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ALMOST CONSTANT SEQUENCES
by
Viktor LOSERT and Harald RINDLER

Rauzy has characterized all real sequences (cn) such that for any
uniformly distributed sequence (xn) the sequence (cnkan) is again
u.d. modulo 1, [6]. A new proof of this result was given in [10],
together with a generalization to uniform distribution in compact
metric groups and to R™. The aim of this paper is to consider the
corresponding questions for locally compact Abelian groups with re-
spect to several concepts of uniform distribution. Our methods admit
also generalizations to the non-Abelian case. For general references
we refer to [1]. For other generalizations see [7] Ch. IV and [2].

1. Definition 1: If G is a locally compact group let M(G) be the

set of (Hartman)uniformly distributed sequences (xn) in G, i.e.:

lim N~ ) U(xn)=0
N @ n<N

hold for all non-trivial irreducible finite-dimensional continuous

unitary representations U of G.

Definition 2: a) C(G)={(cn):xn€ M(G) = (cnxn) € M(G)}

k+1

oLk
b) € (6)={(c,):3a>1 such that ¢ =c if a~Sn,m<a”" ,k=0,1,2,...}

If G is metrizable let d(x,y)’be a bounded left-invariant metric
on G and define for arbitrary sequences

(x,),(y,)telx,y, ) =TIB N £ alx,,y,)

z
nsN
If A is a family of sequences, A~ will denote the "closure" with
respect to the pseudo-metric g. If G is non-metrizable consider the
family of all left-invariant pseudo-metrics di’ i €I, the according
pseudo-metrics 8ir i1i€1 induce a topology on the space of all se-

quences on G.
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Theorem 1: If G is a locally compact separable abelian group then

c(G)=cO(G)"

Remarks: If G is not separable, i.e. there exists no countable
dense subset it can easily be seen that M(G) is void. For metric
groups Th. 1 has been announced in [11], but our methods admit ge-

neralizations to non-Abelian groups.
Proof:

Lemma 1: Let h: G » H be a continuous group homomorphism, G l.c.

separable, H compact metric, such that h(G)” =H. If (yn) € M(H) then

there exists (xn) € M(G) such that lim dH(h(xn),yn) =0 (dH=metric

on H).

Remarks: If h is surjective it is possible to achieve h(xn)'zyn if
G is metric and abelian or compact, [8] , in the compact case it is
sufficient that G is separable, [3]; if H is only separable even for .
G=Hx Z2, Z2= {-1,1} this is no longer true in general, [4], and open
even in the case G=RXZ,, H=R. For G=12, H=R/Z, h(z)=2za, a irra-

tional the lemma above cannot be strengthened (e.g.: (h"1 (2az)) = (2z)

is not uw.d. in Z).

Proof: Let (zn) be an arbitrary u.d. sequence in G (which exists,
[9), Th. 1). For k=1,2,... let (Vi) (1=1,2,...,m ) be a partition
of H into sets of diameter less than 1/k such that the boundary of
each V,, has measure O and each V;, has positive measure. Put A for
the normalized Haarmeasure on H and CV for the characteristic function
of a set V. We can construct a sequence of indices (Nk) such that
Nk+1 2 2].\Ik and for all N2 Nk and i< m :

-1 k
| & T C (y.)=-a(v. )] <1/2%m
<N vik n ik k
and
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-1 Xk
IN"' = ¢y (h(z))-A(V,)] <1/2"m
<N Vik n ik k
By induction we define a map p: N - N in the following way: If

n< N, put p(n) =n. If N Sn<N_ 4, ¥, €V let p(n) be the smallest

ik?
number m such that h(zm) € V,, and m#+ p(s) for s<n. We put Xy = Zp(n)

Since dH(h(z ,yn)< 1/k for n> N, we have lim dH(h(xn),yn) =0.

p(n)

Let|A|be the number of elements of a finite set A, put Dp(N)=
= |p([1,N])\[1,N]]. If N> N, it is easily seen that
D.(N)SD (N,)+ £ | ¢ Cy (y.)-Cy (n(z ))| <D_(N, )+
P PR ism N gSosN Vik % Vi ® Pk

k k-1
+4Nm, /2°m, = Dp(Nk) +N/2777,

In particular we get by induction:

J=3 k-3
DP(Nk)st?.Sk Nj/2 SNk. k/2

and consequently Dp(N) < N(x+2)2572 = o(1).

Since p is by definition injective, we have |[1,N]\p([1,N])] =DP(N).
i.e. the symmetric difference between the two sets is 2Dp(N)= o(N).
It follows immediately that the sequence (xn)= (Zp(n)) is u.d. like

the sequence (zn). q.e.d.

As any representation U (in Def. 1) is a homomorphism into a
compact group and because the homomorphic image of a u.d. sequence is
u.d. in the closure of the image (this follows easily from the Defi-

nition of u.d.) we obtain

Proposition 1: (c,) € C(G) iff U(c ) € U(G)™ for any representation

U.

