In fact, the results concerning the heat equation with the Dirichlet boundary in an
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unbounded domain U obtained in this monograph strongly suggest that much further
efforts should be dedicated to develop good estimates for harmonic profiles.

The goal of this chapter is to prove the following result concerning the profile of
any unbounded inner uniform domain in a Harnack-type Dirichlet space.

Theorem 4.1. — Let (X, p, &, D(8E)) be Harnack-type strictly local regular Dirichlet
space with associated intrinsic distance p. Assume further that (&, D(8)) admits a
carré du champ. Let U be an unbounded inner uniform domain in (X, p). The following
properties holds:

1. The domain U admits a profile h;

2. Any two profiles hy,ho of U are proportional, i.e., there exists a real ¢ € (0, 00)
such that hg = ch;. _

3. If h is a profile of U then the measure dv = h%du on (U, py) satisfies the volume
doubling property, that is, there is a constant D € (0, 00) such that for any z € U
and r > 0, we have

Vi}"hz (Z’, 2"') < vaj’hz (-CL', 7')

where V;; |, (z,7) = fBE(zyr) h2dp.

Our interest in this result lies in the fact that the function h whose existence is
stated in (1) above plays a key part in the statement and the proof of the two-sided
Gaussian bounds for the Dirichlet heat kernel of the domain U. Property (3) is also
essential in this respect. The interesting property (2) is not essential for our main
purpose and could be obtained, ultimately, as an application of our final results.
Indeed, we will later give examples where property (1) and (3) can be derived from
rather elementary considerations. In such cases, property (2) can indeed be seen as an
application of our main results. However, for general inner uniform domains, we will
derive (1) and (3) from a powerful property (the boundary Harnack principle) that
also implies (2).

It will be convenient to proceed in two stages to study the profile of an inner
uniform domain. The first stage will consist in deriving result in the restricted case of
uniform domains. In a second and easy stage, we will show that, as a corollary, the
results extended to the case of inner uniform domains. For the second stage, we will
need to assume the existence of a carré du champ.

4.2. The elliptic boundary Harnack principle in uniform domains

4.2.1. Boundary Harnack principle. — In the case of uniform domains, Theo-
rem 4.1 will follow without to much difficulty from the following result known in the
classical case as the boundary Harnack principle.

Theorem 4.2. — Let (X, u, S, D(E)) be Harnack-type Dirichlet space with associated
intrinsic distance p. Let U be an unbounded uniform domain in (X, p). Then there
exist constants Ag, A1 € (1,00) such that for any £ € U, any r > 0, and any positive
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local weak solutions u and v of Lu = 0 in UNB(, Aor), with weak Dirichlet boundary
condition along 8U, we have

u(z) v(z)
<A .
u@) =~ (@)
Moreover, the constants Ag, A1 depend only on the constants co,Co of uniformity of
U and on the constant Hy from the Harnack inequality (2.7) on (X, p, &, D(8)).

Vz,z' € UNB(,T),

For later purpose and clarity, we also state a second version of this result using the
inner balls By (z,r) instead of the trace U N B(z,r) of the balls of (X, p). The two
results are equivalent.

Theorem 4.3. — Let (X, u, &, D(&)) be Harnack-type Dirichlet space with associated
intrinsic distance p. Let U be unbounded uniform domain in (X, p). Then there exist
constants Ag, A1 € (1,00) such that for any & € U \ U, any r > 0, and any positive
local weak solutions u and v of Lu = 0 in U ﬂBﬁ(f , Aor) with weak boundary condition
along U, we have

u(z) A, v(z)

u(z') v(z’)

Moreover, the constants Ay, A; depends only on the constants cg, Cy of uniformity of
U and on the constant Hy from the Harnack inequality (2.7) on (X, u, &, D(8)).

Vz,2' € UNBx(E, 1),

Sketch of the proof of Theorem 4.2. — Let u,v be positive harmonic functions as in
Theorem 4.2 with Ay large enough to be chosen later. Let Gg g denote the (restricted)
Green function in the open set U(&, R) i.e., the Green function corresponding to the
Dirichlet-type Dirichlet form (65(53), FU (&, R))) where U(£, R) = UNB(£, R) (the
same line of reasoning applies if one works with the inner balls By (&, R) instead of
the ball B({, R) and set U(§, R) = U N B (¢, R)).

For any fixed ap € (1,Ap) (to be chosen later), by classical potential theoretic
arguments, there exists a Borel measure v, supported on U N 0B(E, apr) such that,
for all z € U N B(¢, agr),

(@) u() = [ GY por(2,0) )
UNdB(&,a0r)

and similarly for v.
Assume now that we know there exists a constant A} € (1,00) such that for all
z,z' e UNB(¢,r) and y,y' € UNIB(E, apr), we have

Gngr(x y) < GngT((L', y/)

(4.2) )
g Aor(x ') Gg Aor(x,vy,)

with A} depending only on the constants cg,c; of inner uniformity of U and on the
constant C from the Harnack inequality (2.7) on (X, u, &, D(&)). Then it follows that
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for any (fixed) ¥y’ € UNAB(£,aor) and all z,z’ € U N B(&,r), we have

iu(x) < M/
AT G ag (@ Y) JunoB-(¢.aon)

and similarly for v. Therefore, for all z,z’' € U N B(¢, 1),

Gngr(:l",a y)dyu(y) S AIIU(CL'),

u@) g Cear @) _ 412 0(@)

u(@’) = TG 4 (ay) T (@)
This reduces the proof of Theorem 4.2 to the validity of (4.2). That (4.2) holds true
under the hypothesis of Theorem 4.2 will be proved in the next subsection. O

Remark 4.4. — In Theorems 4.2 and 4.3, we stated the results for weak solutions
satisfying the Dirichlet boundary condition in the weak sense. The outline of the
proof given above shows that the boundary Harnack inequalities in question follow
from Green functions estimates (namely, (4.2)) and the representation formula (4.1).
So, these conclusions holds for any class of functions for which (4.1) holds. In classical
potential theory, it is customary to work with local weak solution that are bounded
and vanish quasi-everywhere on the relevant portion of the boundary (see, e.g., [1,
Theorem 1]).

4.2.2. The boundary Harnack principle for the Green functions Gg R

As indicated by the proof of Theorem 4.2, it is important to study the (restricted)
Green function Gg g i-e., the Green function relative to the open set U N B where
B = B(z, R) is a ball of radius R in (X, p). The following theorem states the validity
of the inequality (4.2) under the hypothesis of Theorem 4.2. It is the result needed to
finish the proof of Theorem 4.2.

Theorem 4.5. — Let (X,u, &, D(8)) be Harnack-type Dirichlet space with associated
intrinsic distance p. Let U be an unbounded uniform domain in (X, p). Then there
exist constants ag, Ag, A} € (1,00) with ag < Ao such that, for any £ € OU and any
r >0,

GunB(e,Aor) (T, Y) , GunB(e,aor)(T,Y")

Gunb(e, a0 (@ Y) = Gunp(e,aom) (T, Y")’
for all z,x’ € UN B(&,7) and y,y' € UNOB(&, aor). That is, the inequality (4.2)
is satisfied. Moreover the constants ag, Ag, A} depend only on the constants cy,Cy
of uniformity of U and on the constant Hy from the Harnack inequality (2.7) on

(X, 1, 6, D(6))-

Remark 4.6. — Note that the hypothesis on the pairs (z,y) and on (z’,y’) are iden-
tical. Hence the stated one-sided bound yields, in fact, a two-sided inequality: the
left-hand side and right-hand side ratios have comparable size.

The rest of this section is devoted to the proof of Theorem 4.5. The first subsection
develops Green functions estimates that follow from some of the heat kernel estimates
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reviewed in earlier chapters. Later subsections adapt the work of Aikawa, who works
in Euclidean uniform domains, to uniform domains in a Harnack-type Dirichlet space.

4.2.3. Basic Green functions estimates. — Throughout this section, we let
(X, u, 6, D(8E)) be a fixed Harnack-type Dirichlet space with associated intrinsic dis-
tance p and we assume that sup p = oo, that is, X is not compact.

Given a relatively compact open set V, we let Gy be the green function

Gv(z,y) = / pO(t,z,y)dt, z,y €V, z#y.
0

As a function of V, for fixed z # y, it is an increasing function. It is a symmetric
function of x,y which, for any fixed z, is a local weak solution (in y) of the Laplace
equation Lu = 0 in V' \ {z}. It follows that it is locally Holder continuous in V' \ {z}.
In fact, using the heat kernel bounds available for pe (t,z,y), it is not hard to show
that y — Gy (z,y) is in Fo_(V,V \ {z}). That is, Gy (z,-) is a local weak solution of
the Laplace equation in V' \ {z} with Dirichlet boundary condition along V. This is
the content of the next lemma.

Lemma 4.7. — For any relatively compact open set V in X, the Green function y —
Gv(z,y) is in Fo (V,V \ {z}) for any fired z € U.

loc
Proof. — We start by observing that the heat kernel y — pD(t,z,y) is in &F °(v).
See Lemma 2.39. The heat kernel upper bounds of Theorem 2.40 easily imply that
¢Gy(z,-) € L*(X,u) for any continuous function ¢ with compact support K in
X \ {z}. Indeed, p2(t,z,y) < pB(t,z,y) with B = B(z, R) and R is chosen large

enough to insure that V' C B. By Theorem 2.40, there are constants c¢;, C(B) € (0, 00)
such that, for all t > R? and =,y € V,

(4.3) pR(t,z,y) < C(B)e 1/,

and there are constants cz, Cy € (0,00) depending on V, K such that for all ¢ > 0 and
r,ye VNK,

(4.4) Py (t,,y) < Coe™ /",

This shows that the integral ¢Gvy (z,-) = f0°° #¢pP(t,z,-)dt converges at 0 and oo in
L?(X,v). Hence ¢Gv (z,-) is in L2(X, p).

Next, we use the same line of reasoning to show that the convergence is also in
F°(V). Let ¢ be as above with the additional property that dl'(¢,¢) < dp on X
(recall that there are many such test functions). For fixed 0 < a < b < o0, set

WP = ff pL(t,x,-)dt and observe that ¢, ¢%h € F°(V). Use the properties of I' and
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integration by part (in V'), to obtain

/ AT (¢, $1) / hp[2dT (6, ) + / AT (9, %)
\%4 1% 1%

[ Wi, o)+ [ w-L)sa
Vv 14

[ wiar@,e)+ [ 6B 2 - s (b2, )6%n
\% \%4

dr(¢1 ¢) 2 2 D
sup { L2} [ vaursw(@) [ oPla,s

IN

N . . 2 _ b p 2
ow, observe that (4.3)-(4.4) implies that [, ¥?du = [, (fa pP(t,z, -)dt) du
tends to 0 when a, b tend to infinity or when a, b tend to 0 (this is indeed the argument
we used above to show that Gy (z,-) is in L?(X,du)). The same estimates (4.3)-(4.4)
implies that

b
/ Pe(b, z, )d’dﬂ = / Pe(b,w, ) (/ p‘D/(t’x7 )dt) d,u'
KNV KNV a

tends to 0 when a,b tend to infinity or when a,b tend to 0. This implies that the
integral ¢Gv (z,y) = 0°° pP(t,z,-)dt converges in F (V) as desired. O

The following Lemma gives estimates for the Green function G g of a Ball B(z, R)
in X.

Lemma 4.8. — There is a constant C; depending only on the Harnack constant Hy
from condition (2.7) on X such that, for z € X, R > 0, we have
2R? ds
(45) VSL’,y € B(Z,R), GB %R (-'L',y) < Cl/ 7 TN
@R p(z,y)?/2 V(z, V)

Fiz 6 € (0,1). There is a constant c; depending only on the Harnack constant Hy
from condition (2.7) on X such that, for z € X, R > 0, we have

2R?
ds
4.6 Vz,y € B(z,0R), G, r(Z,y Zc/ —
( ) ( ) B R)( ) ' p(z,y)?/2 V(iL‘, \/g)

Proof. — Set B = B(z, R). Start with the lower bound in B(z,0R). By definition,

0o 2R?
Goww) = [ pBtm> [ gz
0 p(z,y)?/2
In the time-space region (p(z,y)%/2,2R?) x B(z,0R), the heat kernel lower bound
(2.13) gives
/

D > !

pB(s,a:,y) = V(:L',\/E)

The desired lower bound for Gp in B(z,6R) follows.
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The upper bound is somewhat more difficult as we have to take care of the whole
time interval (0,00). However, the upper bounds of Theorem 2.40 give the desired
result. O

The next lemma gives bounds for the Green function in a set W of the form
U N B(z,R) where U is an open set and B(z, R) is a ball in (X, p). We are mostly
interested in the case when U is uniform in (X, p). The z,y range in these estimates
is somewhat restricted.

Lemma4.9. — Fiz 6 € (0,1).
1. There is a constant C; depending only on 0 and the Harnack constant Hy from
condition (2.7) on X such that, for z € X, R > 0 and any open set U, we have

2
V(z,R)

for all z,y € U N (B(z, R) with p(z,y) > 0R

2. Assume that U is a uniform open set in (X, p). There is a constant €; depend-
ing only on 6, the Harnack constant Hy from condition (2.7) on X and the
uniformity constants co,Co of U such that for z € X and R > 0 we have

(47) GUOB(Z,R) (‘1"7 y) <C

RZ
V(z,R)
as long as z,y € U N B(z,R/(4Cy)) and p(z, X \U), p(y, X \ U) € (R, ).

(4.8) GunB(,r)(T,Y) > €@

Proof. — Set B = B(z,R), W = U N B(z, R). The upper bound (4.7) follows easily
from Lemma 4.8 and the monotonicity inequality Gw < Gp.

The uniformity of U imply that there is e; > 0 such that, for any z,y satisfying
p(z, X \U),p(y, X \ U) > €R, there is a path in U from z to y of length less than
Cop(z,y) that stays at distance at least ;R of X \ U. Since z,y € B(z, R/(4Cy)),
this path is of length at most R/2 and thus is contained in

B(z,3R/4)N{C €U :p((,X\U) > e R}.

Using this path, the Harnack inequality easily reduces the lower bound (4.8) to
the case when y satisfies p(z,y) = nR for some arbitrary fixed n > 0 small enough.
Pick n > 0 so that, under the conditions of the Lemma, the ball B, = B(z,2nR) is
contained in U N B(z, R). Then, the monotonicity property of Green functions implies
that Gw(z,y) > Gp,(z,y). Lemma 4.8 and the volume doubling property then yield

8n*R? ds cR?
G > > .
w(my) 2 /wm V(e v5) 2 Via, B)

This is the desired lower bound. O
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Proposition 4.10. — Assume that U is a uniform open set U in (X, p). For any fized
€ € (0,1) small enough and A > 1 large enough there ezists a constant C € (1,00)
such that for any z € X, r > 0,

ze{(eU:p(¢,X\U)>er}nB(zr),
ye{CeU:p((,X\U)>er}N(B(zr)\ Blz,er/2)),
and
y' € UN B(z,Ar) \ B(z,er/2)

the Green function Gunp(.,ar) Satisfies

GUnB(z,Ar) (95, y’)
GUﬂB(z,A'I') (.'17, y)

<C.

Proof. — The meaning of this estimate is that, in some rough sense, the Green func-
tion is non-decreasing as one goes away from the boundary of U. The stated inequality

is an easy consequence of the upper and lower bounds stated in the previous Lemma
(take A = 4Cp and R = Ar). O

4.2.4. The work of Aikawa. — In Section 4.1, we have reduced the proof of The-
orem 4.2 to Theorem 4.5. The following two subsections contain the key ingredients
of the proof of Theorem 4.5. They follow closely the arguments developed by Hiroaki
Aikawa in [1] for (locally) uniform Euclidean domain. We would like to emphasize
here the importance of Aikawa’s work in the development of the results presented in
this monograph. Before reading [1], we had arrived at the conclusion that it would
be very interesting to prove a (scale invariant!) boundary Harnack principle for inner
uniform Euclidean domains. We, however, were far from having a proof. As pointed
out in the introduction, uniformity (and inner uniformity) generalize very easily out-
side the setting of Euclidean spaces. We were delighted to discover in [1] the results
and techniques we needed for our purpose. We encourage the reader to consult the
introduction of [1] which give an excellent brief account of the history of the boundary
Harnack principle.

The original line of reasoning used by Ancona in [3] to prove the boundary Harnack
principle can also be extended to the case of Euclidean uniform domains. This is
explained in detail in [4]. As the boundary Harnack principle is very important and
useful, it seems worthwhile to develop Ancona’s line of reasoning in the more general
context considered in this monograph (i.e., for inner uniform domains in Harnack-
type Dirichlet spaces). However, we will not discuss this here and leave it for future
development.

4.2.5. Green functions and capacity width. — Throughout this section, we
continue to work under the hypothesis that (X, u, &, D(6)) is a fixed Harnack-type
Dirichlet space with associated intrinsic distance p and we assume that sup p = oo,
that is, X is not compact.
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Recall that the capacity of a compact set K in an open relatively compact set 2 is
defined by
Capg(K) = inf{&(u,u) : u € F°();u > 1 a.e. on K}.
Alternatively, this quantity can also be obtained as
Capgq(K) = sup{v(K) : v a Borel measure supported on K with Gov < 1 on Q}.

The supremum is attained for a (non-negative) measure vg supported by K and
called the equilibrium measure of K (in 2). Moreover, the equilibrium potential Govg
satisfies Govg =1 q.e. on K.

It is proved in [54] that, under the present hypotheses, there are constants a, A €
(0, 00) such that, for any € X and 0 < r < R < 00, we have

R B R
(4.9) a/r V(;, s)ds < (CapB(I,R)(B(:v,T))) 1 < A/T _V(;, s)ds.

