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The Intersection of a Curve with Algebraic Subgroups
in a Product of Elliptic Curves

EVELINA VIADA

Abstract. We consider an irreducible curve C in En , where E is an elliptic curve
and C and E are both defined over Q. Assuming that C is not contained in any
translate of a proper algebraic subgroup of En , we show that the points of the union⋃

C ∩ A(Q), where A ranges over all proper algebraic subgroups of En , form a
set of bounded canonical height. Furthermore, if E has Complex Multiplication
then the set

⋃
C ∩ A(Q), for A ranging over all algebraic subgroups of En of

codimension at least 2, is finite. If E has no Complex Multiplication then the
set
⋃

C ∩ A(Q) for A ranging over all proper algebraic subgroups of En of
codimension at least n

2 + 2, is finite.

Mathematics Subject Classification (2000): 11D45 (primary), 11G50 (secondary).

1. – Introduction

The Manin-Mumford Conjecture states that if C is a nonsingular projective
curve of genus ≥ 2 defined over a number field K , which is embedded in its
Jacobian J , then the set C ∩ Tor(J ) of points of C(K ) whose image in J is
torsion, is finite. The toric version of this Conjecture has been proven by M.
Laurent [9]. M. Raynaud [13] and [16] proved that if A is an abelian variety
in characteristic 0 and V is a subvariety of A then V ∩ Tor(A) is a finite union
of cosets, proving in particular the Manin-Mumford Conjecture. M. Hindry [9]
then gave a quantitative version of this result and generalized it to a subvariety
V of a semiabelian variety G. The Manin-Mumford Conjecture can be further
generalized. After fixing a subvariety V of a semiabelian variety G and a
certain codimension c, one can study the set of points of

⋃
V ∩ A(Q), where A

ranges over all proper algebraic subgroups of G of codimension c. In this way,
the Manin-Mumford Conjecture deals with algebraic subgroups of dimension
zero.

Pervenuto alla Redazione il 19 ottobre 2001.
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Due to the structure of the algebraic subgroups of a general commutative
algebraic group G, it is natural to study this problem in the cases where G is
either a toric group or G = En , where E is an elliptic curve.

In 1999 E. Bombieri, D. Masser and U. Zannier [1] solved the toric part
of the above problem for an irreducible curve of genus ≥ 2 defined over Q.
They show that, if the curve C is embedded in a multiplicative group Gn

m and
is not contained in any translate of a proper algebraic subgroup, then the points
of
⋃

C∩ H(Q), for H ranging over all proper algebraic subgroups of Gn
m , form

a set of bounded Weil height. Moreover the set of points
⋃

C ∩ H(Q), for H
ranging over all proper algebraic subgroups of Gn

m of codimension at least 2,
is finite.

Here we deal with the elliptic case. We consider an irreducible curve C
transversally embedded in a product of elliptic curves En , where ‘transversally’
means that the image of C is not contained in any translate of a proper algebraic
subgroup. We recall that by the Hurwitz formula a curve of genus zero can
not be embedded in En and a curve of genus 1 is an abelian variety so it can
not satisfy the transversal condition, hence our curve C has genus ≥ 2.

In Theorem 1 we prove that the points of S1(C) := ⋃
C ∩ A(Q) where

A ranges over all proper algebraic subgroups of En form a set of bounded
canonical height. More precisely, we have:

Theorem 1. Let E be an elliptic curve defined over Q. Let C be an irreducible
curve defined over Q and transversally embedded in En. Then the set

S1(C) :=
⋃

cod(A)≥1

A ∩ C(Q) ,

where A ranges over all proper algebraic subgroups of En, is a subset of En of
bounded canonical height.

