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Improved estimates for the Ginzburg-Landau equation:
the elliptic case

FABRICE BETHUEL, GIANDOMENICO ORLANDI AND DIDIER SMETS

Abstract. We derive estimates for various quantities which are of interest in the
analysis of the Ginzburg-Landau equation, and which we bound in terms of the
G L-energy E. and the parameter ¢. These estimates are local in nature, and in
particular independent of any boundary condition. Most of them improve and
extend earlier results on the subject.
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1. Introduction

Let 2 be a smooth bounded domain in RN, N > 2. For0 < ¢ < 1 we consider the
complex elliptic Ginzburg-Landau equation

1
—Aue = ue(l = lugl?>)  onQ (GL),

for maps u, : Q — C. This equation is the Euler-Lagrange equation for the
Ginzburg-Landau (G L-) energy functional

[Vug|> (1= |uel?)?
E.(ug) 2/ es(us)E/ ) + s
Q Q

4g2

and we will be concerned only with solutions u, with finite G L-energy.

The purpose of this paper is to derive estimates for various quantities which are
of interest in the analysis of (GL),, and which will be bounded in terms of the G L-
energy E, and the parameter €. These estimates are of local nature, and in particular
independent of any boundary condition. Most of them extend and generalize earlier
results on the subject.

|W|2

The G L-energy has two components: the kinetic energy on one side,

\u\ )?

and the potential energy V(1) = U=lul)” 6n the other. Our ﬁrst result yields an
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“improved” local bound for the integral of the potential, and shows that, for suitable
energy regimes, it is of lower order.

Theorem 1.1. Let Q2 = B and u, be a solution to (GL).. We have

/ Velus) < CoZele) 10q (2+ ES(”€)> , (1.1)
By

|loge| |loge|
where Cy is some constant depending on N.

Estimate (1.1) provides some non trivial information only if the energy is not
too large, more precisely only if

Ee(ue) < g~1/Co llog &l.

On the other hand, it is well-known (1) that there exist real-valued solutions to (GL),
such that the “energy balance”

|Vue|? 1= lue|*)?
2 4g2

holds pointwise, and such that £ (u) is of order e~ L. In this case, log(2+ %) ~

llog ¢, and therefore estimate (1.1) is optimal in this respect 2.

In another direction, the factor [log ¢| appearing on the right-hand side of in-
equality (1.1) is the typical energy of a vortex solution ® in dimension 2. It is
known @ that for these solutions the integral of the potential remains bounded in-
dependently of the parameter e: Theorem 1.1 gives therefore a generalization of
this fact for local integrals of the potential in arbitrary dimension, without impos-
ing any boundary datum. More precisely, if for some constant My > 0, E,(u,) <
Moy|log g], then (1.1) yields the bound

/ Ve(ue) < CoMolog(2 + M),
By

which is uniform in €. We would also like to emphasize that Theorem 1.1 is an
improvement of earlier results given in [15, 36, 33, 29, §] ),

(DTake for instance ug (x], ..., xx) = tanh(—2L-)
V2e

(D However, the optimal value of the constant C is not known.

A typical example is provided by a solution of the form u(x) = f(|x|) exp(if) on B; C C,
with f(0) = 0, f(1) = 1 and f verifying the ordinary differential equation — f” + fT =
Slzf(l — £2) (see e.g. [25]).

) This is a consequence of Pohozaev identity (see e.g. [7]).

On particular, in [8] it was proved

E£<u£>>2

Ve(ug) < C
[log ¢

-/Bl/zﬂ{lus\ilﬂ}
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Remark 1.2. Using the various tools presented in this paper, one may actually de-
rive a better estimate for the potential when the energy is small. More precisely,
there exist positive constants 71, 8 and C such that, if

/ ec(ts) < mllogel, (12)
B
then

/ Ve(ue) < CeP Eo(ue), (1.3)
B2

so that estimate (1.1) is far from being optimal for low energy regimes. The proof
of (1.3) can be obtained combining the clearing-out property (see Theorem 2.7 in
Section 2) with Proposition A.4 of the Appendix. We leave it to the reader.

Using various elliptic estimates, we are able to relate, in the same spirit, local
estimates for the gradient of the modulus to the potential as follows.

Proposition 1.3. Let u. be a solution of (GL), on By. We have

1/2
/ IV]uel)? < C (/ Vg<ug>+e(/ Vs(ua) ) (1.4)
B2 By By

where C1 is some constant depending only on N.

In contrast with Theorem 1.1, the result in Proposition 1.3 remains valid for
vector-valued solutions u, : By — R?, for arbitrary integer d ( the proof carries
over word for word). In the course of the proof, we invoke a bound on the L*-norm
of Vu, (stated in Lemma 3.1), which we hope is of independent interest.

Combining Theorem 1.1 and Proposition 1.3 with covering and scaling argu-
ments, we deduce the global bound

Corollary 1.4. Let Q2 be a smooth bounded domain in RN, N > 2, and u, be a
solution of (GL).. We have, for a constant C depending on €2,

f (| Viue| >+ vg<u8>) |1 + log(dist (x, 92))| " 'dx < CA (M) ., (L5)
Q lloge|

where, fort > 0, we have set A(t) =t log(2 + t).

As a consequence of the above analysis, we see that in some sense the main
contribution to the G L-energy stems from the gradient of the phase, at least in the
appropriate energy regime.

In a slightly different direction, a highly involved result of Bourgain, Brezis and
Mironescu yields improved interior integral estimates for |Vu.|?, with p < 2 (i.e. p
subcritical), in dimension three and for the energy regime E(u.) < Mp|loge| (see
[18], Theorem 8). Our purpose is to obtain a similar result in arbitrary dimension
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and for possibly larger energy regimes. Our approach is of somewhat different
nature and relies heavily on results in harmonic analysis which state that measures
with suitable growth over all balls are elements of the dual of wlp (see [38] and
references therein).

In view of possible oscillations in the phase, which essentially propagate in the
domain through an elliptic equation, it is not possible to expect a general improved
estimate involving only the energy (see e.g. [20, 12]). However, these oscillations
can be controlled by a weaker norm, say for instance the L'-norm of the gradient.
More precisely, we will show, as a consequence of Theorem 1.1 and [1, 2, 38], that
forevery 1 < p < 2, the following estimate holds ©)

1/p
/ |Vie|? =Cp (A (ES(MS)) -l-/ IVMs|> : (1.6)
Bi |log ¢ B

Estimate (1.6) can ever be slightly improved if instead of Theorem 1.1 we invoke
Jacobian estimates introduced by Jerrard and Soner [28] and Alberti, Baldo and the
second author [3]. Relying on our result in [13], and the aforementioned results in
[38], we obtain

Theorem 1.5. Let 1 < p < 2. There exist C;, > 0 such that if u is a solution to

(GL)g, then
1/p
E
f |Vutg|? scp( 8("8)+/ |wa|). (1.7)
Bij lloge| — JB

Remark 1.6. For boundary value problems, the term ||Vu,||;1 can be controlled
by the trace on d€2. More precisely, it has been shown in [7, 29, 8, 18, 5, 9, 3]
that global bounds for ||Vu,||rr(q) with p < % could be obtained under various

restrictive assumptions on g. = ug |3 and u.. The case g, belonging to H 172 with
the additional assumption @ |ge| = 1 was considered in [17] and then in [5, 9].
The case p = % was settled in [18] assuming a conjecture which we proved in
131 ®.