For the following crucial definition and lemmas, we follow [1] closely.

Definition 4.11. — For 5 € (0,1) and any open set V' C X, define the capacity width
wy(V) by

C B(z,m)\V
w,,(V):inf{r>0:\/:c€V, Pz, (ir)_\ )>n}-

CapB(z,Zr) (B(Il‘, T))
Note that w, (V) is a decreasing function of 7 € (0,1) and an increasing function
of the set V.

Lemma 4.12. — Under the hypotheses of Theorem 4.5, there are constants A,n €
(0, 00) depending only on the constants co, Coy of uniformity of U and on the constant
H, from the Harnack inequality (2.7) on (X, u, &, D(8)) such that

Vr>0, wy({xeU:p(x,X\U)<r}) < Ar.

Proof. — Let V, = {z € U : p(z,X \ U) < r}. Using the uniformity and unbound-
edness of U, there is a constant A; such that for any point y € V,. there is a point
z € UN B(y, Air) with the property that p(z, X \ U) > 2r. Then B(z,r) C B(y, Ar)
if A= (A;+1). The capacity of B(y, Ar)\ V; in B(y, 2Ar) is larger than the capacity
of B(z,r) in B(y,2Ar) which is larger than the capacity of B(z,r) in B(z,3Ar). By
(4.9), this is of order r, proving that wy,(V,) < Ar for some 1 > 0. O

The following lemma relates harmonic measure and capacity width. We write f ~ g
to signify that f is bounded above and below by different multiples of g where the
constants involved depend only on the constants ¢y, Cy of uniformity of U and on the
constant Hy from the Harnack inequality (2.7) on (X, p, &, D(8)).

We fix n > 0 once and for all, small enough that the conclusion of Lemma 4.12
applies and write w(V') = wy, (V') for the capacity width of an open set V' at the fixed
level n. Recall that, for z € V and E C 9V,

wy (2, E) = P,(Xr, € E)
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where 7y = inf{t > 0: X; € V}.

Lemma 4.13. — Under the hypotheses of Theorem 4.5, there is constant a; depending
only on the constant Hy from the Harnack inequality (2.7) on (X, u, &, D(8)) such
that for any non-empty open set V C X, x € V and r > 0, we have

wWynB(z,r) (.’E, vn BB(.'L‘, T)) < exp (2 - alr/w(V)) .

Proof. — For any « € (0,1), we can pick s with w(V) < s < w(V) + & such that

(¢ B(y, \%4
Vy € V', ‘a’pB(y,Zs)( (y 3)\ ) >

CapB(y,?s) (B(y7 S))

[

Fix y € V and let E = B(y,s) \ V. Let vg be the equilibrium measure of E in
Q = B(y,2s). We claim that there exists ¢ > 0 depending only on the constant H
from the Harnack inequality (2.7) on (X, i, &, D(&)) such that

(4.10) Gaqvg > en on B(y, s).

Let F = B(y, s) and vg be the equilibrium measure of F' in . Then, by Harnack
inequality, for any z with p(y, 2) = 3s/2, we have

V(€ B(y,s), Gal(z() =~ Galzy).
Hence
Gavr(2) = [ Ga(z,Owr(d0) ~ Galz v (F)
and
Gavs(2) = [ Galz Qve(d0) ~ Galz,u)ve(B).
Moreover, since vp(F) = Capg(F'), the two-sided inequality (4.9) and Lemma 4.8
yield that Goup(2) ~ 1. Hence, by the definition of s, for any z € 8B(y, 3s/2),

. Gave(z) ve(E)  Capg(E)
Cavel®) = G @ = vr(F) = Capa(®) ="

This proves (4.10).

For simplicity, write w(-) = wynB(s,r) (-, V N OB(z,r)). To prove Lemma 4.13, we
can assume that r/w(V) is greater than 2. Let k be the integer such that 2kw(V) <
r < 2(k+ 1)w(V) and pick s > w(V) so close to w(V') that 2ks < r. We claim that
(4.11) sup {w} < (1—en)

VNB(z,r—2js)
forj =0,1,...,k with ¢,7 as in (4.10). Note that for j = k, (4.11) yields the inequality
stated in Lemma 4.13. So, we are left with the task of proving (4.11).

Inequality (4.11) is proved by induction, starting with the trivial case j = 0. Assume

that (4.11) holds for j — 1. By the maximum principle, it suffices to prove

(4.12) sup {w} < (1 —en).
VNaB(z,r—2js)
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Let y € VNOB(z,r —2js). Then B(y,2s) C B(z,r —2(j —1)s) so that the induction
hypothesis implies that

w< (1—en)? on VN B(y,2s).
Since w vanishes (quasi-everywhere) on 0V N B(z,r) D 0V N B(y, 2s), the maximum
principle implies that

w< (1—en)'wynp2s(, V NOB(y,2s)) on VN B(y,2s).

To estimate

u= wVﬂB(y,2s)(" vn aB(ya 23))
on V N B(y,2s), we compare it to

v=1—GBp(y,2s)VE

where, as above, E = B(y,s) \ V and vg denotes the equilibrium measure of F' in
B(y, 2s). Both functions are harmonic in V N B(y, 2s) and v < v on 8(V N B(y, 2s))
g-e (in the limit sense). By (4.10), this implies

U = WynB(y,2s) (VN OB(y,2s)) < 1—enon VN B(y,2s).
Hence
w < (1—en) onVnNB(y,2s).
Since this holds for any y € V N dB(z,r — 2js), (4.11) is proved. O
The next lemma is the crucial step in the proof of inequality (4.2) which, itself, is
the key ingredient for the boundary Harnack principle of Theorem 4.2.

Before we state this crucial lemma, let us observe that if U is a uniform domain in
(X, p), for any point £ on QU and any R > 0 there exists a point {g in U such that

p(§;€r) =4R and p(§r, X \U) = 4cR
where ¢y is the constant appearing in the condition (3.1) expressing the uniformity of

U.

Lemma 4.14. — Under the hypotheses of Theorem 4.5, there are constants Ay, Ag €
(0,0) depending only on the constants cg, Cy of uniformity of U and on the constant
Hy from the Harnack inequality (2.7) on (X, p, &, D(E)) such that, for any € € OU,
r>0,k> A3 and ( € UN B(¢,r), we have

\%4
wunB(e,2r) (G UNOB(E,2r)) < Ay (fz’ r) GunB(e,ker) (6, &r)-

Here &, is any point in U with p(&,&,) = 2r and p(&, X \ U) > 4cor.

Proof. — We follow the structure of the proof of [1, Lemma 2]. All constants appear-
ing in the proof below depend only on the uniformity constants cy,Co of U and the
Harnack constant for X. Choose Az = 20(1 + Cp) so that, in particular, all the paths
given by the uniform condition (3.1) connecting pairs of points in U N B(£, 10r) stay
in UN B(¢, A3R/2). By the set monotonicity of the Green function Ggq, it suffices to
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prove the lemma with k = A3. Let 6(¢,r) = p(&-, X\U) and, for any ¢ € UNB(¢, Asr),
set

G'(¢) = Gunb(e,45r) (6, &)
As

B(¢&,6(¢,7)/2) cUN[B(E,6r) \ B(§,2r)] C UN[B(E, Asr) \ B(§,2r)],
the maximum principle yields

VyeUnNB(2r), G'(y) < sup  {G'(2)}
z:p(§r,2)=08(&,)/2
By construction &, € B(&, Asr/Co) and 0B(&,,6(€,7)/2) C B(€, Asr/Cp). Applying
Lemma 4.9 thus yields that
(@) < O
sup G'(2)} <y .
2:p(&r,2)=8(£,7)/2 V(&)

The volume doubling property implies that V' (§,,7) is comparable to V (&, r). Hence,
the last two displayed inequalities imply that there exists €; > 0 such that

Yy e UNB(,2r), er 2V(E,r)G(y) <e l.

Write
(4.13) UnB(¢,2r) = |JU;nB(,2r),
3>0
where

Uj={z €U :exp(—2""") < e, 72V (£, r)G' (z) < exp(—27)} .
Let V; = (Ukx; Ux) N B(§,2r). We claim that

(4.14) wy(Vj) < Agrexp (—3;—)

for some constants A4, A € (0, 00).

Suppose z € V;. Observe that for z € 0B(&,,6(§,7)/2), by the uniform condition
(3.1), the length of the Harnack chain of balls in U N B(&, Asr) \ {&-} connecting z
to z is at most Aslog (1 + Aer/p(z, X \ U)) for some constants As, Ag € (0,00) and
therefore, by Lemma 4.9, there are constants €3, €3, A € (0, 00) such that

exp(=27) > 61@0,()
A
» @ YENg (A2 X AD)

« (p(x,X\U)>*_

r

\Y
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Here, to apply Lemma 4.9, we note that both z and &, are in U N B(¢, 443%) and that
p(2,&) > 2cor. The last displayed inequality implies that for any € V; we have

—93
p(z, X \U) < Asrexp (72)

This together with Lemma 4.12 yields (4.14).
Let Ry = 2r and

6 - 1
k=1
for j > 1. Then R; | r and

0 . a1 (Rj—1 — R;

> . 6a 2
- Zexp (2JJr1 - 12j_2 exp <—)) < C < 0.
=1 A47T A

Let wo = w(-,UNIB(E,2r),U N B(,2r)) and

i sup{ plesirzy 1 € U;N B(¢, Ry)} if U; N B(E,Ry) # 2,
’ 0, if U; N B(¢,R;) = @.

Since the sets U; N B(&,2r) cover U N B(€,2r) and B(¢,r) C B(§, R) for each k, to
prove Lemma 4.14, it suffices to show that

supd; < A < 00
j20
where A, is as in Lemma 4.14.

We proceed by iteration. Since wy < 1, we have by definition of U,

2
rwo(x
dp = sup o(z) < €€

UonB(e,2r) V(€,7)G' ()

Let j > 0. For x € U;_; N B(§, R;_1), because of the definition of d;_;, we have

Also, wp < 1. Therefore the maximum principle yields that, for € V; N B(¢, Rj—1),

(416) wo(x) S w((L‘, V, n 8B(£, Rj_l), ‘/J N B(f, Rj_l)) + dj..l @G/((IJ)
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If z € UN B(&, R;), then B(z, Rj_1 — R;j) NOB(§,R;_1) = @, so that the first term
on the right hand side is not greater than

w(z,V; N OB(, R;—1 — R;),V; 0 Bz, Ri_1 — Ry))

R;_; — R‘>
< L i Sl
= o (2 0, (V)

_m 2_j) B B
(2 A4eXp<,\ r

27
= exp (2 - e(;j_2 exp (T))

by Lemma 4.13 and (4.14). Here ¢g =
er?V(€,7)G'(z) > exp(-27")
for x € U;. Hence, for z € U; N B(¢, R;), (4.16) becomes

27 Vi,
wo(z) < exp (2 —€gj 2exp (7\—)) +dj1 (fz )

‘ i
(61 exp (2 +277 — €657 exp (%)) + dj‘1> V(ri, . ¢ (@)

Dividing both sides by WC’ (z) and taking the supremum over z € U; N B(&, R;),
we obtain

IA
®
”

hel

6a L
wTAT - Moreover, by definition of Uj,

G'(x)

INA

; 27
d; < €12 exp (2]+1 —€gj 2 exp (T)> +dj_1

and hence for every integer 7 > 0

d; < €162 <1 + Zexp (29+1 — %j—2 exp (T)) _ 6162(1 +0) <o
7j=1
by (4.15). O

Proof of Theorem 4.5. — As above, U is an unbounded uniform domain in (X, p).
Recall that Theorem 4.5, that we want to prove, asserts that there exist constants
ag, Ao, A} € (1, 00) with ag < Ag such that for, any { € OU and any r > 0,

GUOB(&,AOT)(may) < A GUnB(g,ADr)($>y')
GunB(e, 40 (@ Y) = Gunb(e,a0r) (@Y’
for all z,z' € UN B(&,r) and y,y’ € UNIB(E, aor).

We set Ag = A3 + 7 = 20(1 + Cy) + 7. Then, clearly, all paths appearing in the
uniform condition for U and joining two points in B(, 107) stay in U N B(€, Aer/2).
Fix z* e UN B(&,r), y* € UNAB(,6r) such that ¢;7 < p(z*, X \U) <7, co(6r) <
p(y*, X\U) < 6r. It suffices to show that, for allz € UNB(¢,r) and y € UNIB(E, br),
we have

GunB(e,40r) (Z*,Y)
GunB(e,Aor) (T*, Y*)

(4.17) GunB(e, 40r) (T, Y) =X GunB(e,40m) (T, Y")-
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Set U’ = UNB(&, Aor). Fix y € UNAB(¢, 6r) and call u (respectively, v) the left-hand
(respectively, right-hand) side of (4.17), viewed as a function of z. Then u is positive
harmonic in U’\ {y} whereas v is positive harmonic in U’\ {y*}. Both functions vanish
quasi-everywhere on the boundary of U’.

Since y* € U N AB(&,6r) and 6eor < p(y*, X \ U) < 6r, it follows that the ball
B(y*,3cor) is contained in UN(B(£,97)\ B(¢, 3r)). Let z € 0B(y*, cor). By a repeated
used of Harnack inequality (a finite bounded number of time, depending only on the
uniform constants of U), one can compare the value of v at z and at z* so that, by
Lemma 4.9 and the doubling volume property,

2
v(2) = v(z*) = C1Gy-(z*,y) < C{ﬁ

Now, if y € B(y*, 2¢cor) then, by Lemma 4.9 and the doubling volume property,
o

V(¢ r?)

so that we have u(z) > €av(2) in this case. If instead y € U \ B(§,2¢cor) then we can
connect z and z* by a path of length comparable to r that stay away (at scale r) of
both X \ U and the point y. Hence, Harnack inequality implies that u(z*) ~ u(z). As
u(z*) = v(z*), this proves that u(z) ~ v(z) in this case. This shows that we always
have

’U/(Z) = GU’(Za y) 2 €

u > egv on OB(y*, cor).
By the maximum principle, this implies that
u>ewon U\ B(y* cor).
Since UN B(&,r) C U'\ B(y*, cor), we have proved that u > e3v on U N B(,r), that
is,

Gu'(-’lf*,y)
———Gu(z,y"
Go(am,y) U EY)

for all z e UN B(&,r) and y € U N OB(&, 6r). This is one-half of (4.17).
We now focuses on the other half of (4.17), that is,
GU’( ) y)
Gy (z*,y*)
with x e UN B(§,r) and y € U NIB(E, 67).
For z e UNB(,2r) and z € U N B(&,97) \ B(&,3r), Lemma 4.9 yields

(4.18) Gy (z,y) > €3

(4.19) €aGui(z,y) < Gu(z,y"),

r2

V(z,r)

Regarding Gy (z, 2) as a harmonic function of x, the maximum principle gives

Gu(z,z) < Cy

Gu(-,2) < Cigre—w(- U NOB(E,2r),UN B(£,2r)) on UN B 2r).

(E, '’
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Using Lemma 4.14 and Harnack inequality (to move from &, to y*), for x € UNB(&,r)
and z € UN B(£,97) \ B(&,3r), we get

2
(4.20) Gy(z,z) < Cy VE (52, ) Gy (z,&) < C3Gur(z,y").

Fixz e UNB(¢,7) and y € UNIB(&,6r). If p(y, X \ U) > cor/2 then Gy (z,y) <
Gu/(z,y*) and Gy (z*,y) < Gy (z*,y*) by the Harnack inequality, so that (4.19)
follows. Hence we now assume that y € U N dB(§, 6r) satisfies p(y, X \ U) < cor/2.
Let ¢’ € 8U be a point such that p(y,£’) < cor/2. Without loss of generality, we can
assume that ¢g < 1. Then it follows that y € B(¢’,r). Also

B(¢',2r) C B(y,3r) C B(&,9r) \ B(&, 3r).
Hence, (4.20) gives Gy/(z,z) < C3Gy:(z,y*) for any z € B(¢,2r). In turn, this
implies
(421) GU’ (iE, y) < CgGU’(l’, y*)w(ya un aB(gla 27'), un B(gl? 2T))

Let us apply Lemma 4.14 with £ replaced by ¢’ and observe that U N B(¢', Asr) C
UN B(&, Agr) = U’ since we have set Ag = A3z + 7 and p(&,&’) < 7r. This yields

W, UNOBE,2),UNBE ) < A G an.8)
YD

(4.22)

IA

Gu (&, y)

with & € U a point such that p(¢),¢') = 4r and p(§T,X \ U) > 4cor. Note that
we have used the doubling volume property as well as the set monotonicity and the
symmetry of the Green function. Now, (4.21) and (4.22) give

(5’ )GU'(ﬁmy)GU’(%y )-

By construction, p(¢;,y) > p(£;,€') — p(&',y) > 2r and p(z*,y) 2 p(§,y) — p(§,2") 2
5r. Therefore, by the uniformity of U, there is a chain of balls of radius ~ r of length

uniformly bounded in terms of the constants in the uniform condition for U and
all contained in U’ \ {y} that goes from z* to £,. Applying the Harnack inequality
repeatedly thus yields Gy (€L,y) ~ Gu/(z*,y). As Lemma 4.9 gives Gy (z*,y*) ~
r2/V(€,r), the last displayed inequality implies (4.19). This completes the proof of
(4.2) and thus of Theorem 4.5. d

Gu/(z,y) < Cy

4.3. Existence of a harmonic profile

The aim of this section is to prove that certain reasonable unbounded domains U
in a non-compact Harnack-type Dirichlet space admit a harmonic profile, that is a
function h = hy with the property that

1. h is a local weak solution of the Laplace equation in Uj;

2.hed loc( );

3. h>0inU.
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4.3.1. A profile candidate. — Except in the rare case of domains where an ex-
plicit formula can be provided, the profile of a domain U is obtained through a limiting
process involving the ratio of harmonic (or approximately harmonic) functions. In the
present general context, we consider a fixed point g € U and a sequence of inner
balls B; = U N Bg(zo,m;) with r; T co. For each i, let z; be a point such that
pu(zi, o) = 7:/2 (the existence of such points follows from the fact that U is an
unbounded domain). Thus z; tends to co (in the obvious sense) with :. Next, consider
the restricted Green function Gp;(z,y) in B; and set

_ GBi (wivm)

G, (i, o)

Defining h; to be 0 in U \ B;, we obtain functions h; > 0 that are defined on all
of U. By construction, for each i, h; belongs to Fv (B;, B; \ {z:}) and is a local
weak solution of Lu = 0 in B; \ {z;}. Also, it is equal to 1 at x = z,. Because we
assume that (X, u, &, D(&)) is a Harnack-type Dirichlet space, any family {u;} of
local weak solutions in a domain V such that u; is uniformly bounded at one point
Zo is equicontinuous on compact subsets of V. Indeed, the family {u;} is uniformly
bounded and uniformly Hélder continuous (of exponent a > 0) on any open relatively
compact subset of V. See Theorem 2.30.