In Theorem 2 we prove that if E is an elliptic curve with Complex Mul-
tiplication (C.M. for short), then the set S2(C) := ⋃ C ∩ A(Q) where A ranges
over all proper algebraic subgroups of En of codimension at least 2, is a finite
set. More precisely, we have:

Theorem 2. Let E be a C.M. elliptic curve and C an irreducible curve defined
over Q which is transversally embedded in En. Then the set

S2(C) :=
⋃

cod(A)≥2

A ∩ C(Q) ,

where A ranges over all algebraic subgroups of En of codimension at least 2, is
finite.

Since every morphism from a curve to an abelian variety factors through
its Jacobian, we can deduce from our result that, if a curve can be embedded
in En , then, not just its torsion is finite, as the Manin-Mumford Conjecture
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states, but also the set of points lying in an algebraic subgroup of the Jacobian
of codimension at least 2 is finite.

Another immediate consequence of our theorems is that, if a curve C is
transversally embedded in a product En , where E is an elliptic curve of K -
rank r < n, then the set of K -rational points of the curve is finite. Chabauty’s
Theorem ([21] Section 5.1) also relates rank and dimension. He considers a
curve C in an abelian variety A, so that C generates A. If � is a finitely
generated subgroup of A(K ) such that rk� < dimA then � ∩ C is finite. This
result is more general than our remark in the sense that it deals with a general
abelian variety A and a general subgroup �. But our special case where we
consider � = A = En requires rk(�) ≤ n2, instead of rk(�) ≤ n. It might be
interesting to relate these two results and to give a new proof for Chabauty’s
theorem. However, even if the used methods are different, those are particular
aspects of the more general theorem of Faltings [8] on the Mordell conjecture.

In Theorem 4 we give a slightly more general formulation for Theorems
1 and 2. Moreover we show that the hypothesis that C is not contained in any
translate of a proper algebraic subgroup of En is indeed necessary. We give
a counter-example to the statement of Theorem 1 under the weaker condition
that C is not contained in any proper algebraic subgroup. It seems probable
that Theorem 2 is still true assuming only that C is not contained in any proper
algebraic subgroup of En , although our method, which relies on Theorem 1,
proves the result under this stronger assumption.

The proof of Theorem 1 is based on some functorial properties of the
height function and on the Theorem of the Cube and makes direct use of the
linear dependence of the coordinates of a point in S1(C).

By Theorem 1 the set S2(C) is of bounded height. Thus, in view of
Northcott’s Theorem, in order to prove Theorem 2 it is enough to show that the
degree of the points in S2(C) is absolutely bounded. For every point P ∈ S2(C)

we construct a special algebraic subgroup A of codimension at least 2, passing
through P , whose degree gives an upper bound for the degree of the field K (P)

of definition of P . Using a recent result of S. David and M. Hindry, we show
that the above upper bound depends only on the order N R of the torsion of
the coordinate ring �P = 〈x1(P), . . . , xn(P)〉. On the other hand the torsion of
�P is defined over K (P), this gives a lower bound for the degree of K (P) in
terms of N R.

Lower and upper bounds are sharp enough to conclude the proof if we
consider points in the intersection of C and subvarieties of codimension at
least 3. The last remaining case, where the codimension of A is 2, requires
a careful study of the cohomology of the Galois groups of the extensions
K (E[N ]) of K with coefficient in some k-torsion subgroup E[k]. This enables
us to refine the upper bound for the degree of K (P) and to conclude the proof
of Theorem 2.

If the elliptic curve E does not have Complex Multiplication, one does
not have sharp enough lower bounds for the Néron-Tate height of a K -rational
point. The sharpest known bound, in this case, is due to D. Masser [12] and S.
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David [6]. This bound implies the finiteness of the set Sn−r (C) for r ≤ n
2 − 2,

unfortunately this result is not optimal as it is for the C.M. case.

Theorem 3. Let E be a non C.M. elliptic curve defined over Q and C an
irreducible curve also defined over Q and transversally embedded in En.

Then the set
Sc(C) :=

⋃
cod(A)≥c

C ∩ A(Q) ,

where A ranges over all algebraic subgroup of En of codimension at least c, is finite
for c ≥ n

2 + 2.

