Locating the boundary peaks of least-energy solutions
to a singularly perturbed Dirichlet problem
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Abstract. We consider the problem
EAv—v—yVu+ fW)=0 AV+pf>=0, v=V=00nd%,

where  C R3 is a smooth and bounded domain, &, Y1, 2 >0,v, V:Q—>R,
f : R — R. We prove that this system has a least-energy solution ve which
develops, as ¢ — 0T, a single spike layer located near the boundary, in striking
contrast with the result in [37] for the single Schrodinger equation. Moreover
the unique peak approaches the most curved part of 0€2, i.e., where the boundary
mean curvature assumes its maximum. Thus this elliptic system, even though it
is a Dirichlet problem, acts more like a Neumann problem for the single-equation
case. The technique employed is based on the so-called energy method, which
consists in the derivation of an asymptotic expansion for the energy of the solu-
tions in powers of ¢ up to sixth order; from the analysis of the main terms of the
energy expansion we derive the location of the peak in €2.
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1. Introduction

In this paper we study the following problem:

EAv—v—pyVu+ f(v) =0 in Q,
AV + v =0 in Q, (1.1
v, V>0 inQ2, v=V=00ndQ

where Q2 C R? is a smooth and bounded domain, ¢, v, Y2 >0,v,V:Q—> R,
f : R — R. Solutions of (1.1) correspond to the stationary waves for the following
Schrodinger-Poisson system:

9
isa_if =AY+ Y VY — [, AV +plylP =0.
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This system, first proposed by Benci-Fortunato ([3]) and later studied in [6, 13], can
be used as a model in Quantum Mechanics to describe a charged particle interacting
with its own electrostatic field. The purpose of this paper is to construct a single
spike for the system (1.1) located near the boundary, where by single spike we
intend a solution whose shape has the form of a unique peak which becomes highly
concentrated when ¢ is sufficiently small.

When y, = 0 we obtain the single Schrodinger equation:

?Av—v+ f(v) =0, (1.2)

for which the existence of single and multiple spike solutions has been extensively
studied. Concerning equation (1.2) in a bounded domain with Neumann boundary
condition, Ni and Takagi in [34, 35] first proved that for ¢ sufficiently small there is
a least-energy solution v, with the property that v, has exactly one maximum point
P, in Q, and P, must be located on 92 and near the most curved part of the dQ, i.e.,
H(P:) — maxpeyo H(P), where H(P) denotes the mean curvature of the bound-
ary 0€2. On the other hand, for equation (1.2) in a bounded domain with Dirichlet
boundary conditions, Ni and Wei in [37] showed that the least-energy solution de-
velops a spike layer at the most centered part of the domain, i.e., dist(Pg, 02) —
max peq dist(P, d€2). Since then, there have been many papers looking for higher-
energy solutions. More specifically, solutions with multiple boundary peaks as well
as multiple interior peaks have been established. It turns out that a general guide-
line is that while multiple boundary spikes tend to cluster around the critical points
of the boundary mean curvature H(P), the location of the interior spikes is gov-
erned by the distance between the peaks as well as from the boundary 92 (see
[1,2, 8,9, 10, 18, 19, 25, 26, 27, 28, 29, 32, 33, 34, 35, 36, 37, 39, 40] and the
references therein). In particular, it was established by Gui and Wei ([28]), that
given two arbitrary integers /| and [, there exist solutions for the Neumann problem
associated to (1.2) with /; peaks on the boundary and /> peaks in the interior.

Our paper deals with the system (1.1) when y» # 0 and is in striking contrast
with the results for single-equation case (1.2), in particular with the above-quoted
paper [37]: indeed we will establish that the least-energy solutions of the Dirich-
let problem (1.1) exhibit a concentration behaviour at the boundary. Before going
further in the analysis of this phenomenon, let us briefly outline the concentration
results already known for the system (1.1). The asymptotic analysis of (1.1) has
been started very recently in the papers [14]-[17] and [38]. The radially symmetric
case has been investigated in [14, 16] and [38]. In [16] and [38] it is proved that
forl <p< % there exists a family of positive radial solutions in R which con-
centrates at a sphere. In [14] the concentration on all the boundary 92 is produced
for the problem (1.1) when €2 is the unit ball of R3. In the other recent papers [15]
and [17] multiple interior spikes have been shown to exist for (1.1) in the case of
a generic bounded domain Q C R3 (near the harmonic centers of §2) and for the
whole of R respectively. However peaked solutions approaching the boundary
have not yet been observed for (1.1) neither for y» = 0 nor in the case y» # 0. This
paper seems to be the first attempt in this line.



In order to provide the exact formulation of our main result we first enumerate
the assumptions on the function f that will be steadily assumed:

f1) f e C2(R); f(@)=0forr <0;

(f2) % is nondecresing in ¢ > 0;

(f3) f(t) =0(?)ast — 400, where3 < p < 5;

(f4) there exists a constants & > 4 such that 0 < 60F(t) < f(¢)t forall t > 0,
where F(t) = fot f(s)ds;

(f5) the problem in the whole space

Aw—w—+ f(w) =0, w=>0 in R3,
w(0) = max w(x), Iim w(x) =0, (1.3)
xeR3 x| =00

has a unique solution w, which is nondegenerate, i.e., denoting by L the lin-
earized operator

L:H*R? — L*(R%), Llu]l:=Au—u+ f'(wu,

then
Jw Jdw Jw

Kern(L) = —_— —, — 1.
ern(L) span{axl o1 8x3}

By the well-known result of Gidas, Ni and Nirenberg ([23]) w is radially symmetric
and strictly decreasing in r = |x|. Moreover, by classical regularity results, w €
C?(R?) and the following asymptotic behavior holds:

A _ 1 A _ 1
wr), w'(r) = 76‘ r <1+O(;>), w/(r):—7e r <1+O(;)>, (1.4)

where A > 0 is a suitable positive constant. Note that assumptions (f1)—(f3) imply
fO) < etltP +al?, F@) < Ciltf* + Gl vi =0 (15)

Typical examples of f satisfying (f1)-(f5) include f(t) = t} where 3 < p < 5.
Other nonlinearities can be found in [7]. The uniqueness of w is proved in [31] for
the case of power-like f; for a general nonlinearity, see [S]. The nondegeneracy
condition can be derived from the uniqueness argument (see [34]).

We recall the variational structure of the system (1.1): indeed for every v €
H(Q) let (—A)~![v?] € HJ () be the unique solution of the following problem

AV 4+v*=0inQ, V =0o0ndQ.
Then (1.1) is equivalent to

A —v—y (=AW v+ f(v) =0 in K,

. (1.6)
v>0 in 2, v=0o0ndL,



where y = y1y», and associated to (1.6) is the following energy functional:

Je[v] := 1/ (52|W|2+|v|2)dx+1/(—A)—1[v2]u2dx—/ F(uydx. (1.7)
2 Ja 4 Jo Q

Our aim is to establish the existence of a least-energy solution v, for (1.6) and to
show that v, exhibits a point-condensation phenomenon as ¢ — 07. More pre-
cisely, when ¢ is sufficiently small, v, has a single spike centered at a point P
located at a distance (1 4+ o(1))e log é from the boundary, while v, vanishes every-
where else. Hence the following natural question immediately arises: which part
of the boundary are the points P, situated near? It is the purpose of this paper to
answer this question and to give an accurate description of the profiles of the solu-
tions v. Indeed we shall prove that this unique peak must be situated near the most
curved part of 0€2, i.e. where the boundary mean curvature assumes its maximum;
more precisely any limiting point Py of the family P, is such that H (Pp), the mean
curvature of 92 at Py, is a maximum value of H(P) over 2.
Now we proceed to state our main theorem.

Theorem 1.1. Assume that Q@ C R is a smooth and bounded domain and that the
hypotheses (f1)-(f5) hold. Then for every ¢ > O there exists a least-energy solution
Ve € HO1 () of (1.6). Furthermore, as ¢ — 07, v, develops a spike near the
maxima of the mean curvature; more precisely there exists P, € Q2 such that

(1) v (x) = w(*=L2) + o(1) uniformly in ;
(2) dist(P;, 92) = (1 + o(1))e log L.

Finally, for every sequence &, — 07, up to a subsequence,

(3) P, — Py € 0Q2 where H(Py) = Ho := maxpeyo H(P).

Remark 1.2. Notice that if, in addition, we assume the existence of a unique global
maximum Py of H (P), Part (3) of Theorem 1.1 holds for all the families P,, without
need to pass to subsequences, and all the waves v, concentrate at that point Py as
e— 0.

It is interesting to see how the geometry of the domain determines exactly the
location of the spike-layers as well as how this result is in striking contrast with the
result in [37] for the single Schrodinger equation (1.2) with Dirichlet boundary con-
dition, in which the least-energy solutions are located at the most centered part of
the domain. Furthermore, even among higher-energy solutions, it is also known that
there are no positive spike-layers concentrating near the boundary for the Dirichlet
problem associated to (1.2) (see [10, 41]). On the contrary least-energy solutions
with a single boundary peak close to the maxima of the mean curvature are known
for (1.2) with Neumann conditions. So we are in presence of a Dirichlet problem
which acts more like a Neumann problem for the single-equation case.