More precisely, the results in [3, 18, 13] yield, for |g.| = 1 and 2 smooth
bounded and simply connected ),

N—1
N\ N E¢(ug)
(/ |Vu8|N1> < C( LA ||gs||?_11/2) . (1.8)
Q llog &|

llog |
log |log |2

(DThe proof in [5] actually carries over to the case |g¢| is bounded away from zero, i.e. § >
|ge|l > a > 0.

(S)Using a new linear estimate given in [18], Proposition 4, see also [37, 16].

O)n [9], the assumption |gg| = 1 is replaced by an assumption on the G L-energy on the
boundary.

(6)Inequality (1.6) yields a nontrivial result only if E¢ (ug) <
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Notice however that in the global estimate (1.8) and the case g, € H 172 the ex-
ponent % is the best possible (see [18]), in contrast with the result of Theorem
1.5.

Combining (1.8) and Theorem 1.5 one obtains the announced generalization
of [18], Theorem 8.

Going back to Theorem 1.5, notice that estimate (1.7) is immediate if E,(u,) >
llog €|2, since by Holder’s inequality,

1/p 1/2
( / |wg|”) < c( f |wg|2) < CE,(un)'2.
Q Q

In view of Theorem 1.5 as well as the mentioned Jacobian estimates, it is tempting

to believe that estimate (1.1) can also be improved replacing possibly A(ﬁg (g”;))

by ﬁg(g";l) for suitable energy ranges '), In another direction, it would be interest-

ing to extend our estimates to boundary value problems (see e.g. [22]) and to the
corresponding parabolic equation.

ACKNOWLEDGEMENTS. The third author wishes to thank warmly the Centro di
Ricerca Matematica Ennio De Giorgi of the Scuola Normale Superiore di Pisa for
its kind hospitality during the preparation of this work.

2. Estimates for the potential V. (u.)

The purpose of this section is to provide the proof of Theorem 1.1. The vorticity set
Ve=1{x€Q, luc| =1-o00p},

enters in an essential way in our discussion. The constant 0 < o¢ < 1/2 appearing
in the definition of V, depends only on the dimension N, and will be defined at a
later stage of our analysis (see Appendix).

The main point in the proof is to provide integral estimates of the potential
Ve (ug) on small balls B(x, r), distinguishing carefully the case where the balls are
included in @ \ V, from the case where they intersect the vorticity set V.

2.1. Potential estimates off the vorticity set

We first have:

Theorem 2.1. Let x € Q and r > 0 such that B(x,r) C Q\ Ve. There are some
constants 0 < ag < 1 and 0 < oy < 1/2 such that if r > € and

. 1 £\~
Ec(ug,x,r) = N2 ec(ug) < (‘) s (2.1)
r B(x,r) r

(10 For instance, for E¢(ug) < eV, foragiven0 < y < 1.
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then

Ce? .
lug| > 1— —i(l + E (g, x,1)) on B(x,r/2). (2.2)
r

The proof of Theorem 2.1 follows some arguments in [11, 14]. The necessary
adaptation will be exposed in a separate Appendix. Theorem 2.1 provides a lower
bound for |u.| off the vorticity set. On the other hand, we recall some important
well-known global upper bounds.

Proposition 2.2. Let Q be a smooth domain in RN and u, be a solution of (GL), on
Q. There exists a constant C > 0 depending only on N such that, if dist (x, 02) >

€, then

|u (x)|<1+c—82 (2.3)
el = dist (x, 9Q2) ‘
C
[Vug(x)] < > (2.4)

Combining Proposition 2.2 and Theorem 2.1, we deduce immediately the following
uniform estimate for the potential on balls included in 2 \ V.

Proposition 2.3. Let x, r and u, be as in Theorem 2.1 and assume that r > & and
dist (x, 0Q) > /c. Then

2
& ~
sup  Ve(ue) < C— (1 + Ec(ue, x,1))%. (2.5)
B(x,r/2) r

In the proof of Theorem 1.1 we will invoke Proposition 2.3 for balls of fixed radius
r = ry, specifying throughout the choice of rp in a somewhat arbitrary way as

81/4
ro=—.

2

. . 2,
For this choice of r, the factor i—4 is equal to 16¢, and hence small.
0

2.2. Potential estimates on the vorticity set

In this section, we consider the case where B(x, rg) intersects the vorticity set Vs,
that is

1/4
dist (x, V.) < 87 (2.6)

In this situation, we show



IMPROVED ESTIMATES FOR THE GINZBURG-LANDAU EQUATION:THE ELLIPTIC CASE 325

Proposition 2.4. Assume that dist (x, 0€2) > el/8 and that (2.6) holds. Then there
exists some radius €'/* < r(x) < /8 depending only on us and x such that

c Box. s, !/8
/ Vele) < —Clog (24 Betrtte e ) / o). @)
B(x,r(x)) llog e| llog €| Bx.r(x)

where C > 0 is some constant depending only on N.

Comment. 1) We would like to draw the attention of the reader to the fact that
the Lh.s. of (2.7) is the potential integrated on the same domain B(x, r(x)) as the
energy e.(u.) on the right-hand side of the inequality. However the scaled energy
Ee(x, ug, €1/3) is considered on the larger domain B(x, 81/8).

2) In contrast with Proposition 2.3, the radius r(x) for which this inequality
holds is not fixed a priori, but depends on x.

The main tools in the proof are the monotonicity formula and the clearing-out
theorem which we recall first.

Proposition 2.5 (Monotonicity formula (DY, Assume u, is a solution of (GL), in
B(x, R). Then we have

d - 1 T (1 — Ju|H?
—(Es(ug, x,r)) = — -— —_—,
d}’( g(ua o 7")) I'N_Z /BB(x,r) on + I'N_l /B(x,r) 282
forO <r <R.
Remark 2.6. Note in particular that
4 Eo ) > f (=l (2.8)
— Ug, X, T)) > — >0, .
dr e rN-1 B(x,r) 282

so that for fixed x, the function F(r) = E. (ue, x, r) is a nondecreasing function of
the radius r. Moreover, setting

Gy [ Az
B(x,r) 2¢? ’

(2.8) yields the differential inequality
rF' > G, (2.9)

which relates in a simple way the energy integral and the potential integral on
B(x, r). This relation will be exploited in the proof of Proposition 2.4.

(IDHere we consider the version given in [8]. Earlier versions were given in [36, 33, 29].
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Theorem 2.7 (Clearing-out (!?for vorticity). Let u, be a solution to (GL),, x € L,
r > ¢ such that B(x,r) C Q. If

V. N B(x, %) #0,

then ~
Eé‘(ué‘v X, r) 2 ’70| 10g(§)|,

where ng > 0 is some constant depending only on N.
Proof of Proposition 2.4. For s € I, = [%log g, 1 loge], set f(s) = F(exps),
g(s) = G(exps), so that relation (2.9) writes, for f and g,

f(s) > g(s) Vs e I. (2.10)
For this ODE we invoke the next elementary lemma.

Lemma 2.8. Let I = [a, b] be a bounded interval of R, f and g two nonnegative
absolutely continuous functions such that

f>¢g on 1.

Then there exists so € I such that

1 f ()
(s0) = ,—lo ( ) (s0) - (2.11)
00 =50 T )
Applying Lemma 2.8 to (2.10) we deduce that there exists some r(x) € [¢!/4, £1/8]

such that

F(e'/®)
F(81/4)

G@rx) < ! log ( ) F(r(x)). (2.12)
llog e

On the other hand, by the clearing-out theorem, since B(x, #) NV, # ¥, we have

n
Fe') = Eo(x, e, M%) > ol log(—— 40|10g8|. (2.13)

el /4 )=
Combining (2.12) and (2.13), we deduce the conclusion (2.7).