However, the case r ≤ n − 3 of Theorem 2 for elliptic curves non C.M.
follows from the generalized Lehmer Problem ([7] Conjecture 1.4), more pre-
cisely:

Conjecture 1. Let A be an abelian variety defined over a number field K , L
a symmetric ample line bundle on A and n a positive integer. Then, there exists
a constant C(A,L, n), such that, if the algebraic point P = (P1, . . . , Pn) ∈ An

has infinite order modulo every abelian subvariety of An , we have

n∏
i=1

ĥL(Pi ) ≥ C(A, C, n)D− 1
g ,

where D := [K (P) : K ] is the degree of the field of definition of P over K .

A slightly weaker result with 1/g replaced by (1/g) + ε would be enough
for our purpose. Even weaker results about the minimal height on the lattice
generated by P1, . . . , Pn would enable us to derive probably optimal results for
the non C.M. case by modifying marginally our argument.

Acknowledgements. I very warmly thank S. David for suggesting me
such a nice problem and leading me through it by a lot of discussions and
encouragement. It is a special pleasure for me to thank E. Bombieri and U.
Zannier for the many details they explained to me and for their interest in
this problem. Deep thanks go to D. Bertrand and D. Masser for their helpful
suggestions and examples. Special thanks go to G. Böckle, F. Gardeyn, and
G. Rémond for their help and nice remarks. I am grateful to my advisor, G.
Wüstholz, for supporting my research plan and for trusting and encouraging me
in doing mathematics.



THE INTERSECTION OF A CURVE AND ALGEBRAIC SUBGROUPS 51

2. – Preliminaries

Let E be an elliptic curve defined over a number field K . We recall that if
End(E)=Z then E is said to be non C.M. If End(E) is an order O=Z+τZ in
the ring of integers of an imaginary quadratic extension of Q then E is said to be
C.M. If E is C.M. we replace the field K by a finite extension over which the
morphism τ and the j (E) invariant are defined. For S a subset of E(Q), we denote
by K (S) the minimal field extension of K over which the set S is defined.

The following lemma characterizes the algebraic subgroups of En .

Lemma 1 (Subgroup Lemma).

• If E is non C.M. and A is an algebraic subgroup of codimensionr in En, then A is
characterized by r equations Q-linearly independent, of the type

∑n
i=1 niπi = 0

where ni ∈ Z and the πi are a basis of Hom(En, E) as Z-module. ([13] 3.3
Lemma 2)

• If E is C.M. and A is an algebraic subgroup of codimension r in En, then there
exist r equations k-linearly independent, of the type

∑n
i=1 αiπi vanishing on

A, where k = O ⊗Z Q, αi ∈ O and the πi are a basis of the free O-module
Hom(En, E).

Proof. If E is non C.M., see for example [13] 3.3 Lemma 2. For the
C.M. case we give, for convenience, a proof. We consider the exact sequence

0 → A → En → A⊥ := En/A → 0.

Since Hom is a left exact functor, we get the exact sequence

0 −−−→ Hom(A⊥, E)
ϕ−−−→ Hom(En, E)

ψ−−−→ Hom(A, E),

where Hom(A⊥, E) has rank r over O, because A⊥ is isogenous to Er .
Let f1, . . . fr be k-linearly independent elements of Hom(A⊥, E) such that
ϕ( f j ) = ∑n

i=1 αj,iπi . Since the fi belong to the kernel of ψ , the
∑n

i=1 αj,iπi

are vanishing on A and they are k-linearly independent.

Let C be an irreducible curve in En not contained in any translate of a
proper algebraic subgroup of En . We define on the module Hom(C, E) of
morphisms from C to E a degree function deg : Hom(C, E) → Z as follows:
if f is a surjective morphism then deg f = [K (C) : f ∗K (E)] is the index of
the corresponding fields of rational functions; if f is a constant morphism then
deg f = 0. Equivalently we can say that if U is an open set of E on which
the order of the fiber of the morphism f is constant, then deg f is the order
of one fiber of this open set. This degree map is a quadratic form, therefore it
induces a scalar product (see [14] Corollary 6.5).