Remarks: If G is Abelian, the U's are just the elements of é the

character group of G; we have U(G) ¢ T the 1-dimensional torus.

135



V. LOSERT ‘and H. RINDLER

In order to prove that (cn) € C(G) it is sufficient to know that
(U(cn)) €C(T) for all U from a subset of G which separates the points
of G and is either non meagre or has positive measure. This follows
from the observation that C(T) is a group and consequently the set of
all U for which (U(cn)) € C(T) a subgroup of G. As a consequence of

Proposition 1 we obtain also for non-compact H:

Corollary: If h: G » H is a continuous epimorphism, (cn) €C(&)

then (h(c,)) € C(H).

In order to prove Theorem 1 it suffices to consider metric groups.

(¢ is the projective limit of metric (even Lie-)groups: G/Ni, i€1I,
and by the corollary we have for (cn)é Cc(G) and h,: G- G/Ni :
(hi(cn))é C(G/Ni), and the metrics d; from G/Ni determine the topology
on G).

In order to prove Theorem 1 it is sufficient to prove the following

Lemma (see [10], esp. Lemma 4).
. -1
Lemma 2: If (cn) € C(G) then 1lim N .ngNd(cn,an )=0

Proof: For any UE€ G we have by Prop. 1 that U(cn) € C(U(@)7). As
Th. 1 is known for U(G)~ (already proved by Rauzy, see also [10]) it
follows that

1

Lin N £ |Uley) - (e = 0 for all U€ G.

<N n+1 )|
Take ¢> 0 and put. W={x € G: d(x,e)<e} W is an open neighbourhood of
the unit element of G. If V is an open symmetric neighbourhood of e
with V+V ¢ W then f= (1/A(V)) Cy* Cy is a positive definite conti-
nuous function, satisfies f(e)=1 and vanishes outside W. By Bochner's

theorem there exists a probability measure u on é such that

f(x) =) U(x)au(U) for all x€ G.
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By Lebesgue's dominated convergence theorem we conclude that

-1 . -1
lim N 2 |f(-c_,4+c )=-1]<1lim | N 2 | Ul=c, ,q4+c_) =1 (U)=o0.
n<N I n+i n) | J\ nSNI n+l “n | au

It follwos that the set {n: —cn+1+cn¢w} ={n: d(cn,cn+1)2 e} has

density O in N. Since d is bounded we get I1im 1/N. © d(c_,c H)<e
sy R

for all ¢> 0. q.e.d.

Remarks: Theorem 1 holds also for non-azbelian grows with the
property that all irreducible unitary representations are finite di-
mensional (same proof). If the finite dimensional unitary representa-—
tions U do not separate points of &, i.e. if there exists x#e such
that U(x)=U(e) for all U, then the sequence e,x,e,x,e,X,... belongs
to C(G) but not to C_(G).

Denote by S3 the symmetric group and by /A, the alternating group

S

Y

of 3 elements and consider the discrete group G of all sequences
i . i i - .

g:g( ), 1=1,2,...,g( )G 83’ g( )$e for at most finitely many i.

If U is a fine-dimensional representation of G, denote by U(l) tie

restriction to the i-th component. From the fact the U(i) comnmutes

with U(j) id j it can be derived that U(j‘) restricted to Ai is the
trivial representation for all but at most finitely many i (S dim U/2).
It follows that the sequence (on) :cn(i):e if i4n, cn(n)= (123) ¢ A3
belongs to C(G) but not to CO(G)_. Nevertheless G has 2 separating

family of 2-dimensional representations.

2. Now we want to consider concepts of uniform distribution con-
nected with infinite dimensional representation., For 1<p< ® put
wP(e)y={f: (J]£x)|P dx)1/p=|l fllp< @}, "dx" denotes a left Haar
measure. Consider the left regular representation

f - Lyf, Lyf(x)=f(y_1x), X,y€G

137



V. LOSERT and H. RINDLER

Definition 3: A sequence (xn) in G is called Lp—uniformly distri-

buted if [N+ £ I fll, > 0 for all re 1'n 1P with [ £=0. M(IP(G))
n<N “n
shall denote the set of all IP-u.d. sequences.

Definition 4: C(LP(G)) ={(c,): (xn)e'M(LP(G)) > (cnxn)EM(Lp(G))

Remark: It is known that for compact groups M(G) =M(LP(G)) for all
p and M(L1(G)9:M(G) in general, [9]. M(L1(G)§;® if and only if G is
amenable and separable (see [9] and [5]).

Theorem 2: If G is a locally compact separable abelian group then

ezl e)=cla).