Proof of Lemma 2.8 The argument is by contradiction. If (2.11) were false, we
would have

f/(s) > Af(s) Vs € la,b],

(I2)This kind of result was proved under various assumptions in [15, 36, 33, 29, 30, 8, 10] and
termed n-compactness in [33, 29, 30], n-ellipticity in [8, 10]. Here we follow the terminology in
[27, 11], which was introduced by Brakke [19].
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where we have set

(S
A‘b—al"g<f<a>)’

so that J
a(exp(—ks)f(s)) >0 on Ja,b].

Hence, by integration

f(b) > exp(=Ala — b)) f(a) = f(b),

a contradiction.

2.3. Proof of Theorem 1.1

Recall that in this section 2 = Bj. First, notice that we may assume throughout
that u, satisfies the energy bound

Ee(ue) < e o, (2.14)

where By = O‘—ZO, ao being the constant appearing in Theorem A.2. Indeed, if other-

wise E; (up) > &0, then, as alreadzy mentioned in the introduction, the conclusion
is straightforward, choosing Cp = o

We next consider the sets
ol/4
A, = xGBl/z, dist(x,Vg)Sr():T and Fé‘:Bl/Z\ASv
sothat A, UT, = Bi.
Step 1: bounds for the potential on I';. If x € I'¢, then B(x,r9) C B34\ Ve

provided ¢ is sufficiently small, and we may therefore invoke Proposition 2.3 to
assert that
Ve(ue(x)) < Ce(l+ Ee(ue, x,r))>. (2.15)

By monotonicity we have
- - 1
E¢(ue, x,r9) < Es(“87x7rO+Z) < CE¢(ue). (2.16)

Combining (2.15) with (2.16), together with the fact that E,(u,) < ¢ # < ¢71/2,
we deduce

sup Ve (ug) < Ce'2(1 4 Eg(up)). (2.17)

Te
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Step 2: integrating the potential on A.. If x € A, then dist (x, V) < ro, so that
we may apply Proposition 2.4. Combining (2.7) with the monotonicity formula as
above, we deduce

(2.18)

ee(ug) log <2 + Eﬁ(ua)) :

/ Ve(ug) <
B(x.r(x)) llog el JB(x,r(x)) llog ¢

We next consider the covering U,cp, B(x, r(x)) of A, and apply Besicovitch cov-
ering Theorem. This yields a finite set A = {xy, ..., x;} C A, such that

Ag CUxeaB(x, r(x))
and the balls B(x;, r(x;)), i = 1, ..., m can be distributed in ¢ families By, k =

1, ..., £ of disjoint closed balls, where £ is a constant depending only on N. We
write

m
Ve(ue) < / Ve (ue)
/;\8 ; B(x;,r(xi))
C Ec(u =~
< log <2 + M) Z/ ee(ue).
[log ¢| Hogel ) = JBexirean

On the other hand,

m 4
Y[ awr=y( X [ aw
i=1 Y Bxi,rx)) k=1 \B(x;.r(x;))eB; ¥ B&xi.r(xi)) (2.20)

<ULE:(ug).

(2.19)

Combining (2.18), (2.19) and (2.20), we obtain

C E¢(ug)
/ Ve(ug) < ——E¢(ug) log (2 + ) . (2.21)
A llog &| lloge|

Step 3: Proof of Theorem 1.1 completed. We distinguish two cases.
Case A: E.(u,) > ¢'/?|loge|. It follows from (2.17) that

E¢(ug)
lloge| ’

sup Ve(ug) < C (2.22)
Ie

so that the conclusion (1.1) follows from (2.22) and (2.21).

Case B: E, (u;) < &'/ 2|10g ¢|. In this case it follows from the clearing-out theorem
that if ¢ is sufficiently small,

lugl > 1 — o9 on  Byo,

sothat A, = ¥, and I'y = By /2. The conclusion (1.1) then follows from Proposition
A.4 of the Appendix.
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Remark 2.9. Let ¢ < r < 1. The analogue of (1.1) for the ball B, writes, by
scaling,

Eelte, 1) 1o (2+ E.(ue, ) > (2.23)

Ve(ug) < e
/B,,z T Jlog g rN=2|log £|

where E(ue,r) = [ ec(ue) = rN2E¢(ue, 0, r). Indeed, setting i (¥) = ue (rX)
for X € By, we verify that iz, is a solution of (GL)z on By, for € = ¢/r. Moreover,
we have

- 1 - 1
E.(ug) = rN—_zEs(us’ r), / Vz(uz) = rN——Z/ Ve (ug).
By By

3. Gradient estimates for the modulus ||

The aim of this section is to prove Proposition 1.3. The starting point is the elliptic
equation for the function { = 1 — p2 = 1 — |u.|?,

2
—Ag +25 0 =2 Va2, (3.1)
&

which is a straightforward consequence of (GL).. We introduce next a test function
x € C°(B1) such that x = 1 on By and x = 0 on By \ B34. Multiplying (3.1)
by x2¢ and integrating by parts, we obtain, after a few standard computations,

1 2 2 2 2
5_/ IVel]” <2 ¢IVuel” +2 eoIVxl®. (3.2)
Biy2 B34 B34

On the other hand, we have the pointwise equality |V¢ | = |V |ug|?|*=4|us |*|V|us | |2,
so that

1
IV]uel 1> = ZIWIZ + (1 = [ueHIVIuel 12 < = IVEP 4 1211V |ue| %,

sl —

and hence (3.2) yields
3
f IV ue| |* 525/ 21| Vue|* + V. (3.3)
B B34 B34

To complete the proof of Proposition 1.3, we apply Cauchy-Schwarz inequality to the
first integral on the right-hand side of (3.3). This involves the term ||Vu,| |L4(B3/4),

which is handled by the following

Lemma 3.1. We have

1
/ |Vue* < C 1+—2/ Ve(ue) | . (34)
B34 &7 JBys

where C > 0 is a constant depending only possibly on N.
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Comment. The factor £~2 in (3.4) is somewhat optimal. This can be checked
both for vortices and kinks. For vortices, i.e. planar complex solutions of the form
ue. = fe(r)exp(if), we have

341 c ¢
/ Vue|* ~ c/ —rdr ~ =~ — | Ve(up),
Biys e T € e~ JB
whereas for the standard kink tanh(ﬁ) we have

y ¢ c ¢
|Vug|" ~ C —dx >~ =~ Ve(ug).
Bys gt &3 &2 Jp

—&

Proof of Lemma 3.1 On the ball B4/5 we decompose the function u, as u, = ve +w,
where w, is a harmonic function and verifies w; = u, on the boundary 9 B4/s. In
view of Proposition 2.2, u,, and hence w, are uniformly bounded on d B4/s, so that,
since w, is harmonic,

[Vwg| < C on  Bj, (3.5)

where C depends only on the dimension N.
Turning to v, we notice that by construction v, = 0 on d B4/s, and that

C
|Ave| < ;ngg)”z.