We denote by xi : C → E for i = 1, . . . , n the coordinate maps given by
the composition of the immersion x : C → En and the projection on the i-th
factor πi : En → E . We call � := 〈x1, . . . , xn〉End(E) the coordinate module. If
E is C.M. and End(E) = O = Z + τZ, we define the morphisms xn+i := τ xi

for i = 1, . . . , n. The maps x1, . . . , x2n are generators of � as a Z-module.
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Remark 1. From the Subgroup Lemma 1 it follows that a point P belongs
to the intersection C∩ A with A of codimension 1 if and only if

∑n
i=1 αi xi (P) =

0 with αi ∈ End(E). Analogously a point P belongs to the intersection C ∩ A
with A of codimension 2 if and only if

∑n
i=1 αi xi (P) = 0 and

∑n
i=1 α′

i xi (P) =
0 with αi , α

′
i ∈ End(E) and αi , α′

i End(E)-linearly independent vectors.

For any divisor � of En we denote the associated height by h� and we
denote the canonical height of E by ĥ. The function ĥ is the square of a norm
induced by a scalar product on E ⊗ R (see [23] Theorem 9.3). We consider on
C the height defined by a a non-singular point Q ∈ C and we denote it by hQ

or simply by h if Q will be fixed once and for all.
We use the symbols “�” and “” to denote inequalities up to a constant

factor.

2.1. – The transversality Condition on C: A Counter-Example

We say that a curve C is transversally embedded in an abelian variety
if it is not contained in any translate of a proper algebraic subgroup. This
transversality condition on a curve C embedded in En is equivalent to say that
no End(E)-linear combination of the coordinate morphisms xi is constant. This
means that the End(E)-module � generated by x1, . . . , xn has rank n. Indeed
it follows from the Subgroup Lemma 1 that if A is an algebraic subgroup of
En then there exists a form

∑
αiπi with αi ∈ End(E) which vanishes on A. If

A−c contains C, then for every P ∈ C we have
∑

αiπi x(P) = c. By definition
of the xi this gives

∑
αi xi = c. Vice-versa if

∑
αi xi = c then the equation∑

αiπi = 0 defines an algebraic subgroup A such that A − c contains C.
This shows that a slightly more general formulation of Theorem 1 and 2

is as follows.

Theorem 4. Let C be an irreducible curve and E an elliptic curve defined over
Q. Let f1, . . . , fn be surjective morphisms from C → E such that no non-trivial
linear combination with coefficients in End(E) gives a constant function, then the
set of points {

P ∈ C(Q) : rkEnd(E)〈 f1(P), . . . , fn(P)〉 ≤ n − 1
}

has bounded canonical height. Furthermore if E is C.M, the set of points{
P ∈ C(Q) : rkEnd(E)〈 f1(P), . . . , fn(P)〉 ≤ n − 2

}
is finite.

The following example shows that the assumption that C is not contained
in any translate of a proper algebraic subgroup of En is necessary. We consider
the curve C := P0 × E in E × E with P0 a point of infinite order in E(Q). Then
C is not contained in any proper algebraic subgroup of E2. For each N ∈ N we
shall consider the abelian subvariety AN of E2 which is the image of E under
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the morphism ϕN : E → E2 with ϕN (P) := (P, N P). The subvariety AN has
codimension 1. The point (P0, N P0) belongs to the intersection C ∩ AN (Q),
moreover its height is ĥ(P0, N · P0) = (N 2 + 1)ĥ(P0), which goes to infinity
for N going to infinity. This proves that, under the weaker condition of C
not contained in any proper algebraic subgroup of En , the set S1(C) can have
unbounded height.

3. – Intersecting with Algebraic Subgroups of Codimension 1

In Proposition 1 we establish the relation between the height of a point on
C, the height of its image under a non-constant morphism from C to E , and
the degree of the morphism. The Theorem 1 is then an immediate consequence
of this proposition.