Applying this to the families {h; : ¢ > i} on U N Bﬁ(xg,rio /3), we see that there
exists a subsequence of the sequence (h;) defined at (4.23) that converges uniformly
in any compact subset of U. Replacing the original sequence by such a subsequence,
we set

(4.24) Ve eU, h(z)= lim h;(z).

(4.23) hi(z)

Let us show that h; converge to h locally in & (U) and that h is a local weak solution
of the Laplace equation in U. It is clear that h; converges to h locally in L?(U).
By the form of Leibniz rule that holds for the energy measure I', for any function
¢ € 6.(U)N D(&) and i, j large enough, we have

8(B(h — hy), d(hi — hy)) = /U (hi — h;)*dT($, 8) + E(hs — hy, 62 (hi — hy)).

The last term on the right-hand side is 0 because ¢?(h; — h;) is in G.(U) N D(E)
and h; — h; is a local weak solution of Lu = 0 in an open subset of U containing
the compact support of ¢. Since h; converges to h locally uniformly in U, this proves
convergence locally in F(U). It easily follows that h is a local weak solution of the
Laplace equation since, for any ¢ € &.(U) N D(65),

&(h, @) = &(lim h;, ¢) = lim &(h;, ¢) = 0.

By the Harnack inequality, it follows that h > 0 in U.

The one crucial property of the profile h missing at this point and the one property
that requires further hypotheses on the domain U is the fact that, to be a harmonic
profile, the function h at (4.24) must be in F°_(U), that is, must vanish along the
boundary of U, in the appropriate sense.
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4.3.2. For uniform domains, the candidate h is indeed a profile. — We will
make use of the following definition.

Definition 4.15. — Let (X, pu, &, D(&)) be a Harnack-type strictly local regular Dirich-
let space. Let U be a domain in X. We say that a local boundary Harnack principle
holds in U if for any open set 2 and any compact K C 2 there exists a constant
C(Q,K) € (0,00) such that for any two non-negative continuous functions u,v in
g?oc(U, U NQ) that are weak local solutions of the Laplace equation in U N we have

Ve, y e UNK, @ <CK M
u(y) v(y)

Note that this is a very weak form of the Harnack boundary principle in that it
does not provide control on C(2, K) in terms of the relative geometry of 2 and K.
Theorem 4.2 states that, in a Harnack-type Dirichlet space, uniform domains and
even inner uniform domains (under the additional hypothesis that a carré du champ
exists) satisfy a much more precise boundary Harnack principle.

Theorem 4.16. — Let (X, u, &, D(E)) be a Harnack-type Dirichlet space. Let U be an
unbounded domain in (X, p) such that the local Harnack boundary principle holds in
U. Then any function h obtained as in (4.24) is in Fv. (U) and thus is a profile for U.

loc

Proof. — The first step is to show that the sequence h; used in (4.24) to define h is in
fact Cauchy in Lfoc(ﬁ, du). Let K be a compact set in X and V = K NU. It suffices
to show that (h;) is Cauchy in L2(V, u|v). Let  be a relatively compact open set in
X containing K, B = B(zg, R) be a large ball in X such that Q C B(&, R/2) and
&, be a point in [B(&p,2R) \ Q] N U. Let g(z) = Gungp(&o,x) be the corresponding
Green function. Note that g is continuous positive in 2N U, belongs to 75 (U, UNQ)

and is a local weak solution of the Laplace equation in 2 NU. Applying the Harnack
boundary principle to Q, K and any of the pairs h;,g with ¢ large enough yields

sup {h;/g} < C(Q, K).
UNK

For any n € (0,1) small enough, let V;, = {z € V : p(z,X \U) > n} C U and note
that V,, is a compact subset of U. For i, j large enough, we have

/ |h; — hj|*du g/ |h; — hj|2d,u+2C(Q,K)/ g’du.

% Vi V\V;,

As fV\V,, g%dp tends to 0 with 1 and (h;) converges to h in L2 (U, u), this indeed
shows that (h;) is Cauchy L2(V, u).

The second and last step is to show that for any open subset V of U which is
relatively compact in X, (h;) is a Cauchy sequence in F (V). Since, for ¢ large enough,
hi € F°(U, V), this implies that h € F°(U, V) and thus h € Fy,.(U) as desired. To
this end, let ¢(z) = (1 — p(z,V));+ = max{1l — p(z,V),0}. By Theorem 2.11, this
function is in & (X) with dI'(¢,¢) < du a.e. and dI'(¢, )|y = 0. By construction,
hi € FO (B;, B;\{z;}) where B; = UﬂBa(xo,ri) and z; € U is such that py(z;, ) =

loc
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;/2. Hence, for 4 large enough, ¢h; € @(é’gﬁ,) c F°(U). To show that (h;) is Cauchy
in F(V), it suffices to show that ¢h; is Cauchy in F°(U). We have

E(B(hs — hy), d(hi — hy)) = /U (hi — 1;)dT($, 8) + E(h — hy, 6 (hi — hy)).

We claim that the last term on the right-hand side is 0. Indeed, ¢%(h; — h;) is in
F 0(U ) and can be approximated by functions v¢,, € ¥.(U) with compact supports all
contained in an open set @ C U with Q C B; \ {z;} for all ¢ large enough. As h; — h;
is a local weak solution of Lu = 0 in 2,

6(}1;, e hj,(,bz(hi - hJ)) = C‘;(hz — hj, nILDgO ’(/}n) = nll’n;o 6(h1 - h]‘, ’l/)n) =0.
Hence, setting K = {z € U: p(z,V) <1,

/V dl(h; — hj hi —hy) < E(d(hi — hy), d(hi — b))

/ (hi — hy)*dT(¢,¢) < / (hi — hj)?dp.
U K

Since (h;) is Cauchy in Lfoc(a:), this shows that it is also Cauchy in (V). a
4.3.3. The doubling property of the profile. — By Theorem 4.2, if U is an
unbounded domain in X and U is uniform in (X, p), then U satisfies a very strong
form of the boundary Harnack principle. In particular, the function h defined at
(4.24) is a profile for U. The following theorem states this fact together with the key
additional information that the measure h2dy is doubling on (ﬁ, pv)- In the case of
uniform domains, it proves all the statement of Theorem 4.1 except for the uniqueness
of the profile, up to a multiplicative factor. Uniqueness can be deduced from the global
boundary Harnack principle by a classical argument (see, e.g., [3]).

Theorem 4.17. — Let (X, u, &, D(&)) be Harnack-type Dirichlet space with associated
intrinsic distance p. Let U be unbounded uniform domain in (X, p). Then the function
h defined at (4.24) is a profile for U, that is, h is a continuous positive function in U
which belongs to & &C(U ) and is a local weak solution of the Laplace equation in U.

Moreover, the measure dv = h%du on (ﬁ, pu) satisfies the volume doubling property,
that is, there is a constant D € (0,00) such that

Ve eU, r>0, Vi(z,2r) < DVja(z,r).
In fact,

(4.25) Vzel, r>0, Vi (z,7) = / h%du ~ h(z,.)?V (z,r)
B~(z,r)
U

where x, is any point in U such that py(z,z,) < r/4 and p(z,, X \U) > cor/8.
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Proof. — By construction, we know that h is a local weak solution of the Laplace
equation in U. Fix z € U and r > 0. Let z,, € U be a point with

T cor
pU(xTa:l:) = Z and p(:l:r,X \ U) > ?

Such a point always exists by Lemma 3.20. Furthermore, if z/. is any point satisfying
pu(zr,z) < 10r and p(z,, X \U) > IT_O

then the basic Harnack inequality shows that h(z]) ~ h(z,).

Note that it suffices to prove (4.25). Indeed, the volume doubling condition for V}2
then follows from the doubling condition (2.2) for the measure p and the fact that
h(z;) ~ h(z2,) which is, again, an easy consequence of the basic Harnack inequality
used repeatedly along the curve v between g and x5 given by the uniform condition
(3.1).

If p(z,X \ U) > 2r then (4.25) follows immediately from the Harnack inequality
for the function h, the doubling condition (2.2) for the measure p and the uniform

condition (3.1). In fact, it is an easy consequence of the Harnack inequality and the
doubling condition in (X, p, u) that there exists a constant €; > 0 such that

(4.26) / h%du > e1h(z,)?V (z,T).
B~(z,r)
U

Indeed, B (w,r) contains B(zy,cor/8).
The matching upper bound

(4.27) / h2du < Cyh(z,)?V (z,r).
B~(z,r)
U

is the more interesting result which immediately follows from the following claim.
There exist a constant C such that

(4.28) VzeU, r>0, y€By(z,r), h(y)<Chlz).

To prove this claim, note that By(z,r) C B(z,r) C B(z,4r). Fix a point . € U
such that p(z,£.) = 2r and p(€.,X \ U) > ¢;r. Then, for any point y € U N B(z, ),
p(€l,y) > r. Pick A to be a constant larger than required by Proposition 4.10 and
larger than constant A in the boundary Harnack principle of Theorem 4.2. Consider
the Green function Gynp(z,24r)- By the Boundary Harnack principle of Theorem 4.2,
we have

h(y) <C GUOB(m,2Ar)(£;-’y)
h(zr) =~ GunB(z,24r)(&rs Tr)
for all y in U N B(z,r). By Proposition 4.10, we have

GUOB(&:,ZAT) (&;‘7 y)
GUOB(m,2Ar) (5;'7 xr)
for all y in U N B(z,r). The desired conclusion (4.28) thus follows. O

IN

C

ASTERISQUE 336



4.4. FROM UNIFORM DOMAINS TO INNER UNIFORM DOMAINS 93

4.4. From uniform domains to inner uniform domains

It is quite possible that the arguments given above for uniform domains extend to
inner uniform domains (with adequate changes of notation). Note however that, in
the case of inner uniform domains, one must absolutely replace the sets U N B(z,r)
(trace of B(z,r) on U) by the inner balls U N B (z,r) which may be very different
indeed.

Instead of studying this possibility, we will now explain how the results for inner
uniform domains can be obtained as a corollary of those for uniform domains. The
key for this is Theorem 3.10 which asserts that if (X, u, & D(8)) is a Harnack-type
Dirichlet space with a carré du champ and U is an inner uniform domain in (X, p)
then the space (U, p, &, F(U)) is also a Harnack-type Dirichlet space (with py as
intrinsic distance).

The next key observation is rather trivial in nature. Namely, if we now look at U
as an open connected set in (ﬁ, pu) instead of in (X, p) then the hypothesis that U is
inner uniform in (X, p) translates immediately into the property that U is uniform in
(ﬁ, pu). Hence, we can apply to U the results obtained for unbounded uniform sets
in Harnack-type Dirichlet spaces. The price we have to pay for this trick to work is
the additional hypothesis that (X, u, &, D(&)) admits a carré du champ. Indeed, we
need this hypothesis in order to apply Theorem 3.10.

We now state explicitly the two important results that follow from this line of rea-
soning. The first is the boundary Harnack principle. The second concerns the profile.

Theorem 4.18. — Let (X, u, &, D(8)) be Harnack-type Dirichlet space with associated
intrinsic distance p. Assume that it admits a carré du champ. Let U be unbounded
inner uniform domain in (X, p). Then there exist constants Ag, A1 € (1,00) such that
forany & € ﬁ\ U, anyr > 0, and any positive local weak solutions v and v of Lu = 0
inUnN Bg({, Apr) with weak Dirichlet boundary condition on along the boundary of
U, we have

@) _, (@)
u@) = (@)’

Moreover, the constants Ag, A1 depend only on the constants cg, Cy of inner uniformity

of U and on the Harnack constant Hy of (X, u, &, D(E)).

Va,2’' € UNBg(€,7),

Theorem 4.19. — Let (X, u, &, D(&)) be Harnack-type Dirichlet space with associated
intrinsic distance p. Assume that it admits a carré du champ. Let U be an unbounded
inner uniform domain in (X, p). Then the function h defined at (4.24) is a profile for
U, that is, h is a continuous positive function in U which belongs to F loc( ) and is a
local weak solution of the Laplace equation in U. The measure dv = h?du on (U, ov)
satisfies the volume doubling property, that is, there is a constant D € (0,00) such
that

Vz € 5, r >0, Vy(z,2r) < DVie(z, 7).
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Moreover

(4.29) VeeU, r>0, Vi (z,r) = / h%du ~ h(z,)*V (z,r)
B"’(x"")
U

where z, is any point in U such that py(z,z,) < r/4 and p(z,, X \U) > cor/8.

Remark 4.20. — The estimates (4.29) is important in practice to control Vi2(z,r).
Note that, for any fixed constant C, there exist constants 0 < a < A < 0o such that
ah(z)*V (z,r) < Vie(z,7) < Ah())?V (z,7)
for all z,z, € U and r > 0 such that pu(z,z.) < Cr and p(z!., X \U) > C~r. In

other words, the precise choice of z, in (4.29) is irrelevant as long as z, is at distance
at most Cr from z in U and at distance at least r/C from the boundary.
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CHAPTER 5

THE DIRICHLET HEAT KERNEL
IN INNER UNIFORM DOMAINS

As mentioned in the introduction, one of the main goals of this monograph is to
present sharp two-sided Gaussian type estimates for the Dirichlet heat kernel in an
inner uniform domain in a Harnack-type Dirichlet space. This chapter is devoted to
this main goal. Even in the simplest and most studied case of Euclidean domains
above the graph of a Lipschitz function, there is some novelty to the results we are
going to describe.

5.1. The h-transform technique

5.1.1. Dirichlet-type Dirichlet forms. — Let (X, u, &, D(&)) be a strictly local
regular Dirichlet space satisfying the proprieties (A1)-(A2) of Section 2.2.3. This sec-
tion introduced a basic variant of Definition 2.34 and of the construction considered
in Definition 3.26. Given a continuous function v on a domain U C X (a weight),
consider the bilinear form defined on F.(U) C L?(U,vdu) by (f,g) — J; vdL(£, 9).
This form is well defined because v is continuous on U and dI'(f, g) is a signed Radon
measure with compact support and finite total mass in U. We claim that this form
is closable. One way to see that is to observe that the obvious extension of this form
with domain (see also 3.23)

(V) = {1 € L(U,0d) N T10e®) : [ 0dl(5,5) < o0}
U
is closed. This follows from the argument used to prove Proposition 2.50.

Definition 5.1. — Let (X, u, &, D(&)) be a strictly local regular Dirichlet space satis-
fying the properties (A1)-(A2) of Section 2.2.3. Let U be a domain in X. Let v be a
continuous function defined on U. Define

(65", D(ETY))

to be the closure of the symmetric closable bilinear form

(f,9) /U wdl(f,9), f,9 € To(U) C LA(U, vdp).
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The next proposition gathers properties of the form (55’”, @(63’")) which easily
follow by inspection.

Proposition 5.2. — Let (X, p, 6, D(&)) be a strictly local regular Dirichlet space satis-
fying the properties (A1)-(A2) of Section 2.2.3. Let U be a domain in X. Let v be a
continuous function defined on U. The form

D,v K7
(&5, D(EG™))
is a strictly local regular Dirichlet form on L%(U,vdu) with energy measure

drv(f’g) = ’UdF(f,g), fag € gloc(U)'

Remark 5.3. — In (3.23), we introduced the related Neumann-type Dirichlet form
under slightly different circumstances. Namely, in (3.23), we assumed the existence of
a carré du champ but only required that v be measurable, locally bounded and locally
bounded away from 0 in U. Indeed, the Dirichlet form 65’” can be defined without
difficulty for such more general functions v if one assumes the existence of a carré du
champ. In these circumstances, the form 55’” itself admits a carré du champ given
for f,9 € F10c(U) by

_ dre(f,g) _ vdl'(f,9) _ dU(f,9)

TY = =
(f’g) 'Udl,l, vdﬂ du

= T(fa g)~

Remark 5.4. — Note the similarities and important differences between the above
easy and very general proposition concerning the Dirichlet-type Dirichlet form
(85", D(E5")) and the rather difficult Theorem 3.30 which asserts the regularity of
the Neumann-type Dirichlet form (&5"", D(&g")) on U when the underlying Dirichlet
space is Harnack-type and admits a carré du champ, and U is inner uniform.