Hence by standard elliptic theory

C
e l12, <= Ve (ue). (3.6)
H=(By/s) g2 B

4/5
Moreover, since u, and w, are uniformly bounded on By/s, the same holds for vg,
i.e.
llvellLoo(Bys) < Cs (3.7)

where C > 0 is depending only on N. We next invoke a classical Gagliardo-
Nirenberg type inequality which asserts that
< Cllvell g2lvel[L, (3.8)

2
||Vv8||L4(B4/5)

where C depends only on N. An elementary proof of (3.8) may actually be derived
as follows. Since v = v, is compactly supported in B4/5, we may write, for i =
1, ..., N, integrating by parts,

||vxi||‘lt,4(B4/5) = / Uifvxi = _/(vii)xiv = _3/ vxixi (UXi)ZU (39)

2
< 3Jlvxx 2 v |4l [0l 200
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which yields (3.8). Combining (3.6), (3.7) and (3.8), we obtain

C
4
||va||L4(B4/5) =< 8_2/34/5 Ve(ue). (310)

Invoking finally (3.5) together with the decomposition u, = v, + w, we complete
the proof of Lemma 3.1

Remark 3.2. In view of the inequality |Vu,| < C/e, we deduce by (3.5) that
[Vvg| < C/e on Bj4. It follows that for any p > 4 we have

p CP
||Vv5||L1’(B3/4) = ep—_z Vs(u8)7
Byys

and hence, for every p > 4,

1
/ |Vug|? < Cp —2/ Ve(ue) +11. (3.11)
B3 er Bys

As in the case p = 4, the exponent ¢ ~(?~2) is somewhat optimal. We conjecture
actually that inequality (3.11) is true for every p > 2.

Proof of Proposition 1.3 completed. We go back to inequality (3.3). In view of
Lemma 3.1, we have, by Cauchy-Schwarz inequality

2 2
/B E1198? = 181220y Ve 4 g,
3/4

12 12
=c(/ szvg(ua) <1 +f s—zvgwg))
( Byjs Byys (3.12)
1/2
<C / Ve(ug) + ¢ (/ Vs(”s))
Bys Byys

The conclusion follows.

Remark 3.3. Combining Theorem 1.1 and Proposition 1.3 we are immediately led

to the inequality
E
/ IV|ug| > < C2A <M> ) (3.13)
BI/Z |10g8|

Indeed, as in the proof of Theorem 1.1 one distinguishes two cases:

Case 1: fB4/5 Ve (ug) > &2. In this case 8(f34/5 Ve(ug))'/? < fB4/5 Ve (u;) and the
conclusion follows directly from (1.4).

Case 2: f Bys Ve(ug) < 2. One concludes in this case using Proposition A.4.
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Remark 3.4. Asin Remark 2.9 we may argue by scaling to assert that, fore <r <1,
we have

Eg(ug,r) lo <2+ Eg(ug,r) ) (3.14)

\% 24+, < —_—
Ar/2| luel 1”4+ Ve(ue) < |log§| rN*2|10g§|
Proof of Corollary 1.4. Let Q be an arbitrary smooth domain in RV . Let ¢!/ <
r < 1 and consider a ball B(x, r) C Q. As a direct consequence of (3.14) and the
elementary inequality log(2 + ,NL—z) <log(2 + E)(1 4 |logr]), it follows that

2 C Es(ua)
[VIug| |“4+Ve(ue) < ——log [ 2 + (1+[logr|) ec(ug).
B(x,r/2) llog e| [log | B(x.r)
(3.15)

Using a covering argument, we deduce

Es(”e))

/ (1 Vluel P+ Ve (ue) ) 11-+Hlog(dist (x, 892)) | ~'dx <CA (
{dist(x,0Q)>¢!/4) |loge|

On the other hand,

/ (1 Vel 1+ Vi) ) 11 + log(dist (x, 92) | dx
{dist(x,0Q)<e!/4}

E¢(ug) - CEa(ue)
- 1+%|10g8| ~ |loge]

Combining the last two inequalities, the conclusion (1.5) follows.

4. L7 estimates for Vu., p <2

The purpose of this section is to prove (1.6) and its improvement (1.7) stated in
Theorem 1.5. Throughout this section, our arguments follow closely methods in-
troduced in the afore quoted literature. We first decompose the gradient into contri-
butions of phase and modulus, writing (here and in the sequel u = u,)

Mu?|Vul> = 4lu x Vul® + |V|ul?|?, 4.1)
so that
AVu)? = 4u x Vul> + |VIul*)? + 41 = [u)?)|Vu|*. 4.2)

For the two last terms on the right-hand side of (4.2) we invoke our previous esti-
mate (3.13) and (3.12), so that

E
/ V1P + 41— JuP| [VuP® < CA (ﬂ) ,
By» |10g8|
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so that, by Holder inequality,

1/p 1/2
/ VIuPI? + 41 — WP [VaP??)  <c (A (M» 43
31/2 |10g8|

It follows in particular, that if E.(u.) > ni|loge| (where n; is the constant ap-

1/2
pearing in Theorem A.7 of the Appendix), then since (A (ﬁffg";l))) <C ﬁg;“;l) ,

we deduce

1/p E.(u,)
/ IVIulP|? + 41 — [u]?| [Vu>)P?) <2 (4.4)
By |10g8|

4.1. Decomposing u x Vu

Recall that the term u x Vu represents essentially the gradient of the phase ('3, and
verifies the equation div (4 x Vu) = 0 ¥ It is convenient to rewrite this equation
in the formalism of differential forms (1)

d*(u x du) = 0. 4.5)

In order to derive an elliptic system for u x du it is useful to consider the Jacobian
Ju=duxdu) =2 _ uy x Uy; dx; A dxj as well as the truncated quantity

i<j i

J=d(xuxdu) = xJu—+dx A u x du), (4.6)

where 0 <
such that x

< 1 denotes a smooth function, compactly supported in B7/g, and
1 on Bg,7. Let v be the solution of the elliptic equation

>

A‘\p = j on RN,

obtained through convolution with the fundamental solution of the Laplacian. Since
dJ =0, it follows that A(dvy) = 0, so that dyy = 0 on R". Hence, we are led to

dd*y = dd*y +d*dy = Ay = J,

so that
du x du —d*) =0 on Bg7.

By Poincaré Lemma, there exists some function ® on Bg/7 such that

uxdu=dd+d*y on Bgy. “4.7)

(3 ndeed, if u # 0, then u = |u| exp(ig) and u x Vu = |u|*V¢.
(I4)Take the exterior product of (GL)¢ with u.
(15)4 denotes the exterior differential, and d* = =+  d its formal adjoint.
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Moreover, applying d* to both sides we deduce
AP =0 on  Bgy.
By standard elliptic estimates it follows
||vq>||L°°(B5/6) = C||VM||LI(B6/7) + ||VW||LI(36/7)- (4.8)

Next, we write ¥ = | + Yr», where y; is the solution (obtained through convolu-
tion with the fundamental solution of the Laplacian) of the equation

AYr=dx A(uxdu) on RV,
Clearly, by standard elliptic estimates,
IVl (Brys) < ClIVll L1 gy - 4.9)
At this stage it remains to analyze the term v, solution of
Ay =xJu on RV, (4.10)
which is the central part of the proofs of inequalities (1.6) and (1.7). We begin with
the proof of (1.6).

4.2. Proof of (1.6)

In order to avoid oscillations of # when |u| >~ 1 we first reproject u. To that aim let
f : RT™ — [1, 2] be a function such that f(t) = % ift >1/2, f@) =1ift < 1/4
and | f'| < 4. Set

u= f(ul) -u on Bj.

Notice that
Jii = d(f*(lupu x du) ~ and \1 - f2(|u|)\ <C - [u).

Moreover, a property which is central in the proof is that

Jul = C

22
Sl U0 '2”') = CV,(up). (4.11)

Indeed, if |u| > 1/2, then by construction Ju = 0. On the other hand, if |u| < 1/2,
then Ve (ug) > ﬁ, whereas |Ji| < 8% as a consequence of estimate (2.4).

