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A quantitative version of the isoperimetric inequality:
the anisotropic case

LucA EspPosiTO, NICOLA FUSCO AND CRISTINA TROMBETTI

Abstract. We state and prove a stability result for the anisotropic version of the
isoperimetric inequality. Namely if E is a set with small anisotropic isoperimetric
deficit, then E is “close” to the Wulff shape set.

Mathematics Subject Classification (2000): 52A40 (primary); 28A75 (secon-
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1. Introduction and main results

LetI' : RV — [0, +-00) be a positively 1 —homogeneous convex function such that
['(x) > O for all x # 0. The Wulff problem associated to I" is

Min{/ FroEe))dHN " LN(E) = const}, (1.1)
o*E

where E ranges among all sets of finite perimeter satisfying the constraint LV (E) =
const Here vE is the (generalized) outer normal to E and 0*E is the (reduced)
boundary of E (which equals the usual boundary 0FE if E is smooth). For an
anisotropic function I', one of the first attempts to solve this problem is contained in
a paper by G. Wulff [22] dating back to 1901. However, it was only in 1944 that A.
Dinghas [9] proved that within the special class of convex polytopes the minimiser
of (1.1) is a set homothetic to the unit ball of the dual norm of I'(x), i.e.,

Wr={xeR": (x,v) —=T(v) <0 forallv e SN}, (1.2)

which is known as the Wulff shape set.
Introducing the quantity

Pr(E) = / rwE@)dHN 1, (1.3)
0*E
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the minimality of Wr is expressed by saying that Pr(E) > Pr(Wr) for all sets
such that LV (E) = LN (Wr) or, equivalently, that

LY(E)

m) Pr(Wr), (1.4)

Pr(E) Z<

for all sets E with finite measure. Thus, inequality (1.4) can be viewed as a natural
extension of the classical isoperimetric inequality where the usual perimeter is re-
placed by the ‘perimeter’ defined in (1.3). And in this respect the Wulff shape set
Wr plays the same role or the unit ball B; in the isoperimetric inequality. In fact
one can prove that equality occurs in (1.4) if and only if E is equivalent to Wr (up
to a translation and a homothety). This latter result was first proved by J. Taylor
([19, 20, 21]) using deep techniques of geometric measure theory and later on, with
a more analytical and simpler proof, by 1. Fonseca and S. Miiller in [12] (see also
the 2-dimensional proof given in [7]).

In this paper we give a quantitative version of inequality (1.4). Namely we
prove that if E is a set of finite perimeter with prescribed measure such that Pr(E)
is close to the minimum value in (1.1), then E is close (in a precise, quantitative
sense) to a homothetic of the Wulff shape set.

In the special case I'(x) = |x|, i.e., when Pr coincides with the standard
perimeter, this problem was first studied by T. Bonnesen [3] in the 2-dimensional
case. For the general N-dimensional case, recent results have been obtained by B.
Fuglede (see [13]) and R. Hall [15]. But before describing them with more details,
let us introduce a quantity which plays a crucial role in our problem.

Given a set of finite perimeter E, with finite positive measure, we call isoperi-
metric deficit of E with respect to I" the quantity

Pr(E) (.CN(Wr))NTl .
Pr(Wr) \ LV (E) |

Ar(E) = (1.5)

The geometric meaning of Ar(E) is clear when one rewrites the isoperimetric in-
equality (1.4) in the equivalent form

Pr(E) <EN(WF))NTI
Pr(Wr) \ LN (E)

—_—

Thus, Ar(E) measures how far is the set E from realizing equality in (1.4).

Denoting by A(E) the isoperimetric deficit of E referred to the usual perimeter
P(E), the theorem proved by Fuglede in [13] states that if £ is a convex subset of
RN (N > 4) such that LN (E) = LV (By), then (up to a translation)

2

S5y(E. By) < const[A(E)]”“ , (1.6)
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where §y denotes the Hausdorff distance of two convex sets (see the definition
(1.15) below). Later on, Hall in [15] extended Fuglede’s result to sets of finite
perimeters. He proved that if LN(E) = LN (B)), then (up to a translation)

LN(EAB)) < const[A(E)]Z . (1.7)

However, the proof given by Fuglede heavily relies on the fact that the minimal
set in the case of the usual perimeter is a ball. Indeed his argument is based on
a careful estimate of the Poincaré inequality for maps from S¥~! into R which
is obtained via spherical harmonics and the use of Laplace-Beltrami operator. On
the other hand, also Hall’s proof of (1.7) uses in an essential way the property that
the usual perimeter decreases under Steiner symmetrization with respect to a line, a
fact which is no longer true in our setting. Therefore, it is clear that both proofs fail
in the anisotropic case, where the geometry of the optimal set plays no role (since
Wr can be any open convex set) and thus one must try to extract all the relevant
information from the smallness of A (FE) alone. Notice also that the exponent on
the right-hand side of (1.7) does not seem to be optimal since, as observed in [15],
the optimal exponent should be 1/2 in any dimension. Moreover, it is clear that if
E is not convex one cannot expect any better estimate than (1.7), while the L type
estimate (1.6) is due to the fact that E is assumed to be convex.

In order to state our main result, which deals with the anisotropic perimeter
(1.3), let us recall the assumptions on the convex function I',

['(tx) =t (x) forx e RN, t >0, 'x)>0ifx #£0, (1.8)
and set
mr = min ['(v), Mr = max I'(v). (1.9)
veSN-1 veSN-1

Notice that, denoting by B, the open ball of radius r centered at the origin, from the
definition (1.2) of Wr and from (1.9) it follows easily that

By C Wr C By . (1.10)

Theorem 1.1. Let " be a convex function satisfying (1.8). There exists a con-
stant cq depending only on " and N such that if E is a set of finite perimeter with
LN(E) = LN(Wr), then there exists xo € RN with the property that

]a(N)

LY ((x0 + EYAWD) < col Ar(B)] (L.11)

where a(N) = ﬁ ifN >3 a2)=2/9.
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Notice that the isoperimetric deficit Ap (E) is invariant under dilations. There-
fore, the estimate (1.11) can be immediately extended to the case LNE) #LN(Wr),
provided that we replace E by AE, where A is such that LN (AE) = LN (Wr).

The key idea for the proof of Theorem 1.1 is that the isoperimetric deficit
can be used to estimate the difference of the measures of the (N — 1)-dimensional
sections of E and Wr, as stated by the next lemma.

Lemma 1.2. Under the same assumptions of Theorem 1.1, there exists a constant
c1, depending only on mr, Mr and N, such that there exists a point xo € RN with
the property that for all v € SN~1

+00
/ MY (xexo+E: (x,v)=sp) — HY " ({xe Wr: {x, v)=s})ds

—00

< c1[Ar(E)P™), (1.12)
where B(N) = 1/N if N > 3, B(2) = 1/3.

The proof of this estimate uses two main ingredients. The first one, Theorem
2.4, 1s a sharp version of the classical Brunn—Minkowski inequality proved in [12].
This theorem allows us to estimate Pr(E) (hence Ar(E)) from below by means
of an integral expression involving the measures of the sections of E and Wr or-
thogonal to a fixed direction v (Lemma 2.7). However this estimate can be used
for proving (1.12) only if the measures of these sections are bounded away from
zero. To fulfill this requirement we must truncate the set £. More precisely, in
Lemma 3.1 we show that if Ar(FE) is small, one may truncate £ by means of two
hyperplanes orthogonal to v in such a way that the volume and the perimeter of the
resulting set E differ very little from the corresponding quantities for E, and the
measures of all sections of E are greater than Ar(E).