5.1.2. The h-transform technique. — This subsection describes the basic ingre-
dients of the well known technique of h-transform originally due to Doob and also
known under the name of Doob’s transform or Doob’s h-transform. This technique is
a key ingredient for our main results and we describe it in details in a context suitable
for our purpose. We start with the following simple definition.

Definition 5.5. — Let (&, D(&)) be a Dirichlet form on L?(X, u) with associated semi-
group (P;)¢>o and infinitesimal generator (L, D(L)). Let h be a measurable positive
function on X. Let H denote multiplication by h viewed as a unitary operator

H : L*(U,h%dp) — L*(U,dp), f+— hf.

Define (&p, D(6Er)), Ly and Pryt to be, respectively, the pulled back closed bilinear
form, operator and semigroup on L?(X,h?du) defined by

(5.1) én(f,9) = &(hf,hg), D(&n)=H'D(E);
(5.2) L, = H'oLoH, D(Ly)=H'D(L);
(5.3) P,y = HloP,oH.
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From this definition it immediately follows that & is a densely defined closed
symmetric bilinear form on L?(X, h2du) associated with the self-adjoint semigroup of
contractions Py ; on L?(X,h%dp) which admits Ly as its (self-adjoint) infinitesimal
generator. However, it must be observed that this form is not, in general, a Dirich-
let form because it is not Markovian (i.e., normal contractions do not operate on
(&, D(61)))- This form is Markovian if and only if the positivity preserving semi-
group P, ; is Markovian, i.e., if and only if P, 1 < 1 a.e. for all ¢ > 0. This happens
if and only if the original semigroup P; (extended to act on all functions f taking
values in [0, 00]) and the function h satisfy Pth < h, t > 0.

Lemma 5.6. — Referring to Definition 5.5, if the semigroup (P;)i>o admits a kernel
p(t,z,y), (t,z,y) € (0,00) x X x X, with respect to the measure dy then the semigroup
(Pn.t)t>0 admits a kernel pp(t,z,y), (t,z,y) € (0,00) x X x X, with respect to the
measure h2dp and these two kernels are related by

p(t,z,y) = pu(t, z, y)h(z)h(y), (t,7,y) € (0,00) x X x X.

Proof. — By definition, for f € L2(X, h?du), we have
1

Ph,tf(x) = mpt[hf](w)

_ -h(l—m) /X p(t, 2, 9)h(y) f (4)dpu(y)

p(t7 z, y) 2
= — 7 h d .
/X h(@) h(y)f (¥)h*(y)du(y)
Hence the semigroup P : admits the kernel
_ pt,z,y)

h(z)h(y)
with respect to the measure h2dpu. a

ph(t7 Z, y)

After these generalities, we now change our viewpoint and notation a bit and con-
sider a domain U in an underlying strictly local regular Dirichlet space (X, u, &, D(&))
satisfying the conditions (A1)-(A2) of Section 2.2.3. On U, we consider the strictly
local regular Dirichlet form of Dirichlet type (65, Q)(é’g)) introduced in Definition
2.34. Now, given a continuous positive function h on U, we constructed above two
very different closed bilinear forms on L?(U, h%dy), namely:

— The form (65’h2, @(55’h2)) obtained by setting v = h? in Definition 5.1.
— The form (65’,‘, @(65,,1)) with @(55‘,1) = H-19(85) obtained by h-transform
through setting (&, D(8)) = (65, D(EF)) in Definition 5.5.
Under some special circumstances, these two forms are actually equal. The following
proposition spells out cases where that happens. This type of result is not new and

can be found in various form in the literature. For instance, [29, Theorems 2.6 and
2.8] and [45] gives results in this direction. Note however that the results of [29] do
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not directly apply to our situation because the function A is only locally in the domain
of the Dirichlet form (&, D(&)). Since the following proposition is essential to us, we
present a proof in the spirit of the present work.

Proposition 5.7. — Let (X, u, &, D(&)) be a strictly local reqular Dirichlet space sat-
isfying the conditions (A1)-(A2) of Section 2.2.3. Let U be a domain in X. Let h be
a continuous positive function on U. Referring to the notation introduced above, we
have:

— Assume that h € F1,.(U). Then the set H=1(F(U)NL>®(U, pn)) is dense in the
Hilbert space Q)(éﬁh) = H'D(8D) and, in fact,

H Y (T (U)NL®(U,p) = T(U) N LU, u) = F(U) N L= (U, h*dp).

— Assume that h € F1,.(U) and is a weak local solution of Lu = 0 in U. Then the
2 2
forms (65’,1, @(55),,)) and (55"‘ , D(65" )) coincide.

Proof. — The set F.(U) N L>®(U, u) is dense in the Hilbert space @(55). Since, by
definition, H is a unitary operator between the Hilbert spaces D(&5) and Q)((Sgh),
it follows that H=}(F.(U) N L*°(U, u)) is also dense in the Hilbert space @(65’,,).
Since h,1/h are both in 7,(U) N L.(U, ) the equality

H™Y(F(U) NL®(U, p) = T(U) N L= (U, )

follows from the fact that &,.(U) N L2 (U, 1) is an algebra.

To prove the second statement, we observe that, according to what we just proved
above, it suffices to compare the two forms on the common dense subset &.(U) N
L>® (U, p) of their respective domains. As h € F1,.(U)NLS (U, p), for any g € F(U)N
L*®(U, ), the functions g, g2, gh, g?h are all in F.(U). Using the properties of the
energy form of a strictly local Dirichlet form, i.e., the product rule and the chain rule

and [47, Lemma 3.2.5], we have
Eon(9,9) = /U dl'(hg, hg)
= / g*dT'(h, h) + 2 / ghdT'(g, h) + / h%dT(g, g)
/ dT'(h, g°h) + / h%dl(g, g)

(5.4) = [warte,9) = 62" (6.9).

To obtain the last line, we have used the fact that [ d['(h,g%h) = 0 since h is a local
weak solution and g%h € 7. (U). a
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5.2. The h%-weighted Dirichlet form

In the previous section, under very general circumstances, we discussed the two
closed bilinear forms

&P and 6D,
associated with a domain U and a continuous positive function A on U. When h is a
local weak solution of the Laplace equation in U, we proved that these two forms are
equals. Note that, by definition, 65”‘2 is a strictly local regular Dirichlet form on U.

5.2.1. Regularity on U. — Our next goal is to show that, under appropriate

hypotheses, if h is a local weak solution of the Laplace equation in U and belongs
2
to F1_(U) then the form 65*" = 63,, is actually a strictly local regular Dirichlet

form on U. This is a bit surprising and is a key observation to develop our approach.
Indeed, our aim is to show further that the Dirichlet space

(T m2du, 627", 2 (65™"))

is a Harnack-type Dirichlet space. Once this is done, the desired results concerning
the Dirichlet heat semigroup on U will easily follow.

As 65’h2 is regular on U, the property that é’g’hZ is regular on U amounts to the
fact that §.(U) N D (65"‘2) is dense in €.(U) for the sup norm. This property is
perhaps more subtle than it first appears. The following proposition requires some
hypotheses on the underlying space but nothing on the domain U except the local
compactness of U and the existence of a harmonic profile, namely, h.

Proposition 5.8. — Let (X, u, &, D(E)) be a strictly local regular Dirichlet space satis-
fying the conditions (A1)-(A2) of Section 2.2.3 and which admits a carré du champ
operator. Let U be an unbounded domain in X such that U is locally compact. Let h
be a continuous positive function on U which is a local weak solution of the Laplace
equation in U and belongs to FL (U) (i.e., a harmonic profile for U). Then the
Dirichlet-type Dirichlet form

(52 (8"))
is regular on (U, h*dy) with core Lip, (D).

Proof. — As explained above, to prove the desired regularity, it suffices to show that

o~ 2 ~ ~ ~
G (U)ND (65’h ) is dense in &.(U) for the sup norm. As Lip,(U) is dense in &.(U)
in sup norm, it suffices to show that Lipc(ﬁ) c9P (65’h2) . Consider a function f in
Lipc(ﬁ). To show that f € 9 (63"‘2), we need to show that fh is in 7°(U). Now, as

we assume the existence of a carré du champ, any function f in Lipc(ff) with Lipschitz
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constant k is in i?c(ff) N F(U) (see Corollary 2.22) and satisfies

T(, f) = %ﬂ” <kae.
By Lemma 2.46, it follows that fh € F°(U) as desired. a
5.2.2. The h-transform on inner uniform domains. — Definition 3.26 provides

us with an extension
(60 2(65™)) o (60", 2(60™)).

On the one hand, Proposition 5.8 asserts that Lipc(’ﬁ) is a core in the latter form
(Dirichlet-type) under mild assumptions on the underlying Dirichlet space and on the
domain U. On the other hand, Theorem 3.30, together with Theorem 4.1, implies
that Lipc(ﬁ) is a core in the former form (Neumann-type) under the strong assump-
tions that the underlying space is Harnack-type and admits a carré du champ, that
the domain U is inner uniform, and that h is the profile provided by Theorem 4.1.
Under these circumstances, it follows that, somewhat surprisingly, the Dirichlet-type
and Neumann-type Dirichlet forms above coincide. This, of course, is a very special
property of the weight v = h? when h is a profile for U. The next theorem captures
these considerations and some of their far reaching consequences. As was the case
for Proposition 5.7, this is not new and there are many similar developments in the
literature. See, e.g., [29, 45]. Here it is important to observe that the results in [29]
do not strictly speaking apply to our setting because the harmonic profile h of an
unbounded inner uniform domain U is only locally in the domain 9(&) of the Dirich-
let form (&, D(&)). In particular, the apparant contradiction between the assertion
regarding transience in Theorem 5.9 below and the statement regarding recurrence in
[29, Theorem 2.6(ii)] is not a contradiction at all.

Theorem 5.9. — Let (X, u, &, D(E)) be a Harnack-type Dirichlet space which admits
a carré du champ. Let U be an unbounded inner uniform domain in (X, p). Let h be
the profile for U provided by Theorem 4.1. Then the Dirichlet forms

(55”*, 2 (6y")) and (65,9 (55*"2))

coincide and are regular on U with core Lipc(ﬁ). Moreover, these forms also coincide
with (55,,,, D (65h)) and the Dirichlet space

(T, n2du, 69", 2 (63™")) = (U, h2du, 604, 2 (£0))

is a Harnack-type Dirichlet space. If h is not constant (i.e., the boundary of U has
positive capacity), this Dirichlet space is transient (i.e., non-parabolic).

Proof. — Apply Proposition 5.8, Theorem 3.30 and Theorem 4.1 to show that the

first two forms are regular with core Lip(U), hence coincide. Apply Proposition 5.7
to see that they also coincide with the form obtained by h transform. Then, apply
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Theorem 4.1 and Theorem 3.34 to see that (fj, I’ 65”'2, D (53”’2)) is of Harnack-

type. To see that this space is transient it suffices to observe that 1/h is a non-constant
positive local weak solution of Lj in U. Indeed, it is well-known that the existence of
such a non-trivial positive harmonic function implies transience. O

Corollary 5.10. — Let (X, u, &, D(6)) be a Harnack-type Dirichlet space which admits
a carré du champ. Let U be an unbounded inner uniform domain in (X, p). Let h be the
profile for U provided by Theorem 4.1. Let PUD, hts» t >0, be the semigroup associated
with the Harnack-type Dirichlet form

(60m 2 (604)) = (8™, 2(65™)) = (65" 2 (e5™))

on (ﬁ, h?du). Then Py, ., t > 0, admits a continuous kernel pERtz,y), (t2,y) €
(0,00) x U x U which is bounded by

(5.5) er exp (220" ) <P (tay) < T )
. t,z,y) < )
Via(z, vE) - Lome Y Via(, vV2)

on (0,00) x U x U. Here V2 denotes the volume Viyz(z,r) = fBU(m " h2du of the inner
ball By (z,r) with respect to h?du.

Proof. — Apply Theorem 2.31 to the Harnack-type Dirichlet form

(€0 2 (60))
provided by Theorem 5.9. O

5.3. The Dirichlet-type Dirichlet form on an inner uniform domain

This section contains the main results of this monograph concerning the Dirichlet
heat kernel and solutions of the heat equation with Dirichlet boundary condition
on inner uniform domains. Throughout, we assume that (X, u, &, D(&)) is a Harnack-
type Dirichlet space with a carré du champ and that U is an unbounded inner uniform
domain. We let h be the profile for U provided to us by Theorem 4.1.

Recall that P(ft, t > 0, denotes the Dirichlet heat semigroup on L?(U, 1) associ-
ated with the Dirichlet-type Dirichlet form (&g, D(65)) of Definition 2.34 and that
pE(t,z,y), (t,z,y) € (0,00) x U x U, denotes the associated Dirichlet heat kernel.

5.3.1. The Dirichlet heat kernel. — By Proposition 5.6 applied to the form
(88, D(E5)) and to the profile h, the Dirichlet heat kernel p2(t,,y) is related to
the heat kernel pgh(t, z,y) of Corollary 5.10 by the formula

(5.6) pg (t,2,y) = h(@)h(Y)Pg At 2, y)-

This formula, together with Theorem 5.9, Corollary 5.10 and Theorem 2.32 yields the
following fundamental result concerning the Dirichlet heat kernel in an unbounded
inner uniform domain.
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Theorem 5.11. — Assume that (X, u, &, D(&)) is a Harnack-type Dirichlet space with
a carré du champ and that U is an unbounded inner uniform domain. Let h be the
profile for U given by Theorem 4.1. Then there ezists ¢1,c2,0,3 > 0 and, for each
k=0,1,2,..., a constant Cy, such that, for allt > 0, z,y € U, we have:

c1h(z)h(y) pu(z,y)?
th (.’II, \/i) &P (_ Cgt ) ’
Ceh@h() (, | pulz,v)*\*** pu(@,y)?
Vi (z, VO) <1 T ) P (_ 4t )
and for y' € U with py(y,y') < V%,
ofp(t,z,y) _ Ofp(t,z,y)| _ Ck (pu(w, y))“ p(2t,2,y)
h(y) h(y') |~ t Vit h(y)

To make these estimates even more explicit one can use (4.29) which provides a
two-sided estimate for the volume function Vj2(z,r), namely,

Viz (z,7) =~ h(z, )2V (z,7)

in terms of the original volume V(z,r) in (X, y, p) and the value of h at a point z,
satisfying py(z,,z) < r and p(z,, X \ U) > ¢cor/8.

po(t,z,y) >

|0t pD (¢, 2, 9)| <

Remark 5.12. — There are alternative estimates of the Dirichlet heat kernel, namely,
cih(z)h z,y)?
Ptz SN (2
\/th (Z’, \/_)th (ya \/-) 2
and
h 2\ Btk 2
1052 (4, 7, )] < Crh(z)h(y) (1 + pu(a;, y) ) exp (_pu(zy) ) _

tk\/Vh2 V) Via (y, V1)

These estimates (with different constants ¢, ¢z, 5, Ck) are equivalent to those given
in Theorem 5.11 by symmetry and because V2(z,r) is doubling.

The estimates of Theorem 5.11 yield control of other important quantities such as
the Dirichlet Green function in U and the probability

(5.7) PU(t,.'L') = Pl?’tlu(x) =Py (v > t)
that the associated Markov process started at z stays in U up to time t.

Theorem 5.13. — Assume that (X, u, &, D(8)) is a Harnack-type Dirichlet space with
a carré du champ and that U is an unbounded inner uniform domain. Let h be the
profile for U given by Theorem 4.1 and assume that h is not constant. Then there exist
constants ¢,C € (0,00) such that the Dirichlet-type Green function GB(z,y) satisfies
o 1 GP(x, y) e 1
Vz,y €U, c/ ds < Y <C ——ds.
pu (z,y)? Vhe ((L‘,\/_) h’( )h(y) pu (z,y)? Vha (l‘, \/g)
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Theorem 5.14. — Assume that (X, u, &, D(E)) is a Harnack-type Dirichlet space with
a carré du champ and that U is an unbounded inner uniform domain. Let h be the
profile for U given by Theorem 4.1. Then there exist constants ¢, C € (0,00) such that
the function Py defined via (5.7) is bounded by

h(z) h(z)
hzyg) ~ h(z )

where x, 1s, again, an arbitrary point in U satisfying py (z,z,) < r and p(z,, X\U) >
cor/8.

Y (t,z) € (0,00) x U, ¢

Proof. — For the lower bound, write p2 (¢, z,y) = p& n(t, z,y)h(z)h(y) and

wey [ PO a0
B?;(z,\/f) ()
h(z)
h(z )
Here we have used the fact that there is a constant C such that

h(y)
h(z.z) ~

v

/ pE (¢, 2, y)du(y)
U

>

Vy € Bﬁ(w77')7

(see 4.28) and the estimate

c
Vy € B=(z,7), pE.(t z,y)> — 0.
Y U( ), Pu( Y) Vi (2, v3)

For the upper bound, write (for the last step, we use (4.28) again)

/Upg(t,rc,y)du(y)s(l hz) / hy t) p(t, z,y)du(y)

h(w) (4) , hiz)
= Chayy oW {h@ﬁ)} ) -

Let us look more closely at the basic heat kernel estimate for pg (t,z,y), that is

ey (=) _eu=y?

cth(@hlyle” =~ _ p csh(z)h(y)e” =«
<py(tz,y) < ,
\/th 1}, th (yv \/_) y Y \/‘/h.2 th Y, \/_)

Recall that, for any z € U and r > 0, Vj2(z,7) ~ h(z\/;)V(z\/zz,) where 2, is any point
in U such that py (2, 2.) < Kr and p(z, X \U) > &r for some fixed K, k € (0, 00) (such
a point always exist if K/k > 8/co with ¢o as in the definition of inner uniformity).
Hence the factor

h(z)h(y)
v/ Vaz (@, VE) Va2 (3, V2)
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in the two-sided estimate above can be estimated by
h(2)h(y) |
hz DhVV (@ VDY (4, V1)
By Theorem 5.14, this factor is thus also comparable to
Py(t,z)Py(t,y)
VV(@, VOV (b, Vi)

This leads to the following two interesting results.