To our knowledge, the only other results concerning boundary-concentration
occurring for a Dirichlet problem were established for the FitzHugh-Nagumo sys-
tem in [11] and for changing-sign solutions of an elliptic equation in [12] by Dancer
and Yan; however in [11] only the existence of such solutions is proved and the ex-
act boundary limiting points are not determined, while in [12] a special kind of
nonlinearity is considered such that the changing-sign solutions are obtained as
mountain passes and blow-up at the boundary points which are maxima of the main
curvature. Although the result in [12] looks similar to that in our paper, the loca-
tions of the peaks for the two problems are different: indeed in [12] the solutions
are constructed as approximation of a suitable mountain pass solution for an elliptic
problem on a half-space (while our limiting problem (1.3) is in the whole space)
and then the distance of the peaks from the boundary is O(¢) (and not, as in our
case, O(elog %)). This paper seems to be the first one that succeeds in locating
exactly the boundary spikes for positive solutions of a Dirichlet problem.

The proof of Theorem 1.1 is based on the energy method, i.e., on the derivation
of an asymptotic formula for the smallest critical value J; := Je[ve] as & — ot,
in the spirit of [34, 35, 37]. However, here the technique is more complicated since
we have to expand the energy up to sixth order. The first object is to apply the
Mountain-Pass Lemma to obtain a critical point v, of J.; furthermore we prove that
v is actually a least-energy solution of (1.6), by which it is meant that v, has the
smallest energy J; among all the solutions to (1.6), and J; can be characterized as

JY = inf max Je[rv]. (1.8)

veH} (@) 120

Then we show that for ¢ sufficiently small v, is a single spike solution which is
localized in a e-neighborhood of a maximum point P, with w — +o00.
Next, the critical step is to know the detailed structure of v, around P,. To do this
we first use the solution w of the limiting problem (1.4) to construct a family of
suitable functions w, p and then prove that the solution v, can be obtained as a
suitable perturbation of w,, p,. To perform such approximation we make extensive
use of the nondegeneracy condition (f5). Once we have obtained the shape of v, we
have to expand J¢[v.] = J up to the order O(). The first term in the expansion
formula of J; is given by / [w]e3, where I[w] is the energy of w:

I[w] = l/ (|Vw|2+|w|2)dx—/ F(w)dx = l/ f(w)wdx—/ F(w)dx.
2 Jgr3 R3 2 Jr3 R3

The first correction term in J;* contains the distance function P, from the boundary.
The most delicate part is the computation of the nonlocal term fQ(—A)_l[vg]vg
which is the crucial term for locating the peaks at the boundary: its effects are felt
at the order £° of the expansion where it interacts with the nonlinear part f o F(ve)
giving rise to a term involving the main curvature. Finally the location of P, is deter-
mined by using W, p as comparison functions (for suitable P € ), i.e., according
to the characterization (1.8), we compare J;* with max,>q J¢ [t W, p]; such compar-
ison gives information on the terms in the asymptotic expansion of J, in particular
on dist(P,, 9€2) as well as on which portion of the boundary P, approaches to.



We believe that using the asymptotic expansions derived in this paper it is
possible to construct single boundary spikes at nondegenerate critical points of the
mean curvature (as in [39]), or at topologically nontrivial critical points of the mean
curvature (as in [19]). It may also be possible to show the existence of clustered
spikes at a local minimum point of the mean curvature (as in [8] and [29]). Another
interesting problem is to study the stability of such solutions. We believe that, as
for the single-equation case (see [4]), under some conditions on the exponent p the
least-energy solution constructed in this paper should be stable.

The paper is organized as follows. Section 2 is devoted to introduce some no-
tation and preliminaries. In Section 3 we construct the approximated solution W, p
and we determine its shape. Section 4 contains the expansion of the functional J,; on
we, p as a function of ¢ and P. In Section 5 we construct the least-energy solutions
ve and prove that their shape can be approximated by we, p,, for suitable P, € €,
up to a certain order % furthermore an upper bound for the critical values J;* is
derived by using w, p as comparison functions and computing max;>q Je[tWe, p].
Finally the proof of Theorem 1.1 is completed in Section 6.
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Notation

- Given A C IR? an open subset, LP(A) is the usual Lebesgue space endowed
with the norm

lull7, = /A lul” dx for 1 < p < 400, lulloo = sup |u(x)|.

xX€eA

Furthermore HO1 (A) is the usual Sobolev space endowed with the norm

Il 0 = /A (IVul® + lul?) dx.

— Ifu : RN — Ris aradially symmetric function, we will continue to denote by
u the real function » > 0 — u(x) with x| =r.

— We will often use the symbol ¢ or C to denote different positive constants
independent of €. The value of ¢, C is allowed to vary from line to line (and
also in the same formula).

— o(1) denotes a vanishing quantity as ¢ — 0.

— Given {ag}¢~0 and {b.}~0 two family of numbers, we write a; = o(b,) (resp.

as. = O(b,)) to mean that i—j — 0 (resp. |ag| < C|bg])ase — 0.



2. Preliminaries

In this section we collect some preliminary results concerning the variational struc-
ture of the system (1.6). In particular we recall some well-known facts on the rep-
resentation formula for the Poisson equation: for a smooth domain there exists a
unique Green’s function G(x, z) of the Laplace operator with Dirichlet boundary
condition (see [30]). Furthermore G is symmetric in x and z and

1
0<Gx,2) < — Vx,z€eQxQ, x #z. 2.1
4r|x — 7|

Proposition 2.1. Ler Q be a smooth and bounded domain of R3. For every g €
L%(2) denote by (—A)~! [g] the unique solution in HO1 (Q) of

—AY =g. (2.2)

Then the following representation formula holds:

FA)Wﬂ@ﬁiLGuww&Mz (23)

Furthermore
a) [o(—=A)"'glhdx = [(—A)"'[hlgdx for every g, h € L*(Q);
b) [[(—A)glllee < Cligll 2 for every g € L*();
) 1(=A) "8l < €28l + Ll1gllL1 for every g € L®(Q);
d) the functional J : u € Hj(Q) > [qu*(—A)"'[u*ldx is C' and

(T'[ul, v) = 4/ uv(—A) 'u?ldx  Vu,v € Hy ().
Q

Proof. By Lax-Milgram’s lemma we get the existence of a unique solution in HO1 )
of (2.2). The representation formula (2.3) holds for u € Cgo (2) (see, for example,

[22, page 23, Theorem 1]); by density (2.3) can be extended to any g € L>(R2). a)
follows immediately from (2.3) and Fubini-Tonelli’s theorem. By (2.1) for every
g € L*(R), by using Holder’s inequality, we have

|(Mﬂwm<—f'm”

|z — x|

| 12
S—llgll 2(/ —dZ> = Cligl,
ar L |z] <2diam(£2) |Z|2 L
while, for g € L°°(Q),

1 1
KArmmn«—f @@Uuq—/mmm
| T E

4 7—x|<e |z — x|

lglloo / 1 £%llgllso 1
< —dz + — = + —
=T Jye || ll 1 ) 47_[8”8”L1

and we obtain b)-c). Part d) is a direct computation. O



In view of d) of Proposition 2.1 the energy functional J, defined in (1.7) is
of class C! (Hol(Q), R) and its critical points correspond to the solutions of (1.6).
Furthermore J; can be rewritten as

Jelv] =1/ (€2|Vu|2+u2)dx—/ F(u)dx—i—Z/ / G (x, 2)u* (x)u? (z)dxdz.
2J)a Q 4Jala

3. Computation of w; p

In this section we introduce some suitable approximated solutions and derive some
crucial estimates: first set

x—P

ws,P(x):w( ) x, P e R

Next for every P € R3 define 1, p to be the unique solution of the problem
e2Abe p — We.p + f(we.p) =0in Q, e p =0 ondRQ. 3.1)
From the comparison principle it is immediate that
0 < We p(x) <wep(x) VxeQ, VP eR. (3.2)

The goal is to obtain an asymptotic expansion of the approximations w,_p. To this
aim some preparations are needed. First define the distance function dp from the
boundary 92 by

dp = dist(P, 9Q), P eR>.

The regularity of 2 implies that d€2 satisfies the uniform interior and exterior sphere
condition; that is, at each point Q € 9 there exist two balls By, By such that
BiNQ = {0}, Bbn [R? \ Q) = {Q}, and the radii of the balls B; and B; are
bounded from below by a positive constant; taking such constant as p, we obtain
that, set

T = (P eQldp < u,

forevery P € I', there exists aunique Xp € 0Qsuchthat |Xp—P| = |Zp—P*| =
dp = dp+, (see, for example, [24], page 355), where P* = 2¥p — P (i.e. P*is
the symmetric of P with respect to the tangent plane at d<2 in X p). Notice that by
construction, using (1.4),

& _lx—P¥ & _dp
We px(x) <C—e ¢ <C—e = VxeQ, VPel,. 3.3)
’ dp dp
lx—P] d
we p(X) < Co—e "5 < C2e=® VxeRI\Q,VP RS,  (34)
’ dp dp



For every P € I', let H{(Xp), H2(Xp) be the principal curvatures of 92 at Xp,
so that the mean curvature H (X p) of 92 at X p is given by the average:

H(Sp) = Hi(Zp) + /HZ(ZP)'
2

We introduce a diffeomorfism which straightens a boundary portion near X p: con-
sider 7'p (x) the rotation and translation of coordinates which map X p in 0, the inner
normal to d€2 at X p in the positive £3 coordinate axis and the principal directions
corresponding to H1(Zp), Ha(Zp) in the £1, € axes. Then Tp(P) = (0,0, dp),
Tp(P*) = (0,0, —dp) and in some neighborhood of 0 the boundary 3 (7p2) can
be represented by

1 . op(y)
yi=3 > H(Ep)yE +or(), lim P20, where y' =(y1, y2).  (3.5)
y

i=1.2 ~0 Iy

Before providing in Proposition 3.2 the asymptotic expansion of the approximated
solutions w,_p we state first the following useful result.