Proof: The same proof as in Lemma 1 shows the following result: if
h: G» H is a continuous group homomorphism onto a dense subgroup of
H, and if (y )€ NM(H) then there exists (x)) eM(1'(6)) such that
dH(h(xn),yn) » O (use the relation M(L1(G)): M(G)). It follows that
(cn)e C(L1(G)) implies (U(cn))E C(U(G)™) for all U€G and by Propo-
sition 1 that (cn)e C(G). On the other hand it follows easily from
the characterization of C(G) in Theorem 1 that C(G)c C(L1(G)). g.e.d.

Remarks: Again the result can be extended to groups having only
finite dimensional representations which are known to be amenable.
C(L1(G)g C(@) for any separable amenable group (same proof as above).

In the general non-abelian case several pathologies may appear:

If G=DP, the projective group then M(L1(P1))==0. P, is not amenable
M(P1)==P1N the set of all sequences as P, is minimal almost periodic
i.e. has no non-trivial finite dimensional unitary representation. We

nave C(L' (7)) =C(®,) =p, N

Let G be the group of all permutations p of an uncountable set such

that Ep::{x:p(x)%:x} is finite then it is known that G is amenable and

138



ALMOST CONSTANT SEQUENCES

minimal almost periodic. We have again M(L1(G))4:¢ (¢ is not separa-

ble), M(a)=aY, c(zl(@))=c(a)=a"

o' (6% 2,)) 406 2,).

. Replacing G by GX.22 we obtain

If G is the group of affine transformations of the line it can be
shown that C(L1(G)) contains a sequence (cn) such that (xncn)é M(L1(G»
for some (x )€ M(L1(G)), [9], Satz 9.

It can be shown that for a connected separable l.c. group G the set
c(L1 (@) coincides with C(G) if and only if either GeR™Xx K, K compact
or G is non amenable and minimal almost periodic. The essential part
of the proof is the classical theorem of Freudenthal which implies
that the only connected groups such that the finite dim. unitary

representations separate points of G are isomorphic to R™ x X,

G=R, G=2Z are typical for the abelian non-compact case. It should
be noted that in both cases M(L1(G)) is a proper subset of M(G). It
is already a consequence of results of Weyl that the sequence (J?n2+n)
is u.d. in R and the according sequence of integers (zn)
2
(zn<./’2 n° +n< zn+1)

is u.d. in Z. Therefore Theorem 2 does not follow from Theorem 1.

3. In this section we study the case of L2-uniform distribution
which is quite different from the preceding two cases. The results
hold for arbitrary locally compact groups (M(IP(G)=M(G) if G is
compact as mentioned above). For non-compact groups LPn L1(G) is

dense in IP(G) and we can choose any fé€ IP(G) in Definition 3 (p>1).

Theorem 3: Let (xn) be a sequence in G (non-compact), K a_compact

subset of G with nonempty interior. The following statements are

equivalent:
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a) (xn) is L2—uniformlv distributed

b) (xn) is IP-u.d. for some p with 1< p< o

c) (xn) is IP-u.d. for all p with 1< p< o

d) For any e> O there exists No(e) such that
1/N|{n: 1sn<N, x € xK}| <e for all x€G, NzNo(e)

Proof: Assume a), b) or c¢) holds and that 1/N|{n: 1s$n< N,x € xK}=e

for arbitrary large N. Put £=C _,€ I’(6)(1<p< o). If x € xK then
K

". It follows that 1/NE L_ f2¢ on xK .

n<N “n

xn-1y€ K2 for all v € xK~
Since f is non-negative we conclude that

I1/8 £ 1. f 2e G )/P
n<N *n p

which contradicts the assumption that (xn) is IP-u.d. (note the re-

mark before Th. 3).

Now we assume that d) holds and we will prove c). It is easily seen
that d) can be extended to arbitrary compact sets with non-empty in-

terior. Put £=C _,. If xn-1- y€E g then x € yK. It follows that
K

1/N ¥ L, f(y)=1/N{n:t<n<N, x_€yK|l <e¢ for N=N (¢).
n<N xn n °

Consequently: |1/N £ L, 1|l s c(P-1 )/p I1/N £ L f“]/p -
<N *n P n<N *n
= lp- )/p (g )1/p.

This shows that 1lim [|[1/N £ L _ 4| =0 for all £=C _,. Since these
nsN *n P K~
functions generate a dense subspace of LP(G) it follows that (xn) is

IP-u.d.

The first two theorems have shown that (for abelian groups) C(G)
and C(L1 (@)) consists of all sequences which are "almost constant" in
a certain sense (closure of CO(G)). Here the situation is quite

different:
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Definition 5: C.(G) = {(c )s@, Ibe N: [{c : 2T<n=2"}|sb for
i=1,2,.. If di, i€I is the family of all bounded left invariant

metrics on G we can define the closure of Cf((‘r) as before.

