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Representations of affine Hecke algebras.

George Lusztig

This is an expository paper ; it is concerned with establishing Langlands'
conjecture for an interesting family of irreductible representations of a split
reductive p-adic group : the representations which admit non-zero vectors inva-
riant under an Iwahori subgroup. This represents only the tip of the iceberg ; the
rest of the iceberg remains to be explored. It is remarkable that equivariant K-
theory plays such a central role in this problem. These ideas were developed in
[11], (4], [8], [9]. We shall also explain a second approach to the same problem
following [ 12] .

1. Affine Hecke algebras.

We recall (cf. e.g. [14, 9.1.6]) that a root datum is a quadruple (X,Y,R,ﬁ)
where X,Y are free (additive) abelian groups of finite rank with a given perfect
pairing < , > : XxY~> Z and R,ﬁ are finite subsets of X,Y with a given bijec-
tion o <« & ;, R+ K.

For oo € R we define endomorphisms

v
Sa : X > X, sax =X - < X,0> 0

and

\2
s, * Y > Y, SyY =Y - <oy >a.

It is required that for all o € R :

20 &€ R.

We assume given a basis Il of R : thus any 8 € R can be written uniquely as
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Z n.a where n, are integers which are all > 0 or all < 0. It determines a
ae I
partition R =R UR .
The Weyl group WO is defined as the subgroup of GL(X) generated by the
Sy ¢ X - X (@ € R). It is a Coxeter group with set of generators S = {Scxla €n }.
Using the natural action of WO on X, we form the semidirect product WO.X

with X normal : the product of w.x and w'.x' is ww'. (w'_1 (x) + x').

WO.X is called the affine Weyl group. This is slightly different from the

usual definition : usually one calls affine Weyl group the normal subgroup WO.Q
of WO.X where Q is the subgroup of X generated by R.

Define a function £ : WO.X >N by

Lw.x) = I |<x,gz>| + Z, [1+<x,85].
aeR ¥ aeR_
w(a) eR waeR
(See [ 5] .)
let Q= {w.x€ wo.x|sz(w.x) =0}
S ={w.xe€ Wy-Ql2w.x) =1}

Then (WO.Q,S) is a Coxeter group with (WO,S) a parabolic subgroup, and Q is an

(abelian) subgroup of WO.X complementary to WO.Q and normalizing s.

Let A be the algebra (]:[ql/ 2, -/ 2] where ql/ 2 is an indeterminate. Let

hQ

H be the free A-module with basis TW x ! (w,x € WO.X) . According to Iwahori-

Matsumoto [ 5] , there is a unique structure of associative A-algebra on H such
that :

—_— s 1 1 p— 1 1
Tw.x Tw'.x' = T(w.x) (W' .%) if fw.x) (Ww'.x")) = 2 (w.x) + 2(w'.x")
(Tw.x+l) (Tw.x_g) = (0 1if w.x € S. The unit element is Tw.x where w.x is the

neutral element of WO.X.

The A-algebra H is called the affine Hecke algebra.

An alternative description for H has been given by Bernstein and
Zelevinskii (unpublished, but see [ 10]). Let HO be the subalgebra of H spanned

by the elements T, (w € W). Let T be the group algebra of X over A . Thus T

.0
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REPRESENTATIONS OF AFFINE HECKE ALGEBRAS

- i € = ' e . L ;i
has an A-basis {exlx X}and 6.6 , =6 . (XX X). Let H H ® T;it

is a free A-module with basis 'I‘.w o ® eX (w € w0 , X € X). There is a unique

structure of associative A-algebra on H' such that properties (a)-(b) below hold :

(@ h->h®1landy » 1®y are A-algebra homamorphisms HO -H' , T >H.

(b) Let us write T instead of T ® 1 and 6_ instead of 1 ® 6_. Then
W.0 w.0 x X

ex B e's (%)

+ (1) 5= 5
= -a

@
+3
1]

X " 7s.0 Ts.o - es(x)

for all x € X, a € 1, where s = Sy (The fraction above is an element of T).

The relationship between H, H' is a follows. There is a unique A-algebra

!L(l.x)/26

isamorphism H 5 H' which is the identity on HO and which maps Tl.x to g »

for any x € X such that <x,<\:/z> > 0 for all a € 1.

We shall identify H and H' via this isomorphism. For any complex number

g € T we shall denote Hq =H C where @ is regarded as an A-module with ql/ 2
A =

/2

acting as multiplication by ql , a fixed square root of qg.