Lemma 3.1. Fixa > 0, b > 0. For P € I';, such that dTP is sufficiently large the
Jfollowing holds

b b
[/ _ [/ _ 2adp
ngp*y—bH 4673 wgp*y—bdx <Ce 3
Pgb o) o e

(y =Tp(x)).
Proof. According to (3.3), for dTP sufficiently large we get

2 5ol Pl iy + 57 [ 8 ety

_2adp 3 _ 3
< e 5 ([P Pl gy o7 [ o)

2ad /b
< Cebe 5 (Hwa/3 <y+dpﬁz) bl |
€ e L (R3)

dpl b
+8—3/ wi/3 <Y+ P 3) bel dy>
R3 & &
2adp

_2dp _
< Cele = (||w“/3(y)|y/|”||Loo<R3>+ /R 3 w“/3<y>|y’|”dy> < Cele 5 . O




dp
&

Proposition 3.2. For P € Q such that
mates hold:

is sufficiently large the following esti-

i) We p(x) = we p(x) + O(e*) uniformly for x € Q and P € Q\ T'};

ii) We p(x) = we p(x) — we, pr(x) +O(&)he, p(x) + ke, p(x) uniformly for x € Q
and P € T'y, where he p and ke p solve

72
E2Ahep—he p=0inQ, hep=wp p- y2| retonaQ, y=Tp(x), (3.6)
&
&2 Ake.p —ke.p = —f(we pr), kep =0o0ndS. (3.7)

Furthermore

4d
e, p % + e—3f B2 pdx = O + o= 5,
o w (3.8)

e 1% + &3 /ngpdx 02y

uniformly for P € I'j,.
2d 2d
iii) eV, p(P) =0 (84 tee T+ e*%’)
Proof. The proof of Part i) is immediate: indeed w, p — W, p satisfies

2 - ~ . -
" A(We,p — We,p) — (We,p — We,p) =0In 2,  wep — We p = We pon I,

On the other hand by the definition of I'), we p < Ce % = oY uniformly for
x € 0Qand P € Q \ I',. The maximum principle implies we p — W, p = O(e")
uniformly for x € Qand P € Q\ I',.

We go on with the proof of Part ii), which is more technical. During its proof it
is understood, even though not stated plainly, that all the estimates hold uniformly
for P € I';,. First decompose

Lbs,P = Wg,p — Wg, p* — ehe + ke

where h ¢ solves the following problem

A A . A We, p — We, p*
szAhs —he=0inQ, h,=—" 2" 0nagQ,
e

and k, = k. _p solves (3.7).
The first object is to prove the following estimate for the boundary points:
|we.p(x) — we,pr ()] _ /2

— ng’P*(.x) 2
& &

+ &t (3.9)



uniformly for x € 2. Indeed

dp < Ix = P| = |y —dpts| = \Jd3 + |y — 2dpys = Iy,
(3.10)

dp < Ix = P*| = |y +dpts] = /a3 + |y +2dpys = Iy|
uniformly for x € 3. Using (3.5) we have y3 = O(|y’|?) on 92; consequently

Clx— PP —|x — P*]

llx = P| = |x — P¥|]
|x — P|+ |x — P*|

3.11)
_ ddplys
Ix — P+ |x — P

<2ly3l < Cly'|?

uniformly for x € 9. Take x € 92 and distinguish two cases: first assume
|| > /e; then, by (3.10), |[x — P|, |x — P*| > /e, and, by (1.4),

1
~ 7 5
[we, p(X)], |we, p+ ()] < Cifee Vo <&,

Next assume |y’| < /¢; then for every r € [min{|x — P|, |[x — P*|}, max{|x —
P|, |x — P*[}] by (3.11) we have "=2=F"Il < € by which, using again (1.4),

(T e _Irl & _lx=P¥]
‘w (—) <C-e ¢ <C———e ¢ =< Cwgp+(x);
r |[x — P*|

hence, by applying the mean value theorem, we get

x—P|—|x—P* /12
I | | ||§Cwa,P*(X)|y|

|we, p(x) — we, px(X)| < Cwg, pe(x) :

uniformly for x € 9Q with |y’| < \/e. Hence (3.9) holds. The maximum principle
applies and gives |h.| < Ch, where h, := h, p.

2
&2

By multiplying both members of (3.6) by h.(x) — we_p*(x) —&* and since,

using (1.4),
12 712
C
v (wg,p*(x)'yz' ) | = e <1 + )
& & &




integrating by parts we get

12
/(82|Vh8|2+h§)dx < c/ W p+ (1 + |y82| )(8|th| +h6)dx+84f hedx
Q Q Q

1/2

By 172
<C /wg,ﬂ 14— dx (f(52|Vh8|2+h§)>
Q 3 Q
1/2
+Ce* (/ hg)
Q

2d
< ¥ E (f(.szwml2 + h?)dx)
Q

1/2
+Ce* (/ hg)
Q

where, in the last inequality, we have used Lemma 3.1. In the same way, by multi-
plying both members of (3.7) by k., since by (1.5) f(w) < Cw3, we have

172

2d 1/2
/(82|ng|2 +k2)dx < c/ w? poksdx < Ce¥l2e™ 7" (/ kﬁdx)
Q Q Q

and a first part of (3.8) follows. In order to complete the proof, first notice that
by the maximum principle we derive h., k; > 0 in Q. Furthermore according
72 2d
to Lemma 3.1 w,_p» |); 2' <C e~ on 2%2, hence from the maximum principle,
2dp

2d
1he Plloo = O(e_S_f + &*). In the same way f(wg px) < ng’P* < Ce ¢ on

2d
2, then the comparison principle gives ||kg plloo = O(e’TP),
2d 2d
Finally to prove Part iii), observe that z, p = (e* + ge™ + e_TP)_1 (w -
We, p(ex + P)) solves
Aze p = z¢,pin B(0, 1)
(note that for dTP is sufficiently large we have B(0, 1) C %). Furthermore by

Parts 1)-ii) it follows that z,_p is uniformly bounded on B(0,1) (note that w, p+(ex+
|P—P*| d

P) < Ce=" %~ < Ce ¥ on B(0, 1)). Then from the well-known Schauder

interior estimate z. p and its first and second derivatives are uniformly bounded on

the compact sets of B(0, 1). Then iii) follows. O

An easy consequence of Proposition 3.2 is the following corollary.

Corollary 3.3. Setting w. p = 0 for x ¢ Q, we have W, p(ex + P) — w in
H'(R?) and L>®(R?) as dTP — 400 uniformly for P € Q.



Proof. First observe that ||w€p(8x)||H.(R;\ ) ||w8p(8x)||Loo(R;\ y ™ 0t as

d?” — o0 uniformly for P € Q. On the other hand for P € I, since d” * = dTP,

then we deduce ||w€,p*(8x)||H1(7), lwe, p* (8x)||Loc(7) — 0" as dT — +oo. Then

by 1) and ii) of Proposition 3.2 this implies that i, p(ex)—we, p(ex) — 0in L2(R?)
and L°°(R3) as dP — 400 uniformly for P € Q. By multiplying equation (3.1)
by we p and 1ntegrat1ng by parts we get

~ 2 ~ 2
e, () 121 ) = /R f ()i p(ex + P)dx — /R Fywdx = w2, s,

by which w, p(ex + P) — win H'(R?) as dTP — 400 uniformly for P € Q. [

Our next lemma provides an estimate of the error up to w,, p satisfies the sys-
tem (1.6). To this aim set

Selvl =?Av—v—y(=A) "% + fv), ve HX Q).
Lemma 3.4. For P € Q2 such that is sufficiently large the following holds:

Selie.pl| < Cle# + e 3 +e2)w/4
8P

Proof. According to c) of Proposition 2.1 and (3.2)

a2 g 2 (1112 —3y.2 2
(=) [w; ple, p| < e (lw] plize) + & lws plligy)we.p < Ce“we p.

We just need to estimate the local term: by (3.1) and assumption (f1) we deduce

|2 Albe p — We,p + f (e, p)| = | f (e, p) — f(we,p)| < Cwe,p(we,p — e, p).

If P e Q\ T, the thesis follows from Part i) of Proposition 3.2. Now assume
P € I',; By using Part ii) of Proposition 3.2 we get

‘52AU~)8,P — We,p + f(wa,P)| fcwa,P(wa,P* + che p + ke, P)
2d 2dp

<Cwg,p(we,ps + g€ 3 +e*tte ).
In order to conclude by (1.4) and (3.3) we compute

/4, -3l Pl gl Pt _dp

wgpwgp*<Cw e

14_\PP _dp 1 Tdp
<Cw/ 3 e 46=Cw8/Pe 4@

uniformly forx € Qand P € I',. U



4. Expansion of J.[w,, ,]

This section is devoted to compute the energy of the approximated solutions
W, p. Since the computations are quite long and technical, for the sake of sim-
plicity we provide the expansion for the internal energy and the nonlocal term
fQ(—A)_1 [&)g’ P]u?i p separately in the next Propositions 4.3 and 4.4 respectively.
First we need the auxiliary results provided by the following two lemmas.

Lemma 4.1. For P € ', such that is sufficiently large the following holds
do\ b+,
<c8(P) T ifasb>0,c>0,

/| dp\ 5

a b P _n,4P .