Let us show next that the difference Ju — Ju is small in a suitable norm.

Step 1: comparing Ju to Ju. We claim that for 1 < p < 2,

|Jii — Jull )< Cpe* P E.(uy). (4.12)

14
W=LP(By g

In particular, if V¥ is the solution of Ay; = x Jii on RY, then we have,

/ IV = Y1 < Cpe® PEe(u,). (4.13)
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Proof. We have Ju — Ju =d((1 — f2(|u|))u x du), and

(L= f2uD)u x dullf g, o < Cf (1= [u*)?|Vul?

By

1—
<c (/ (- |u|2>22"p) Ecus)?
Bys (4.14)

1-4
<C (/ (1— |u|2)2) Ee(ue)??
Bys

=< Csz_pEs(us),

S}

so that (4.12) and (4.13) follow. O
In order to handle 1/~/ 1, we consider the (vector) measure p defined by
uw=xJudx on RV,
In view of (4.11) we have
Il < CxVe(ue)dx  on RN, (4.15)
Next we consider, for ¢ > 2, the maximal fractional operator (see e.g. [38], p.204)

M|l (x) = sup{r?N|u|(B(x,r)), r > 0},

Step 2: estimate of || M|l || rn). We have, for every g > 2,

E.(ug)
Mgl |l < CA [ ——— ). (4.16)
llog ¢|
Proof of (4.16). In view of the definition of u we have, by Theorem 1.1
E
W@ < [ Vi = ca ( 8”‘”) . “.17)
B7/3 |10g€|
Next, forx € RN and /2 <r < 1/16 we have, by (3.15),
E¢(ug)
|l (B(x,r)) < log{24+ ——— ) (1+|logr|) ec(ug). (4.13)
[loge| [log | B(x.r)

Combining (4.18) with the monotonicity formula, we are led to the inequality, for
x e RN, ¢1/2 < < 1/16,

(4.19)

|l (B(x, ) < Cr¥=2(1 + [log rA (ES(M8)> :

|log &
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Finally, for small radii 0 < r < £!/2, we have the straightforward estimate

I(Bx, 7)) < / seelue) < CrV—2E, (),
B(x,r)

so that, in this case
F N ul(B(x. 1) < Ce'T Eo(ue). (4.20)

Combining (4.17), (4.18) and (4.20), (4.16) follows.
Step 3: estimate for ;. Recall that

AV =1 on RV,
By Theorem 4.7.4 of [38] !9, for every 1 < go < g1 < N we have

||M||[W1,ql (RN)T* < C(qo, CII)||Mq0|M| [Loe.

By duality, since p is compactly supported in Bj it follows

IVl 4t ) < €0 ql Mo il v (“.21)
Finally we choose ¢; = p so that ¢ > 2. Choosing g9 = ‘“—;2 we have gg > 2 so

that we may estimate the right-hand side of (4.21) by Step 3. this yields

Ee(ue) ) . (4.22)

Vi < C,A
VY llLeg) < Cp <|10g8|

Step 4: proof of (1.6) completed. Combining (4.9), (4.13) and (4.22) we obtain

E¢(ug)
[log ¢ ) .

IVYillLrs,) < CpA ( (4.23)

Combining (4.23) with (4.9), we deduce

E¢(ug)
||v‘/’||L”(36/7)5CP A log ¢| +||vu||Ll(BS/9) ’

and hence by (4.8)

E¢(ue)

(16)\hich goes back to results in [1]. See also related issues in [26, 2, 31].
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Going back to (4.7) we are led to

v <c. (A E¢(ug) v 404
llu x ””U’(Beﬁ)— P llog & + I “||Ll(38/9) . (4.24)

Next we distinguish two cases.

Case 1. E.(u:) < nillogel|, where n; is the constant appearing in Theorem A.7
of the Appendix. Then we may apply Theorem A.7, and (1.6) is an immediate
consequence of (A.39).

Case 2. E.(us) > ni|loge|. Then (1.6) follows combining (4.2), (4.3), (4.4) and
(4.24).

4.3. Proof of Theorem 1.5

As mentioned in the introduction, and in view of Theorem A.7 it suffices to consider
the case

nilloge| < Ee(u;) < |logel?, (4.25)

where 77 is the constant appearing in Theorem A.7. We therefore assume (4.25)
holds throughout this section. The main difference with the proof of (1.6) is the
treatment of equation (4.10), and the way we approximate the Jacobian Ju.. The
main new ingredient is an approximation procedure, taken from [13]. The mono-
tonicity formula, which is crucial in the above proof of (1.6), (see e.g. (4.20)) does
not hold however for the approximating map, at least at very small scales. In order
to overcome this difficulty we smooth out W using a convolution by a mollifier.
More precisely, we introduce a small scale &y of the form

1 \Xo
80 = 8o(e) = (IlogSI) , (4.26)

where kp > 0 will be determined later. Let ¢ a smooth positive function compactly
supported in B; such that || B &= 1, and set

e = 8,00,
We introduce next the 2-form
Y1 =1 %L,
so that V| satisfies the equation
AV = (xJug) * g on RV,

The first observation is that 1/71 is close to ¥rg.
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4.3.1. Comparing V| to V|

Proposition 4.1. We have

IV — V|| < CoEe(ue), (4.27)

IVl 2 + 1Vl 2 < CEs(ue)'/? (4.28)

so that for any 1 < p < 2 we have by interpolation

1V = Vnller = Cosf Eutue) 7. (4.29)
Proof. Recall that for any function w and 1 < p < +o0,
llw* e —wllLr = Cpdol|Vw|Lr. (4.30)
We apply (4.30) to w = Vi1, p = 1. To that aim, we claim

IVYillwin < CEe(ue), 4.31)

Proof of the claim. Tt follows from a result in [23] that if v € H!(RY; C), then the
Jacobian Jv belongs to the Hardy space ', and that

1Tl @y < ClIVOIl 2@y (4.32)

On the other hand, a classical result in harmonic analysis states that if f € H!(RY),
then

IV2AT Pl 1@y < ClLE g vy (4.33)

We apply (4.32) to a suitable extension of u, to the whole of R, so that by (4.33)
and a few auxiliary computations we deduce

VAT (xJua)llpi@ny < ClIVuell2@ny.

and the claim follows.
Inequality (4.27) is then a direct consequence of (4.31), whereas for (4.28) we
invoke the identity Ju, = d(u; x duy).
O
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4.3.2. Approximation with vorticity bounds
The main result of [13] is

Proposition 4.2. Let 0 < y < 1 and u. : By — C be such that E;(us) < e77V.
There exists constants C > 0 and a > 0 depending only on y and N such that there
exists a smooth function v, : By — C such that

lvg] <1, Ec(ve) < CE¢(ug) (4.34)
E
[[Jvellp = C e (te) (4.35)
llog ¢
lve — uell2(p,) < Ce¥Ee(ue)'/?. (4.36)

Notice in particular that if u, and v, are as above, then
Jug, = Jue + kg, 4.37)
where
ke =dhe =d (ug — ve) X d(ug + vg)) . (4.38)
If u, itself is uniformly bounded, we have the following
Lemma 4.3. Assume u is as in Proposition 4.2 and verifies moreover
lug] <2 on Bjp. (4.39)
Then, for any 1 < p < 2, we have
lIellLr < Cpe®r Ex(ue)'/?, (4.40)

where C,, > 0 and 0 < o, < 1 depend only on p.

Comment. In the case considered above, Ju. has been split in a term bounded in

L' by ﬁg(g”;‘) and a term which is small in W17 forevery 1 < p < 2.