2. Relation with representations of p—adic groups.
Iet F be a p-adic field whose residue field has a finite number g of

elements. Iet F be an algebraic closure of F.

Iet G be a connected reductive group defined over F such that G has a
maximal torus T defined and split over F. To G one can associate in the usual
way a root datum

xX(T), ¥(M, R',K") : we define X(T) = Hom(T ,F), Y(T) = Hom(F*,T) ;
\
R' is the set of roots, R' is the set of coroots. We assume that

\ \ \%
X(T)=Y,Y(T)=X, R'=R , R'=R, where (X,Y,R,R) is the root datum in Sec.l.

Iet I be an Iwahori subgroup of G(F) ; this is a certain campact open
subgroup of G(F). Let H be the T-algebra of all I-biinvariant functions with
compact support f : G(F) » © with respect to convolution product.

A C-basis is given by the characteristic functions of the I-I double cosets,
which are parametrized by the elements of WO.X ; these functions multiply in the
same way as the basis elements TW‘X of Hq (see | 5]). It follows that the algebra
¥ is naturally isomorphic to Hq’
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According to [ 2], [ 3] the irreducible admissible representations of G(F)
wich have non-zero I-invariant vectors are in natural bijection with the simple
H-modules. (The bijection associates to the representation V of G(F) its
space VI of I-invariant vectors, regarded as an H-module in a natural way). Thus
an interesting part of the representation theory of G (F) is captured by the al-
gebra H = Hq'

This justifies the study of simple Hq-modules.

3. The Langlands dual.

We consider a complex connected reductive group G, with Lie algebra g . We

can associate a root datum to G Jjust as for G, in terms of a maximal torus of G.

It will be more convenient to define it in an intrinsic way. Let B be the
variety of Borel subalgebras of g. Let X be the set of isamorphism classes of
algebraic G-equivariant line bundles on B . (This is an abelian group under ®).
Let P be a conjugacy class of parabolic subalgebras of g of semisimple rank 1
and let 7 : B-P be the natural P'-bundle. Let L, € X be the tangent bundle
along the fibres of w. Let hP : X - Z be defined by hP (L) = m, where mt+l = Euler
characteristic of L € X restricted to any fibre of m (regarded as a coherent sheaf).

Then h;o is a homomorphism so it is an element of Y = Hom(X,%Z). Let SP : X - X
-h_(L)
be defined by Sp L) =L ® LP . The Sp for varying P generate the Weyl
group W C GL(X). We set Il = {LP]P as above} C X, 1 = {hp| P as above} C Y,

R =Wl C X, X = Wi C Y. Then R,ﬁ are naturally in bijection and (X,Y,R,fi) is a
root datum. We assume that it is the same as the one in Sec.l.
This means that G is the Langlands dual of G .

4. The Deligne-Langlands conjecture.
According to the general Langlands philosophy, the irreductible admissible

representations of  G(F) should correspond to certain objects related to the
geametry of G. For those representations of G(F) which have non-zero vectors
invariant by the Iwahori subgroup, this philosophy predicts (using the reformila-
tion in Sec.2) that the simple Hq—modules should correspond to G-conjugacy classes
of pairs (s,N), where s € G is semisimple, N € g is nilpotent and Ad(s)N = gN.
This statement, known as the Deligne-Langlands conjecture, has been verified for
GLn by Bernstein and Zelevinskii [ 1], [ 15]. In that case the correspondence is a

bijection. In general it is not a bijection. In [ 10] it was suggested that in
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REPRESENTATIONS OF AFFINE HECKE ALGEBRAS

order to make it a bijection, to (s,N) one should add a third ingredient p, an

irreducible representation of the finite group g(()i’y)* appearing in the homology
zZ¥ (s,N)

H, ( By,@) where B = (b €B|NE b, AM(s)b = b}. (Here Z(s,N) = {g € Glgs = sg,

Ad(g)N = N} ; it acts naturally on B3). This was suggested by an analogy with

N

Springer's work on W-modules and by working out examples corresponding to subre-
gular N.

In the rest of this paper we shall assume that G has simply connected
derived group. We now state :

*
Theorem 4.1. [9] ILet g€ T be a complex number which is not a root of 1.

Then the simple Hq—modules (up to isomorphism) are in the natural bijection with

the G-conjugacy classes of triples (s,N,p) as above.