/ng,pwg,p* o ( ) e 2% if a=b>0, c>0,
P

&
c—a+3 —b

dr\ 2 d
<C (—) et if 0<a<b, c>0,
e

where y = Tp(x).
Proof. By using (1.4) and (3.3) we get

¢ gb —dpt b+dptal |y]¢
/wgpwf Y1 4 < <& w“ (y P 3>e—bf3|y| dy
o Ve P Ve Pt g

db £ ec
3+b b

< S [ wt e Iy edy
dp Jr3
3+b

< Ce_b =g =by 2L L)y (=)t g
dp Jr3

where (¢ — a)+ = max{0, ¢ — a}. Now observe that

dp a2 dp ly|? 2dp | IyP
275y ‘: 24472 494 LAl >4 eyl
)y+ - 3 \/Iyl + 2 +4y3— . . +4d E+ys3 . +4d R%]

by which
d d
/M o=yl =b 22l 1 ) gy < 2% /R’ —alyl+blysl b e Iy |+ dy.

Now we distinguish the three cases: first assume a > b; then

_pi? ' _pb'2 :
/ ¢l HbIsl PR | 1 =) gy < / e_(“—h>|y3dy3/ B LGOI,
R3 R R2

—a)4 +1 ‘),/‘2
/ e_(”_b)y3|dy3/ e_bT|y/|(C_”)+dy/.
R3 R2

dp\
< (&P
= (%)




Now assume a = b:

2
p-alylalysl,~abire e Drdy < [t |y gy
R3 R3

(c—a)4++3

d 2 Iy[?
= (—P) / e |y T dy.
& R3
Finally, if b > a, then by (3.3)

b—a /e

1€ & —(—-a)iE |yl
/w?owP* A= e

o & P e dp Q = oec

and the thesis follows from the previous cases. (I

Lemma 4.2. The following limit holds

f Sw)w(y + pl3)dy= g(l—l—o(l))e_p as p — 400, B:A/ f(w)e 3dy.
R3 R3

Proof. The proof is an easy consequence of Lebesgue’s dominated convergence
theorem. According to (1.4) for every y € R® we have

lim wh +pb) _ e = lim e PPt _ 73— 4.1)
p—+oo %e—ﬂ p—-+00 ' '

Observe that, if [y| < 4, then |y + p£3| > 5; hence, by using (1.4) we get

0
f(w)w(%p’)’” 2f ()L < af el

On the other hand, for |y| > %, by (1.4) and (1.5) we obtain

w(y + pl3) [ Iy
f)——""2 < Cllwlloo—5e P < Cllw|loe™.
w(p) |yl

Since f(w)el! € L1(IR?), the convergence (4.1) is dominated. O

Now we are ready to provide in the next two propositions the asymptotic for-
mula for the energy J¢[v,].

Proposition 4.3. The following asymptotic expansion holds:

1
—/ (e21V e, p|* + W7 )dx—/ F(we, p)dx
2 Jao Q

472
3,3 (dp 4 [dp i 6, .5 3,39 “2)
=Iwle’+e’a|—|+0 |7,/ —e "¢ |+o(e’ + e’ v +e'e "),
e e



as dTP — oo uniformly for P € Q, where a : Rt — R is defined by

1 B
a(p) = —/ f(w)w(y + 2,0153)dy =1+ 0(1))—6_2'°as p — 4oo. (4.3)
2 Jr3 4p
Proof. We begin by observing that by assumption (f1) and (3.2) we get

F (e, p) = F(we. p) + f(we,p) (e, p — we, p) + O(we,p (e, p — we, p)*)

uniformly for x, P € €2, by which, using equation (3.1), it is easy to check that

- 1 - - -
I [e. p] == 5[ (2| Vibe, p|* + W7 p)dx —/ F (W, p)dx
Q Q

1 . _
= 5/ f(ws,P)ws,de_/ F(w,, p)dx
Q Q

1 -
= —/ F(wg, p)dx — —/ f(we, p)wg pdx +/ f(we, p)wg, pdx
Q 2 Ja Q

+ 0 </ ws,P(aja,P - ws,P)zdx>
Q

uniformly for P € Q. Notice that by (1.5) we have f(w) < Cw?, F(w) < Cw*;
then (3.4) implies

1
E/Qf(ws,P(Ex))we,P(gx)dx —/QF(ws,P(sx))dx

&€

1 3dP 3d1’
=/ — f(w)w — F(w) | dx +o(e™ T)/ wdx = If{lw]+o(e" ")
R3 2 R3
as d?*’ — 400 uniformly for P € Q2. Hence we arrive at

1
Is[aja,P] = I[w]33 + Ef f(wa,P)(ws,P - wa,P)dx
Q
0 “4.4)
+0 </ We p(We, p — w&p)zdx> + 0(s3e_37)
Q

as d?" — 400 uniformly for P € Q.
Next we insert the expansion provided by Proposition 3.2 in (4.4) and distin-
guish the two cases. First assume P € Q \ I';,. Then by Part i)

d
Is[ﬁ)s,P] = I[w]83 + 0(86 + g3e73Té)



and (4.2) holds uniformly for P € \ I';,. Next assume P e I',.. Then insert the
estimate provided by Part ii) of Proposition 3.2 to obtain

1 1
L[e. pl = Iw]e® + 5/ f(wg p)we, prdx — 5/ S (wg p)ke, pdx
Q Q
+ 0(8)/ f(we, p)he pdx + O (/ ws,ng,p*dx>
Q Q
- 0(82)/ hi pdx +0 (/ kg’de) +o@de 3Ty (4.5)
Q Q
3 1
=1[w]e3+% / f (we,p(ex)we, pe(ex)dx — 2 /Q (we,p)ke, pdx

d d
T 0(8)/ f(we p)he pdx + 0(836_371) + Sse_TP + 86)
Q

as dT” — 400 uniformly for P € I';, where we have used (3.8) and Lemma 4.1.

Furthermore

dp

/Q S (we, p(ex))we, ps (ex)dx = /RS [ (e p(ex))we, pr(ex)dx + o(e )

= / fw)w (y + MTP&) dy + 0(5_3‘[713) 4.6)
R3

d d
=2 (—P) + 0(8737’3)
&

as dTP — oo uniformly for P € I';,. The asymptotic formula (4.3) follows from
Lemma 4.2.
After integration by parts, using (3.7),

/ f(we pke pdx = / (_ SZAIDE,P + ws,P)ke,de
@ 2 (4.7)

d
- / e, f (we,p)dx = o(e%e 3 L)
Q

as d?‘” — +o0 uniformly for P € I',, where the last estimate follows from (3.3).
By (1.4) a direct computation shows that

72
)SZA (wg,P*(X) ] ) — wa,P*(X)ly

/|2
g2 g2 ‘

2
hd
82

/
< Cw? 2L 4 Cue pei) (1 + 'Z—') ,



by which, using equation (3.6) and integrating by parts,

|)’/|2 4
f(wa,P) hs,P_wa,P* 2 —&" ) dx
Q
ly /|2

_‘/ _SAwsP+weP)<hsP We, p* 22

)dx)

» Iy’I2 . ']
<C wg PW, dx +C Wg, pWe, p* 1—|—— dx
Q Q

+84/ a)g’de
Q

d d
< C83,/ —Pe_27P +Cé’
I3

by Lemma 4.1. Finally Lemma 4.1 also gives

72

ly
/ f(we, p)we, p
Q &

The conclusion follows by inserting (4.6), (4.7), (4.8), (4.9) into (4.5).
Proposition 4.4. The following asymptotic expansion holds:

%/Qw&,,(—A)—l[a)gﬁP]dx

6
& d
= he’ — I3d— + o(sll/ze_Tg +eSe ki —|—84e_2 ©) + 0,
P

d
2' dx + s“/ f(we p)dx < Ce3e 27 4 Cé.
Q

(4.8)

4.9)

(4.10)

dp . iy )
as °F — +oo uniformly for P € Q, where I, I3 are positive constants; further-

more

6
~ 1~ &
gfgw&,)(—A) "2 pldx = e’ — 13d—— LH(Zp)e®

+o(e!!/2e

(4.11)

_odp
2€+ee & —|—£4e 2% —|—£6)

as d?” — +oo and dp — O uniformly for P € ', where 14 is a positive constant.

Proof. By (3.2) and a) of Proposition 2.1 we can write

/ng,P(—A)—‘[wgP]dx =/wa’P(—A)_l[w§’P]dx

+0 (/Q wE p(—A) " we, p(we, p — ws,P)]dx> .