Theorem 4: For any non-compact l.c. group C(L2(G))= Cf(G)_

Proof: It follows easily from Theorem 3 d) that Cf(G)g C(L2(G)) and
consequently Cf(G)_c_: C(LZ(G)).

Conversely assume that (dn) does not belong to the closure of Cf(G),
i.e. there exists §> 0 and a pseudo-metric g such that g((cn),(dn))z 8
for all (cn) € Cf(G). Denote by d the corresponding pseudo-metric of G,
let U be a compact neighbourhood of e which is contained in

{x:d(x,e)<d/2}
and choose a compact symmetric neighbourhood V such that V4: U. There
exists a sequence (xn) such that xnU covers G and Xné xiV2 for i<n.,
Take b, i€ N. Let X4 (b) be that element x, such that
| {n: olc p< o1 , dn-1 € ij}l
is maximal. Similar choose xi2(b) in such a way that
e x;,(1)T, dn_1 ¢ x4 ()0}

is maximal, and so on. In this way we get elements Xi1(b),...,xib(b)

[{n: 2t<ng i) a

for i=1,2,... Now define C, =Xy (b) for those n such that
2t<ns 2™, a "M ex, ,(b)U. Similarly define o =x,,(b) for those n
-1

-1
n
such that 2 <n=2* 4 Tex (m)u, a7 Ex., (0)U and so on. Tet I

= » Ay i2 , n F X4y 2 . e 1
be the set of indices for which c, is defined as above. For né I2 =
= N\ I1 put c, = e. Since we may assume that d is bounded by one we
find that &8 € Tim 1/N % d(cn,dn)<6/2 +T1im 1/N |12n [1,5]] =5/2+6(I2)

- o n<N
(d denotes the outer density). It follows that E(Iz)>6/2. We make
this construction for each b and find sets Iz(b). Now choose an in-
creasing sequence of indices N1 =0< N2< ... such that
J

1/(Nk+1 -N) |I2(k)n (Nk,Nk+1]| >8/2 and each N, is of the form 2 k
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N i i+
For né€ Iz(b) with Nbs 2*<n<?2 SN,

. -1
j€ N such that dn Eij and put ynzxj. If x€G, xj,xké xV, then

1 choose the smallest number

j=k by the definition of the sequence (xn). It follows that

{n: 2lep< ol y n€I,(b), y,€x} s {n: 2t<ns< o1+l ,ne€ Iz(b),dn-1€ij,
_1 € x, U Vvk< j}. By construction of the X5 this set has at most 2/(b+1)

elements. Put I2— U (Nk’NkH]n I,(k). The preceding argument shows

that for any y> 0 and N2 N(y) we have 1/Nl{n € N : n€T,:y €xV}| <y

for all x€ G. Now choose a sequence {yn: néN\ Iz} such that the sets

{ynU: né N\ T2} are pairwise disjoint. Then it is easily seen that

the sequence (yn) is I°-u.d. in G. On the other hand d v, € vt ofor

né€ TZ' Since I2 has positive outer density it follows that (dnyn) is

not I°-u.d. in G, consequently (dn)d C(L2(G)). q.e.d.

Remarks: Theorem 3 implies that M(L2(G)) L@ for any non compact
group. M(L2(G)) € M(G) just for compact groups (then equality holds,
also in the non-separable case (both sets are empty)). Denote by N(G)
the intersection of all kernels of finite dimensional unitary repre-
sentations then we can show: If M(G)#+@ then M(G) is not a subset of
M(L2(G)) if and only if G is not compact and G/N(G) is compact: If
G/N(G) is compact then replacing (xn) € M(G) by (yn) such that

Xnyn_1 € N(G) and that (y, )< K compact we have (y,) € M(12(6))\ M(G) if
G is not compact (Th. 3). If G/N is not compact any compact set K in G
has measure O considered as a subset of the Bohr compactification of
G. Then it is easy to see that for (xn) eM(g) 1/N xéNCXK(Xn) -+ 0 uni-
formly in x€ G i.e. (x)) € M(12(a)) by Th. 3.

If (cn)é Cf(G) then we are able to prove that (xncn)eM(Lg(G) for
any (xn)é M(L2(G) iff there exists a compact neighbourhood of e such
that U chcn'1 has compact closure in G. The closure of this subset of

n
Cf(G) consists exactly of these (cn) such that (xn)eM(LZ(G)) implies
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that (x c )€ M(L2(G)) (see also [2]). It follows that (x c )€ M(12(a)

for any (cn)é C(LZ(G), (xn)e M(LZ(G)) if and only if G has a compact

invariant neighbourhood U (x"'Ux=U for all x€ G). For M(G) this is

true in general, [9] Satz 11. For C(L1(G)) the result above is not

true even for groups having a compact invariant neighbourhood (see

[9] p. 222) but holds if G has a basis at e of invariant neighbour-

hoods, [ 9], Satz 12.
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