To understand better the role played by the estimate (1.12) notice that, by Fu-
bini’s theorem, if E and F are measurable sets, then for all v € SV—!

+o00
/ HY " (x € B (x,v) =) =H""'({x € F: (x,v)=s)|ds < LY(EAF).
(1.13)

Observe that Theorem 1.1 would follow at once from (1.12) if a reverse inequality,
such as

+00
LNMEAF)<c sup /|HN_1({XEEZ x,Vy=sH)—HN'(xeF: (x,v)=s))|ds,

veSN-1

(1.14)

would hold. Since the function

(w,5) e SV xR (v, HYN'({x € E: (x, v):s}))
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represents the Radon transform of the characteristic function y g of E, an inequality
of the type (1.14) would imply the continuity of the inverse of the Radon transform
of characteristic functions. Unfortunately, this continuity property is in general false
(see [17]).

Neverthless, we are able to get an estimate of the type (1.14), with F' replaced
by Wr, using the fact that Wr is a convex set and that LV (E) = £V (Wr). To this
aim, one needs to observe that when F is a convex polytope and H,, is a hyperplane
orthogonal to v containing one of the of the (N — 1)-dimensional facets of F' and
H,' is the open half space determined by H,, not containing F, then the measure of
(E\ F) N H, can be estimated by

+00
f MY (e Ex (x,v)=s)—HY(x e F: (v, v) =5 ds.

This fact, together with the equality LY (E) = LN (F), yields (1.14) with a constant
¢ depending on the number of facets of /. Combining this observation with a
quantitative approximation result of convex sets by polytopes (see Theorem 2.9),
leads eventually to the proof of (1.11). However, this approximation argument is
responsible for the fact that the exponent on the right-hand side of (1.11) is much
worse than the one in (1.12).

We conclude the presentation of the main results contained in the paper observ-
ing that when E is convex (or, for N = 2, connected (see [3])), the L' type estimate
(1.11) can be replaced by an L°° one. In order to state this stronger estimate we
recall that if C; and C, are two open convex sets in RY the Hausdorff distance of
the two sets is defined by

51 (C1, Ca) :max{ sup inf [x — yl. sup inf |x —y|}. (1.15)

xeC; Yt yeC, *€C1

Theorem 1.3. Under the assumptions of Theorem 1.1, there exists a constant c;
depending only on T and N, such that if E is an open convex set with LN (E) =
LN (Wr), then there exists xo € RN with the property that

a(N)

Sy (xo+ E, Wr) < cz[Ar(E)]T , (1.16)

where a(N) is the exponent appearing in (1.11).

ACKNOWLEDGMENTS. We would like to thank Prof. Paolo Gronchi for some
helpful discussions concerning the approximation of convex sets with polytopes.
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2. Background material

We collect in this section the definition and a few basic properties of sets of finite
perimeter needed in the sequel. For all this material our main reference is the book
[2]. The section contains also a few results on convex sets which are probably
known only to the specialists in the field. However for all these properties we
have preferred to refer to the books [4], [14] instead of referring to the original
papers. Finally, the section contains a sharp form of the classical Brunn—Minkowski
inequality proved in [12].

Let E be a measurable set in RY. We recall that E is a set of finite perimeter
if the distributional derivative Dy g of its characteristic function xg is a Radon
measure with values in RY having finite total variation |Dxz|(R"Y). The quantity
|Dxe|(RY) is called the perimeter of E and denoted by P(E).

If E is a set of finite perimeter, the reduced boundary 3* E of E consists of all
points x € supp|D xg| such that the limit

Dxr(B
vE(x) = — lim M (2.1)
0—0 [DxE(Bg(x))]
exists and satisfies [vE (x)| = 1. The vector vE (x) is called the generalized outer

normal to E at x. From (2.1) it is clear that —vZ (x) coincides with the derivative
|g§§ i (x) of the Radon measure D xg with respect to its total variation. Notice also
that the reduced boundary 9*E is a (generally proper) subset of the topological
boundary 0 E. However, if E is a c! open set, then 0*E = 9 E. Moreover, a result
due to De Giorgi (see, e.g., [2, Theorem 3.59]) states that if E is a set of finite

perimeter, then

IDxp| =HYTLO*E. (2.2)

The following proposition is a generalization to Pr of a well known approximation
result of sets of finite perimeter by smooth sets.

Proposition 2.1. Let E be a set of finite perimeter, with finite measure. Then, there
exists a sequence Ej of C* bounded open sets such that

lim L’N(EjAE) =0, lim Pr(E;) = Pr(E). (2.3)
j—o00o j—o00
Moreover, if E is contained in a bounded open set Q@ C RN and Qo is an open set
such that Q@ CC o, the sets Ej can be chosen so that E; C Qq for all j € N.

Proof. If " = |x|, i.e., Pr coincides with the usual perimeter, the assertion is a well
known property of sets of finite perimeter (see [2, Theorem 3.42]) stating that there
exists a sequence of C* bounded open sets E; such that

lim LV(E;AE) =0, lim P(E;) = P(E). (2.4)
Jj—00 j—o00
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From equations (2.1) and (2.2) and from the definition (1.3) we have

D
PF(E)=/ r(— XE )d|DXE|. 2.5)
RN IDxE|

Thus, the second equality in (2.3) follows at once from (2.4) and from Reschet-
nyak’s continuity theorem (see [2, Theorem 2.39]). O

Remark 2.2. Notice that if E is a measurable set with finite measure, then

lim LN(WEAE) = lim/ e (X) — xE(xX)| dx
A—1 A—=1 JrN

lim / XEG/D) — xE@)ldx =0, (2.6)
rA—=1 JrN

where the last equality follows approximating xg in L' (R") by a continuous func-
tion with compact support ¢ and then letting ||¢ — xgll;1 go to zero. Thus, mul-

1/N
tiplying the smooth sets E; satisfying (2.3) by 1; = (EN (E)/LN(E j)> and
using (2.6), we get that the sets E; = A, E, satisfy the two equalities in (2.3) and
the constraint ,CN(E}) = LN(E) for all j.

The following Brunn—Minkowski inequality (see [4, Theorem 8.1.1]) holds for
all measurable subsets of RV (here and in the sequel £V stands for the Lebesgue
measure).

Theorem 2.3 (Brunn—-Minkowski inequality). If E and F are measurable sets in
RN, then
N
LNE + ) = (Y EDYY + LN Fp) @.7)

Let us now introduce some quantities which are going to play an important role in
the proof of Theorem 1.1.