First assume P € Q\ I';;: b) of Proposition 2.1 and Part i) of Proposition 3.2 imply

/wa,P(—A)l[wg,P]dx=/w§,P(—A)l[wg’P]dero(s“/ wi,,dx)
Q Q & 4.12)
=/ wg p(—A) [w? pldx + O(")

Q

uniformly for P € @\ I';,. Now assume P € I';;; according to Part ii) of Proposi-
tion 3.2,

fQ Wy p(—A) ' [BF pldx = /Q w? p(=A) ' [w? pldx
=+ O (/ wzyp(—A)_l[w&Pw&P*]dx>
Q
—i—O(a/ wg’P(—A)l[hS,p]dx)
Q

+0 (/ wg,P(—A)_l[kg,p]dx>
Q

uniformly for P € I',. Let us analyze the error terms: by using b) of Proposition
2.1 and Lemma 4.1 we obtain

(4.13)

_ _qdp _ndp
/Q w? p(=A) " [we, pwe, pr]dx < Ce¥/2e™2% /Q w? pdx < Ce%%e 2%

(4.14)
uniformly for P € I';,. Again by b) of Proposition 2.1 and (3.8) we get

2d
/ w p(=A) " [he, pldx < c83/2(82+e3f)/Ra w; pdx
Q

< (P _1_89/2672;’—;)_

(4.15)

and
d d
f w? p(—A) ke pldx < Ce¥2e72F fR wi pdy < Ce%2e 2T (4.16)
Q 3

uniformly for P € I',. Combining (4.12), (4.13), (4.14), (4.15) and (4.16) we
arrive at

d d
f B2 p(=A) " [2 pldr= / w2 p(=A) ' [w? pldxto(e!2e™ F 4ete 2 40
Q Q
as dTP — 400 uniformly for P € 2. Thus it is sufficient to estimate

/ wzyp(—A)_l[wiP]dx.
Q



To this aim denote by Vj the unique solution of
AVo+w?>=0inR>, Vy— Oas x| = 400

Le. Vo(x) = ﬁ fR3 ﬁwz(z)dz. Then Vj is radial and its equation in radial
coordinates becomes (12 V) + r?w? = 0 by which, after integration,

1 r
Vo(r) = _r_z/o s2w?ds

4.17
1 BRI —2r o —2r &1
= __ sTwds + 0™ ) | = —= {1+ 0™ )
2\ Jo 72
for some ¢y > 0 and, by integrating again,
oo ’ €0 —2r
Vo(r) = — Vo(s)ds = — 4+ O(e™ ). (4.18)
’ r

Now set

x—P
Ve,P(X)=Vo< ) xeQ, PelR’.
&
First assume P € Q\ I',. Note that (—A)_l[wip] — &2 Ve, p solve

A((=A)Mw? pl—e*Vep)=0inQ, (—A) '[w] pl—&*Ve p=—6"V, p on IQ

and by (4.18) V, p = O(¢) uniformly for x € dQ2 and P € Q \ I',. From the

maximum principle it follows that (—A)™ l[ws pl— g2 Ve.p = 0(e?) umformly for
x €92 and P € @\ I';,. Hence using (3.4) we obtain

/ wg,P(_A)_l[wg’P] — 82/ wg’PVE,de +O(€3)f w2
Q Q Q
d
=g / szodx + o(e e‘TP) + 0(56)
R3

and (4.10) holds uniformly for P € 2\ I',. Now we assume P € I';, and decom-
pose
(—A) w? pl = *(Ve,p — Vepr + Zo.p — We,p) (4.19)

where Z, p and W, p solve the following problems:

1
AZg p + 6 pr=0inQ, Z,p=00n09g, (4.20)

AW, p=0inQ, Wep=V.p— Ve psonog. 4.21)

For the sake of clarity we divide the remaining part of the proof into 4 steps.
In order to simplify the notation, during the steps we will write d and H; in the



place of dp and H (X p), since this can be done without causing confusion. We let
it be understood that all the asymptotic estimates hold uniformly with respect to the
choice of P € I',.

Step 1. The following holds:
82]':1,2 %]5);2
(1+ (91332

Tpx
-

d
Ve.p(x) — Ve ps(x) = co +o(g) as — — +oo, d — 0T,
£

uniformly for x € 92, where y = & =

By (3.5), we compute

b= Pl =\Jd? + [y = 2dys = \J& + |32 + OIy'P) = dy/1 + 5P + (')

as d — 0" uniformly for x € 3. In the same way

r = Pl = \Jd? + [y2 + 2dys = dy/ 1 + 512 + o(§'P),

rep = dJ 1+ 512 + o015

as d — 07 uniformly for x € 9Q and ry p € Z; p := (min{lx — P|, |x —
P*|}, max{|x — P|, |x — P*|}). Hence by using again (3.5) we get

lx — P*—|x—P|  |x—P*?—|x—PJ
rip re p(lx — P+ |x — P*|)
2dys

B IP +o(1312))3?

Y HIF A+ 2dwpdd)

= 4.22
d3(1+ 31> + o(|3'1%)*/ 422

_ > M7 O(wp(dy'))
(L+ P2 +o(3/2)32 " d2(1 + 51232

_ IR _Owr@i)
BCERRE P +15P)

as d — 0 uniformly for x € 92 and r p € Z, p. Observe that

wp(dy)

cﬂﬂ+—W)3ﬂ = 0o(1) as d — 0 uniformly for x € 9<2. (4.23)
y



Indeed by (3.5)

wp@df) oy

1
. A/
ZALEDE = 2T R = o(1) uniformly for |y'| < —.

. RPN a3’ /12 . . .
While, if |3/| > ﬁ, then dz(“f:(w?z;m < (lf||9y|2|)3/2 = o(1). By inserting (4.23) in

(4.22) we deduce

A/2

|x—P*|—|x P|
—Z (EREDEE +o(l)asd — 0t
2y 7 +| |

uniformly for x € 9Q and r, p € Z, p.
Then by the mean value theorem, using (4.17), we derive

V(9 = Vo) = —coe(1 + O 2 Em L 2
x,P
d Z H 5)/2
= coe(l + O(e 24 ))W o(e)
o€ Z] ’ij;Z
= g o

asd — 0T, % — 400 uniformly for x € 9€2. Hence Step 1 holds.

Step 2. For P € I';, such that g is sufficiently large we have
Ve, p(x) — Vg pr(x) = O(e) uniformly for x € 9€2.
By (4.18), fixed n > 0, for P € I', with d > n we have

Ve p (), Vo) < S 4 0™ %) = O(e) uniformly for x € 3S2.
n
Then Step 2 follows by Step 1.

Step 3. Set Wg,p(f)) W, p(x) where y = T”x . Then for P € I'; such that < is
sufficiently large

A R . . TpQ
We p(y) = O(e) uniformly for y € 7 (4.24)

Furthermore éVf/g, p — Wl + Wz as g — 400 and d — 0T uniformly on compact

sets of ]Ri, where Wj satisfies

a2

~ ~ Y
: 3 J 3
AWJ':OIIIR_F, Wj:C()HjWOHSR-P (425)



By Step 2, from the comparison principle it follows immediately that if £ is large

enough WS, p(¥) = O(¢) uniformly for y € TP 2

?y (4.21) and Step 1, from the comparison principle it follows that as d — 0T
and £ — 400
&

Wep() =2 > W.,p(5) + o)

j=12
uniformly for y € £ £ where WSJ p» solve
Tp2
AW/, =0in PT’
572 . (4.26)
70 B _ J P .
Wep=8j:=coH,; A+ 5232 " 9 <—d ) . J=1L2
Denote by D'? the closure of C °°(R3) with respect to the norm ||u||D12 =

f]R3 |Vu|?>dx. An easy computation shows that g; ] € D2, By multiplying both
members of (4.26) by WSJ p — &; and integrating on @ we obtain

o g A
Jope 19OV = epPa5 = = [ V0¥~ )95

d d
Yl
< W/ p — gillpraligili pia

\ TPQ

where we have set Wj P =8 in R3 Hence we deduce that {W —8gjle

and, consequently, {W ple are bounded in D2, Then, if we consider a generic

sequence &, — 07 and P, € Q such that dp, — 0 and gp L — 400, uptoa
1
subsequence we may assume ngn p, — Wjasn — +oo weakly in D2 and

a.e. in R3. Note that, since by construction x L The > XRD (denoting x the

characteristic function), then W . p, — &jae. in R? and W] ’R3 solves (4.25).

The uniqueness of the solution of (4.25) implies that all the family WJ _p converges
to W; in D2 and ae. in R} asd — 0% and 4 +oo.

For every fixed compact set K C Ri, for small d we have K C M Since
{ng; ple are harmonic functions uniformly bounded on M then the classical

Schauder’s internal estimates imply that ng p— W fi uniformly in K.



Step 4. End of the proof:

14 2 —1\r,,.2 5 € —d d
7 AT = <12—I3E+O(8)+o(e H) as = — oo,

Z./ wg p(—ATD[w pldx = ¢’ (IZ — S — e LH(Sp) +o(e) + O(e_§)>
4 Q ’ s d

d +
as — — +o0o,d — 07,
£

From (4.19) we obtain

-/Qwip(—Al)[wiP]dx = 55/9 w2 p(ex)(Ve, p(ex) — Ve, pr(ex))dx

+é fQ w;, p(ex)Ze, pex)dx (4.27)

€

—& A w; p(ex) W, p(ex)dx.

€

(3.4) and (4.18) imply

% /g w2 p(6x) (Ve p(ex) — Ve pr(ex))dx

€

*

pPr—p
= Z/ w2 Vodx — Z/ w2V, (x— )dx+o(e?)
4 R3 4 R3 &
=1 — Z/ wzcio*dx—{—o / we 2= gy —l—O(S_%)
4 Jr3 |x — P_SP | R3

PP N R -
=15 —ymrcoWy +0|e = we™'dx ) + O(e™ ¢)
& R3

LIt o)
= — I3 — o(e ¢),
2 3d

2
JTC
where we have set I = & [ w?Vpand I3 = £ >

Using c) of Proposition 2.1, Lemma 3.1 and (4.20), for % large enough we get

/;2 wz’P(sx)Z&p(sx)dx < CllZs, PlliL>(@)

&

2 3,2 -4
= Cllwg pxllL=@) + Ce 7 llwg pxllpiq) < Ce 3,



and, using (4.24),

/;2 wg’P(sx)Wg,p(gx)dx = 0(¢);

then the first part of the thesis of Step 4 follows. Finally as g — 400

ﬁwﬁ,p(ex)We,P(sx)dx =/ . \/gwip(sx)Wg,p(ax)dz+o(s)
x—gl=ye

3 |

d A g

2

= w — =3 )| Wep(=y)dy+o(e)
/|~—§es|s\/§ (y £ 3) “D(dy) Y

A €
wz(z)W&p <K3 + EZ) dz 4 o(e).