The bijection in the theorem will be constructed in Sec.5 using in essential
way methods of equivariant K-theory. The approach to the Deligne-Langlands conjec—
ture using equivariant K-theory has been developed in [ 11], [ 8] ; the conjecture
itself is proved in [ 9].

5. Equivariant K-theory.

Iet M be a linear algebraic group over C. An M-variety is an algebraic
variety over T with an algebraic action of M. If Z is an M-variety, let KM(Z) be
the Grothendieck group of the category of M-equivariant coherent sheaves on 7.
Then Ry = KM (point) is the Grothendieck group of finite dimensional algebraic
representations of M. Note that RM is a commutative ring and KM(Z) is an RM—

module in a natural way using tensor product.

Iet 2' be another M-variety and let £ : 2 » 2' be an M-equivariant mor-
phism. If f is smooth, then the inverse image f* : KM(Z') - KM(Z) is well
defined ; if f 1is proper, then the direct image f, : KM(Z) - KM(Z') is well

defined : it is defined using an alternating sum of higher direct images.
Now let ¢ : & 0™ 81 be an M-equivariant map of M-equivariant vector bundles

on Z, and let Z' be a closed M-subvariety of Z such that ¢ is an isomorphism on
all fibres over Z-Z'. Let F be an M-equivariant coherent sheaf on X. Let Ko

K

(resp. K;) be the kernel (resp. cokernel) of F @ &0 19 4 ro &, . Then K, , K,

are M-equivariant coherent sheaves on Z such that K o lz-z' =0, K ] |2-2' =0.

Iet I be the coherent sheaf of functions on Z which vanish on Z'. For
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any i = 0, there is a * 11 defined M-equivariant coherent sheaf k—cl) (resp. K;)

on Zz' whose extension to Z by O outside 2Z' is IlKo/IlHKO(resp.
IlKl/Il+lK1). For large i we have IlKO = IlKl = 0 hence Kg = 'K; =0 ; now

Fos (-t E(i) -3 (-1) iﬁ defines a homomorphism y, : Klz) - Bz,

1 1

6. Construction of H-modules.

Fix a nilpotent element N € g . Let M) = {(g,A) € GxC"|ad(g)N = AN}. If
(s,q) € M(N) is a semisimple element we denote by M(s,q) the smallest algebraic
diagonalizable) subgroup of M (N) containing (s,q). Let BN = {b € BINE b}.

Note that M(N) acts on BN by (g,A) : bw Ad(g)b. In particular, M(s,q) acts

on By and therefore K Mis,q) (By) is an Ry -module. Now (s,q) € M(s,q)
’

defines a ring homomorphism h : RM(s 9 " C (it attaches to an M(s,q)-module the
trace of (s,q) on that module). This makes € into an RM(s q)—module, hence we can
’

form E = KM(S’q) (BN) ® C. On this complex vector space we want to define
(s,q)
endomorphisms corresponding to the generators of the algebra H_.

We define for x € X, 6 : KM(S'q)(BN) ->KM(S’q)(BN) by ex(F) =F ® L,

where LX is the G-equivariant line bundle on B indexed by x. (We regard LX as a

Gxﬂ:*—equivariant line bundle on B with C* acting trivially, and we retrict it to

BN ; the restriction is an M(s,q)-equivariant line bundle on BN) . This is

I%/l -linear, hence it induces a CT-linear map ©6_ : E - E.
(s,a) x

Now let P be a conjugacy class of parabolic subalgebras of g of semi-
simple rank 1. Let PN be the set of all p€ P such that N €p . Consider its

inverse image n_l(PN) under the natural map =« : B-P . Then = restricts to
o BN - PN (a proper map)
and to
"o 11_1 ( PN) - PN (a Pl-bundle) .