Let E be a measurable set with positive, finite measure and v € SN—1 a fixed
direction. We set, for all s € R,

E,s={xeE: (x,v) =5}, Es={xeE: (x,v) <s},
HYU(E,) LY(E, )
hE,v(S) = T(E)’ 8Ev(s) = T(E)

In the sequel, we shall often take v equal to the N-th coordinate vector ey . In this
case we shall simply write Eg, E_, ge(s), he(s), in place of E, g, E s, 8E.(S),

hEg ., (s), and denote the generic point x € R also by (x', s), with x” € RY-1 and
s € R.
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A few remarks on the above definitions are in order. First, recall that the inter-
section of two sets of finite perimeter is a set of finite perimeter (see [2, Proposition
3.38]). Therefore, if E is bounded and has finite perimeter the same is true for each
set £, ;. Moreover, if E is a C™ open set, from the definition of reduced boundary
one easily gets that for any s € R

E, ;=@EN{x:(x,v) <shUEN{x:(x,v) =sHUZ,;, (2.8)

where X, ¢ is a subset of (0 E), ;. Notice also that g ,, is an absolutely continuous
function and that g/EYU(s) = hg,(s) for L'-ae. s € R.

The following sharp version of Brunn-Minkowski inequality can be found in
[12, Lemma 3.2].

Theorem 2.4. Let v € SVN—! and let E, F be bounded measurable sets such that
LN(E) = LN(F). If the functions g, and gr., satisfy g}s’v(s) > 0, g%’v(s) >0

for L'-a.e. s in the sets {0 < g < 1} and {0 < gFr,, < 1}, respectively, then for
alle >0

1 e\ N—1
EN(E+8F)2EN(E)/ (1+8<VF*”(I)> ) <1+8)/E’V(t)>dt, (2.9)
0 VE (1) VFE, (1)

where yg (1) = hE,v(gE,lu () forallt € (0, 1) and yF., is defined similarly.

Notice that since gg,, is a strictly increasing absolutely continuous function
with. g%’v(s) > 0 for L!-ae. sin {0 < gg, < 1}, then ggylv is absolutely continu-
ous in (0, 1) and

1
VEL(t) = hE (g5 (1) = ———— for Llae. t € (0, 1).
’ T Dgz" ()

Next lemma contains some useful properties of the function i .

Lemma 2.5. Let E be a bounded open subset of RN and let v € SN~ Then
hg, : R — Ris lower semicontinuous. Moreover, if E is C*° and

HNV({x € 9E : vE(x) = +v}) =0, (2.10)

hE .y is continuous and for any s € R
Pr(E,,) = / Fef@)dH¥ ' + TR (B . @1D
{xedE:(x,v)<s}

Proof. To simplify the notation we assume v = ey and LV (E) = 1.
One can easily check that if £ is any open subset of RY, then hg is lower
semicontinuous.
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Let us now assume that E is smooth and that (2.10) holds. Let Cx = (—R, R)N ! x
(a, B) be an open cylinder such that E C Cg; then the function s € R —
HN=1(Cg \ E)y) is lower semicontinuous.

Moreover, since, by (2.10), HN-L ((OE);) =0forall s € R,

hp(s) = 2V IRV —HV TN (Cr \ E))) —HY TH(QE),)
= NTIRN=IL_HN=1((Cr \ E)y) . (2.12)

Thus h g is upper semicontinuous, hence continuous.
Letus now fix s € R. As we have just observed, (2.10) implies that HNY(QE)s)=
0. Thus, (2.11) follows at once from this equation and from equality (2.8). O

Lemma 2.5 could be suitably extended to sets of finite perimeter (compare for
instance with Proposition 1.2 in [6]). However this general version, which would
require a more delicate proof, is not needed in the sequel.

Next lemma is a sharper version of the approximation result stated in Proposi-
tion 2.1 and it is used in order to prove the estimate of Pr(E) provided by Lemma
2.7.

Lemma 2.6. Tuke E a bounded set of finite perimeter and let v € SN~ such that
hgv(s) > 0 for Llae s € {0 < 8w < 1}. Then, there exists a sequence of
C® equibounded open sets E j, such that EN(EJ-AE) — 0, Pr(Ej) — Pr(E) as
J — 00, with the property that hg; . (s) > 0 foralls € {0 < gg; v < 1}.

Proof. Notice that for N > 3 the result is trivial (even without the positivity as-
sumption on i g ). In fact, it is enough to add to E a sequence of thin cylinders in
direction v with arbitrarily small perimeters.

This argument clearly fails in dimension N = 2. In this case, let us assume for
simplicity that v = ey. By Proposition 2.1 there exists a sequence of equibounded
C open sets E; such that EN(E}AE) — 0 and Pr(E;.) — Pr(E). Let us set

(aj,Bj) =1{s:0< gE}(s) <1}, Cj ={s € (aj, B)) : hE}(s) = 0} and take an
open set A containing C; such that El(Aj) < Cl(Cj) + 1/j. Then, forany j, A;
is the union of countably many open intervals / Jh . Notice that £!(C i) — 0, hence

LA j) — 0. To conclude the proof it is enough to set
h
E;= E; U (Uth),

where each Bj? is a suitably placed disk, corresponding to the interval [/ Jh with

the property that P(UhB;’) < cLl(Aj) and th (s) > 0 for all s such that
0< 8E; (s) < 1. U

Next result is essentially contained in the proof of Theorem 3.3 of [12]. How-
ever, since it provides an important tool for our proof of Theorem 1.1, for reader’s
convenience we give the details of its proof.
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Lemma 2.7. Let E be a bounded set of finite perimeter such that LN(E) = LN(Wr).
Then, for any v € SN~ such that hg ,(s) > 0 for L'-a.e. s € {0 < gg < 1},

)’Wr,v(f)>ﬁ YEv()

1
Pr(E) > LN (W, /[N—l(
L(E) 2 £7(Wr) 0 ( ) VE (1) Ywr,v(t)

]dt, (2.13)

where Vg v, Ywr,v are defined as in Theorem 2.4.

Proof. Letus assume v = ey. If E is a C* bounded open set, it is well known (see
for instance Lemma 4.7 in [11]) that

LN(E 4 eWr) — LN(E)
, )

Pr(E) :gli_%

From this equality, by applying (2.9) with ' = Wr, with elementary calculations
we get

1
N W i 1/1{[ ()/Wr(t))ﬁ]N_l( m(t))_ }
PrE)y = L2We) Bim = J e e ) T

! " yE®
= cNw /[N—I(VWF(I)) VE }d,
(Wr) A ( ) e () +Vwr(t) t

hence the assertion follows. Notice also that (2.13), by means of the change of
variable t = gg(s), can be restated as

+00 et
Pr(E) = £N<Wr)/ [(N - 1>(M> i M}hm)ds.
—0 hE(s) ywr (8E(S))
(2.14)

The general case of a set of finite perimeter then follows by a straightforward ap-
proximation argument based on Lemma 2.6 and Remark 2.2. U

Let us state a few results on convex sets that will be needed in the sequel. The first
one, which is a consequence of the Brunn—Minkowski inequality (2.7), concerns
the function i g ,, when E is convex.

Proposition 2.8. Let C be a bounded open convex subset of RN and v € SN=1,
Then, the set I = {s € R : hc(s) > 0} is an open interval and the function

sel — hlc/iNfl)(s) is concave.

Proof. Let us assume, without loss of generality, that LV (C) = 1 and v = ey. We
claim that if s1, s, € I, then for any ¢ € (0, 1)

th™ (s1) + (1= DA (2) < h {51+ (1 = D)s2) . @13
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To this aim, we observe that since C is convex, any convex combination of Cy, and
Cy, is contained in C. Therefore we have

1Cs, + (1 = 1)Cs, C Cigy (1155 forall 7 € (0,1).