B /|z|<\/§

By Step 3 we immediately deduce éwg, P (K3 + %Z) — Wl £3)+ Wz (€3) uniformly

on|z] < \/g as % — 4o0andd — OT". On the other hand it is well known (see, for

example [22], page 37) that the following representation formula holds for (4.25):

A~ 212 ~y

P 3 |Z/'| dz
W@ =atys [t
! P21 e (L1222 (21 — $0)% + Go — $2)2 + 931372

by which

. 1 e,
W.i(f3)=007‘lj§ - mdz, j=12.

Hence we obtain

Y I
Z/Q wg,P(sx)WS,p(sx)dx = 83 Z H;+o(e) = el4H(Zp) +o(e)
G j=12
212
as % — +ooandd — 0T, where I = G- [ wzdx% Jr2 %dé/. O

5. Least-energy solutions

The object of this section is to prove the first part of Theorem 1.1; in particular we
are going to show the existence of a least-energy solution v, for the problem (1.6),
i.e. a solution with the important property of minimizing the energy J, among all
solutions of (1.6). Furthermore we will provide a detailed description of its shape
which has the form of a single spike near the boundary. The more delicate matter
of the location of the spike at the boundary will be the subject of the next Section
which concludes the proof.



We begin with the following existence theorem.

Theorem 5.1. For every ¢ > 0 the value J; defined by (1.8) is a positive critical
value of Je with critical point ve. Furthermore J is the least-energy critical value

of Je. Finally for every family d. — 0% with % — +00

3 s €% 3 (de 6 4 |de _ode
JP <Iw]e’ + he’ —— +¢ Ol(—)—148 Ho+O|e™/—e ¢
de € € 5.1

_de _de _pde _3de
+0(86+811/2€ % e e +ete 2£—|—83e3s)ass—>0+
where o : RT — R has been introduced in Proposition 4.3.

Proof. Fix ¢ > 0. The object is to apply the Mountain-Pass Lemma to the func-
tional J,. To this aim we first prove that J, satisfies the Palais-Smale condition. Let
{vpln C H& (€2) be such that

| Jelvall < M, J[va] > O
for some constant M > 0. Then, using assumption (f4),

aM +o(1)||vn||H1 > 4Jc[v,] _(Jg/[vn],vn>

= 382/ |V, |3dx + 3/ v, |2dx +/ (f (Un)vy — 4F (v,)) dx
Q Q Q

2382/ |an|2dx+3/ lug | 2dx.
Q Q

Hence {v,}, turns out to be bounded in H(} (€2); then, up to a subsequence, using
Rellich’s theorem, for some v € HO1 ()

vn—\vinHOl(SZ), v, — vin LY(Q) for 1 <s < 6.
Using the continuity of =N HN Q) > H& (R2) we deduce
(=) vzl = (=2)7'[v*] in Hy(2)
and, consequently, using assumption (f3),
—va + ) =y (=) uplon = —v+ f) =y (=) P uin H(Q).
Hence we arrive at

—&2Avy = J/[va] — vn + f(Wn) — Y (=A) [0} v,
- —v+ f() — (=AW vin HY(Q).



Again the continuity of (—A)~! allows us to conclude &2v, — (—A)"—v +
f) — )/(—A)_1 [v3]v] in Hol(Q). Hence the P.-S. condition is satisfied for J,.

Next observe that J.[0] = 0; moreover combining (1.5) and the Sobolev’s
embeddings

2 1
Jo[v] > %/ |Vv|2dx—|—§/ |v|2dx—C/ |v|4dx—c/ [v|PTldx
Q Q Q Q

2 (5.2)
-1
> (— — Clvll3,: = Clivlly, ) Ivl%,: = pe > 0

2

provided that ||v]| g1 is sufficiently small. Condition (f4) can be restated as a dif-
ferential equation for the function F of the form % log F > % for + > 0, which
implies

F(r)=C(t|? =1) vt >0. (5.3)
Hence, fixed v € HO1 (€2) \ {0} such that v4 = max{v, 0} # 0, we get
A2 A4
Je[av] < —/ (£21Vu)* + |v|2)dx+y—/ v (—=A) v ]dx
2 Q 4 Q

N 5.4
—C—/ |v+|9dx—|—C—>—oo
4 Ja

as . — +oo. The well-known Mountain-Pass Lemma applies and gives that the
following is actually a critical value for J;:

J¥ = inf max Ji[q(r
& qlEQte[O,)%] elg(0)]
where Q = {¢ € C([0, 1], HO1 (2))1q0) =0, Je[g(1)] < 0}. Denoted by v, the
associated critical point, hence v, solves the equation

e2Ave — ve + f(ve) — yve(—=A) [ ] = 0in Q. (5.5)

It remains to show that v, > 0. Indeed, multiplying (5.5) by v, = max{0, —v.},
and using (f1) we see that

/ |Vv€|2dx+/ |v8|2dx+y[(vs)2(—A)l[vg]dxzo
Q Q Q

which implies v, = 0. By the strong maximum principle ve > 0in Q. Then v, is
a solution to (1.6).

We are going to prove that, as a consequence of condition (f2), we can char-
acterize the values J* in a simpler way, i.e. J* = J*. First notice that, since
Je[tv] = 4oo forv e HO1 (€2) \ {0} with v; = 0, then J can also be defined as

Jr = 1 inf sup Je[tv].
veEH (), v4#0 >0



Forv € HO1 (), vy # 0, we have J.[Lv] < O for large A, by which we immediately
obtain J;* < JF. In order to prove the opposite inequality, we first note that fixed

UNS HOl (R2) with vy # 0, the function A > 0 +— J.[Av] has a unique nontrivial
critical point which is a maximum point. Indeed

d /
Tl = (Sl v)

=x3< /(e |Vv|2+|v|2)dx—|-y/ V2 (=A) " [v?]dx /f(’\”) 4dx>

hypothesis (f2) implies that the bracket on the right hand side is a decreasing func-
tion of A. Noting that, by (5.2), J.[Av] > O for A > 0 small and J;[Av] — —o0 as
A — 400, we obtain the assertion. Define A, > 0 as the unique nontrivial critical
point of Jz[Av]. Since J/[v.] = 0, it is clear that %Je [Ave]p=1 = 0, which implies
Ay, = 1 and, consequently

JF < Telvel = I
Observe that
JF = inf J.[v]

veEM, &
where
M = {hy]v € Hy(Q), v4 # 0}

= {v € H(}(Q)‘(Jg’[v], v) :=/(82|Vv|2 + [v>)dx + y/ v (—A) " v?dx
Q Q

—/ f(v)vdx:O}.
Q

Since any nontrivial critical point of J lies on M, then J;* is the smallest critical
value of J; and, consequently, v, is a least-energy solution for (1.6).

To prove (5.1) choose Q. € €2 such that d; = dgp, and Q; — Py where
H(Py) = Hp. Then set Ay = Aj >0, ie.

We, Q¢
M/@ﬂwwgﬁ+mmm%u+£y/w@g—m*m&gm
Q Q
_/ f(}bsws,Qg)uja,dix = 0,
Q

which can be written, using Proposition 4.4, as

Aa/(EZIW)E,QS|2+|zb,3,Q€|2)dx+0()\§s5)—/f(xgwg,Qe)w&dix =0. (5.6)
Q Q



According to assumption (f2) we have f(¢) > ct? for all ¢t > 0; hence using (1.5)
and Corollary 3.3 we get

& [z3 (Vwl* +|w|*)dx +0(1Ze”)
&322 [ps lw|*dx

& [es(IVw]* + [w[)dx + O(2e”) -
Ce302 [y wldx+2L 7" foslwlpHide) —

k)

by which {A.} turns out to be bounded from above and below away from 0. We
state that A, — 1 as ¢ — 0. Indeed, assume by absurd that A,, — A > 0 and
A # 1 for some sequence &, — 0. Using Corollary 3.3 in (5.6) we get

X/ (IVw|* + |w|*)dx —/ Fw)wdx = 0,
R3 R3

i.e. X is a critical point of A > 0 > I[Aw]. On the other hand A = 1 is obviously a
critical point too, then the uniqueness of the nontrivial critical point (which can be
proved as for J.[Aw]) gives the contradiction. Hence A, — 1 as ¢ — 0T. Using
equation (3.1), (5.6) leads to

/ )Lsf(ws,Qg)le,dix _/ f(ked)s,Qg)ﬁ)s,dix = 0(85)~
Q Q
Observe that by assumption (f1) and (3.2) we get

)kaf(ws,Qg) - f()\ea)s,Qg) = O\a - 1)(f(ﬁ)a,Q£) - f/(a)e,Qg)a)a,Qg + 0(1))
+ O(ws,QS (ws,QS - ws,Qg))

uniformly in 2. Hence Proposition 3.2 leads to

0@) = (he—1) </Q(f(ﬁ)s,gs) — [ (We,0,)We, 0, ) e, 0. dx + o(1) /Q d)s,dix)

+0 (/ wE’ng‘g’Q;dx) + 0 (/ We, 0, (€he, 0, + kE,QS)dx>
Q Q

and then, combining (3.8), Corollary 3.3 and Lemma 4.1 we deduce

O(e?) = (he — 1) (/RB(f(uJ) — fl(w)w)wdx + 0(1))
+0(™2) + £ 730(llwe. g, I 2 llehe, 0, + ke, I12)
= (e —1) (/ z(f(w)—f/(w)w)wdx + 0(1)> F O +sem 3 2%,
R.
In view of (f2) @ is strictly increasing for ¢+ > 0, hence f(w) — f'(w)w < 0.