Let £ be the line bundle on 1 ' (

PN) whose fibre at b is p/b where p is

x .
the unique subalgebra in P containing b. It is the restriction of a GxT -equiva-
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riant line bundle on B , hence it is M(s,q)-equivariant. It has a canonical sec-
tion defined by the image of N € p in jp/b. This section is not M(s,q)-equivariant,
but it becomes so if £ is replaced by A—1® L. (Here X 1is the trivial line
bundle on which M(s,q) acts in the fibre direction by multiplication with the
character pr, : M(s,q) - * ; 2! denotes the dual of that line bundle. The sec-
tions of £ are the same as the sections of A_l ® [). Our section of k-l ©r
vanishes exactly over B N c ‘rr-l (P N) . It defines a map of line bundles C - A_l ® L;

1

taking duals we find a map of line bundles ¢ : » ® £~ 5 T which is an isomorphism

outside BN. It gives rise by the construction in Sec.5 to a map

. Misa) -1 S M(s,a)
vo r KD Thopy S kS D g,

We define an operator q - TSP : ﬁ”(s'q) (BN) > Ig\l(s,q) (BN) as the composi-

N =
s " v, . . 14 . . _
tiony .. (n") . (n"), . This operator is %Vl(s,q) linear hence it defines by exten
sion of scalars a CT-linear map gq - TSP : E-E.
Next we note that M (N,s) = {(g,\) € M(N)|gs = sg} acts on BN (restriction

of M (N)-action) and it commutes with the action of M(s,q). For any m € M(N,s)

and any M(s,q)-equivariant coherent sheaf F on BN' we can consider the inverse

image m* F ; it is again an M(s,q)-equivariant coherent sheaf on BN. This

defines an action of M (N,s) on K% (B ), which is R, _ _ -linear, hence it
N (s,q)

defines an action of M (N,s) on E. For any irreducible T-representation p of
M(N,s), trivial on MO(N,s) , we consider Ep = Hom M(N,s) (p,E) . The operators
’

OX , 9 - TS on E commute with the action of M(N,s) hence they define analogous
= P

operators on E‘ .
)

We can now indicate the construction of the bijection in Theorem 4.1. Assume

that g € @ is not a root of 1. One shows that the operators ex , q- Ts define

an Hq-module structure on Ep (g acts as multiplication by g). One shows that

EQ # 0 if and only if p appears in H, (B ;’Q) regarded as a M (N,s)-module in a

natural way. If Ep # 0 then Ep has a unique simple quotient Hq—module Eo' Then
Z(s,N) _ M(s,N),
z%(s,N)  MO(s,N)

(s,9,p) = Eo is the required bijection. (Note that

The proof of 4.1 given in [ 9] (and the statements given there) involve equi-
variant topological K-homology Ktop( ) instead of Grothendieck's K-theory of
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coherent sheaves, which was used only as a heuristic guide. Subsequently, as a

consequence of [ 3] it became known that the natural map

Ig*l(s,q)(B ) ® C — KM(s,q)(3 ) ® o
N Ry(s,q) top N Ry(s,q

is an isomorphism. Indeed, using the localization theorem (Atiyah, Segal, Thoma-
son) in the two kinds of K-theory we see that it is enough to show

s ~ s
K( BN) ® ¢ —— Ktop( BN)
with non equivariant K-groups). This follows from the main result of [ 3] which

asserts that for B; ,

Chow group, while in odd degrees it is zero.

the integral homology in even degrees is iscmorphic to the

This allows us to define the bijection 4.1 in terms K-theory of coherent
sheaves ; we note however that topological K-homology seems to be still needed
in the proofs.

7. Roots of unity.
The statement of Theorem 4.1 is not true in general when g is a root of 1

(for example for G = SL2 , d = -1). However, it is true for g = 1 when it can
be deduced from Springer's results on W-modules (an observation of S.Kato [6]).
It is likely that the statement of theorem 4.1 remains true for any g € € such
that

(@) s ¢ ozo

thus it can only fail for finitely many roots of unity.

We will show that for g € gl , 9 # 1, the inequality (a) is equivalent with
each of the following two statements (b), (c) below.

(b) det(g-w) # 0 for all w € W, (in the standard reflection repre-

sentation of WO) .

(c) For any semisimple element s € G, the eigenspace

9g = (£ € |Ad(s)& = g} consists entirely of nilpotent elements.

We may assume that G is semisimple. It is well known that det(g-w) divides

(2 ™). @DT, (= rank of W,) as polynomials inz [ql . Hence (a) => (b) .

It is also well known that
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== 0z ¢yt det@w .
W€W,O y€wo = = =

Hence (b) => (a).

Assume that (b) doesn't hold. Then we can find a maximal torus T of G
with Lie algebra t and an element w e N(T) such that (g-Ad(w))& = 0 for some
£ € t-0. We may assume that w 1is of finite order hence semisimple ; we see that

(c) doesn't hold. Thus we have (c) => (b).