From this inclusion, applying the Brunn-Minkowski inequality (2.7) in R¥~! and
recalling that LV (C) = 1, we get

1

W sy + (1= 1)s) > [H’V—l(tq.l Fa- t)cSz)]m

A%

[ 16|+ [ - new]
1

1 1
= thT T (s1) + (1= Dh T (52).

Hence, (2.15) follows and from (2.15) we get immediately that / is an interval and
1

that h? is concave in /. The fact that / is open is a consequence of the lower
semicontinuity of i ¢ stated in Lemma 2.5. O

The following approximation result (see [14, Section 5.2] and [10]) states that any
bounded open convex set C can be approximated from outside by a convex polytope
Py with at most k facets such that the measure of Py \ C is estimated by a suitable
power of k.

Theorem 2.9. Let C be a bounded open convex subset of RN. Then, there exists a
constant c3 depending only on C, such that for any integer k > N + 1 there exists
a convex polytope Py, with at most k facets, containing C, with the property that

3

LY P\ C) < .
kN=T

(2.16)

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1. Throughout the section we
assume that E is a set of finite perimeter such that

LN(E) = LN (Wr). (3.1

To simplify the notation we shall denote the isoperimetric deficit (1.5) of E by
A(E) or even by A if the set E to which we refer is understood. Notice that with
assumption (3.1) in force,

A(E) = Pr(E) — Pr(Wr) (3.2)
B Pr(Wr) . .
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We start with a technical lemma. We show that if the isoperimetric deficit A of a
set E is small then, given any direction v, we may truncate E by two hyperplanes
orthogonal to v, without changing much the volume and the perimeter, in such
a way that almost any section orthogonal to v of the truncate of £ has measure
bounded away from zero by A.

Lemma 3.1. There exist a constant A1, depending only on N, and two constants
¢4, ¢s, depending only on Mr and N, such that if E is a bounded set with finite
perimeter and A(E) < Ay, then for all v € SN there exist s; < s, with the
property that

@) hev(s) > c4A(E) for L'-a.e. s € (s1, 52),

4N

N
LN EAE),

(ii) LN{x e E: (x,v) <51 or (x,v) > s)) <

(iii) Pr{fx € E: 51 < {x,v) <s}) < Pr(E)(1 + A(E)),

@iv) §2— 5851 < ¢5.

Proof. STEP 1. We start by proving the assertion under the additional assumption
that E is a C* open set and that

HN N (fx € 9E : vE(x) = £v}) = 0. (3.3)
Moreover, to simplify notation we assume that v = ey and set
(0,8)={seR:0<ge(s) <1}.
For s € (a, B), by rescaling E; and using the minimality of Wr we have

N - N

Pr(E;) = gEIQ (S)PF(]/TS> > gE]; (s)Pr(Wr).
8E (s)

Similarly,
N—-1
Pr(E\Eg) = (1 —ge(s)) ¥ Pr(Wr).
Adding these two inequalities, and recalling (2.11) and (3.3), we get that for any
s € (o, B)

N—1 —
PR(E) +he) LN (BN (—en) +T(en)] = Pr(Wp) g™ (5)+(1—ge(e)'™ |.
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This inequality, together with (3.1), (3.2) and (1.9) yields

Pr(Wr)

he(s) > MY (W)

A=l N-1
[67 @+ —geo)'™ —1-4a] G4
N RE N—1
= g8 @+ (= gee)T —1-a],
where the last equality is a consequence of the well known equality
Pr(Wr) = NLY (Wr), (3.5)

which, in turn, follows from the coarea formula and the properties of the convex
function I" (see for instance [12, Proposition 2.6 (iii)]).
Let ¢ : [0, +00) — R be the function

N -1

N—1 N—1
o) =t 7 +(1—1)F —1— .

Notice that ¢(0) = 0 and that for any ¢ € (0, 1/ 3V) we have

N—1 N—1
') = ~UN _ (1 —pUN _ T UN N
@ (1) N [ ( ) ] > N [ ]
N—1
>— [N _31>0.
N
Therefore,
1
o(t) > 0 forall 7 € (0, 3—N) (3.6)
Next, we set
A LN 37)
'=238 N '

and prove the assertion for A < Aj. Let s’ € (a, B) be the smallest point such that

N
ge(s) =280 ——.
N-—1

Such a point exists, since g is continuous, gz () =0 and gg(B) =1 > 1/3V >
2AN /(N —1). Moreover, from (3.6) we have that ¢(gg(s")) > 0, hence

N ge(s)) =2A. (3.8)

% / / N1
g D)+ A —geGs) VvV —1>
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Similarly, let us denote by s” the largest point in (e, 8) such that

ge(s")=1— ZA%.
Since ¢ (1 — gr(s”)) > 0, as before we get
(1- gE(S”))% 4‘82%1 " —1> N]; 1(1 —ge(s") =2A. (3.9)
Let us now set, for ¢t € (0, 1),
V) =1 + A —1)N —1. (3.10)

The function v is strictly increasing in (0, 1/2) and strictly decreasing in (1/2, 1).
Therefore, since by the choice of A and the definition of s/, s” we have gg(s") €
(0,1/2), ge(s") € (1/2, 1), from (3.8), (3.9), we get that

V(ge(9)) = Y (ge(s) = ¥(ge (") > 24 foralls € (s',5"). (3.11)

Thus, (3.4) and (3.11) yield
he(s) > LA forall s € (s/,s") (3.12)
M , . .
Finally, we choose the levels s and s; as follows,

N N
s1=suP{S € (a5 hE(S)<MA}’ 2= inf{s SASRT2R hE(S)<MA}’

Notice that this definition is well posed since 4 g is continuous (by assumption (3.3)
and Lemma 2.5) and hg(s) = Oforall s < @ and s > B. Thus, from (3.12) we get

N
he(s1) =he(s2) = MA’ (3.13)

hence, from (3.12) and the definition of s1, 57, (1) follows.

STEP 2. Assertion (ii) follows from the equalities in (3.8) and (3.9), since
LY{x € E: (x,v) <s1 or (x,v) >5)}) < LYE)ge(s") + (1 — ge(s")]

N
_ N
=4LME) A
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To prove (iii), recall that assumption (3.3) implies that HN-Y(@QE)y) = 0 for all
s € R. Therefore from (2.11), (3.13), and (3.5) we get

Pr{fx e E:s1 < (x,v) <)) = / rot) dHN!
AEN{s1<(x,v)<s}

+[T(—en)hg(s1) + Dlen)hg(s2)1LN (E)

Pr(E) + 2Mr LN (Wr) N A
I r r 2Mr

IA

= Pr(E)+ Pr(Wr)A < Pr(E)(1+ A).

To prove (iv) we argue as in the proof of Theorem 3.1 in [12]. Notice that from
(3.4), (3.10), (3.11), we get for all s € (s’, s)

he(s) = (e 0+ (1= )T —1- 4]
N Nl N-1
= g @+ 0 —gee) T —1]
N NoL N-1
el O+ (0= gee) T —1-24]
N Nl N-1
= e lge” O+ (- g T 1]

_ N
= MU’((?E(S))

Therefore, integrating on (s’, s”), we obtain

s// s// 7 1
(S//—S/)S M § = gEi(s) s < Ldt:c(N).
4Mr s V(gE(s)) s V(gE(s)) 0o ¥ 214
(3.14)

Thus, s” — s’ is bounded by a constant depending only on N and M. On the other
hand, from the definition of s; we obtain

! !

