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H. SHIGA

RATIONAL HOMOTOPY TYPES OF COFIBRATIONS

Hiroo SHIGA

1. Main results.

In this note we study the rational homotopy types of cofibrations. Spaces are
always assumed to be connected and simply connected CW-complex and cohomologies
are those with rational coefficient. The rational homotopy type of a space is
described by Sullivan's theory of minimal model. A space is called a formal space
if its minimal model can be constructed by its cohomology ring ([(]). Let X be

a formal space and m(X) be its minimal model. Then there is a D.G.A. homomorphism

g ¢ m(X) ~ H(X) which induces an isomorphism on the cohomology. There is also a
decomposition in each degree i , ml(X) = ® W: such that W;.Wﬁ c W;:ﬁ .

j30
aw; w;j} (21, BD.
Let Y a finite complex and formal and £ : Y - X be a map. In general the

cofiber of f 1is not a formal space, so we introduce the following condition :

(P) There is a decomposition ml(X) = @ W; and by as above such that

Oy £
notation f for the induced map between minimal models. Then we have

: m(X) >~ H(Y) satisfies prIW; =0 for j 2 2. Here we use the same

THEOREM : The cofiber X \U CY is a formal space if the condition (P) is satisfied.
f

and pY such that

If there are Px pY of = f* o px then f 1is called a formal

map. A formal map satisfies condition (P). Hence

COROLLARY 1 : The cofiber of f 1is a formal space if f 1is a formal map.
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This answers to a problem listed in [ﬁ] under the assumption that Y 1is a

finite complex.

. : * ., s .
Theorem is proved by reducing to the case where f is surjective.

2. Proof of Theorem.

The proof of Theorem consists of two steps :
A. Reduction to the case where oy © f : m(X) > H(Y) 1is surjective.

B. Reduction to the case where £ is surjective.
First we prove step A. Let I, be an ideal of H(Y) generated by the image of
og © f and 3, be a quotientring of H(Y) by L.

Let Yl and Z, be formal spaces. whose cohomology rings are isomorphic

1

to I1 and J1 respectively. Then we have a cofibration

where q; and p; are formal maps which induce the quotient map and the inclusion
map on cohomologies. Since qT o py O f:m(X) - H(Zl) is null homomorphism
9, f is null homotopic by Theorem (1.2) in [ﬂ. Hence f factors through Y,

as follows :
Y
\‘
Py ///////, X
Y £

Then we have a homotopy commutative diagram of cofibrations.

-
Y, Xv SZ]
Y _— X
T Io-map
z = Z

1 1
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By considering the horizontal cofibers we have a rational homotopy equivalence :

X U CY (XLJCYI)VSZI
£ £

where SZ] is a suspension of Z

wedge of spheres.

1 and it has a same rational homotopy type of

Next we take an ideal 12 of I1 and do the same process.

Proceeding this process we arrived at the situation where image of Py o f

n-1 n-1

is itself an ideal in In—l since dim H(Y) < «. Then we have a space Yn and
a map fn : Yn -+ X such that Py © fn : m(X) ~> H(Yn) is surjective and rational
n

homotopy equivalence : XU CY ~ (X\,)CYn) \ Ski .
f f i

Now we prove step B. We take an ideal LI of H(Yn) generated by the

image of fn and Jnel be a quotient ring of H(Yn) by L4 lLet Y . and
Zn+l be a corresponding formal spaces. Then we have a diagram :
Yn+1
fn+1
Ph+l
zZ —_— —_— X — X Cz
n+l q n f c n+l
n+l n n+l fnqn+1
where Coyp 1isa natural map and we have a map fn+] such that Py © fn+1
is homotopic to Co41 © fn' By similar way as in step A we have a rational

homotopy equivalence

X‘}:JCYn-———b xucz DU CY .

n fn+1
Proceeding this process we have a cofibration
Yn+k - (..XU Czn+l)") U CZn+k > (..(XU Czn+l)'°) V] CYn+k
such that fn+k and rational homotopy equivalence.
n+k
X UCYn — (X ;:{ czZ) U CYn+k
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n+k
where X ;:1 CZ denotes (..(X uU CZn+1)..) (V] CZn+k.
Now we need to show

LEMMA : Each Zi , n+l € i & n+tk, 1is rational homotopy equivalent to a wedge
n+k

of spheres and X \U CZ is a formal space.
n+l

PROOF : By condition (P) any element in H(Zi) is in the image of
*

* .
q; © Py o fi—l(wl)' Hence any product of elements in H(Zi) is zero.
i-1

Therefore by formality Zi is a wedge of spheres. Next we show the formality of
n+k s
* i+l

X $:1 CZ. There is an a selfmap Pt : Zn+1 > Zn+l such that Pt =t :

i i . .
H (Zn+l) + H (Zn+l) and grading automorphism Gt : m(X) > m(X) such that
wh = t'*1d.  Then by condition (P) we have a homotopy commutative diagram :

th ;

_—_— X —
Zn+1 X X u CZn+l

C k]

- X ——— > XU CZ

n+1 n+1
and a map Gz+l such that (G:+l)* =t'1d on Hl(X V] CZn+]).
. n+k
Hence X U CZn+l is a formal space. By induction we can show that X \U CZ
n+l

is a formal space.

This ends the step B.

. * s .
Now we consider the case where f is surjective.

Let Y < X —> Z be a cofibration such that f* is surjective.
Let A(Z) be a kernel of f : m(X) > m(Y). Then A(Z) 1is a free D.G.A.
quasi-isomorphic to m(Z). Since ™ is injective the map px]A(Z) : A(Z) > H(X)
induce isomorphism on H(Z). Hence Z 1is a formal space and this completes the

proof of Theorem.
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