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RINGS OF SEPARATED POWER SERIES AND
QUASI-AFFINOID GEOMETRY

Leonard Lipshitz, Zachary Robinson

Abstract. — The papers in this volume present a theory of rigid analytic geometry
over an ultrametric field K that generalizes the classical, affinoid, theory to the setting
of relative rigid analytic geometry over an “open” polydisc. The theory is based on the
commutative algebra of power series rings Sy, , that is developed in the first paper
in this volume, Rings of Separated Power Series. Quasi-affinoid algebras (quotients
Sm,n/I) share many properties with affinoid algebras (quotients Ty, /I of a ring of
strictly convergent power series.) Among the principal results are the Nullstellensatz
for quasi—affinoid algebras A and the Universal Property for a broad class of open
subdomains of Max A, the R—subdomains. The second paper, Model Completeness
and Subanalytic Sets, obtains a structure theory for images of analytic maps based on
any subcollection of S = US), , that satisfies certain closure properties; for example
T = UT,,. The argument exploits the existential definability of the Weierstrass data
as well as a difference between affinoid and quasi-affinoid rigid analytic geometry;
namely, that a quasi-affinoid variety Max A in general may be covered by finitely
many disjoint quasi—affinoid subdomains, just as the valuation ring K° is the union
of its maximal ideal K°° and its multiplicative units. A crucial role is played by the
theory of generalized rings of fractions developed in the first paper. The third paper,
Quasi-Affinoid Varieties, defines the category of S,, ,—analytic varieties X = Max A
and establishes the acyclicity of quasi—affinoid covers. The proofs employ results from
the first paper; in particular, the fact that the assignment U — Ox (U) is a presheaf
of A-algebras for R—subdomains U of X. The quantifier elimination of the second
paper is used to relate quasi—affinoid and affinoid covers, a key step in the proof of
the Acyclicity Theorem. The fourth paper, A Rigid Analytic Approzimation Theorem,
gives a global Artin Approximation theorem between a “Henselization” H,, , of a ring
Trnyn of strictly convergent power series and its “completion” Sy, . This links the
algebraic properties of affinoid and quasi—affinoid algebras.
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iv

Résumé (Anneaux de séries séparées et géométrie quasi-affinoide)

Les articles de ce volume présentent une théorie de la géométrie analytique rigide
sur un corps ultramétrique K qui généralise la théorie affinoide classique au cas de
la géométrie analytique rigide relative sur un polydisque «ouvert». Cette théorie est
basée sur I’étude algébrique des anneaux de séries convergentes S, , développée dans
le premier article, Rings of Separated Power Series. Les algébres quasi-affinoides (les
quotients S, n/I) partagent de nombreuses propriétés avec les algébres affinoides (les
quotients T, /I d’un anneau de séries strictement convergentes). Parmi les résultats
principaux signalons le Nullstellensatz pour les algébres quasi-affinoides A ainsi que
la Propriété Universelle pour une large classe de sous-domaines ouverts de Max X,
les R-sous-domaines. Le second article, Model Completeness and Subanalytic Sets,
contient des résultats sur la structure des images de familles de fonctions analytiques
provenant par extension d’une famille quelconque de fonctions de S = USy, ,, satis-
faisant certaines propriétés de fermeture ; par exemple T' = UT,, est une telle famille.
La preuve utilise le fait que les données de Weierstrass sont définissables ainsi que le
fait, témoignant de la différence entre géométrie affinoide et quasi-affinoide, qu’une
variété quasi-affinoide Max A peut généralement étre recouverte par un nombre fini de
sous-domaines quasi-affinoides disjoints, de la méme fagon que I’anneau de valuation
K° est I'union de son idéal maximal K°° et de ses unités multiplicatives. La théo-
rie des anneaux généralisés de fractions développée dans le premier article joue un
role crucial. Dans le troisiéme article, Quasi-Affinoid Varieties, on définit la catégorie
des variétés Sp, p-analytiques X = Max A et on établit I’acyclicité des recouvrements
quasi-affinoides. Les démonstrations emploient des résultats du premier article, no-
tamment le fait que le foncteur U — Ox (U) est un préfaisceau d’A-algébres pour des
R-sous-domaines U de X. On utilise également le résultat d’élimination des quantifi-
cateurs obtenu dans le second article pour établir un rapport entre les recouvrements
quasi-affinoides et les recouvrements affinoides, ce qui est une étape cruciale dans
la démonstration du théoréme d’acyclicité. Le quatriéme article, A Rigid Analytic
Approzimation Theorem, donne un théoréme d’approximation globale d’Artin entre
un «hensélisé» H,,, d’un anneau T, de séries strictement convergentes et son
complété Sy, . Ce résultat permet de relier les propriétés algébriques des algebres
quasi-affinoides et affinoides.
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INTRODUCTION