Thus we arrive at
2 _2de _nde
1—2X,=0("4+¢ce 3 +e “¢).



Setting Ag(A) = Jo[Awg g, ], it is immediate that A, € C2 and AL (he) = 0; then,
for some t, — 1

Jg* =< Ja[)\sﬂ)s,Qs] = Ae()\a) = As(l) - ()\a - l)zAg(ts)
~ 4 2 —dde —4de s p
= Jo[ie 0]+ O(* + 625 + e *F)AL (1)

and the thesis follows from Propositions 4.3-4.4 once we have observed that

e 3N (1) — / (IVw]? 4 |w|?)dx — / f(w)w?dx . 0
]R3 R3

Corollary 5.2. As a corollary of Theorem 5.3, choosing d. = ¢ log é + ¢loglog é
and using (4.3), it is easy to verify that the main term in the envelope on the right
hand side of (5.1) is represented by the first four; hence we obtain

5
€ B(1 4+ o(1
JF<Iwle + Le’ — I +& ( 1)
|loge| + log | log &| 4|logel?(|loge| + log | log e))
3 5 & & +
=7 + e’ =1 + — 07,
[w]e hE 3|10g£| 0 g e[3/3 as e
. 1 1 _ log|loge|\ _ 1
SINCE Mool log[loge]  [loge] O( [loge|? ) = °(|10g8\5/3)-

The goal of the next two propositions is to obtain more precise information on the
shape of the least-energy solution v,; in particular we will prove that v, develops
a spike near the boundary whose profile resembles the approximation w,, p, (for
suitable P, € €2) constructed in Section 3 up to the order O(z,) (for suitable 7, —
0™).

Proposition 5.3. For ¢ > 0 sufficiently small v, is a single spike solution; more
precisely there exists P, € Q2 such that P, is a the maximum point of v, on Q2 and

dp,
&

— +ooase — 0T 5.7

furthermore v, satisfies

Ve = lZ)‘s,P‘E + l/fe
where

[Welloo + &3 f 2V |® + |[¥e|)dx — Oase — OF.
Q



Proof. First we observe that, setting u.(x) = v(ex) for x € % and u, = 0 in
R3 %, by assumption (f4) we have

1 s(1 1
(5 - 5) fRS(WuSF + Jug[)dx = 67> (5 - 5) fQ@ZWUEF + vel?)dx

-3

< 3 L ve] — S (T [ve]s ve) = 73 T [0 ]
= elVe 9 elVel, Vg) = elVe

=T = Iw] +0(*) ase — 0T,

where in the last inequality we have used Corollary 5.2. Then {u.} is bounded in
H'(R?) for small . For the sake of simplicity we divide the remaining part of the
proof into four claims.

Claim 1. Forevery R > 0and 1 < ¢ < 6:

lim sup/ uldx =0.
B(L.R)

e—0t dp<eR

For otherwise, there exist g € [1,6), R > 0, a sequence u, := ug, and P, € R3
with dp, < &, R such that

lim uldx > 0.
n—-+00 B(ﬁ R)
en

Then set i, (y) = u,(x + %’) where y = Tp, x and, without loss of generality, we

may assume dist(P" BQ) —dm 5 ¢ [0, R] and ©,, — u weakly in H'(RY).

&n’ En &n

Since by construction x 1 o — XR3 (denoting x the characteristic function),
en ~In +

then, setting Rgﬁ ={y eR3|y, > -8}, we deduce il € HO] (Rgﬁ) and (since by
b) of Proposition 2.1 (—A)_l[vg] = CIIvSII%4 = 0(£3/?)) i solves
Aii —ii+ f@@)=0inRy ., @>0inR},, #=00ndR},. (58)

Theorem 1.1 in [20] implies # = 0, which is a contradiction since

/ ildx = lim ildx = lim uldx > 0.
B(0.R) n=>+0 JB(0,R) n=+00 Jp(Le Ry

Hence Claim 1 holds.

Claim 2. There exists > 0 such thatif ¢ € (0, 1) and Q; is a local maximum
point for v, then

Ve (Qe) = 1.



Indeed

Ve(Qe) — f(0e(Qp)) < ve(Q) + Us(Qs)(_A)_l[vg](Qs) — f(ve(Qy))
= &"Ave(Q;) < 0.

Using (1.5) we obtain the thesis.

Claim 3. For every R > 0

limsup sup v.(P)=0.

e—0t dp=<eR

Fix R > 0 sufficiently large such that

27TR/ f(un)dX<_

and let P, € 2 be the maximum point for v, in {x € Q|dp < eR}. Assume
by absurd that there is a sequence ¢, — 0 such that v,(P,) = v, (P,) # 0.

First observe that d’;” — 0. Otherwise, up to a subsequence dP L — § >0, and,
proceeding as in Claim 1, setting i1, (y) = u, (x + 2* ) with y = Tpn (x), we deduce

i, — 0 weakly in H!'(R?). On the other hand by standard elliptic regularity we
have i1,, — 0 uniformly on compact sets of Ra 4> then v, (Py) = i, (0) — 0 which
is a contradiction. Hence % — 0, which implies that, at least for large n, P, is a
local maximum point for v, in B(P,, &, g). Consequently, by Claim 2, v, (P,) > n
and, by (1.5), L% < C(luy[? + Jup|P~") for [z — £2] < £

By using the comparison principle it is immediate that 0 < u, < w, where w,
solves

Y Q2
Awg—l—f(ug):Om;, w€=00n7.
Fix 3 <a < 3% andleta’ < 3 be such that  + ;= 15 by (2.1), using Holder’s

inequality, we get

n <v,(P,) < w, ( ) / f(un)
" 4 2

1 I (up) /
< — d d
— A4 ‘Z_(I:n R |Pn —Z| Z+27TR R3 f(un) <
|tn|? + Jun) P!
P

P
S N

| 1/a’ 1/a
< Cuy(Py) / ~dz / (unl + | *P~Dydz ) + 2,
1<k |zl lo—Fn <& 2

< Cvu(Pp) dz + g




then Claim 1 implies

Hence we deduce

n=<uvu(Py) < O(Un(Pn)) +

N3

by which n < v, (P,) <o(l) + % and the contradiction follows.
Claim 4. End of the proof.

Let P, be the maximum point for v, in Q. According to Claims 2 and 3
ve(Ps) > n and d% — +ooase — OF. Lete, — 0T be an arbitrary sequence
and set P, = P, and it,,(x) = ug, (x + %‘). Since dist(f—:, %) = % — +00, we
may assume i, — i weakly in H'(R?) where i solves

Aii — it + f(it) = 0in R3, (5.9)

The elliptic regularity theory implies limy|— 100 4 = O (see [21], Theorem 5, and

[42]) and ii, — i in CL (R?); in particular i1(0) = max,ps @(x) > nand i > 0,

consequently, from the strong maximum principle # > 0 in R?. Assumption (f5)
implies u = w. Then by Fatou’s Lemma we get

8n3/ (lf(vsn)vsn - F(Usn)> dx = / (lf(’/_‘n)l/_ln _ F(L_tn)>
N s\ 6

> / (lf(w)w - F(w)) dx +o(1),
R3 0

by which, since J/[v:] = I'[w] = 0, using Corollary 5.2,

1 1 B ~ 2 (1 1
(5 _ 5) /R3(|w,,|2 + ity *)dx = &3 (5 - 5) /Q(zSZIVvenI2 + v, 1)dx

-3

£ 1
=< 8;3']8” [ve,] — ’; (Jg/n [Ve, ], ve,) — 5;3/ (gf(vsn)vsn - F(Usn)> dx
Q

= I[w] - /R3 <éf(w)w - F(w))dx +o(1)

=I[w]—l(1/[w],w)—/ <lf(w)w—F(u))>dx+o(l)
9 R3 (9

—(1—1)/ (VP + [wPdx + o(1)
= 2 6 Rg w w X (6] .



The weakly lower semicontinuity of the norm implies the opposite inequality, hence
Sz (Vin |2 +iin)?)dx — [z3(IVw|*+|w[?*)dx, which implies ii, — w in H!(R3).
The arbitrariness of &,, leads to

P
Ug < + _8> — win H'(R?) and C| (R?). (5.10)
&

It remains to prove that

P,
lim u, ( + —8> = 0 uniformly with respect to ¢.
e

For otherwise there would be a sequence ¢, — 0, Q, € Q with 19n=Pul _, 400
ﬂ

and ugn(Q”) > ¢ > 0. According to Claim 3 Q" — 400 as n — —+00, hence
ug, (x + g:) — yu in H'(R3) and in C (R3) (w1th u solving (5.9)), by which
u(0) = lim “an(%") > ¢; in particular u # 0, which is in contradiction with

(5.10). Hence we have proved that u. (- + %) — win H'(R3) and L*®(R?), which
implies, using Corollary 3.3, that . (ex) 1= ug(x) — W, p.(ex) — Oin H'(R3)
and L>(R3). O

In the last proposition of this section we go further in the analysis began in the
previous one and provide an estimate on the error order up to the approximation
we, p, works in the expansion of v,.

