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ON SMALE'S AXIOM A DYNAMICAL SYSTEMS™
by Alan Dankner

Introduction. Let f be a diffeomorphism of a compact mani-
fold M and Q(f) be the nonwandering set of £, If Q(f) is
hyperbolic, are the periodic points of £ dense in Q(£f)? That
is, does Axiom A(a), hyperbolicity of Q(f), imply Axiom A(b),
denseness of the periodic points in §(f)? The question was posed
by Smale in [3] and answered affirmatively, if M is 2-dimen-
sional, by Newhouse and Palis in [2]. Beyond dimension two, the
answer is no.

Theorem. There is a diffeomorphism of S3, the 3-sphere,
with an infinite hyperbolic nonwandering set, but a finite set of
periodic points.

I would like to thank M. Hirsch and J. Guckenheimer for use-
ful conversations while preparing this paper. Special thanks are
due J. Palis, who introduced the problem to me, and C. Pugh, my
thesis advisor, for his encouragement and help.

Definitions. Given f € Diff(M), § = Q(f), the nonwandering
get of f, consists of all x €M such that given U, a neigh-
borhood of x, there is an n > 0 such that fn(U)f\U # 0.

An f-invariant set A has a hyperbolic structure if there is
a continuous, Tf-invariant splitting of the tangent bundle restricted
M= ES‘PEu, such that Tf expands vectors in E** and

A

s
contracts vectors in E . That is, there are ¢ >0, 0< )X <1,

to A, T

and a Riemannian metric [+l, such that for n > 0, ITe% < A"lvl

if veE® and ITE ™I < aAIvl 1if v e £

*
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AXIOM A DYNAMICAL SYSTEMS

f satisfies Axiom A 1if

(a) Q(f) has a hyperbolic structure, and

(b) the periodic points are demse in Q(f),

Additional information may be found in [3].

Sketch of the Proof, The example is constructed first in R?,
then extended to S3 by adding a point source at infinity. The
figure shows the 23 hyperbolic fixed points of the diffeomorphism
and many of their stable and unstable manifolds. These invariant
manifolds form two concentric 2-spheres. (Part of the outer one
is cut away.) The "finger" in T, 1s formed by pushing Wu(p3)

1

to meet Ws(pA) non-transversely at v. The "finger" in T2 is

formed by pushing Wu(pA) to meet Ws(pl) transversely at two

points; one of them is labeled w. It can be verified that there

23
is an f € DiffGR3) with Q(f) = U Py
i=1
The goal is to modify f to a new diffeomorphism £ such
23
that Q(f) = U pilJ U f%. If such an f exists, the theorem
i=1 n€Z

is proved because the transversality at w, Wu(pA) Aw ws(pl),
allows us to define a hyperbolic structure on Q(E).

w 1is made nonwandering by adding to f a rotation whose
support is contained in a thin, short cylinder about its axis of
rotation, Wu(pz)f\ws(pB). Using Cloud Lemma arguments, one can
show there are points arbitrarily near w that travel around the

inner sphere, are rotated part way around Wu(pz)rﬁws(p3), pass

through the "finger" in Tl’ reach the "finger" in T2, and
return near w. The difficult part of the argument is to show
~ 23 - -
Qf) C U Py U U f%: for example, to show v ¢ Q(f). (1If
Ji=1 n€Z

v € Q(f), then hyperbolicity demands that w“(p3) mv WS(pA).
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This eventually leads to a transverse homoclinic point and infi-
nitely many periodic points, contrary to the goal of the theorem.)
The rotation must be constructed very carefully and "adjusted" by
a further modification of f 1in order to avoid extra Q. This
requires delicate, non-generic analysis which will appear else~
where along with a more detailed exposition of the entire con-
struction of f.

Remarks. Diffeomorphisms with the properties of the example
can be found in every isotopy class of Diff(M) for any compact
manifold M of dimension greater than two. Suspension yields
flows with the corresponding properties on all compact manifolds
of dimension greater than three, but whether Axiom A(a) implies
Axiom A(b) remains an open question for flows on 3-manifolds.

In [1] it is shown that hyperbolicity of the chain recurrent
set of a flow implies the flow satisfies Axiom A and the no cycle

property. This contrasts sharply with our results.
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