Proof of Lemma 4.3. Since by (4.34) and assumption (4.39) ||ug — vel|po < 3 it
follows by interpolation and (4.36) that, for any r > 2,

2 -2
e = vellzr ) < e = vell S e = vell gty < CE*/7 Eplue) /",

Hence, for 1 < p < 2,
||h€||L1’(Bl) < lug — Us||L2p/(p72)(Bl)Es(Us)p/2 =< CS(Z_F)aEe(us),

so that the conclusion follows.

We provide next a more localized version of Proposition 4.2.
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Proposition 4.4. Let | < p < 2 and assume u, satisfies (4.25). Let ky > 0 and set
81 = 81(¢) = |loge| 8. Then we may decompose x Ju, as

xJug = v +re,

where v, is compactly supported in B7,3 and satisfies, for some constant C (k1) > 0
depending only on N and k1,

E
suplr® ™Vl BGr, ), 3 €RY, 7= 816)) = CUR)TEID (4D
oge
and where r, satisfies, for some 0 < B < 1 depending only on p and ki,
rellw-1.0(8,) < CpeP Ec(ue)'/?. (4.42)

Proof. The argument is to apply Proposition 4.2 on balls of size §1(¢) and then
reconnect the resulting functions thanks to a partition of unity. More precisely,
cover Bj by balls B; = B(x;, 81(¢)),i = 1, ..., £; such that the balls B(x;, §;/8) do
not intersect, and consider a partition of unity {x;}1<;<¢, for the previous covering,
i.e. such that yx; is smooth, compactly supported in B(x;, §;) and moreover

C
Vil = 5 (4.43)

for some constant C depending only on N.
On each ball B; we apply Proposition 4.2 to the restriction of u,, after a suitable
change of scales. This yields maps v, : B; — C such that |[v.| < 1 and

. . C
/ ee(vi) < C / s (its), vl < o) (444)
B; Bi B; [loge| Jp,
and

lte = vel22 ) < CO76% / cite). (4.45)
i B;

Moreover, for Ké = Jug, — Jvé =dh; =d ((ug — ve) x d(ue + v:)) we have, for
every 1 < p <2,

2-p)/ e
|hillLr sy < Cpdy™ PP (/ ee(us)) . (4.46)
B;
Setting ve = x (3_; xi Jvl), we may write x Jus = v, + re, with
Le Le Le

re = X(Z Xikt) = Zd(xx,-hf;) + i:d(XXi)hi.

i=1 i=1 i=1
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In view of (4.46) and (4.43), we derive (4.42). Concerning v,, we have to bound
uniformly 2~V / B(r.r) |ve|. Firstly we notice that by (4.44) and the properties of
the covering, we have, for sufficiently small ¢ and r > §;(¢)

/ [ve| < xee(ue),
B(x,r) |10g8| B(x,-,8r)

where x > x is some smooth function with compact support in Bg/9. Hence, by
monotonicity,

E¢(ug)

sup{rz_N/ lvel, r =81, x e RV} < € : (4.47)
B(x,r) |10g 8|
and the proof is complete.
O
We now turn to the measure Vg = v, * .
Lemma 4.5. Assume ko = ki, i.e. 5o(e) = 81(¢). Then we have
~ E¢(ug)
M o0 <C , 4.48
M2 Ve [|poomy < loge| (4.48)
where the constant C depends only on ko = k.
Proof. In view of the definition of 7, we have, for any y € RV,
Bl < €8 Y / |Vel. (4.49)
B(x,80)

In order to bound r2~—V / B(.r) [Ve (y)|dy uniformly on R, we distinguish two cases.

Case 1: r < §p. By Proposition 4.2 and (4.49), we have

N o Ee(uy)
1P (»)] < €852 |1Zg;|'

Integrating, we deduce

E E
2N / D] < Cr2s;2 Lelte) o Belte)
B logel ~  Togel
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Case 2: r > §p. We write

/ IMM®=/
B(x,r) B(x,r)
s/ / £ (D) vel(y — 2) dzdy
B(x,r) J B(0,80)

= / / Ce(D)|vel(y — 2) dydz (4.50)
B(0,50) J B(x,r)

=3/ Q@)(/ WAdew)dz
B(0,380) B(x—z,r)

< CI’N_Z E¢(ug) ’
lloge|

dy

/ Ce(@Dve(y — 2)dz
B(0,380)

where we invoke Proposition 4.4 for the last inequality. Combining the two cases,
the conclusion follows. O

4.3.3. Proof of Theorem 1.5 completed

The main difference with the proof of (1.6) is that instead of (4.23) we are now in
position to use the stronger estimate, if u, verifies (4.25),

E¢(ug)
» .
[log ¢

IVYillLr s, = € 4.51)

When (4.51) is established, then the proof carries out almost verbatim.

Proof of (4.51). We determine the constant kg in (4.26), going back to (4.29).
Indeed, choosing

2 2
ko =k = (1 ——)7,
P
we obtain by (4.29)

E¢(ue)

IVt — Viillr < Cp :
llog ¢

(4.52)

Next, we write ¥ = 1}? + x/~/11 where &? is the solution obtained by convolution
with the fundamental solution of the Laplacian of

A&? =7 on RV,
and where similarly 1/711 solves

AJI?:FSE;’S*Q on RN,
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In view of Lemma 4.5 and invoking once more Theorem 4.7.4 of [38], we obtain

. - E.(ug)
IVYLr < [IMalDe] |10 < Cp—iz. (4.53)
|log &
By (4.42) in Proposition 4.2, we deduce
- E.(u;)
IV ilr < CpeP Ee(ue) < Cp———22, (4.54)
llog ¢|

so that combining (4.52), (4.53) and (4.54), we obtain (4.51).

Appendix

In this Appendix we consider the following situation. Consider the unit ball By C
R¥, and u, a solution to (GL), verifying

1
lue| = 3 on By, (A.1)

or the even more restrictive assumption
|u£| 2 1 - GO’

where 0 < o¢ < 1/2 is some constant which will be introduced later. In particular
we may write

Uy = ppe'¥e on By, (A.2)
where ¢, is a real-valued function defined on By and p, denotes the modulus |u,|
of u.. Our aim is to derive a number of improved estimates, in particular pointwise

estimates, under the additional assumption (A.1). This will lead us among other
things to the proof of Theorem 2.1.

A.1. Pointwise estimates

We first have
Proposition A.1. Let u, be a solution of (GL), on By verifying (A.1), then

luel = 1= Ce(1+ [IVeellisy)  on By (A.3)
i

where C > 0 is some constant depending only on N.
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Proof. The equation for 6, = 1 — p, writes
—Ab; +ab, = b, (A4)
where we have set

1+ (1—06,)?
a=———— b=0-0)IVel (A5)
We can conclude applying the maximum principle as in the Appendix of [14]. [J

Our next purpose is to obtain pointwise bounds for |Vu,|, and hence |Vg;|. To
that aim, we introduce a bound on the energy of the form

Eg(ug) < S_a, (He)
for 0 < a < 1. We then have

Theorem A.2. Let u, be a solution of (GL), on By. There exist constants 0 <
ap < land 0 < op < % depending only on N such that if (Hy,) is satisfied and if

lugl =1—-09  on By, (A.6)

then

(A7)

]

eg(ug)(x) < C/ eg(ug), on B

By
where the constant C depends only on N.