Theorem 5.15. — Assume that (X, u, &, D(&)) is a Harnack-type Dirichlet space with
a carré du champ and that U is an unbounded inner uniform domain. Then there
exist constants ¢, ca,c3,cq € (0,00) such that for allt >0 and z,y € U,

(z,9)2 (=,9)?

Py(t,z)Py(t,y)e” <2t D csPy (¢, w)PU(t,y)e_p eqt
c <py(tz,y) <
VV (2, VOV (3, vA) VV (@ VOV (3, Vi)
Theorem 5.16. — Assume that (X, pu, &, D(8)) is a Harnack-type Dirichlet space with

a carré du champ and that U is an unbounded uniform domain. Then there exist
constants c1,cg, c3,c4 € (0,00) such that for allt > 0 and z,y € U,

ClPU(tv ZIJ)PU(t, y)p(c2ta z, y) < pg(ta z, y) < C3PU(t7 IE)PU(t, y)p(04t, Z, y)

Proof. — This follows from the previous result and the classical estimates for the
global heat kernel p(t, z,y). The crucial point is that when U is uniform (as assumed
in this theorem), the intrinsic distance py is comparable to the (global) distance p. O

The last theorem allows us to compare our results to some of those obtained in
[95, 96, 97] for conical domains and [98, 99] for Euclidean domains above the graph
of a Lipschitz function. Indeed, the heat kernel estimates of [98, 99| are stated in
terms of the function Py (t,z), t > 0, z € U. Since the results of [98, 99] as well as
ours give sharp two-sided estimates for the Dirichlet heat kernel, it is clear, of course,
that these estimates must be equivalent. However, deducing our estimates from those
of [98, 99] is not a trivial task. The results obtained here are more general than those
in [98, 99] as so far as they apply to inner uniform domains but [98, 99] consider a
wider class of operators including non-divergence type operators.

5.3.2. The parabolic boundary Harnack principle. — We start this section
with an elementary proposition which follows readily from the definitions of the vari-
ous objects involved in the statement. We saw in the previous section that the Dirich-
let heat kernel pJ(t,z,y) is related to the heat kernel pg’ p, of the Dirichlet form
(55,;,, @(65,,1)) by the formula pf (t,z,y) = h(z)h(y)pgyh(t,w,y), z,y € U. See (5.6).
A similar relation holds at the level of local weak solutions of the heat equation with
Dirichlet boundary condition along U when ((‘55’;1, @(53,,) = (65”‘2, @(65"‘2)) and
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this form is gonsidered on U. This statement is more subtle because it involves the
topology of U in a crucial way.

Proposition 5.17. — Let (X, pu, &, D(8)) be a strictly local regular Dirichlet space sat-
isfying the conditions (A1)-(A2) of Section 2.2.3 and which admits a carré du champ.
Let U be an unbounded domain in X such that U is locally compact. Let h be a con-
tinuous positive functwn on U which is a local weak solution of the Laplace equation
in U and belongs to 72 _(U).

Let V be an open subset in U and V# C U be as in Definition 2.42. Let I be an
open time interval and Q = I xV, Q# = I x V#. Then the following properties hold.

1. A function u defined on V is a local weak solution of the Laplace equation
for (&, D(8)) in V with weak Dirichlet boundary condition along dU if and
only if the function u/h is a local weak solution of the Laplace equation for
(2™, D(EDM)) in V.

2. A function u defined on @Q is a local weak solution of the heat equation
for (&, D(8)) in Q with weak Dirichlet boundary condition along OU if and
only if the function u/h is a local weak solution of the heat equation for

(62", D(EE™M)) in QF.

Proof. — We only prove the elliptic case (1). The additional details needed in the
parabolic case are of a similar nature, involving the “transport” of various spaces
and conditions from one form to the other using the maps H and H~! of pointwise
multiplication by A and h~1.

Recall that V# is the largest open set in U which is contained in the closure of V
in U and whose intersection with U is V. This means that V# is obtained from V
by adding those points in U \ U that are interior points in the closure of V' in U. See
Example 2.44.

By Definition 2.47, u is a weak solution of the Laplace equation in V with weak
Dirichlet condition along &U if and only if (a) u € F°(U,V) and (b) &(u,¢) =
fV dl'(u,¢) = 0 for any ¢ € F (V). Because ¢ has compact support in V, it is
obvious that condition (b) is equivalent to (b’) 65'h2(u/h, ) =0 for any ¥ € F(V).
To see this, use the polarized version of (5.4) and the fact that ¢ € F (V) is equivalent
toy =¢/he F(V).

Concerning condition (a), Lemma 2.45 asserts that u € F°(U, V) if and only if, for
any open set  C V that is relatively compact in V#, there exists a function u# €
F°(U) such that u* = u on Q. By Proposition 5.7, we also know that @(65’h2) =
H 7).

If u is in F°(U, V) and € is open relatively compact in V#, let u# € & %(U) such
that u# = u on U N Q hence also on § (these equalities are understood a.e.). Then

2 X 2
w#/h =u/h on Q and u#/h € D(65™ ). This means that u/h € gff ' (V#).
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D,h?
Conversely, assume that u/h € F f,‘c’ (V#). Then for any open relatively compact
2
set € in V#, there exists v# such that v# = u/h on Q and v# € D(E5" ). Hence,
v#h = u on Q and v*h € F°(U). This means that u is in F°(U, V). d

Using the proposition above and Theorem 5.9, i.e., the fact that the form
(53‘h2, @(65’h2)) = (65’,1, @(Ggh)) is Harnack-type when U is inner uniform, we
obtain the following parabolic version of the Harnack inequality and Hélder continuity
up to the boundary for weak solutions with weak Dirichlet condition along oU.

Theorem 5.18. — Assume that (X, u, &, D(8)) is a Harnack-type Dirichlet space with
a carré du champ and that U is an unbounded inner uniform domain. Let h be the
profile for U given by Theorem 4.1. Fiz 7,0 € (0,1) and 0 < e < n < 0 < 1.
Then there exist constants a € (0,1) and Hy, Hy € (0,00) such that for any z € ﬁ,
r,s > 0 and any weak solution u of the heat equation for (&, D(&)) in the cylinder
Q= (s—7r?%s) x Bz (@, r) with weak Dirichlet boundary condition along OU, we have

Y ) ’
. R o O AT
(t.9),(+ ¥ )EQ’ VIt =t +pu(y,y'))™ Q
2 s —err?) x B(z,0r). Moreover, if u is non-negative in Q then
(5.9) sup {u/h} < Hpinf{u/h}
Q_ Q+

where Q' = (s —o7r

where Q_ = (s — otr?, s — n7r?) x B(z,0r), Q4+ = (s — err?,s) x B(z,0r).
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CHAPTER 6

EXAMPLES

This chapter discusses various examples in some details.

First, we point out constructions of the harmonic profile h in two special cases that
are easier than and independent of the general construction given in Chapter 4. These
two special cases are: domains that are defined as the domain above the graph of a
function and domains that are the complement of a convex set. We also discuss a few
more specific examples of uniform and inner uniform Euclidean domains.

Second, uniform domains in models of sub-Riemannian geometries have been stud-
ied by several authors including [25, 26, 49, 50]. This allows us to give applications
of our results in this context and we present the simplest possible examples in the
case of the (2n + 1)-dimensional Heisenberg group.

Finally, we also give very simple examples in the context of Euclidean complexes
since some of these objects where mentioned earlier as models of Harnack-type Dirich-
let spaces.

6.1. Limits in F°(U)

This section spells out a very well known fact (essentially, the weak compactness
of the unit ball in a Hilbert space) that is useful in constructing the profile function
h on various domains.

The lemma below gives a version in the context of Dirichlet spaces.

Lemma 6.1. — Let (&, D(&)) be a strictly local regular Dirichlet form on (X, u). Let
U be a domain in X. Let f; be a sequence in L?(U) that converges in L%(U) to a
function f. Assume further that f; € F°(U) = D(EG) and

sup{6g (fi, i)} = C < 0.
Then f belongs to FO(U).

Proof. — Using the identification of L2(U) with its dual, we have °(U) C L*(U) C
FO(UY'. Since the set {g € F°(U) : ||gll2+ 60 (9,9) < C} is weakly compact, it follows
in particular that for any subsequence o of (f;) there is a further subsequence ¢’ such
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that [, figdu — [, f(0')gdu for some f(o’) € F°U) all g € L2(U). Since lim f; = f
in L2(U), we must have f(¢') = f € °(U). ]

The local version that is important to us reads as follows.

Lemma 6.2. — Let (&, D(8)) be a strictly local regular Dirichlet form on (X, p) sat-
isfying the conditions (A1)-(A2) of Section 2.2.3. Let U be a domain in X. Let f; be

a sequence in L2 _(U) that converges in L2 (U) to a function f. Assume further that

loc

fied IOOC(U ) and that, for any compact set K C U
sup {/ dI‘(f,-,f,-)} =C < oo.
i K

Then f belongs to F5 (U).

Proof. — Use Lemma 2.36 and the previous result. O

6.2. From classical solutions to weak solutions in Euclidean domains

In the general context of domains in a Harnack Dirichlet space, it is most natural
to deal with solution of the Laplace and heat equations in the weak sense defined
in Chapter 2, including possibly Neumann or Dirichlet boundary condition. Indeed,
in this general context, the domain of the Laplace operator is a rather mysterious
object. Things are a bit different when working on an Euclidean domain U, especially
in the case of the Dirichlet boundary condition. The reason is that, inside U, any weak
solution (of either the Laplace equation or the heat equation) is a smooth function
and a local solution in the classical sense.

In the case of the Neumann boundary condition, it can be quite troublesome to
turn the weak formulation of the boundary condition using U as in Section 2.4.4
into a Neumann boundary condition in a classical sense. The weak formulation of
the Neumann boundary condition essentially reduces the boundary condition to the
case of local weak solutions without boundary condition. However, verifying that a
function is a weak solution might be (very) difficult when we do not have a good
grasp on the space & ,oc(ﬁ). In this respect, the case of the von Koch snowflake is
probably a good example to keep in mind. The interior V' (and also the exterior) of
the snowflake is a uniform Euclidean domain (see below) and thus V = V. Theorem
3.10 applies and shows that the Neumann type Dirichlet form

D) = [ 1VIRan Few' ),
A%

on (V, ) is regular and of Harnack type. This means that any local weak solution u
of the heat equation for (V, 5{5, W1(V)) is Hélder continuous. The heat kernel and its
time derivatives provide non-trivial examples of such weak solutions. However, giving
classical type conditions that would imply that a function is a weak solution appears
rather difficult.
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A simple case worth discussing is the case of the interior V of a slitted disk, say
V = {(z,y) € R? : 22+ y? < 1,(z,y) € {0} x (—1,0]}. This is an inner uniform
domain. Theorem 3.10 applies and shows that the Neumann type Dirichlet form

EN (1, 1) = /V VfPdA, feW\WV),

on (V, A) is regular and of Harnack type. This time, v # V. Namely, points of V\ V
along the (open) negative y semi-axis must be split (in a topologically obvious way)
into a left and a right copy to obtain 1% \ V. However, we can clearly define the
outward unit normal 7/ to the boundary at any point along 1% \ V, except at the 3
points zo = (0,0), z; = (0,—1); and 2, = (0, —1), (the subscripts denote the left and
right copies mentioned above). In particular, at the points (0, y);, (0,%),, y € (—1,0),
we set

—i ife=r
7 07 e) — -
7((0,)e) { W oife=1,
gy of of of
5((0, Y)r) = — o>t o g(% Y), g.(((), y)h) = z<1(}g1—>o E(ﬂf, Y)-

Suppose that u is a smooth function in V satisfying

sup{|u| + |0u/0z| + |0u/dy|} < oo
%

with u/0x, Ou/dy having limits at any z € % \V, z & {20, 21, 2} and
VzeV\V,z¢{z0 2,2} %(z) =0.

Suppose further that, for some f € L}(V),
Au= fin V.

Tilen we claim that u is a weak solution of the Laplace equation for the Dirichlet form
(v, 65, W1(V)) with right-hand side f. To see this, we need to show that, for any

¢ WHV),
/ Vu - Véd\ = / uddA.
%4

Since the form is regular, it is enough to treat the case where ¢ € E(V)DWI (V). Now,
the proof of the claim follows from integration by parts on a sequence of domains V;,
with smooth boundary approximating V from the inside. The hypotheses made on u
and the continuity of ¢ on V make it easy to see that the boundary term vanishes
in the limit. This is a very simple example but this type of argument will work in a
variety of similar examples with rectifiable boundary along which a reasonable notion
of normal derivative can be defined.

We now consider the case of Dirichlet boundary condition. The following proposi-
tion is general enough to cover many cases of interest and its proof is quite standard.
It shows in particular that classical solutions with Dirichlet boundary condition are
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indeed weak solution satisfying the Dirichlet condition in the weak sense. Recall that
the reason this is not entirely obvious is that classical solution are not required, a
priori, to be locally in W1(V). The fact that this is the case must be extracted from
some energy estimates.

Proposition 6.3. — Let U be a domain in R™ such that U is locally compact. Let h be
a positive harmonic function in U that belongs to F ?Oc(ﬁ). Set dv = h%dp. Let I be
an open time interval, Q be an open set in U. Set Q=1xQ. Let u be a continuous
function on @ which vanishes on I x (2N (ﬁ\ U)), is once continuously differentiable
in time, twice continuously differentiable in space and satisfies Oyu+ Au =0 in QNU.
Then the following conclusions hold:

1. The function u is a local weak solution of the heat equation for (&, D(E)) in
I x (2N U) with weak Dirichlet boundary condition along OU;
2. The function v = u/h is a local weak solution of the heat equation in I x 2 in the

sense of Definition 2.27 for the Dirichlet form (65’h2, @(65’h2)) on L2(U,dv).

Proof. — This is essentially well known. For instance, [44, Corollary 2.3] is a very
similar (essentially equivalent) statement. However, we do not know of a proper ref-
erence making use as we do here of the set U. Note that Proposition 5.17 tells us that
the conclusions (1) and (2) are actually equivalent so we only need to prove (1).

It is convenient to introduce the followmg notation. We let i?OO(U ) be the space
of those continuous functions f in U that have compact support in U are smooth
in U and verify, for any k = (ki,...,kn), supy{|0%f/0%z|} < co. For instance, the
restriction to U of any smooth compactly supported function is in this space.

Without loss of generality, we can assume that u is bounded on @ (simply replace
Q by an arbitrary Q' = I’ x €' relatively compact in I x Q). For every € € (0,1), let
G. be a smooth function of one real variable such that G.,G.,G” > 0, G, vanishes
on (—o0,€] and G, = 1 on (3¢,0). Given u as above, set u, = Ge(Vu? + €2 — ¢€) on
Q. This function has the same smoothness property as u and vanishes on {u? < 363.
Moreover, a simple computation shows that %ue +Aue <00on QNU. Let ¢ € C°(U)
with compact support in 2 and 0 < ¢ < 1. Note that ¢u. has compact support in
QN {u? > 3€?} C U. Now, using the inequality satisfied by u. and integrating by
parts, we obtain

5 (3 [ 1ouan) + [ 90w
- /Q PPucAu, + / pucA(pue)dp
_ /Q w2$Addy — /Q $uVe - Vudp
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- / woBody [ uV6- Viguddu-+ [ wvopan
0 Q Q

1
<0, [wzan+ ) [ 19(ouoPan
Q 2Ja
Hence
0 2 2 2
| \pucldu+ | [V(gudPdn <20, | uldp.
ot Jq Q

Multiplying ¢u. by an appropriate cutoff function in time and integrating in time
yields (after some simple manipulations) ’

(6.1) sup [ / |ue|2du] + / |Vu|*dtdp < C(Q) / uldtdp
I Q/ Q! Q

for any Q' = I' x Q' relatively compact in Q. Next, observe that sgn(u)u, tends to u
in L?(Q) and that |Vu,| tends to |Vu| pointwise in @)’. Hence we also have

(6.2) su / lul?dp + / |Vu|?dtdu < C(Q') / |u|?dtdu
r Jo Q’ Q

By a straightforward variant of Lemma 6.2 for functions of time and space it follows

that, for any function ¢ € C(U) with compact support in 2, the function w =

¢u(t,-) is in @(65) for a.e. t € I' and satisfies
|w|? + |Vw|?dtdu < C(¢,Q") / |u|®dtdp.
Q’ Q

Moreover, for any ¢ € D(&5) and a.e. t € I, we have

0
/U wgwdu' - /U ¢¢Audu}
< |/ ¢A<¢u>du]+ [ Wlluag) + [9u- Vgl
U U
< /U IV - V(u)ldp + /U ol [uAd| + |Va - Volldu
1/2
< @) ([ 1 +19uPdn) " lasg

for some constant C; depending on ¢ and @’. It follows that %w belongs (for almost
every t) to the dual 9'(8F) of D(E5) and that

] N0l gyt < 2(6,@) /Q juf?dtdp.