Let K be a field, complete with respect to the non-trivial ultrametric absolute
value |-| : K — Ry . By K° denote the valuation ring, by K°° its maximal ideal, and
by K the residue field K°/K°°. Let K' be an algebraically closed field containing K
and consider the polydisc

A = ((K)°)™ x (K')*)".

In 1961, Tate introduced rings T, of analytic functions on the closed polydiscs A, o.
These rings lift the affine algebraic geometry of the field K. In particular, the Eu-
clidean Division Theorem for K[¢] lifts to a global Weierstrass Division Theorem for
T,.. The basic properties of Ty, that follow from Weierstrass Division include Noethe-
rianness, Noether Normalization, unique factorization, and a Nullstellensatz. These
results pave the way for the development of rigid (affinoid) analytic geometry.

The representation

A =l ((K')*)™ x (e(K)°)",

where ¢ € (K')°°, yields a ring of analytic functions on A, , by taking a corre-
sponding inverse limit of Tate rings. This gives the polydisc A, the structure of
a rigid analytic variety. But its global functions are, in general, unbounded. Even if
one restricts attention to those functions with finite supremum norm, the geometric
behavior can be pathological.

In the first paper, Rings of Separated Power Series, we define rings Sy, », of bounded
analytic functions on A, , with a tractable algebraic and geometric behavior. Those
rings share many of the nice properties of the Tate rings T;,, though the proofs
are often rather more difficult. We show that the rings Sy, , are Noetherian rings
(often K-Banach algebras) of bounded analytic functions on A, ,, that satisfy a
Nullstellensatz, are unique factorization domains, and are regular rings of dimension
m+n.



2 INTRODUCTION

We call quotients of the Sy, ,, quasi-affinoid algebras. Quasi-affinoid algrebras share
most of the properties of affinoid algebras. For example, the residue norms arising
from different presentations of a quasi-affinoid algebra are all equivalent; quasi-affinoid
morphisms are continuous; in characteristic zero (and often in characteristic p) the
residue norms and the supremum norm on a reduced quasi-affinoid algebra are equiv-
alent; and quasi-affinoid rational domains satisfy the appropriate universal mapping
property. These results pave the way for the development of a relative rigid analytic
geometry over open polydiscs.

We give three applications of the general theory. In the second paper, Model
Completeness and Subanalytic Sets, we present a quantifier elimination theorem which
lays the foundation for the theory of rigid subanalytic sets based on the Tate Rings.
The third paper, Quasi-Affinoid Varieties, applies the results of the first two papers to
treat the basic sheaf theory of quasi-affinoid varieties and to prove the quasi-affinoid
Acyclicity Theorem. In the fourth paper, A Rigid Analytic Approzimation Theorem, a
global Artin Approximation Theorem is presented for the pair of rings Hp, ., = Sm,n,
where H,, , is the algebraic closure of Ty,4p in Sy p. In this context the rings Spm n
play the role of a kind of completion of the Tate rings.
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