Proposition 5.4. For ¢ > 0 sufficiently small v, satisfies

Ve = W p, + Te(e,

_ 5dg _3de , .
where T, = max{e” 3 , ge” 5¢ , &3} and, for & sufficiently small, ¢, verifies

I pelloo + &7 /Q<82|V¢>g|2 + ¢ |Hdx < C. (5.11)

Proof. Substituting v, = W, p, + 7@ into the equation S;[v.] = 0 we obtain

82A¢8 - ¢£ + f/(d)s,Pg)‘ﬁs = _Tgilgs[ws,Pg] + Ns[¢s] + Ms[‘ps]a (5-12)
where
Nel[¢] = =1, ' (f (e, p, + Te) — f (e, p,) — Te f' (e, p,)9).

M@l = yte (e, p, + 1) (—A) " [P?] + 2y (e p, + Ted)(—A) " [ie.p,B]
+y (=AW} 510



By Lemma 3.4 for ¢ sufficiently small we have
1 - _de  _dg 1/34,,,1/4 . .
|t, Sele,p. ]| < Cmaxf{e 12, ¢ 15, ¢ jw,'p uniformlyin Q@ (5.13)

while, since by Proposition 5.3 [| e oo = [[¥e lloo = 0(1), l|Te@e 17, = [[Vell3
o(e?), by the mean value theorem we get

2=

[Ne[@e]] < Ctgqﬁgz =o0(1)|¢e| uniformly in 2 (5.14)

and, using c) of Proposition 2.1, we have 7, (— A)*1[¢8] rgl(—A)*l[zIJE,p£¢8]| =
o(e*r; 1) = o(1) and |(=A)~'[W p 1| = O(?) by which

|Me[9e]l = o(Dwe, p, + 0(1)[¢el, (5.15)

uniformly in €. Suppose that there exists a sequence &, — 07 such that, setting
On = Ps,s Pnllcoc — +00 and let x, € Q be such that |¢, (x,)| = [|Pnllec. We
may assume, without loss of generality, that x,, is a maximum. Then we claim that

|x, — P8n|
&n

<C. (5.16)

Otherwise, up to a subsequence, % — +4o0o. Then by (3.2) we have

W, p,, (Xn) — 0, and, consequently, f’(ibg, p,, (x,)) — 0, while A¢,(x,) < O.
Combining (5.12)-(5.15) we arrive at

0= &5 Adn(xa) — (1 +0(D)[$nlloo + 0(1) < —=(1 + 0(1))[[pnloo + 0(1)

and hence ||¢>,, lloo = 0(1), in contrast to the hypothesis Then (5.16) holds, and we
may assume = Pe” — x. Now set qS,,(x) = H (8nx + Pg,) forx e - f)
d1V1d1ng both members of (5.12) by [|¢n1lco and us1ng (5.13)-(5.15), we deduce that
¢,, solves

Ay — §n + (e, p,, (nX + Po,))n = o(1)|¢hu| + o(Hw!/*

&n

(5.17)

. Q-
|¢n| < 1in

En

By multiplying both members of (5.17) by ¢3n we get

f (IVéul* + |fnPdx < / (If (e, ., ) (Enx)| + w!/H)dx + o(1) / | | dx
R3 R3 R3

<C +o<1)f | |*dx,
R3



i.e. ¢y is bounded in H'(R?). Hence we may assume bn — ¢ weakly in H!'(R3).
Since by Proposition 5.3 % — 400 we get xe-r,, — Xp3 = 1; then, by Corol-

&n

lary 3.3, q3 solves
Ap—d+ f(wydp=0, |p| <1inR>.

Furthermore elliptic estimates lead to q§ € H*(R?) and (]5,, — ¢ in C}

(R3), which
implies ¢(X) = lim,, ¢, (™ HPE”) = lim,, H"(’IC‘”) = 1. In particular ¢ # 0. Assump-
tion (f5) leads to

loc

3
zg Jaxj

for some constants aj, az, a3. On the other hand by Part iii) of Proposition 3.2 and
the choice of 7, we have eV, p, (P:) = 0o(t¢), by which

0= Vg, (Pe,) = V(ibe, b, + Te,8n)(Pe,) = 0(e; ' 1e,) + Te, &, [ dnll oo Vb (0).

This implies V(]B(O) = 0, i.e. (since

= ax (0) = 0if j # k and & w(0) = w”(0))

a;w”(0) = 0. The contradiction will follow if we prove that w"” (0) ;é 0. Otherwise,
from assumption (f5) w(0) = f(w(0)). By (f2) ! ;’) is strictly increasing for ¢t > 0,

while w(0) = maxps w; hence w — f(w) > 0 in IR3. This is a contradiction since
f]R3 |Vw|2+fR3(w— f(w))w = 0. Thus |¢.| < C for small ¢. Finally, multiplying
the equation (5.12) by ¢., integrating over €2 and using (5.13)-(5.15), we obtain

&? / |V | 2dx + f |¢pe | 2dux

/ G, p€)¢3dx+o(1)/ pew, dx+o(1)/ e |*dx
< c/ I (g, ps)dx—i-o(l)/ dx+o(1)/ | |*dux

<Ce 3+ 1/ o 2dx.
= Ce+o(l) | 1l -

6. Proof of Theorem 1.1

Now we have all the ingredients to prove Theorem 1.1. We just have to combine
the results of Proposition 5.3 and 5.4. In what follows we write d, in place of dp, .



Step 1. The following holds:

I} = Jelve] = Je[ie, p. ] + O(e772)
5 _de 3 _3de 6 (6.1)
= Je[e p,] +0(e%e e +e7e e +¢°)
ase — 0.

Using a)-b) of Proposition 2.1 and (5.11) for ¢ > 0 sufficiently small we get

/ 2 (=) ildx — @F p (—A) W7 ] — ATeWe, p, e (—A) W7 p 1] dx
Q

=032,
by which

Je[ve] —Js[ws Pg / S [ws Pg]‘ps

— /Q (F(ﬁ)e,Rg + Tee) — F(ﬁ)s,PS) - Tef(ﬁ)e,Pg)(bs)dx

2<92 2 TEZ 2 3.2
+ 1= | [Vl dx+7 |pe|“dx + O(e” 7).
Q Q

Observe that |F(ﬁ)s,Pg + Tehe) — F(ﬁ]s,Pg) - Tsf(ws,Pg)¢e| =< CTEZ|¢8|27 while, by
Lemma 3.4, S¢[we p,] = o(tgwsl’/;g); (5.11) leads to Jg[ve] = Je[g, p, ] +O(83‘L'82).
The choice of 7, allows us to conclude.

Step 2. — lase — 0" and % > log% + %log log% for ¢ sufficiently
small.

By inserting in (6.1) the estimates (4.2), (4 3) and (4.10) of Propositions 4.3-

de
elloge|

d
4.4 (taking into account that e 3% = 0(2— O )) we obtain
&

3 5 86 4 _2£ 4 d€ 2d£
JP=1Iwle” + he’ —— +¢ (1-|—0(1))B +0|e -
d 4d s

& &

de
+o0 (811/2 + 85e_T)

as & — 0. First we will prove that lim sup,_, o+

(6.2)

A
€|10g_e| < 1. Assume by contradic-

tion the existence of a sequence &, — 0T such that ;" > (1 4+ n)log sl for some
n > 0. In this case it is easy to show that the main part in the expansion on the right
hand side of (6.2) is given by the first three terms, and the others are negligible, i.e.

5

JE >1wled + he’ — (1 +o(1) —1
" (1 +n)llogey,]



in contradiction with Corollary 5.2. Hence limsup,_, o+ 1. Next we will

_de -
elloge| —
prove that % >log é—i—% log log é for small . Otherwise let &, — 07 be a sequence

Jgn dgn

d 1,1 1 : 4 [d, —2%n eSe
such thatgi: < log a—l—glog log o Hence we easily get e, girf'e en tn =

ot —262‘9—”
O(én e “en ) and (6.2) becomes

&n

Jen
6 _oden
JE =1wlel + he) — L 72y as e — OF. (6.3)
ds,, En
Set
2 —2x j
pn(x) =—I3—+ B x>
X En
and compute
2 —2x —2x
, foi e e
=5——B———B .
Pn(x) 32 8x2 4x

By taking the logarithm, p; (x) > 0 in ( ey, , +00) implies

>1 l—I—]l +11 1—i—l —i—ll B>1 1—1—]11 :
x_ogg 2ogx 2og 7 20g413_0g 2ogog .

n &n n

In particular, for n sufficiently large, p, is decreasing in (dsir:‘, log é + % log log é),
by which, proceeding as in Corollary 5.2,

de, 11 1 g2 g2
|l — | >=pnllog— + -loglog— | =—1 +B(1+0(1))
&n 3 &n

€n |log &n| 8| log e, |3/3

Inserting this inequality in (6.3) we obtain

5 5

+ B(1 + 0(1))

I >Iwled + hed — I S —
i 21ty + ey = STog e, 7

again in contradiction with Corollary 5.2.

Step 3. H(Zp,) — Ho = maxpeyq H(P).
In view of Step 2 all the error terms in the expansion (4.2), (4.11) and in (5.1)

(with d; = dg) are o(e%); for example & \/Z T o= O(|10g|1/6) o(£%). Hence



we can write

& €

c? 6
Iwle® + &’ (—) + Le® — 13% — IH(Zp,)e® + 0(e%) < Je[ve]

d g0
< I[w]e’ + &3« (f) + Le — Ing — IiHoe® + 0(86)

&

and Step 3 follows immediately.

Step 4. End of the proof.

By Corollary 3.3 and Proposition 5.4 we deduce Part (1) of Theorem 1.1. Parts

(2) and (3) have been proved in Steps 2-3.
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