2AN

NA ( / ) < /S h ( ) /S , ( ) < ( /)
S — 85 s)ds = s)ds S )= —7—".
M 1) = . E . SE = 8E N 1

Hence s’ —s; < 4Mrp /(N — 1) and a similar estimate holds for s, — s”. From these
inequalities and from (3.14), (iv) follows.
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STEP 3. Let us fix v and prove the assertion without assuming (3.3). To this aim
we observe that the set

{u e SV MV ((x € 0E : vE(x) = +0)) > 0} .

is at most countable. Therefore, there exists a sequence v; converging to v and
such that (3.3) holds for all v;. Thus, from what we have proved in Step 2 we get a
sequence of equibounded intervals (s1,j, s, ;) such that (i)—(iv) hold for all v;.

For all j, let O; be an orthogonal map from R¥ into itself such that O (V) = vj.

Notice that hg ,;, = hOfI(E) , and that EN(EAOJ._I(E)) — 0as j — oo. Thus,
HE),

(1.13) yields h Ewv; — hEg,y in LY(R), hence up to a subsequence (not relabelled)

there holds hE,vj (s) = hEg,(s) for L'-ae. s € R. Moreover, we may assume that
s1,j — s1 and s ; — s2. Hence, letting j — oo, estimates (i) and (iv) for v follow
from the corresponding inequalities for the v;’s.
Notice also that
lim L’N({x e E:s; <(x,v) <s}Alx € E:s1; < (x,v;) <s2,;})=0. (3.15)
J—>00
Hence (ii) follows.

Finally, notice that from (2.5), by Reschetnyak’s lower semicontinuity theorem
(see [2, Theorem 2.38]), we have that Pr is lower semicontinuous with respect to
the convergence in measure of sets with equibounded perimeters. Therefore, from
(3.15) we get

Pr({x e E:s1 < {x,v) <s2}) <liminf Pr({x € E :51; < (x,v;) <s2,;}).
j—00
Hence (iii) follows.

Finally, the case of a bounded set of finite perimeter E can be easily obtained by an
approximation argument using Proposition 2.1 and Remark 2.2. O

The following elementary lemma will be used later.

Lemma 3.2. Let h : [a, b] — [0, +00) be an absolutely continuous function, J C
la, b] a measurable set and and ¢ : J — [a, b] a measurable function such that
lp(s) —s| <eforalls € J. Then

b
/ lh(s) — h(p(s)lds < 25/ |h'(s)| ds .
J a

Proof. Setting ¢(s) = s if s € [a, b] \ J, we may always assume that J = [a, b].
From the assumption ¢(s) € [a, b], |p(s) — s| < € for all s € [a, b] we get, by

Fubini’s theorem
b b K b s+e

/ Ih(s) — h(p(s))|ds = / ds f W) di| < f ds / WO 0 (1) di
a a o(s) a s—¢&

b b b
_ / W (o) di / Xis—ssel(D) ds < 26 / W @) dt
a a a

Hence the assertion follows. O
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Next lemma is the main step toward the proof of Theorem 1.1 and apart from an
extra boundedness assumption made on E, it coincides with Lemma 1.2. Its proof
is rather long, but it rests only on the two preliminary lemmas proved in this sec-
tion and on Lemma 2.7, not requiring any further deep result. For the reader’s
convenience it has been divided in several steps, each one providing a preliminary
estimate to (3.16).

Lemma 3.3. Given R > 0, there exists a constant ce, depending only on R, N,
My, my such that if E is a set of finite perimeter contained in a ball of radius R,
then there exists a point xo in RN with the property that for all v € SN~!

+oo
/ IHY " (x € o+ E: (x,v)=s)) — HV " ({x € Wr: (x, v) =s))|ds

—00

< ceAPN(E), (3.16)
where B(N) is the exponent appearing in (1.12).

Proof. Let us still denote by E the set obtained by translating E (if necessary) in
such a way that its barycenter coincides with the origin. Similarly, let us denote by
W the set obtained by translating Wr in such a way that also the barycenter of W
is at the origin. Thus, there exists a constant L, depending only on R, N, M such
that

E C By, W C By . (3.17)

In the sequel, we shall denote by ¢ a constant, which may vary from line to line,
depending only on N, M, mr. If the constant depends also on L (hence, on the
given radius R) we will stress this fact by writing c(L).

Without loss of generality, we may assume v = ey.

STEP 1. From Lemma 3.1 and from the definition (3.7) of A; we get that if
A < Ay, there exist 5| < s} such that, setting

E ={(,s) e RV xR: 5] <5 <sb},
the following estimates hold:

hp/(s) > csA  for Ll-ae. s € (51, 5%),

LN(EN\E) < 4—N£N(E)A < lEN(E), (3.18)
N —1 2
Pr(E") < Pr(E)(1 +A).
Let us now set

h(@ﬁ P
S \LNEH) - ‘
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Notice that £V (E ) = LN (E) and that
(s1,52) :={s: 0 < gg(s) < 1} = (As], As)).

The inequalities in (3.18) yield the following inequalities for E and for the constant
A> 1

A
hg(s) = C4T for Ll-ae. s € (s1, 52),

Pr(E) < AN=1(1 + A)Pr(E),

(3.19)
1 N
1SXS<W> <l4+cA<c(.
~ N—1
Let us apply (2.13) to E; we get
1 =T -
0 yg(0) yw (1)
From this inequality, recalling (3.5), we have
1 e
Pr(E)—Pr(W) zﬁN(W)f [(N— 1)<VW(”) " YEW —N]dt (3.20)
0 vg() yw (1)
Lyg@) [N=1 (yw@ONT 1 yw(®)
—neN W/ VE [ ( ) +———]d .
Wl wol v Gzo N o)

Let us now consider the following elementary inequalities

B cp)t—12% if 0<r<2
———t> (3.21)
c(p)P =1 if t>2,

where

_ N (3.22)
P=N_1- ‘

From (3.19)7, (3.2) and (3.19)3 we deduce that

Pr(E) — Pr(W) < AN71(1 + A)Pr(E) — Pr(W)
— Pr(W)[AN_l(l + A - 1] < cPr(W)A .
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Thus, setting
A={re O, yw@)/yg@) =2}, A= (0,D\A,

recalling (3.20), (3.21), we are lead to the estimate

/ Yg(0)
A yw(t)

where p is the exponent defined in (3.22).

STEP 2. Let § be a positive number (to be chosen later), such that

N—1
wN—_1mp

8 I
STV

where wy_1 is the £V~ -measure of the unit ball in RV ~!. We set
(o, B) ={s: 0<gw(s) <1},

ag =inf{s € (o, B): hw(s) >4},

Bs =sup{s € (e, B): hw(s) =4}

P ~ 2
(yw(t)) 3 l‘dt-i-/ VE(@) (yw(t) 3 1) df < A
vg(0) Ac yw(@®) \ yg@)
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(3.23)

(3.24)

Since W contains a ball of radius mr, by the choice of § it follows that «s and Bs

are well defined. Proposition 2.8 and the definition of «s, S5 yield

hw(s) <& fors e (a,as) U (Bs, B), hw(s) =48 fors e (as, Bs) .