Remark A.3. In a more general context, Chen and Struwe [21] (see also [34]) es-
tablished (A.7) replacing (Hy) by the stronger assumption

Ec.(ug) < yo, (A.8)

where yp > 0 is some constant depending only on N. Our proof of Theorem A.2
will rely on the Chen-Struwe result in an essential way. The main point is to show
that (A.8) is met locally, after suitable scalings.

Proof of Theorem A.2. Changing u, possibly by a constant phase, we may impose
the additional condition

1

— | ¢, =0. (A.9)
1B Js, "

Inserting (A.2) into (GL), we are led to the elliptic equation

—div(p?Vg,) =0  in By. (A.10)
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In contrast with the equation for the modulus, (A.10) has the advantage that the
explicit dependence on ¢ has been removed. We will handle (A.10) as a linear
equation for the function ¢, p. being considered as a coefficient. In the sequel, we
write ¢ = ¢, and p = p, when this is not misleading. In order to avoid boundary
conditions, we consider the truncated function ¢ defined by ¢ = ¢ x, where x is a
smooth cut-off function such that

leonB% and XEOOHRN\B%.
The function ¢ then verifies the equation
—div(p? V@) = div(p’>eVx) + p’Vx - Ve  in Bj. (A.11)

Moreover, by construction
supp(¢) C Bs.

Since by assumption p is close to 1, it is natural to treat the Lh.s. of (A.11) as a
perturbation of the Laplace operator, and to rewrite (A.11) as follows

—A¢ = div((p? = V@) + div(p’eVx) + p*Vx - Ve  in Bs.
We introduce the function ¢ defined on B% as the solution of

—Ago = div(p’>pVy) +p*Vx Ve inBs,

oo =0 on 0Bs. (A.12)

[=)\19))

In particular, since x = 1 on B(%), we have

—Agpyg=0 in Byys. (A.13)
We set 1 = ¢ — @, i.e.
¢ =g¢o+er1

We will show that ¢ is essentially a perturbation term. At this stage, we divide the
estimates into several steps. We start with linear estimates for ¢g.

Step 1 : Estimates for ¢y . We claim that

1901} ., < €1 [ /B | eg(ug)} (A.14)
6

and

1Yol 7o (s, < C2 [ / e£<u5)} : (A.15)
4

B

where 2* = % is the Sobolev exponent in dimension N.
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Proof. The first estimate follows from the linear theory for the Laplace operator,
whereas the second follows from the first one and the fact that ¢ is harmonic on
B(4/5). U

Step 2: The equation for ¢;. The function ¢ verifies the elliptic problem

~Ag1 = div((p> = DV) in Bs,

o1 =0 on 88%. (A.16)
It is convenient to rewrite equation (A.16) as
—Ag1 = div((p® — DVe1) +div (), (A.17)

where we have set gg = (p> — 1)Vgyp. Using (A.14) and by assumption (Hy,) we
obtain, for any 2 < ¢ < 2*, the estimate for go

Q=) 4
18001455y < Ce¥70 77 Jlec (o) 7 (A.18)
6

*
Indeed, since zi_qq >2and |p| < C on B%,

4
F

2 2\ 2
/ o —uﬂwm%(/ Vol )
Bs B

6

2% ¢
2%q oF
2 o
( lp” — 1|2 ‘1>
By

*

q
2 2\
4 202*—g) o= — 1|
< Cllee(ue)ll /e 7 (/ a2 ;
By

and the conclusion (A.18) follows.
We now estimate ¢ from (A.17) through a fixed point argument.

Step 3: The fixed point argument. Equation (A.17) may be rewritten as
o1 = T(div((p*> = DVe1) + T (div go),

which is of the form

where 7 = A~!, A is the linear operator v > T (div((p* — 1)Vv)) and b =
7 (div go). Consider the Banach space X, = W(;’q (B s ). It follows from the linear
theory for 7 that A : X, — X, is linear continuous and that

[Allzx,) = C@IIL — pliLess)-
6

In particular, we may choose the constant o > 0 in (A.6) such that

1
CIN — pllreiay < Clg)og < 7
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With this choice of o, we deduce that I — A is invertible on X, and

leillx, < Cliblx,- (A.19)
Finally, by (A.18) we obtain

2—ap)2*~q) 1

I6lx, = I7(div go)llx, < Cligolis < Ce 2 lec(ue)ll}, -
Going to (A.19) we deduce

(2-0p)(2*—9) %
IV oy < Ce 20 leee)lF (A.20)
We now combine the estimates for ¢ and ¢;.

Step 4: Improved integrability of V¢. Since o9 < 2, we obtain, combining
(A.14) and (A.20),

2-a)2*—q) 1

IVGllayg < Co 20 llecwoll? (A21)

Comment. Since g > 2, the previous estimate presents a substantial improvement
over the corresponding inequality with ¢ replaced by 2, which is immediate. This
improvement is crucial in order to prove the smallness of both the modulus and
potential terms in the energy, which we derive now.

Step 5: Estimates for the modulus and potential terms. Recall that the function
p satisfies the equation

(1—p?)
—Ap+p|qu|2=pT. (A.22)
Since x = 1 on By/s, we have ¢ = ¢ on By/s. Let £ be a non-negative cut-off
function such that § = 1 on B34 and § = 0 outside B4/s. Multiplying (A.22) by
(1 — p?)& and integrating by parts we obtain

2 (1—p*? _ 2 2w =2
201Vpl"6+ | p———=[ Vp-VEU-p)+ | p—p)IVelE.
B B & By B

Hence, since p > % on B we obtain

3 3
/ |Vp|2+vg(u8)508(/ |Vp|2) (/ vs(ug))
B34 B B
2 q=2
celf ) (o)
Byys Byys
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so that using (A.21) we finally infer that

/ [[V]uel|* + Veue)] < CePa / ee(ue), (A.23)
B3/a

By

where 8, = (4 — 2ag) (ZT_qq). To summarize, we have proved at this stage that

ee(up) < [Veol* + 1, (A.24)
for some r, > 0 which verifies
/ re < Ceha / ee(ug). (A.25)
B; B
4

Step 6: Proof of Theorem A.2 completed. We are going to apply the result by
Chen and Struwe [21] (see Remark A.3) to a suitably scaled version of u,.
Let0 < rg < % to be determined later, set &€ = % and let xo € B ! be fixed.

Consider the map v, defined on B by

Ve(X) = ue <x _x0>
ro

so that u. (xg) = v.(0). By scaling, we have

1
[ ewr= [ e (A26)
By ry B(x0,r0)

Note in particular, since ry < %, that B(xo, r9) C B(3/4), and we may invoke the
decomposition (A.24) to assert that

/ ex(its) < meas(B(xo, 7)) - V|2 + / .
B(xq,r9)

B3
1

< CréVHee(us)“Ll(Bl) + Cgﬂl{ ||€5(Mg)||L1(Bl)'

Hence, going back to (A.26)
/ ee(ve) < Crlles(ue)llpi(s,) + Cry Vel llec(ue)l L1 (s,)- (A.27)
B

so that, in view of assumption (Hy,),

/ ec(ve) < Crge 0 + Cry~ Neba, (A.28)
B
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We next determine the constants ¢, oo and rg so that the right-hand side of (A.28)
is less than yy. First, we choose ¢ arbitrarily in the interval (2, 2*), say for instance

* . . . — —_ —
qg = % We then notice that, varying rp, the maximum of rgs @ 4 ro2 N gbq—eo
is achieved for

ro = (A7) /Nefull, (A.29)

B
so that the right-hand side of (A.28) is less than Ce2¥ . Since By = (4 —

2a0) (2;;] q), we may choose o sufficiently small so that 8, > 0 and 2%" —ag > 0.
In particular, for such a choice we have

/ e:(ve) < »o
B

for ¢ sufficiently small. We are now in position to apply the Chern-Struwe result
described in Remark A.3. This yields, in view of (A.27),

fﬁea(us)(m) = es(ve)(x0) < C/ es(ve)
B (A.30)

2—
< Cr(%ues(ue)”Ll(&) + Cro Ngﬂq ”eS(ME)HLl(Bl)’

and hence
ec () (x0) < C / ete), (A31)
B
and the proof is complete.