This and the other properties of u show that u is a weak solution as stated in part
(1) of this proposition. O

We note that there are domains for which the proposition above is of no help at all
because most solutions of the Dirichlet problem are not continuous up to the boundary.
A typical example is provided by the famous Lebesgue spine. This difficulty can
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sometimes be resolved by considering bounded functions that vanish quasi-everywhere
on the boundary. However, the treatment of this case require further hypotheses on
the domain (e.g., inner uniformity) and much more sophisticated arguments than
those used in the proposition above. The practical differences between the classical
formulation and the formulation in term of weak solutions are less clear in such cases
and we will not discuss this situation here.

6.3. The domain above the graph of a function

This section is devoted to Euclidean domains above the graph of a function. The
main result concerns the case where the function is a Lipschitz function. This gives
a concrete illustration of our general results but we indicate a much simpler proof of
the existence and properties of the profile h in this very important case.

Recall that A denotes Lebesgue measure. Also, in the case of an Euclidean domain
U, F2 _(U) is the set of all functions f € WL (U) such that for any compactly sup-
ported smooth function ¢ on ]R" the function ¢f is in W} (U). Another equivalent
description is to say that f € W,l_(U) and vanishes quasi-everywhere along dU.

loc

Proposition 6.4. — Let U C R™ be the domain above the graph of an upper semi-
continuous function ® : R*~! — R (we do not allow ® to take the value co), that
is,

U={z=(7,2) eR" xR: &%) < z}.
Then there exists a harmonic function h: U — (0,00) such that:

(1) he F° _(U).

loc

(2) h is non-decreasing in U in the vertical direction.

Proof. — Let ®,U be as above. Let ¢; be a decreasing sequence of smooth functions
approximating ® pointwise.

For each integer ¢, let D; be an open subset of U with smooth boundary of the
form

Di={z=(§2) € R xR:¢:(¥) <z < (@), |7 < 105}
where ¢;,v; are smooth functions on {||7]| < 101} satisfying é;(7) = ¢1(37) on {||7] <
9i}, $:i(@) < ¢i(@) < ¢u(@ + 1 on {[|g] < 10}, $i(@) = 10i + :(§) on {[F] < 9},
10 + ¢3(7) — 1 < P3(#) < 10i + ¢4(#) on {||7]] < 104}. Note that D; C D; if i < j
(for the boundary of D; to be smooth, the functions Ji, a,- must have infinite vertical
derivatives along {||7]| = 10:}).

On the boundary of the domain D;, consider a fixed Emooth function f; such that
fi = 0 on the part of the boundary that is below 2 + ¢;, f; = 1 on the part of the
boundary that is above —2 + {/;,» and is an increasing function of z alone along the
vertical walls of dD;. The details of this construction are not very relevant and the
exact regularity that is required for the boundary of D; and for the function f; reflect
mostly the choice of what classical result concerning solutions of the Dirichlet problem
one is willing to use for the next step.
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Let u; be the solution of the Dirichlet problem on D; with boundary data f;. The
function w; is a positive harmonic function in D; bounded above by 1 and it belongs to
©€°°(D;). It vanishes along the bottom boundary of D;. The crucial further property
of u; is that it is increasing in the vertical direction. Indeed, 8, u; is a smooth function
on D; which, by construction, is non-negative on the boundary and harmonic on D;.
Hence it is non-negative on D;.

Next we fix a point g € D; and consider the sequence

hi = ui/ui(2o)

This is a sequence of non-negative harmonic functions defined on the increasing se-
quence of domains D;, U; = U. As all h; are equal to 1 at zg, by the classical Harnack
inequalities, we can extract a sequence that converges locally uniformly to a positive
harmonic function h defined on U. Abusing notation, we let h; denote a convergent
subsequence. Obviously, the function h is increasing in the vertical direction.
Because of this property and the fact that h; converges to h locally uniformly in U,
it follows that h; (extended by 0 outside D;) converges to h in L2 (U). Pick any ball
B(zo, R) with some fixed large radius R and any smooth function ¢ with compact
support in B(zg, R) and with |V¢| < 1. Consider the sequence of function @¢h;, where 3
is taken so large that B(xo, R) intersect D; only along its bottom portion where h; = 0.
It follows that ¢hi, $*h; € W (U). By Green’s formula, [, Vh;-V(¢?h;)dz = 0. Hence

[ vin) Vionyis = [ 1vopriaz.
U U

Since h; converges in L2 _(U), it follows that

loc
sup {/ |¢hi|2dw} < 00.
i U

Hence, by Lemma 6.2, gh € Wi (U), that is, b € F°_(U). Note that using Lemma

6.2 is not necessary here since the argument above can be used to prove directly that
@h; is Cauchy in W} (U) and thus converges to ¢h in W} (U). O

Remark 6.5. — Proposition 6.4 takes advantage of the simple fact that the domain
U is defined by the graph of a function to yield the existence of a harmonic profile. It
applies, for instance, both to the inside and to the outside of a paraboloid, examples
that are discussed in the introduction.

Another class of examples discussed in Chapter 1 is the collection of the slit upper-
half planes R2 ¢ associated with any (finite or) countable family

f={(zi,y:))} C Ri
where Rif is the upper-half plane with the vertical segments
si={2=(2i,y) : 0 <y <y}

deleted. Proposition 6.4 applies to this family of examples (take ® = 0 except at
z; where ®(z;) = y;). Note that these simple examples illustrate the fact that the
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property of A to be increasing in the vertical direction is very far from implying the
validity of a boundary Harnack principle or the validity of the doubling condition for
the measure with density h? on (U, py).

Proposition 6.6. — Let ® : R"~! — R be Lipschitz function with Lipschitz constant
k. Let U be the domain in R™ above the graph of ®. Then U is (Cy, c,)-uniform with
respect to the usual metric in R™, with Co = 4k + 3 and ¢y = (2k + 2)~2.

Proof. — Given any two points z,y € U, let R = p(z,y) be the Euclidean distance
between z and y. Let €, be the unit vector pointing ’up’, in relationship to the graph
of the function ®. Consider the path v consisting of three line segments:

(z,2"), (,y') and (¥',y),
where
z' =z + (2k + 1)Ré,, and vy = y + (2k + 1)RE,
We have p(z',0U) > 2R and p(y’,0U) > 2R, while p(z/,3y') = R, so the second
segment of the curve v is at least R away from OU. The length of the path v is at

most (4k + 3)R. It remains to confirm that on the first segment of the path ~, for
z = + t&, with t < (2k + 1)R,

p(z,0U) > cﬁ@

Using the Lipschitz nature of the function ®, after a simple trigonometry exercise we
obtain

. t t p(2,9y) p(2,9y)
te,,o0U) > > >t t
plettendl) 2 = 2 T 2 G D@k +9R = 9 &
as desired. O

Proposition 6.7. — Let ® : R®™! — R be Lipschitz function with Lipschitz constant
k. Let U be the domain in R™ above the graph of ®. Let h be the profile produced by
Proposition 6.4. Then the measure with density h? on U satisfies the doubling volume

property on (U, py).

Proof. — Note that py is uniformly comparable to the Euclidean distance in U and
that U = U. Pickz € Uandr >0and set B={y € U : py(z,y) <r},2B={y €
U : pu(z,y) < 2r}. We need to bound [, h?dX from above by C [ h?d\. The two
balls B, 2B have comparable volume of order 7™ (see Proposition 6.6!). Let x, be the
point at distance 8kr vertically above z. The Euclidean ball of center z, and radius 67
is contained in U. By the classical Harnack inequality, the values of h is B(z,,3r) are
at most Hoh(z,) for some constant Hy. As h is increasing, the values of h in B(z, 2r)
are also bounded by Hoh(z,). Hence

/ h2%d\ < Cr™h(z,).
2B
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Let z, be the point at distance r/2 vertically above x. The Euclidean ball
B(z.,r/(4k)) is contained in B and the values of h on the ball B(x,,r/(8k)) are
bounded below by H 'h(z.). Hence

/ h*dz > cr"h(z;.).
B

Finally, applying the Harnack inequality at most (10k)? times along the vertical seg-
ment joining z. to z, shows that h(z,) < HI%%h(z.). Hence

/ h2dx < C’ / h2d\
2B B

as desired. O

Theorem 6.8. — Let ® : R®1 — R be Lipschitz function. Let U be the domain in
R™ above the graph of ®. Let h be the profile produced by Proposition 6.4. Then the
Dirichlet form

/|Vf|2h2d,\, f € WYU, h?d))
U

is a Harnack-type Dirichlet form on (U, h%d)\, py). Moreover, this form coincides with
the form

[1vmpran 5 e Hwiw,a
U
where H denotes pointwise multiplication by h in U.

Proof. — Use Propositions 6.6 and 6.7 above to apply Theorem 3.34 of Chapter 3
together with Propositions 5.7 and 5.8 of Chapter 5. ]

Remark 6.9. — This proof does not require the results obtained in Chapter 4 such as
the Harnack boundary principle. Instead, it provide a new proof of these important
results in the case of domains above the graph of a Lipschitz function.

In the following corollaries, we state direct consequences of the previous theorem.
We state this consequences in classical terms, that is, in terms of classical solutions of
the Laplace equation vanishing continuously on the boundary. It is well known that
every point on the boundary of the domain above the graph of a Lipschitz function
is regular. This implies that the profile h € W, (U) belongs to &(U) and vanishes
continuously along the boundary of U.

Our first corollary is the well-known Harnack boundary principle and the assorted
Holder regularity for harmonic functions vanishing along oU.

Corollary 6.10. — Let ® : R*~1 — R be Lipschitz function. Let U be the domain in
R™ above the graph of ®. Let h be the profile produced by Proposition 6.4.
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1. There are constants A, H; € (0,0_0_) such that for any x € U,r > 0, and any
positive function u continuous on U N B(z, Ar), harmonic in U N B(z, Ar) and
vanishing on OU N B(z, Ar), we have

su u/h} < H inf {u/h}.
Ur‘lB(I:c)c,r){ /h} ! UﬂB(w){ /h
2. There are constants A, Hy € (0,00) and a € (0, 1) such that for anyx € U,r > 0,

and any function u continuous on U N B(x, Ar), harmonic in U N B(z, Ar) and
vanishing on OU N B(z, Ar), we have

{lU(y)/ h(y) — u(2)/h(z)|

ly — 2

b <Hr= sup (lul/h).
UNB(xz,Ar)

sup
y,2€UNB(z,r)

Remark 6.11. — One consequence of the Harnack inequality above is that any two
profiles for such a domain U must be (positively) proportional. The results of this
corollary are very well-known and were first proved in [3]. The approach used here is
quite different and gives an alternative proof. This new approach has the advantage
of connecting these results to more classical interior estimates (according to our ap-
proach, the boundary estimates are simply interior estimates for a different form on
a different space).

Our next corollary gives a similar result in the parabolic case. Parabolic boundary
Harnack inequalities in Lipschitz domains (for divergence and non-divergence form
operators) are studied in [40, 41, 42, 60, 61, 62, 80]. The parabolic Harnack in-
equality stated below should be seen as a building block to obtain further results
along these lines. See, e.g., [42, 79]. Let us note that, in a sense, our proof gives both
the elliptic and parabolic results at once. Fix 7 > 0 and 0 < ¢ < < ¢ < 1. For any
z €U any r > 0, set

Qa = (s—17r?s) x [UN B(z, Ar)],
Q- = (s—orr? s—nrr?) x [UN B(z,r)),
Qy = (s—err? s)x [UNB(z,r)],
Q = (s—orr’,s—err?) x [UN B(z,r)].

Corollary 6.12. — Let ® : R"~! — R be Lipschitz function. Let U be the domain in
R™ above the graph of ®. Let h be the profile produced by Proposition 6.4.

1. Fiz7 € (0,1). There are constants A, Hy € (0,00) such that for any x € Ur>0,
and any positive function u continuous on @4, solution of the heat equation in
Q4 and vanishing on (s — tr%,s) x 8U N B(z, Ar), we have

sup{u/h} < H, inf{u/h}.
Q_ Q+

2. There are constants A, Hy € (0,00) and a € (0, 1) such that for anyx € U,r > 0,
and any function u continuous on Q, solution of the heat equation in Q4 and
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vanishing on 80U N B(z, Ar), we have
|u(t, y)/h(y) — u(t’,y')/A(Y)]

sup
(t.9),(t' ") €Q’ { WIE=tI+ly=yl)=

Remark 6.13. — The role of the constant A in these two corollaries is important due
to the fact that we have stated the result using Euclidean balls and their trace on U.
The geometry of the domain (i.e., the Lipschitz constant) controls the size of A > 1
that is needed. The more “natural” statement uses the inner balls By(z,r) and, in
such statement, the constant A > 1 can be picked arbitrarily close to 1. See Theorem
5.18.

} < Hyr~?sup{|u|/h}.
Qa

Finally, we state the basic Dirichlet heat kernel estimates in this particular situa-
tion.

Corollary 6.14. — Let ® : R"™! — R be Lipschitz function. Let U be the domain
in R™ above the graph of ®. Let h be the profile produced by Proposition 6.4. The
Dirichlet heat kernel hE (t,z,y) satisfies

C]h(.’l")h(y) e"ClPU(zry)/t < hg(t, z, y) < Cgh(l‘)h(y) 6—02py(z‘,y)/t
t/2h(z ) h(y ) - = t"2h(z ) h(y )

for allt >0, z,y € U, and with z, = (21,...,2n_1,2n + V1) if 2 = (21,...,2,) € U.

Remark 6.15. — 'To put this section in perspective with respect to the more general
results discussed in this monograph, it may be useful to consider the case when the
Laplace operator is replaced by a uniformly elliptic divergence form operator (the
domain U stays as above). The various results stated in this section still hold true in
that case (and are well-known, at least in the elliptic case. What can be extracted from
the literature in the parabolic case is less clear). However, the simple construction
of the profile and the proof of its basic property (there is a constant C' such that
h(z) < Ch(y) if z,y are on the same vertical line and z is below y) given in this
section fall apart. This means that, to obtain the desired results in that case, we have
to rely on the general results of Chapter 4. Please note that the profiles associated
to two different uniformly elliptic operators may have rather different behaviors near
the boundary and also at infinity. Because of this and as far as Dirichlet heat kernels
are concerned, there is no easy way to pass from the results concerning the Laplacian
to those for uniformly elliptic operators.

6.4. The complement of a convex set

The aim of this section is to treat the case of Euclidean domains that are the com-
plement of a convex set. As in the previous section, we will give a specific construction
of a profile having the desired property, making it possible to avoid using the general
results of Chapter 4.
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One interesting aspect of the class of sets considered in this section, i.e., comple-
ments of convex sets, is that those sets are not uniform but only inner uniform in
general. This means that the inner distance and inner geometry are crucial even just
to state the results in this case: Harnack inequalities and heat kernel bounds can be
stated correctly only in terms of the inner distance py and the associated inner balls
By(z,r). This is in contrast with what happens in the case of the domain above the
graph of a Lipschitz function where one can still work with Euclidean balls and their
traces on U.

6.4.1. The complement of a convex set is inner uniform. — We start with
a proof that the complement U in R™ of a closed convex set V is inner uniform. This
shows that the general results developed in this monograph for inner uniform subsets
of Harnack type Dirichlet spaces apply to this class of Euclidean subsets.

Proposition 6.16. — Let U be a domain of the form U = R® \'V where V C R" is
closed and convez. Then U is inner uniform with co = 21, ¢; = 1/462.

Proof. — This result is not as obvious as it may first appear and the proof is somewhat
technical. We need some notation. For any = € U, let z(z) be the point of V closest
to z. Set u(z) = (z — 2(z))/|z — z(z)|. Both 2(z) and @(x) are continuous functions
of z. See, e.g., [48, pages 11-12].

Claim For any two points z,y € U with min{py (z,V), pu(y,V)} = r > 0, there exists
an absolutely continuous curve v C U joining x to y, of length at most 4(py (x,y)+2r)
such that py(y,V) > r.

Proposition 6.16 easily follows form this claim. Indeed, let x,y be points in U with
R = py(z,y), r = min{py(z,V), pu(y,V)}. If R < r the straight line segment [z, y]
from z to y is contained in U. Moreover, [z, y] is contained in a half-space E contained
in U (to see this, consider a point & of [z,y] such that py([z,y], V) = pu(§,V)). The
semi-circle with diameter [z,y] contained in E and orthogonal to the hyperplane
bounding F yields a curve of length mpy(z,y) = 7|z — y| such that
lZ _ CL‘”Z — y' _ pU(va)pU(Zvy)

z,V) > =
pu(& V) |z — yl pu(z,y)

Consider now the case where R > r. Set
zr =z + (R/2)i(z), yr=y+ (R/2)d(y)
and let « the curve joining xr to yr given by the claim. Note that
min{py (zr, V), pu(yr,V)} € (R/2,3R/2).

Hence, py(7,V) > R/2 and v has length at most 4(py(zr,yr) + 3R) < 20R. Let
be the absolutely continuous curve that goes straight from z to zg, then from zg to
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yr following ~, and finally straight from yg to y. By construction, the length of v/ is
at most 21 R and for any point z on v/,

pu(z,z) ifz€[z,zR)
pu(z,V) >4 R/2 ifzey
pu(zy) if z € [yr,y]-

If z € [z, zR] (resp. z € [yr, y]) then we have py(z,y) < 3R/2 (resp. pu(z,z) < 3R/2)
and thus
2
p(2,V) > pu(2,2)pu(2,y)
pu(z,y)

If z € 4 then py(z,)pu(z,y) < 231R2 and thus

1 pu(z 2)pu(2y)
P&V)2 46 pulay)

Hence, to finish the proof of Proposition 6.16 we are now left with the task of proving
the claim made above.