Moreover we set
o1 = gz (gw (@), 02 = g5 (aw(B)) -

Clearly, we have that s; < 01 < 02 < 5.
Since for a.e. t € (0, 1)

1 1
vp(t) = ———, yw(t) = ————,
Dg;fl(f) Dgwl(t)
from (3.23) we get that
gw (B) |(Dg‘1)P—(Dg )”I
caz [T L
gw () (Dg )P
ow(B) 1 |(DgE HPl 4 (Dgy )P~ iy
> c(p) xa(D)|Dg=" — ng_v |
2w (@) E = (Dgyyr!
gw (Bs) |Dg=' — gW |
> c(p) xa(t) L

ew (@) (Dg_l)2 P(Dgy P!

(3.25)

(3.26)

(3.27)
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Notice that from (3.19); and (3.25) we have that for every 1 € (gw («s), gw (Bs))

1 A 1
Dgz'(t)y= ——— <", Dg;/(t) = —-— <. (3.28)
£ hi(gz () — cal hw (gy' () ~ 9
Therefore, combining these estimates with (3.27) yields
gw (B5) B B AN
/ xa®)|Dgg (1) — Dgy, (D] dr < C<§> . (3.29)
gw (@)
On the other hand, from (3.23) and (3.28) again, we have
gw (Bs) . .
/ xac(D|Dgx (1) — Dgy, (1)|dt (3.30)
gw (as)

swifs) D' (1) —Dgy' OF N2/ rew(fs . . 1/2
5( / ye B 5 dr) ( / xa-Dgz' () Dgy, <z)dr)
gw (@) Dgg (1) Dgy, (1) gw (@)

1/2 172 12 1/2
AV AN o < ey
<c Dg~ (n)dt| =<c (52 —s1)/" <c(L) .
1) E 1) 1)
gw (as)

Thus, defining for all t > 0
W) =P~ 44172,

from (3.29), (3.30), we get

gw (Bs) ) ' A
/ |D8E () — Dg;V H|dt < c\Il(g)
8

w (o)
hence, by definition (3.26),
-1 —1 A
85 (0 — gy () o1 +as| =cw(T)  forallr € Lgw(@s). gw(Bs)].

Therefore, setting t = gz (s) in the previous inequality gives
-1 A
lgw (8 () —s + 01 —as| < c\IJ<3> forall s € [o1, 02]. (3.31)
Choosing s = o> in this inequality, and recalling (3.26), we get in particular

A
1(Bs — as) — (02 — 01)| < cw(g) . (3.32)
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STEP 3. Going back to (3.23) we may estimate

cA

v

swB ) — yE@)
Xa—— i
gw (as) Y (Oyw (1)

v

xalyw (@) — yg@0)]

—1 —1
gw (Bs) vy @O +vE @)
c(p) / P dt
gw(as) )/E ®)yw (1)

gw(Bs) 1) — v=(t
lyw (1) )/E()Idt

> c(p) AT a0y
o)y @y L)

Recalling that W is contained in a ball of radius M, hence
yw (1) < ox MY~/ LY (Wr)
forall r € (0, 1), and using (3.19), from the inequality above we obtain

gw (Bs) 1) — yx(t
/ P lrw® = vl <cAPL, (3.33)
8

A
W (@s) YE ()

Arguing as in the proof of (3.30), we have

gw(Bs) 1) — v=(t
/ XAC|VW( ) — yg( )Idl
ew(@s) yE (@)

(\/gW(,BS)XAC |VW (l) _J/E(t)|2dt) 1/2(/8W(/35)XAC Yw (t)dt) 1/2
gw (as) YE@yw () gw (@) YE®)

v 1/2
cAl/z(f Dgz' (1) dt) <c(L)AY?.
8

w(as)

IA

IA

From this estimate and from (3.33), by the change of variable t = gz(s), we con-
clude that

(Bs) o~ o
fgw Mdt:/zlhw(gwl(gf(S)))—hg(S)IdsSC‘II(A)- (3.34)
gw () YE®) o1
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Using (3.34) leads to the following estimate

/ 2|hW(s +as —o1) —hg(s)lds (3.35)

1

02
< f lhw (g (85(5)) — hi(s)| ds

1

02
+/ |hw (s +as —o1) — hw(gv_vl(gg(S)))I ds

1

min{fs—as+o1,02} |
< cW(A) +/ (s + a5 — 01) — hw (83! (85(5))) ds
o
o 1
+/ lhw (s +as —o1) — hw(gy (gg(s)))|ds .
min{fs—as+o1,02}

Using (3.32) and the fact that hw (s) < wy—1MY~'/LN (W) for all s € R, the
last integral in (3.35) can be estimated by W (A /§).

In order to estimate the integral before the last one, first notice that from
Proposition 2.8 it follows that Ay is an absolutely continuous function in («, ),
such that there exists a point y € («, 8) with the property that hy in increasing
in (o, y) and decreasing in (y, B). Then, we set h(s) = hw(s + as — o1), for
s € (o —ag + o1, B — as + o1) and observe that

B—as+oi B
f |h (s)| ds = / |hy (s)lds < (B —a)maxhy < 2Lmaxhy < c(L).
o

a—os+oq

Finally, we apply Lemma 3.2 to / and to the function ¢(s) = g‘}l (g () +o1 —as.
Since, by (3.31), |¢(s) — 5| < cWV(A/d) forall s € (o1, min{Bs — as + o1, 02}) C
(¢ — a5 + 01, B — a5 + 02), by Lemma 3.2 we conclude that

min{Bs—as+01,02} 1 A
./ lhw (s +as—o1) —hw(gy (8g($))Ids =< C(L)\I’(g)' (3.36)

1
Thus, from (3.35), (3.36), and from the inequality A < (wy—_1 m]ly_l A)/((SCN(WF))

(which is a consequence of (3.24)), we have

e} A
f i (s + a5 — 1) — h(s)| ds < c(L)\y<§) . (3.37)

1

STEP 4. We claim that there exists a constant ¢’(L) such that

, A
los — 01| + |85 — o2 §c(L)|:8+\II<§>]. (3.38)
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To prove (3.38) let us denote by (x%, s) the barycenter of E. Since the barycenter
of E is at the origin we have

1 )LN+1 . }LN—H , ,
sp=—n [sdx'ds=—— rdydrzi[/rdydr—/rdydr].
E EN(E)/E LN(E) Jp LNE) g E
Hence, from (3.18);, (3.17) and (3.19)3, we get
ANl ANLANTIA

lr|dy'dr < ————— < c(L)A. (3.39)

55l < e
B2 LNE) Jpve N -1

On the other hand, by Fubini’s theorem,

52 (o] (2p) 52
SE :f shg(s)ds:/ shg(s)ds—l—/ shg(s)ds—i—/ shz(s)ds

S1 1 o1 o)

= /Ulshg(s)ds + /st[hg(s)—hW(s+a,s—crl)]ds

S1 o o1 .
+/ shW(s+a5—01)ds+/ shz(s)ds . (3.40)
o] 02
Now, since hz(s) > 0, from (3.17), (3.26), the equality hy = g% and (3.25), we
get
o gz (gw (@)
/ [shz(s)|ds < L/ hz(s)ds
S1 S
s
= Lgw(as) = L/ hw(s)ds <2L%s. (3.41)
o
Similarly,