Notice that in the course of the proof, we have shown that the contribution of
the modulus to the energy is small: More precisely, inequality (A.23) yields

Proposition A.4. Let u, be a solution of (GL), on By. There exist constants 0 <
ap < land 0 < op < % depending only on N such that if (Hy,) is satisfied and if

lug| > 1— o9 on Bj, (A.32)
then
/ V]l [? + Vo (o)) < CeP / s (i), (A.33)
B; B
7

where 8 > 0 and C depend only on N.

Remark A.5. Notice that we also have derived under assumption (A.32) a point-
wise estimate for the potential in Proposition 2.3. In Theorem A.6 we also derive a
pointwise bound for |Vp].
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Proof of Theorem 2.1. Since we have the pointwise inequalities
Vel? < 41Vue|* < 8ee(ue),

the conclusion of Theorem 2.1 in case R = 1 follows combining (A.7) and (A.3).
The general case is deduced by scaling.

Finally we derive pointwise estimates for derivatives. More precisely, we have

Theorem A.6. Assume that (A.2) and (Hy,) hold, where oy is the constant appear-
ing in Theorem 2.1. Then

[IVPellLo(By ) = Ce(l + Ee(us)), (A.34)
where C is a constant depending only on N.
Proof. We deduce from Theorem 2.1 and Proposition 2.2 that

10c || 2o (Bsjg) < C&*(1 + Eg(ue)), (A.35)
where 6, = 1 — p,. Hence, going back to (A.5), we have

llabellLo(Bs;) < C(1+ Ee(ue)), (A.36)
so that (A.4), (A.5) and (A.7) yield

Abe||Lo(Bs)6) < C(1 + Ee(ue)). (A.37)
On the other hand, we have the Gagliardo-Nirenberg inequality

1966115 (81, < CUIABe Lo (B3 ) 106 |85 ) + 166l F o) (A38)

(see e.g. Lemma A.2 in [6]) and the conclusion follows combining (A.34), (A.35)
and (A.38). ]

A.2. Higher integrability

In the proof of inequality (1.6) and Theorem 1.5 we invoke the following

Theorem A.7. Let u; be a solution of (GL); on B1. There exists constants n; > 0
and C > 0 such that if E;(u;) < ni|loge|, then

1/2
/ |Vu|? <C | |Vul. (A.39)
B2 By
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Proof. In view of the Clearing-Out property, there exists some constant n; > 0
such that, if

E¢(ug) < nilloge| (A.40)

then
lugl > 1 — o9 on Bys.

For this choice of 71, we may therefore write on B7/g u, = pg exp(i¢;).
Step 1: estimate for the phase. The phase ¢, satisfies the equation
div (p?Ve:) =0  on  Bys. (A.41)
Expanding the differential operator, we are led to
—Agp, +cVgp, =0 on Bys, (A.42)

Pe

where we have set ¢ = —Vp . In view of Theorem A.6, we derive the bound
&

llellzoo (s, < Ce?logel,

so that, by standard elliptic estimates for (A.42) we have

Vel =€ [ 1V, (A43)

By

Step 2: estimate for the modulus. In this step, we will derive similarly the bound
1V 0ell 28, < CUVull g (A44)

which, combined with (A.43), will yield the conclusion. In order to prove (A.44)
we distinguish two cases.

Case A: IVullp1p,y = 1. This is the easiest case. Let 0 < x < 1 be a smooth cut-
off function with compact support in Bg/7 and such that x = 1 on Bs/¢. Multiplying

equation (A.4) by %26, we are led to
/ VO, & 7207 <C (%) (1Bl L2 (867 10¢ | Lo (B ) + 11V Oell Lo (81) 10 | Lo (B ) ) -
Bs)e

Since 6, = 1 — p,, we have |6;| < C by Proposition 2.2, and in view of (A.43) we
have ||b||Loo(36/7) < C||Vu8||%oo(31). Hence, we are led to

1961225, ) + & 2000325, 0y = € (V0 oy I Va2 ) )
< C|[Vu,

) (A.45)
”Ll (Bl)
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where we have used the assumption [|Vu|| 1 g,y > 1; the conclusion (A.44) follows
in this case.

Case B : [Vullp1p,) < 1. In view of (A.43) and (A.45), we have ||Vug||Lz(BS/6) <
C, and we deduce from Theorem 2.1 and Proposition 2.2 that

16 | Lov By ) < CE*. (A.46)
In particular, setting o(x) = a(x) — 2672 we have

llloo(mys) < C-

Next, let r € (3/4,4/5). Multiplying (A.4) by 1 and integrating over B, we obtain

/ O /|b|+f |—|+C/e—29§.
r Br Br

In particular we may choose some r such that

/o
B,

Therefore, we obtain by Sobolev embedding

2672

< C(IV6:llpi sy + IVuell i p,) < ClVuel L1 s,)-

16ellwr1 s, < ClIVuell s, (A47)

Going back once more to (A.4), we decompose on B34 the function 0 as 0, =
60 + 6], where 6/ is the solution of

—A8) +ab! =b on B%, A48
! =0 on 0B, (A.48)

so that A9 verifies the equation

~AQ? +ab? =0  on Bj. (A.49)
Multiplying (A.48) by 081, we obtain

12
||V95 ||L2(B3/4) + e ||9 ||L2(B3/4) =< CHVME'”LI(BI)’

so that

1021111 (8yyy < ClIVitell 115, (A.50)

We claim that similarly, we have the estimate for 62

||V9£||L2(Bl/2) = C||9 [ 1(B3a) (A.51)
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where the constant C is independent of €. We postpone the proof of (A.51) and
complete the proof of (A.43) in Case B. Combining (A.50) and (A.51), we have

IV 0ell 28,0 < VO 208, ) + 1VE N 2B, )
= C (IVuell sy + 18 = 6 sy ) )
= C (IVuell sy + 166N w5y + 161115y,
< Cl[Vuellpi(p))

where we have used (A.50) for the third inequality. Inequality (A.43) is therefore
established.

Proof of the claim (A.51). Let 0 < x < 1 be a smooth cut-off function with compact
support in B34, and consider the operator L, = —A + 2672 on RY. We have, for

0
6% = x62,
Lo(0%%) = fX =2V Vol + (Ax —ay)6?. (A.52)
Notice that for any 1 < p < 400, we have

1fellony < COONOL N wr supp x)- (A.53)
The kernel K, associated to the operator L, is given by

K. (x) = cylx>Nexp <_M) if N >3
&

and
K:(x) = c2log(]x]) exp (_M) if N =2.
€
In particular, we have forany 1 <r < %

[ Kellwirmyy < C(r),

where the constant C(r) is independent of . It follows that forevery 1 < ¢ < p* =
NN__pp

162 g @yy < COG DN lwin supp x)-
We iterate the previous inequality for suitable choices of cut-off functions x and
qg = 1%, 1", ... upto g = 2. This yields

0 0
|0£ ||HI(BI/2) S C”eé‘ ”W"I(Bl)' I:‘
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