For any = € U, let H, be the linear hyperplane orthogonal to @(z). By construction
V is contained in the half-space {¢ : (£ — z(z)) - @(z) < 0} and we have

pU((w + Hz)’ V) = ,DU(-’L', V)
Fix two points z,y € U with min{py(z,V),pu(y,V)} =r > 0 and set
o = a(z,y) = () - ly).
If o = 1 we must have H, = H, and it follows that the straight line segment [z, y]

satisfies the conditions required in the claim. Assume next that o € (—/2/2,1) and
let P be the (n — 2) dimensional vector space Hy N H,,. The unit vectors

#(y) = (1 - a®) V2 (i(e) - aiily) € Hy, #(z) = (1-a®)"*(@(y) - aii(z)) € Ha
are orthogonal to P and have scalar product

() -7(y) = (1 -a®) H(-a+a®) = —a.
We can write (uniquely)

y—z=p+at(z)+bi(y), p€ P,a,beR.
Since z,y € U, we must have (z — y) - 4(y) > 0 and (y — z) - @(z) > 0, that is, a < 0,
b> 0. Thus if o > —v/2/2,
ly — z|? = |p]? + a® 4 b% — 2aba > |p)? + (1 + min{e, 0}(a® + b%) > |p|® + 4(a + b?).

Consider the curve v made of the three straight line segments

[z, z + a¥(z)] Cz+ Hg,
[z +ad(z),y — b(y)] Cx+ad(zx)+PC(z+ Hy)N(y+ Hy),
[y — b9(y), 9] Cy+ Hy.
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Its length is
lp| + lal + [B] < V3y/|p|2 + a2 + b2 < 2v/3|y — 2| < 2V3py(z,y)

and
pu (v, V) = min{py (z,V), pu(y,V)}.
Thus ~ satisfies the conditions required in the claim.

Finally, consider the case when a € [—1, —1/2/2]. For any fixed A € (1,2), let 4’ be
an absolutely continuous path in U from z to y of length Apy(z,y). Let [0,T] 5t —
~(t) be the arclength parametrization of . and let (t) = @(z) - @(y(t)). The function
t — a(t) is continuous and varies from «(0) = |i@(z)|2 = 1 to a(T) = i(z) - d(y) =
a € [~1,—v/2/2]. Hence there exists t; € [0,T] such that a(tg) = 0. Let 2o = (to)-
As the unit vectors @(x), @(zo), @(y) satisfy @(z) - @(zo) = 0, @(x) - @(y) < —v/2/2, we
must have |i(zo) - @(y)| < v/2/2. Observe however that zo may be closer to V than
and y. Thus, let 2 = z¢ + r@(xo) so that

’(_1:(1'6) = '(I(.’l:o), PU(fEf),V) > T, PU(w, .’E,O) + pU(a":hy) <2r+ )\PU(-T;,?/)

As i@(x)-i(x)) = 0 and () @(y) > —v/2/2, the argument above yields curves 1, vz
from z to z and z; to y which stay at distance at least r away from V and have
length at most 2v/3py (z,z}), 2v3pu (x),y), respectively. Putting 71,72 together we
obtain a curve from z to y that stays at distance at least r away from V and has
length at most 2v/3(\py (z,y) +2r). Picking A > 1 close enough to 1 proves the claim.
This finishes the proof of Proposition 6.16. O

6.4.2. Exterior of a star-shaped domain.— In this section we will construct a
positive harmonic function k € F% (U) when U is a domain which is the exterior of

loc

a star-shaped closed set in R™. Let B; be the standard Brownian motion process in
R™ (driven by A, not zA). Let

P(t,z) = Py(t,z) =P*{Vs <t, B, € U}
be the probability that the process By, killed at QU, is still alive at time ¢.

0

loc

Lemma 6.17. — For each t > 0, the function P(t,z) is in &
¢ € L (R™) and to > 0 there exists C(to, ) such that

Vit € (to,00), [|9P(t,)llwrw) < Clto; ¢)-

Proof. — The Dirichlet heat kernel P2 (t,z,y) is bounded by the heat kernel of R
and thus is in L2(U) for each fixed t,y. By the semigroup property, it follows that

(U). Moreover, for any

T ’U,t,(l‘) = pg(tv z, y)

is in the domain of all powers of the Dirichlet Laplacian. In particular, it is in 7°(U) =
W3 (U). Let ¢ € 65 (R™) and set

vty () = $(@)PF (8, 2,Y) = d()ury ().
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We claim that there are constants C = C(to, ¢),c = c(to, ) € (0, 00) such that
(6.3) Vi€ (to,00), Yy €U, [lueyllivaw) < Cexp(—clyl?).
This shows that ¢(z)P(t,z) = [, #(z)p{(t,2,y)dy is in W3 (U) for all ¢ > 0 and
¢ € €°(R™) with

Vt € (to,00), $P(t, )31y < C'(to, 4)-
In particular, P(t,-) € & ?OC
Vt € (to,), Yy €U, llvyltzw) < Cexp(—clyl?)

by the classical Gaussian formula for the heat kernel in R™ and the fact that ¢
has compact support. Moreover, the same estimate holds for the function w; ,(z) =
qﬁ(x)(?tpg (t,z,y). See, e.g. Theorem 4 and Corollary 5 in [33]. Now, we have

Avyy = upy A + wiy +2V¢ - Vg,

(U) as desired. To prove the claim above observe that

and

IVougl = = [ vyBoeyd
U

= - / Uy (ueyAd + veywey + 2ue , V- V(du) — 2uf  [Ve|?) du
U

< llosglizli(A@usyllz + llvyll2llweyll2
+2[[[Velueyll2 Voey ll2 + 20 Vlury |13
< lveyll2ll(Ad)ueyllz + loeylallweyllz + (1/2)[Voey 13 + 4V lue,y 13

The L? estimate for vy = ¢us, obtained above applies as well to (A¢)u;, and
|Vé|us,y. Together with the estimate for wy ,, this yields (with a different constants
C, ¢ depending only of ¢ and tg)

Vi€ (to,00), [[Vveyll3 < Cexp(—clyl?).
This proves the claim (6.3). ]
Definition 6.18. — A set V C R” is said to be star-shaped with center z if
VYa € (0,1), S2(V)cV
where SZ : R®™ — R"™ denotes a scaling transformation with center z:
Si(z) =z+a(z - 2)
Lemma 6.19. — Let U be a domain such that U = R™\ 'V for some closed star-shaped

region V with center z. Then for any point xog € U there exists a sequence of times t;
tending to infinity such that the sequence of functions

Ltlp s,x)ds
(6.4) hi(z) = fp(t—(xo))

converges in E°(U) (equipped with its natural family of seminorms) to a positive
harmonic function h.
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Proof. — Observe that P(t,z) is a positive bounded solution of the heat equation
in U and is non-increasing in ¢t for any z in U. Using classical parabolic Harnack
inequalities, the sequence {h,(z)}52, is uniformly bounded on any compact subset
of U. Indeed, for any n > 0, any compact subset K of U and any integers k, [, there
exists a constant C = C(n, K, k,1) such that, for any ¢t > 7,

ak+l

(6:5) Ser |0zs, .. Oz;, O

€K

P(t,z)

< CP(t+n,z0) < CP(t,z0)

and

(6.6) su {—QP(t m)} <C inf {—QP(S :c)} Q=[t+nt+2n x K
' ze}i at = T me L ot V)T 77, n )

The bound (6.5) implies that there exists a subsequence

n;+1
h; =/ P(s,-)ds/P(n;,zo)
ng
of the sequence f:“ P(s,-)ds/P(n, o) that converges to some function h in & (U).
Note that the functions h; are not harmonic. In order to prove that h is harmonic, we
shall analyze
n;+1
.07 AP(s,x)ds P(n;,z) — P(n; + 1,z)
—Ah; = - =
P(n;, o) P(n;, o)

Using scaling with center z and the scaling properties of Brownian motion, for any
z €U, any t > 0 and any € > 0, we have

P(t,z) = P* (Vs <t B;se€ U) =P* (\7’3 < (1+¢)%, B(14e)-25 € U)

= pete=2) (Vs <(1+¢e)*,B,e(1+ 5)U)

IA

prte(@—2) (Vs <(1+¢€)?,B, € U)

(6.7) < P(1+e)itz+e(z—2)).
Therefore,
(6.8) 0< P(t,z)— P((1+¢)’,z) < P(1+e)’t,z+e(z—2z) — P((1+¢)*t,z).

Fix x € U. Set r(z) = dist(x, 8U), R(z) = |z — z|. Let ¢ = 1/t. Assume that ¢ is larger
than max{1,2R(z)/r(z)} and set K = {y : |z — y| < r(z)/2}. By (6.5), we have

|P((1+¢e)%t,z +e(z—2)) — P((1+¢)’t, )| eC(1,K,1,0)R(z) P((1 + €)?t, z0)
(6.9) Cy(z)t 1 P(t, zo).
As t(1+¢)? > t+1, we have

P(t,z) — P(t+1,z) < (P(t,z) — P(t(1 + €)%, 2)) < Ci(z)t™' P(t, zo).

<
<
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Since the sequence h; converges to h in £°°(U), we have

P(n;,z) — P(n; + 1,z) < lLim Ci(zx) _

0
P(n;, xo) imoo My

|Ah(z)| = lim
as desired. |

Lemma 6.20. — Let U be a domain such that U = R™\V for some closed star-shaped
region V with center z. For any x € U and any A > 1, the function h constructed
above satisfies

h(S3(z)) = h(z)

Remark 6.21. — A region V can be star-shaped with respect to many points z. In
such cases, Lemma 6.20 provides the property h(S;(z)) > h(z) for any such z. This
will be important for us when we discuss complements of convex sets. It is one of the
advantages of the above construction to provide one function h which satisfies the
desired property with respect to any center z.

Proof. — Proceeding as for (6.7), for all A > 1 and ¢ > 0, the scaling properties of B;
and U yields

P(t,z) = P* (Vs <tBs€ U) =P (Vs <At By—2, € U)

- PSi@® (VS < X%, B, € S{(U ))

(6.10) < PS@ (Vs <Nt,B,eU ) < P(X*t, S5 (x))
By (6.10), for any A > 1, we have

(6.11) P(s,85(z)) > P(A\2s,z) > P(s,2).

As

. i f:;“ P(s,z)ds

(z) = lim ~ Plnzg)
integrating (6.11) over s € (n;,n; + 1), dividing by P(n;, zo) and taking the limit as
i — 0o we obtain h(S(x)) > h(z) as desired. O

Proposition 6.22. — Let U = R™ \ V for some closed star-shaped region V. C R™.
Assume that for any compact subset K of R™ there exist tg, C € (0,00) and a compact
subset K' of U such that

(6.12) Vt>tg, sup{P(t,z)} <C sup {P(t,z)}.
z€EK zEK'

Then the function h constructed above is in Fo (U).
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Proof. — We know that P(t,z) belongs to ST?OC(U ). For any t > 1 and any ¢ €
&> (R™) with support in a compact subset A of R™, the basic Caccioppoli type esti-
mate applied to P(t,z) gives

t+1 t+1
/ / |V(pP(s,x))|?dsdx < Cq,/ / |P(s, )| 2dsdx < C¢/ |P(t, z)|?dz.
¢ U ¢ A A
Hence
t+1
/ / IV (¢P(s,z))[’dsdz < C, sup P(t,z)>.
t U TEA

For any t > max{to, 1}, using the hypothesis (6.12) and (6.5), we obtain

t+1
/t /U IV(¢P(t,))Pdz < CLLP(t,20)’

Let t; be an increasing sequence of times tending to infinity such that

t;+1
hi = / P(S, ')dS/P(ti,.’L‘o)
ti

tends in °°(U) to a harmonic function h. By the hypothesis (6.12), h; also converges
to h in L2 (U). Furthermore, by the previous energy inequality, for any ¢ € €°(U),
we have

| e <.

Together with Lemma 6.2, this shows that the limit & of the k; belongs to F2 (U) as

loc

desired. 0O

Proposition 6.23. — Let U be a domain of the form U = R™\ V for some closed set
V C R™. Assume there exist zg € V and r9 > 0 such that V contains the Euclidean
ball Eg = {z € R™ : |2z — 29| < 1o} and is star-shaped with respect to each z € Ey.
Then there eists a positive harmonic function h in U which belongs to F°_(U) and
satisfies h(Si(x)) > h(z) for every A > 1 and z € Eq.

Proof. — Apply Proposition 6.22 and Lemma 6.20. To verify (6.12) use the fact that
for any fixed A > 1 (for instance, we can use A = 2) and for any z € U the Euclidean
distance between S5°(x) and V is larger than ro/(2(A — 1)) (the semi-axis with origin
z and direction x — x is surrounded by spherical cone with vertex x and aperture o
with tan(a) = ro/|z — 20| entirely contained in U). Hence, for any compact K C U
and A > 1, §5°(K) is compact in U. O

Example 6.24. — An interesting example worth mentioning here is the following. Let
U C R3 be given by
U=R3\[Cl UC2UC3]
where C; is the doubly infinite cylinder of radius 1 around the i-th axis, that is,
C;={z = (z;)3 e R®: Zw? <1}
J#i
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This is star shaped with respect to any point z in the unit ball around the origin.
Proposition 6.23 provide the existence of a profile in this case but fails to indicate
that the measure h2d\ is doubling. It is easy to see that this domain is uniform so
that our general results for uniform domains apply and the measure h2d) is indeed
doubling in this case.

Proposition 6.25. — Let U be a domain of the form U = R™\V for some closed convez
set V C R™. Then there exists a positive harmonic function h in U which belongs to
Fy (U) and satisfies h(SZ(z)) > h(z) for every a > 1 and z € V. Moreover the

loc

measure dv = h2d)\ satisfies the doubling condition (2.2) on (U, py).

Proof. — To obtain the desired function h € F1,.(U) satisfying h(S(z)) > h(z)
for every A > 1 and z € V, apply Proposition 6.22 and Lemma 6.20. This requires
checking (6.12). For any = € U, let z(x) be the closest point to z in V. On the oriented
semi-axis D, with vertex z(z) going through z, the function A is a non-decreasing
function and for any point y = 2(z) + s(z — 2(z)) € D, pu(y,V) = |y — z(z)| =
slz — 2(z)|, pu(z,y) = |s — 1|. Thus (6.12) is satisfied with K’ = {y € U : p(y,V) >
1 and p(y, K) < 1} which is compact in U for any compact K in U.

To prove that dv = h2d) is doubling, fix x € U and B = Ba(w, r), 2B = Bﬁ(x, 2r).
It is clear that A(B) ~ A(2B) ~ r™. For any y € U, let z(y) be as above and set

b =2+ )
Set also
z,. = 2(z) + lz= @) +r/2 —|zz-(—$3|(::_)|r/2 (z — z(z)).

If y € 2B then py (yr, ) < 6r. Moreover, by Proposition 6.16 and the classical Harnack
inequality, it is clear that h(y,) ~ h(x,). Again, by the classical Harnack inequality,
h(z,) ~ h(z]). Finally, because of the monotonicity of h along any of the semiaxis
with base z(y) passing through y, h(y) < h(y.). a

Remark 6.26. — Three different cases occurs for the complement of a closed convex
set V. The fist case is when V has non-empty interior. In that case, U = U and the
profile h vanishes continuously along OU. The second case is when V has no interior
points but is 7 — 1 dimensional. In that case V is a closed set with nonempty interior
in a hyperplane. Call §V the boundary of V in that hyperplane. Then 5\ U is equal
to two copies of V glued along their (n — 2)-dimensional boundary §V. The profile
function h still vanishes continuously along V. The third and last case is when V has
capacity 0 (equivalently, Hausdorff dimension less than n — 1). In that case, V has no

effect and U = R™. The profile h is the constant function 1.

Our next corollary states the validity of the parabolic boundary Harnack inequal-
ities in the complement of a convex set. Fix 7> 0,0<e<n <o <1and 6 € (0,1).
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For any z € U any r > 0, set

Q = (s—7r%s)x By(s,r),

Q- = (s—oarr?s—nrr?) x By(z,6r),
Q+ = (S - 67’7‘275) X Bu((l‘,”'),
Q' = (s—orr?s—err?) x B(z,0r).

Corollary 6.27. — Let U be a domain in R™ which is the complement of a closed
convezx set. Let h be the profile produced by Proposition 6.25.

1. There is a constants H; € (0,00) such that for any x € U,r > 0, and any
positive function u continuous on @Q, solution of the heat equation in Q and
vanishing on (s — 772, 5) x [0U N By (z,T)], we have

sup{u/h} < H; inf{u/h}.
Q- Q+

2. There are constants Hy € (0,00) and o € (0,1) such that for any x € U,r > 0,
and any function u continuous on @, solution of the heat equation in Q and
vanishing on (s — 772,5) x [0U N By (z,r)], we have

t h(y) —u(t',y)/h(y
sup {lu( 7y)/ (y) u( Y )/ (y )I} < Hor™® sup{lu|/h}.
(&), (' v)eQ’ VIt =]+ lly =yl Qa

Finally, we state the basic Dirichlet heat kernel estimates in this particular situa-
tion.

Corollary 6.28. — Let U be a domain in R™ above the graph of a Lipschitz function
® : R*! — R. Let h be the profile produced by Proposition 6.4. The Dirichlet heat
kernel hE (t,z,y) satisfies
/flh(x)h(y) e—ClpU(:cv'y)/t < h(D](t, z, y) < /ZCZh(x)h(y)
t"/2h(z ;) h(y7) t"/2h(z ;)M (y7)

for allt >0, z,y € U, and with z, = (21,...,2n-1,2n + V1) if 2 = (21,...,2,) € U.

e—c2pu(z,y)/t

Remark 6.29. — Again, one may want to consider the case when the Laplace operator
is replaced by a uniformly elliptic divergence form operator (the domain U stays as
above). The various results stated in this section still hold true in that case but the
simple construction of the profile and the proof of its basic properties given in this
section do not easily extend to this case. This means that, to obtain the desired results,
we have to rely on the general results of Chapter 4.