Assume now that (c) doesn't hold. Let s € G be a semisimple element and §
be a non-nilpotent element such that Ad(s)& = g§. The same identity is then satis-
fied by the semisimple part of & so that we can assume that & is semisimple,
non-zero. Let G' = {g € G|Ad(g)E € *.£} and let § : G' » C* be the homomorphism
defined by y(g) = A where Ad(g)& = Ag. If Ad(g)E = A§ with A not root of 1 then £
is clearly nilpotent, a contradiction. Hence the image of y contains only roots
of 1. Being a closed subgroup of @, the image of | must be finite. Since the
centralizer zG(g) is connected we have ker y = ZG(E) = (G')O. Hence w—l (@) is a

connected component of G', so it contains some element of finite order. Hence we
can assume that s has finite order. Let vy be the space of all maximal tori
of ZG(£) . It is well known that Yy has the same rational cohomology with compact
support as an affine space. Now s acts on Yy by conjugation. By the fixed
point theorem it follows that YS # 0 so that there exists a maximal torus T of
Z,(&) normalized by s. Let t be the Lie algebra of T. Then £ € t and Ad(s)

t >t has £ as a g-eigenvector. Hence det(g-Ad(s),t) = 0. But Ad(s) acts on t
as a; element of the Weyl group of T and we see that (b) doesn't hold. Thus

(b) => (c). The equivalence of (a), (b), (c) is proved.

8. Simple € [WOX] -modules and simple Hq-—modules.

We shall indicate a procedure which establishes a bijection
simple H -modules simple € [ W_X] -modules
D o semoried o

up to isomorphism up to isomorphism

when g 1is not a root of 1.
The proofs can be found in [ 12].

Let w.C , w'.¢' be two elements of WO.X

(ww' € Q, c,0' € WOQ). Since (WOO,S) is a Coxeter group, the polynomials P

(28

of | 71 are well defined. We define P to be P when w = w' and 0O

wg,g'e! [

when w # w'. As in [ 7] we consider for each w.x € WO'X the element
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202y i)

(q'l)T € H.

c - % (-1) L (9 =2 (1Y) g Pryw'd Ty Ly

WX V.yeWO.X

The element wa (wx € WOX) form an A-basis of H. Hence we have

C C = X h C
wx w'x' W wx,w'x',w"'x" “w"x

where h €
er VD(,W'X' ,W"X"

There is a unique function a : WyX » N such that for any w"x" € WoX ,
CIa (w'w") /2 /2

h won 1S a polynomial in q1

1 ]
' x WK for all wx,w'x' € WoX and

it has non-zero constant term for some wx,w'x'.
Let J be the C-vector space with basis {th|wx € WoXJ.

There is a unique structure of associative C-algebra on J such that

t .t =
WX w'x 1
e 7a (W"W")
z (const. term of (—l)a(w ® )C_I )t
Y .\ = W}(,wlxl ,wllxll wII>(II .
w'x"eW X
0
This algebra has a unit element of form 1 = Z td where D is a certain
deD
set of involutions in WpX. For any g € oy , the C-linear map wq : H->J
defined by
_ 1/2
IPq(cw) dED hwx,d,vz @ tvz
vzeWpX
a(vz)=a(d)
is a (€-algebra homomorphism preserving 1. (Here h (ql/ 2) is the evalua-

wx,d,vz

tion of h 1/2

1/2
wx,d,vz €A at C__I =4

) . Moreover, qu is injective. Thus all

algebras Hq (q € (]:*) appear as subalgebras of a single C-algebra J.

let M be a simple Hq—module (resp. J-module). We attach to M an integer
a =ay by the following two requirements :
waM =0 (resp. tWXM = 0) for all wx € WOX , alwx) > a.

C M#0 (resp. t M#0) for some wx € WX , alwx) = a.
WX WX 0
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Theorem 8.1. Assume that g € @ is either 1 or is not a root of 1.

There is a unique bijection

simple Hq—modules
(o) { }

{simple J-modules }
>

up to isomorphism up to isomorphism

M - M') with the following properties :

ay = ay and the restriction of M' to Hq (via wq) is an Hq-nndule with exactly

one composition factor isomorphic to M and all other composition factors of form
M, a_< .
' M aM

The proof of this result given in [ 12] makes use of the main results of [ 9]

among other things. Applying (b) once for g =1 and once for g not a root of
C[Wyxl).

1 we obtain the bijection (a). (Note that Hl
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