IA

52
/ Ishz(s)|ds
o

2

2
L/‘1 hg(s)ds
g5 (8w (Bs))

B
L —gw(as)) = L/ hw(s)ds <2L%s. (3.42)

as

Therefore, recalling (3.37), and collecting all the estimates (3.39)—(3.42), we have

oy—o1+as
/ (s — s + o) (s) ds
[07

8

o
/ shw(s +as —oy)ds
o

1

<Isgl —I—/ [shg(s)lds +/ Is[hg(s) — hw(s +as —op)]lds

51 o1

52
+/ [shz(s)lds
(o

2

< c(L)[S i \p(%)] . (3.43)
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Recalling that the barycenter of W is at the origin, we have also
B B B
0= / shw(s)ds = / (s —as+o)hw(s)ds + (asg — 01)/ hw(s)ds
o o o
B
= / (s —as +o)hw(s)ds + (as —o1) .
Thus, from this equation, (3.43), (3.17), (3.32) and (3.25) we have
las —o1] =

=

B
/ (s —as+op)hw(s)ds

/ (s — as + o)k (s) ds

B
+‘ (s —as +o)hw(s)ds| +

Bs

0p—01 10
/ (s —as +ophw(s)ds
«,

< c(L)[S + w(?)]

From this inequality and from (3.32), inequality (3.38) follows at once.

Bs
+ / (s —as+op)hw(s)ds
o)

2—01+0s

STEP 5. Let us now prove (3.16). To this aim we first estimate

+00 (e}
/ |hg(s) —hw(s)|ds = / |hg(s) — hw(s)|ds +/ hw(s)ds
00 o1 (a,)\(01,02)

+/ hg(s)dszll-f-lz—l—lg. (3.44)
(s1,52)\(01,02)

Now,

o5 02
I < / |hz(s) —hw(s +as —o1)|ds +/ |hw (s +as —o1) — hw(s)|ds .
o

1 o1

The first integral on the right-hand side is estimated in (3.37), while the second one
is estimated, using (3.38) and Lemma 3.2, exactly as we have estimated the integral
in (3.36). Thus, we get

I < c(L)[S + w(%)} . (3.45)

Moreover, (3.25) and (3.38) yield

A
I 5/ hw(s)ds +/ hw(s)dsfc(L)[é—{—\I-’(—)]. (3.46)
(@, B\ (@s,Bs) (@s,B5)\(01,02) 8
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Finally, arguing as in the proof of (3.41) and (3.42), we get
Iz <4L§

and from this inequality and the inequalities (3.44)—(3.46) we obtain

+o00 - +oo
/ IHNUES) — HN T (Wy)lds = £Y (Wr) f hg(s) = hw(s)| ds

—0o0

IA

c(L)[S + w(%)} . (3.47)

Since E’ C E by construction and W /A C W by the convexity of W and the fact
that W contains the origin, we get

+OO o0
/ HN N Eg) — HN Y (Wy)lds < / IHN =N Ey) — HNU(ED)|ds

—o0 —00

+

+o00
+ / (HN=YED — HN (W /) g)|ds

+o0
+ / IHY =Y (W /h)s) — HN L (W) ds

+00

o
SEN(E\E)JFA—N/

< c(L)[rS + \IJ(%)}

where the last inequality follows from (3.18)», (3.47) and (3.19)3.
Let us assume N > 3; from the inequality above, recalling (3.22), (3.16) fol-

lows by choosing § = AW . This choice, by (3.24), implies (3.16) when

N—1\ N
. WN—1Mp
A<m1n{A3, <—£N(Wr) ) } (3.48)

(HN N E = 1Y Wolds + (1 - i)ﬁN(Ww

On the other hand, if A is greater than or equal to the quantity on the right-hand
side, (3.16) trivially follows with a suitably large constant ce.
If N = 2 the conclusion follows by choosing § = A!/3. O

We are now in position to give the proof of Lemma 1.2.

Proof of Lemma 1.2. STEP 1. Let us assume that E is a C* bounded open set
with A(E) < Aj, where Aj is a positive constant satisfying various conditions that
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will be indicated during the proof. First, we require Ay < Aj. Thus, from Lemma
3.1 it follows that there exist 07,1 < 02,1, with 02,1 — 01,1 < ¢5 and a set £ such
that

Ei={xeE:o11 < (x,e1) <021},

4N
N —1
Pr(Ey) < Pr(E)(1 4 A(E)).

LN(E\ Ey) < LN(E)A(E) < %£N<E), (3.49)

Let us denote by A1 a positive constant such that LY (A E1) = LV (E). Arguing
as in the Step 1 of the proof of Lemma 3.3 we conclude that there exist a constant
vo > 1 depending only on N such that

I <A1 <14+ 0A(E)
MEp C{x 51,1 < {(x,e1) <s2,1}, wheresy 1 —s1,1 < yocs, (3.50)
A ED) < wA(E).

Let us choose Aj such that y9A, < Aj. Thus, we may apply Lemma 3.1 again to
A1E7 and get a set E» satisfying the same inequalities (3.49) satisfied by E1, with
E, e1, E; replaced by A1 Eq, ez, E7, respectively. As before, we denote by 1> a
positive constant such that LV (A, E>) = LN (M E1) = LN (E). Then, A, and the
set Ao E» satisfy the same inequalities (3.50) satisfied by 1| and A1 E1, with E, e]
replaced by A1 E1, es, respectively. However, since A E is bounded in the direction
e, A Ey will be bounded in both directions e¢; and e;.

Let us choose Aj such that y(fv Ay < Aj. Thus, we may repeat the previous argu-
ment for all coordinate directions thus getting N sets E; and N positive numbers
A; > 1, such that the following conditions hold foralli =1,..., N

Ei Chim1Eic, LNE) =LN(E), AMWE;) <y A(E)

4N

LN B A1 Ein) < nAE),

LN(i_1Ei—1 \ E)) <

1<x <1+ wAWE) < 1+ y T A®E),

ME; Cl{x s, < (x,e) <s2,;} wheresy; —s1,; < yocs

where we have set Eg = E and 1o = 1 and y is a constant depending only on N
and LN (Wr). _ _

Let us now set £ = Ay Ey. Notice that by construction E is contained in a
ball of radius Ry depending only on yq and cs, i.e., only on N and Mr. Therefore,
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from Lemma 3.3 we conclude that there exists a point yg € R" such that for all
veSN-I

+o00 ~
/ HY " (o + E)ve) = HY N (Wr)y 0l ds < o AEN . (351)

—00

with ¢7 depending only on N, mr, Mr. Let us now set . = Hf\jzlki, X0 = Yo/M.
We have

+00
/ ITHN " (o + E)vs) —HY 1 (Wr)y5)|ds

o0

+00
< [ HY Y (ot o) —HY ™ (o E vy dis

—00

“+00
+ / HY (o4 Enuy) = HY L (W) y0)lds

o.¢]

1 +oo
< LN ELED + / Y (o2t E s ) —HY = (G Wi dis

1 oo

“+00

< MAE) + / Y (orxo 2 EDus) = HY ™ (G Wi lds

o0

Continuing to estimate the last integral on the right-hand side as we did with the
one on the left hand-side, after N — 1 steps we get, recalling (3.51),

+00
/ IHY N (o4 E)v.s) —HY "1 (Wr) s |ds

—00

—+00
<Ny AE)+]| THY I ) x0+ AN EN)vs) —HY 7T ) W)y ) lds

o0

+o00 -
< Ny A(E) + / HY "N o+ E)v.s) —HY "1 (Wr) ) |ds

—00

+00
+ / HY N (W) ) = HY N (W), ) lds

o0

< Ny1AE) + 7 AE)PN) 1 N — LN (Wr) < CAE)PNY),

where ¢ depends only on N, mr, Mr.
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This proves the assertion when A < A,. Otherwise, the assertion follows with
a suitably large constant cj.