6.5. Miscellaneous examples

6.5.1. The Von Koch snowflake. — Consider the von Koch snowflake domain
V and the complement U of its closure K. The compact set K can be constructed
by starting with an equilateral triangle, then recursively altering each line segment
obtain at level n via the following well known procedure:
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FIGURE 1. Von Koch snowflake - a domain in R? with fractal boundary.

1. Divide the line segment into three segments of equal length.

2. Draw an equilateral triangle that has the middle segment from step 1 as its base
and points towards the outside.

3. Remove the line segment that is the base of the triangle from step 2.

The von Koch curve is the limit as the above steps are followed over and over
again. These domains and other domains with fractal boundaries were studied from
the point of view of heat equation in [15, 32, 34]. See also [46, 69].

Proposition 6.30. — Both the interior V' and the exterior U of a von Koch snowflake
domain of Figure 6.5.1 constructed above are uniform domains in R2.

This is well know and follows, for instance, from [70] and the fact that the boundary
of the snowflake is a quasi-circle. We outline a direct argument below.

Proof. — Let V denote the interior of von Koch snowflake. Let  and y be any two
points in V. First we note that the Euclidean distance ||z — y|| and the inner distance
pv(z,y) are comparable. The points z and y each belongs to one of the triangles
that were part of the iterative construction. Say, x € Ty for some triangle T which
was constructed on the n-th iteration. Consider the sequence {T}}_, of triangles
constructed in the following way. Let T} be the triangle which side serves as the base
b(Tp) of the triangle Tp, let T, be the triangle which side serves as the base b(T}) of
the triangle T3, etc., until Ty is the main triangle T of the von Koch snowflake. Let
{T/}'_, be the similar sequence for the point y € T}.
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Let 1 be the side length of the main triangle in the von Koch snowflake, and let
R = p(z,y) be the Euclidean distance between z and y. Without loss of generality we
can assume that Tx_, # T]_,, or otherwise we can zoom in and consider the triangle
Ti—1 as the main triangle of von Koch snowflake.

Since z and y are located in different triangles and since the Euclidean distance p
is comparable to the inner geodesic distance py in the interior of von Koch snowflake,
we know that

pv(z,b(Tx-1)) < CR, and py(y,b(T{_,)) <CR
for some positive constant C. Let 4’ be the geodesic curve in V connecting z to the

base b(Tx—1) and let =, = ' Nbd(T;), i =0,...,k— 1. Let |T;| denote the length of
the edge of the triangle T;. Let x; be the closest point in the base b(T;) to z} with

(6.13) pu(z;,0V) > min (g, Hj') ,

so that

. (R |T;
pV(.’Ei,-'E:;) < min (Zv |2 I)

and the sequence {x,-}f;ol of points z; € b(T;) satisfies

ko

-1

k—1
L(Y)+ ) 2pv (@i, )

(6.14) pv(Ti,Ti1) <
j=1 i=0
< CR+ Y ITl+ Y., R/2
i |T3|I<R/2 i1 |T;|>R/2
R ( 1 1 ) R
< = - —-N
< CR+5(1+3+5+ +3

where N is the number of triangles in the family {T;}*=3 with |T}| > £ The diameters
of the triangles in the sequence {7; f;ol are growing at least exponentially and there
is at most one triangle in this sequence with |T;| > pv(z,y) because for any index
i1 < k —1, we have

pv(z,y) > pv (b(T3),b(Tiv1)) 2 T3l

Therefore the constant N in (6.14) is uniformly bounded, and so there exists a constant
C’ such that

k-1
> pv(%i,vi1) <C'R.

=1
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Similarly consider a sequence {y; };;}, of points y; € b(T}) in the base of the triangle
T! with
j

T
pv(y;,0V) = min(g,%>,

-1

> ov(i,vic) < C'R.

=1
Let z be the point in Ty = T] with py(z,0V) > %, pv(2z,2k-1) < 2CR and
pv(z,y1—1) < 2CR. The path 7 consisting of line segments connecting the points

Z,Z0,T1y---,Tk-1,2,Y1-1,Y1-2,---,Y0,Y

in this order is a desired path satisfying the uniform condition (3.1).

Similarly we can prove that the exterior of von Koch snowflake is a uniform do-
main in R?, because it can be represented as a union of countably many triangles
constructed via a similar procedure. O

6.5.2. Cones. — In dimension 2, any positive connected cone U = {z € R? : z =
8, 6 € (01,62)} is, obviously, a uniform (convex if |6; — 02| < ) subset of R?.
In higher dimension, a cone

U={zeR":z=r0, 0 QcS"!}.

is uniform (inner uniform) whenever {2 is a uniform (inner uniform) domain in S*~1.
In particular, it is uniform whenever € is a domain with smooth boundary in S"~!.

The following well known proposition gives a formula (in terms of an auxiliary
function) for the profile of any positive cone.

Proposition 6.31 (see, e.g., [10]). — Let U = Ry x Q C R"™ be the positive cone in R™
based on the spherical domain Q C S™~1, where a sphere S*~! is the unit sphere in
R™. Let ¢ be the first Dirichlet eigenfunction of the spherical Laplacian with eigenvalue
A. Then in polar coordinates,

h(z) = |z|*¢(x/|x])
with
(n—2)24+4X—(n—2)
D) >
(so that a(a+n — 2) = A) is a positive harmonic function in U vanishing on 8U.

0

a =

Proof. — This result follows from the positivity of the first Dirichlet eigenfunction
and the representation of A in polar coordinates via the spherical Laplacian Lgn-1,

1 1 9 (n_l a>
A= r2LSn—l+rn_1 or r E .

The details are left to the reader. O
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FIGURE 2. The Fibonacci spiral in R2.

Obviously, in dimension greater than 2, not all cones are inner-uniform but a cone
is inner-uniform whenever its “base” ) is inner-uniform has a domain in S"~!. This
produce many interesting examples. Dirichlet heat kernel estimates in conical domains
are the subject of a series of interesting papers by Varopoulos [95, 96, 97], motivated
in part by heat kernel estimates on Lie groups. Even in such example, the local
behavior of the profile h near the boundary of the cone can be very non-trivial (e.g.,
the set 2 could be the interior of a small enough Von Koch snow-flake drawn on the
surface of the 2-sphere).

6.5.3. The Fibonacci spiral. — The proof of the following simple proposition is
left to the reader.

Proposition 6.32. — The complement U in R? = C of the spiral S given in the para-
metric form by z(t) = exp(t + icmt) (see Figure 2) for some constant ¢ > 0 is inner
uniform.

Note, of course, that the set U is not uniform!

Proposition 6.33. — Let U C R? = C be the complement of the infinitely winding
spiral S defined above. Then the function

h(z) =Im [exp (1

s a positive harmonic function in U vanishing on 8U. Here the function log is any
branch of a complex logarithm function in the simply connected domain C\ S.

—icm

log(z1 + icxg))] , = (z1,%2)

Proof. — For this result we constructed the function h as the imaginary part of the
combination of conformal maps,
h=Imog oy,
where
2
¢:{z€C:0<Im(2) < r;—;}—»C\S, z — exp (z + icmz)
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and -
2 1
¢:{2€C:Oslm(z)5T:2ﬂ.2}_’H’ z—+exp(—-+20—7rz).
The function h is the imaginary part of the conformal map from C \ S to the set H
of complex numbers with positive real part. Therefore h is harmonic, positive and
vanishes on 9U. 0O

Remark 6.34. — For points in the complement of the spiral S of the form z = exp(t+
icwt — 0) with fixed 0 € (0, 2), we have

1-
h(z) = Im [exp ( iem (t + emt — 0))]
2,2
= exp (—1 tem t) e % sin (aﬂ) = |:1:|(1+02"2)/2.
2 2
This shows the growth of the function h in C\ S resembles that in the cone with angle

27
14+c2n2 "

6.6. Examples in sub-Riemannian geometry

6.6.1. The canonical sub-Riemannian geometry of the Heisenberg group.
— The Heisenberg group H,, of dimension 2n + 1 can be viewed as R?"*! equipped
with the product

= (z,9,2)(@",y,2") = @+ 2",y +¢, 2+ 2+ (1/2)(y - 2" —z-¥/))
where

9=(2,9,2) ER"™', 2= ()] €R", y= ()] €R”, z€R
and similarly for g’. On the right-hand side, = -y’ = Y7 z;y; denotes the usual scalar
product in R™. The Lebesgue measure X is a Haar measure (left and right) on H,.

The Lie algebra, viewed as the space of left-invariant vector fields, has basis
(X1, Xn,Y1,-, Yy, Z) satisfying [X;,Y;] = Z whereas all other brackets [X;,Y;],
i # 3, [ X, Xj), [Y5,Y5]), 4,5 € {1,...n}, and those involving Z vanish. This Lie
algebra is thus generated by the set
{X1,..-, Xn,Y1,..., Y, }.

By Hérmander’s theorem [64], this makes the sum of squares
A= Z (X7 +Y?)

a hypoelliptic operator It is, perhaps, the most studied model of a hypoelliptic sum of
squares. In many ways, as far as the Heisenberg group is concerned, this sub-Laplacian
is more natural and canonical than any Riemannian Laplacian. One reason is that H,,
admits a dilation structure given by

br(z,y,2) = (rz,7y,7°2)
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that commutes with the group law. The operator A is homogeneous of degree 2 for
that structure whereas no Riemannian Laplacian can have this property. In the present

global coordinate system, the fields X;,Y;, 1 <i < n, and Z are given by

0 w0 L, 0 wmo . 0

dr; 2 0z oy; 2 0z 0z

The Dirichlet structure that yields A as its infinitesimal generator is simply

X;=

&(f, f) = /H S IXif P + |YifPdA
n 1

with domain 9(&) = W'(H,). Here W!(H,) denotes the subspace of L?(H,) =
L?(H,, ) of those functions f whose derivatives X; f,Y;f in the sense of distributions
can be represented by L? functions. This space, equipped with the norm (| f||2 +
STIXaflIZ + |IYifl|2)Y/? is a Hilbert space. The space (H,, & W(H,)) is a regular
strictly local Dirichlet space.

The intrinsic distance p associated with this Dirichlet form structure is often called
the Carnot-Carathéodory metric on H,, and can be computed using the length of
horizontal curves, that is, curves that stay tangent to the linear span of {X3,...,Y,}.
It defines the usual topology and (H,, p) is a complete metric space. This distance is
homogeneous of degree 1 with respect to the dilations 4., » > 0, and it follows that
the volume of a ball of radius r is equal to ¢,72"*2 r > 0, for some ¢, > 0 (c, is the
volume of the ball of radius 1). Verifying that the global Poincaré inequality holds is
not very difficult. See [83, 94]. Thus

(Hn’ p’ 67 Wl(Hn))

is a Harnack-type Dirichlet space.
In a series of papers including [49, 50], Greshnov has studied the notion of uniform
domains, as well as further related notions such as NTA domains, in this context. See
also [25, 26]. In particular, Greshnov proved that the following subset of H, are
uniform domains in (H,, p):
1. The lateral half-spaces U; = {(z,y,2) € R>"*! : z; > 0} (of course, z; can be
replaced by y;);

2. The upper half-space Uy = {(z,y,2) € R**1: 2 > 0}.

3. The cube Q = {(z,y,2) € R?"*! : max;{|z;|, |yi|, |2|} < 1}. Hence, by dilation,
also Q(r) = {(z,y,2) € R¥*! : max;{|z:, |y, |2|'/%} < r}.

4. The ball B(e, 1) (hence, by translation and dilation, B(g,r), g € H,, r > 0, all

with the same constants of uniformity).

See [49] for the ball and [50] for the other cases. Further examples are described in
[23, 24, 26].

In all these cases, Theorem 3.10 applies and shows that the associated Neumann
type Dirichlet form is of Harnack type on U when U is one of the domains above. The
domains U, and U; are unbounded and their harmonic profiles are given respectively
by h(z,y,z) = z and h(z,y,z) = z;. We now describe the bounds produced by
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Theorem 5.11 in these cases. It is useful to recall first the two sided Gaussian bounds
for the global heat kernel on H,. Let h(t,z,y) be the kernel of the heat semigroup
et® on H,. Then, for any ¢ € (0,1), we have

€ 1) 2 C y 2 i ( y 2
tcn(+)1 P <_4ﬁ(1x+y2)t) < hit,2,9) < tnt+l <1 + p(mty) ) xp <_p a;ty) ) ’

See [100]. Actually, in the special case under consideration here, there are exact
formulas for the distance function and integral formula for the heat kernel.

The case of the lateral half-space U; (obviously, it is enough to treat ¢ = 1) is quite
easy since

p((z,y,2), H1 \ U1) = |z1| and h1(z,y,2) = 21
where h; denotes a profile for U;. It follows that
Via(g,m) = r2" 42 (Ja1 2 + r2).
Now, Theorem 5.11 yields upper and lower bounds of the type
/ 1\2
ez |21 exp (—02 p(9:9") )
L (VE+ ) (VE+ 2]) t
for the Dirichlet heat kernel hgl (t,9,9),t>0,9=(z,y,2),9 = (¢',y,7") € U;. Of
course the constants ¢, cg differ in the lower bound and in the upper bound.
The case of the upper-half space U, is a bit more subtle. The function

hy((z,y,2)) = z is obviously a profile for U, but the distance of g = (z,y,2)
to U, is controlled by

p(,9,2), Ha \ Uy) = min { /2, 2/ mas{ |zl lyil} }

Indeed, it is enough to treat the case when g = (z,y, 2) with z = (z1,0,...,0),y = 0.
For such g, we have

p(g, H, \ Uy)

inf{p(g,9") : ¢’ = (z',¥',0)}
~ inf {|y'1| + Iz -2yl /2 v, € R} ~ inf {v/Z, 2/|z1|} .

So, for instance, p((0,0, 2), H, \ U;) ~ +/z whereas p((2,0,...,0),0,2),H,\U;) ~ 1.
Hence, the behavior of the profile is not a function of the distance to the boundary.
In any case, we have

Vhi (ga T) = ,,.2n+2(z + r? + ’rm,a‘x{ll'ilv Iyi!})21 9= ($,y»z)~

i

Indeed, if ¢ = ((21,0,...,0),(0,...,0),2), z;,z2 > 0, we can multiply on the
right by ((0,0,...,0),(~7,0,...,0),72) which has length about r to get to
gr = ((#1,0,...,0),(-r,0,...,0),2 + 72 + z17/2) which has h(g,) = z + r% + z17/2.
Hence Theorem 5.11 yields upper and lower bounds of type

c122 exp( c P(g,gl)z)
—C2
"+ (z + t + Vimax;{|zi|, [9:]}) (2 + t + VEmax;{|z]|, |y}[}) t

for the Dirichlet heat kernel h{, (t,9,9'), t >0, g = (2,y,2),9' = («',¢/,2') € Us.
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6.7. Examples in the context of Euclidean complexes

In Chapter 2, we mentioned that Euclidean complexes such as the k-dimensional
complex naturally associated with the square lattice Z™ C R™, when equipped with
their natural Dirichlet form, are examples of Harnack-type Dirichlet spaces. In this
section, we briefly illustrate our results concerning the Dirichlet heat kernel in this
context. We focus on very basic examples.

Our first example is the upper-half space Uy = {(z,y,2) € X : z > 0} in the two
dimensional square complex

X ={(z,9,2) € R®: {z,y,2} NZ # o}

associated with the integer lattice Z3 € R3. The space X is equipped with the Dirichlet
structure discussed at the end of Chapter 2, with its natural distance function and
its natural Lebesgue measure. This space is a Harnack-type Dirichlet space. See,
e.g., [78]. The domain U, admits an obvious profile for this structure, the function
h((z,y,2)) = z. We encourage the reader to check that this is, indeed, a local weak
solution of the Laplace equation in U, for the relevant Dirichlet form. It is clear that h
satisfies the other properties required to be a profile for U,.. The heat kernel h(¢,&,¢’)
on X is bounded above and below by expressions of the form

2} ( P(€,€')2>

————exp | —cgT— >
Ve TP

with V(r) = max{r?,r3}. The set U, is obviously uniform and the Dirichlet heat

kernel on Uy, hg+ (t,&,¢') is bounded above and below by

122/ P&, 6’)2)
- .

T v o e

Our second example is U = X \ {(0,0)} with X being the metric graph of Z2, that
is

X = {(z,y) eR? : {z,y} NZ # @}.
Note that, since a metric graph is a 1-dimensional object, the point (0, 0) has positive
capacity. The profile h of U is harmonic hence linear on each edge. It is continuous
and vanishes (linearly) at (0,0). Applying the methods of [54], it is not hard to see
that h(¢) ~ log(1 + p(§)), p(§) = p((0,0),€), £ € X. In this situation, the volume
growth is described by V(¢,7) ~ V(r) with V(r) = max{r,72}. The set U is not
uniform (because of what happens in a neighborhood of (0,0)) but is obviously inner
uniform. The Dirichlet heat kernel on U, hf(t,&,¢’) is bounded above and below by

c1log(1 + p(€)) log(1 + p(¢")) ( pu (£, §’)2)
exp| —co—————— ).
V(Vt)(log(1 + p(€) + V1)) (log(1 + p(¢') + V1)) t
Note that the distance py is used in the exponential. The only meaningful difference
between p and py is in a neighborhood of (0, 0).
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FIGURE 3. The domain U = X \ {0} in the metric graph X of Z2

s?
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