STEP 2. Let us now assume that E is a set of finite perimeter. From Proposition 2.1
we then get that there exists a bounded C* open set E’ such that LV (E") = LN (E),
LN(EAE') < A(E). Thus, from what we have proved in Step 1 it follows that
there exists a point xg € R” such that (1.12) holds for E’. Thus, we obtain that for
allv e SN-!

+00
f Y (o E)v) = HY = (W) Ids

—00
+00
< LN(EAE') + / IHY (o +E )y ) —=HN L (Wr)y o) Ids
—0Q
< A(E) +CA(E)PN)
Hence, the assertion follows. O

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let us apply Lemma 1.2 to E. By translating E, if neces-
sary, we may assume that (1.12) holds with xg = 0, i.e.,

+o0
/ (HYNE, ) —HY T (Wr)u)lds <c AP™Y) forallve SV=1. (3.52)

—0o0

Given k > N + 1, by Theorem 2.9 there exists a convex polytope Py, with at most
k facets, containing Wr and such that

3

LN (P \ Wr) < .
kN1

(3.53)

Let us denote by v’ the exterior normal to the i-th facet of P, i = {x: (x, Vi) =
si} the hyperplane containing the i-th facet and H; = {x : (x, V') < s;}. Denoting
by / the number of facets of Py, we have Py = ﬂf.zl H; and

1
LY(E\P) < > LV(E\ Hy)

i=1

1 —+00
= Z/ HNNE, y)ds
i=1"YSi

! +0o0
:Z/ (HN N E L )—HY (WP )lds,  (3.54)
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where the last equality follows from the fact that also Wy C H; for all i. Estimating
the last integrals in (3.54) by (3.52) we get that

LN(E\ Py) < key APV

Combining this estimate with (3.53) yields
LVEN\Wr) < LV (E\ P + LY (P \ Wr) < ke APV 4 -5
kN-D)

and minimizing the right-hand side with respect to k we get the estimate
LN(E\ Wp) <A (3.55)

for A less than some A3z depending on ¢y, ¢3, N. The conclusion then follows from
(3.55) and from the fact that, since LV (E) = LN (Wr),

LY (Wr \ E) = LN(E\ Wr) < CA*W™)

Finally, if A > Asz, (1.11) easily follows with a suitable constant ¢y depending on
Az and LN (Wp). O

4. Convex sets

In this section we give the proof of Theorem 1.3. Namely, we show that if E is
a convex set, Theorem 1.1 holds with the estimate on the £V measure of EAWp
replaced by a stronger estimate in terms of the Hausdorff distance between E and
Wr.

Next lemma shows how the diameter of a convex set of given volume can be esti-
mated by its perimeter.

Lemma 4.1. Let C be any open convex set. Then, there exists a constant cg, de-
pending only on N, such that

[HN—] (ac)]N—l

diam(C) < cg [ZN (C)]i 2

Proof. Let us fix two points x, y € dC such that
d :=diam(C) = |x — y|.

By rotating and translating, we may always assume without loss of generality that
the vector x — y is parallel to ey and that (x, ey) > (y, ey). Setting LNC) =M,
by Fubini’s theorem there exists s € R such that

HN M e RV (W, s) e ) >

SIS
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Replacing x by y if necessary, we may assume that (x,ey) —s > d/2. Let V
denote the convex hull of the point x and the (N —1)-dimensional section Cy. V is a
cone contained in C and a well known property of convex sets (see e.g. [5, Lemma
2.4]) implies that

HNYov) < HNLB0). 4.1

Let us denote by S C 9V the lateral surface of the cone V. Since the height of V is
at least d /2 a simple estimate based on the coarea formula gives

HN! HN2HCy) . (4.2)

(S)Zm

This estimate proves the assertion when N = 2. If N > 3, the classical isoperimet-
ric inequality yields

HNT2OC) = (N — Dopy_| [HN*(cs)] > (N — Doy} (;) :
Therefore, from (4.1) and (4.2) we get
L g M\ N
HN_I(BC) > (1)1]\\;:]15<j) .
Hence, the assertion follows. ]

Lemma 4.2. Let C and W two open convex sets such that LN (C) = LN (W) and
LN(CAW) < LN(C)/2. Then, there exists a constant co, depending only on N,
such that

§u(C, W) < co(diam(C) + diam(W)) Lrcamy’

, < cg(diam iam —— .
H 9 N (C)
Proof. Letus assume that 65 (C, W) > 0, otherwise there is nothing to prove. Since
the role of C and W in the definition (1.15) of the Hausdorff distance is symmetric,
we may also assume without loss of generality that

Sy (C, W) =sup inf |x — y|.
xeC YEW

Since W is convex, the function x € C +>dist(x, W) is convex. Since a convex
function on a convex set attains its maximum on the boundary, there exists a point
X € C \ W such that 87 (C, W) =dist(x, W). Let us denote by y the point in d W
such that

Sy(C, W) =dist(x, W) = |x — ¥]|.
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Up to rotation and translation, we may assume that x = 0, thaty = (0,...,0,dp)
and that W C {(x/,s) € RY : s > 8y}. Notice that from this inclusion it follows
that no point of C lies below the hyperplane xy = 0, otherwise the Hausdorff
distance between the two sets C and W would be strictly greater than |x — .
Therefore, recalling the assumption LN(CAW) < LN(C) /2, we have that

N
LV, s)eC:s>8y)) > £ 2(C)'

Thus, by Fubini’s theorem there exists so > §y such that

LY(©)

N—1
H G0 > S am©)

(4.3)

Let V be the cone equal to the convex hull of the origin and of the set Cy, and let
Vi={(x',s) e V:0<s <8y}.

Then, V' C C \ W, and thus, taking into account (4.3), we get

SH
cNe\wy =V = / HN Y, s) € V' Dds
0

) _
= ./(; H'HN_I(CSO)(;_O)N lds

NGOy sy LY Oy
~ 2diam(C) N5 T 2N (diam(C)N

From this inequality the assertion follows immediately. O

Proof of Theorem 1.3. Let C be a convex set such that LV (C) = LN (Wr), with
A = A(C) < 1. We have

1 2
HN1(DC) < —Pr(C) < —Pr(W) <c,
mr mr

where the constant ¢ depends only on N, M and my. Thus, from Lemma 4.1 it
follows that

diam(C) <¢. (4.4)
Let us assume also that A < Ay, with

N (W a0
m (L0

2¢o
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where cq is the constant provided by Theorem 1.1. With this choice of A4, from
Theorem 1.1 we have that (up to a translation)

N
LN (CAWE) < oA™Y < #

The result then follows from Lemma 4.2 and (4.4). The case A > Ay is obvious.[]
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