Proposition 1. Let f be an element of the coordinate module � =
〈x1, . . . , xn〉End(E) different from zero. Let Q be a non singular point of C. Then for
every non-singular point P of C we have

ĥ( f (P)) = 3 deg f
[
hQ(P) + O

(
1 +

√
hQ(P)

)]
where the constant depends only on E, C and on the module �.

Proof. If E is C.M. we consider � as a Z-module of rank 2n and Z-basis
x1, . . . , x2n with xn+i = τ xi . From the generators {±xi } we choose a basis
{xi } so that we can write f =∑i fi xi with fi ∈ N. We recall that the degree
function is a positive defined quadratic form defined over Z. Let A be the
matrix representation of this degree form with respect to the chosen basis xi so
that deg f =∑ fi ai j f j where ai j = 1

2 (deg(xi + xj ) − deg xi − deg xj ). In view
of the Theorem of the cube ([14], Theorem 6.1), for any divisor � on E we
have

(1) f ∗� ∼=
∑

i

f 2
i x∗

i � +
∑
i< j

fi f j

(
−x∗

i � − x∗
j � + (xi + xj )

∗�
)

where ∼= means linearly equivalent divisors. Linearly equivalent divisors define
the same height function up to an absolute constant, the constant is determined
by the choice of Weil-functions. Therefore

h f ∗� = h∑
i f 2

i x∗
i �+
∑

i< j fi f j

(
−x∗

i �−x∗
j �+(xi +xj )

∗�

).
Now we choose Weil-functions such that for any two divisors 	 and 	′ we
have

h	+	′ = h	 + h	′
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hence, for such a choice,

h f ∗� =
∑

i

f 2
i hx∗

i � +
∑
i< j

fi f j

(
−hx∗

i � − hx∗
j � + h(xi +xj )

∗�

)
.

The support of all divisors of the form (xi + xj )
∗� for i, j = 1, . . . , n is a

finite set {Qi jl}l∈
. By the Néron relation we have

(2) hQi jl = hQ + O
(

1 +√hQ

)
where the constant depends only on the finite set of points {Qi jl} and the curve
C. Let us write x∗

i � =∑l αi il Qiil and (xi +xj )
∗� =∑l αi jl Qi jl with αi jl ∈ Z.

For a good choice of Weil-functions we get

h f ∗� =
∑

i

f 2
i αi ilhQiil +

∑
l,i< j

fi f j (−αi ilhQiil − αj jlhQj jl + αi jlhQi jl )

where
∑

l αi il = aii deg � and
∑

l,i< j αi jl − αi il − αj jl = 2ai j deg �, we recall
that 2ai j = deg(xi + xj ) − deg xi − deg xj . Using relation (2) we deduce

h f ∗� = deg �
[
deg f hQ +

∑
| fi f j ai j |

(
O
(

1 +√hQ

))]
.

We remark that
∑ | fi f j ai j | induces a norm function on Rn which is equiva-

lent to the degree norm. More precisely one has
∑

fi f j ai j ≤ ∑ | fi f j ai j | �
λ2

max
∑

fi f j ai j with λmax the greatest eigenvalue of the degree form. We deduce

(3) h f ∗� = deg � deg f
[
hQ + O

(
1 +√hQ

)]
.

where the constant depends only on C and �.
Now we consider on E the very ample divisor � = 3 · 0E . We remark

that f ∗� = x∗(
∑

fiπi )
∗� where x : C → En is the given immersion and

πi : En → E are the natural i-th projections. By [10], Section 4, Theorem 5.1,
we have that

(4) h f ∗�(·) = hx∗(
∑

fi πi )
∗� = h(

∑
fi πi )

∗�(x(·)) + O(1)

where O(1) depends on x . On the other hand, by [10], Section 5, Prop. 3.3,
we deduce that

h(
∑

fi πi )
∗� = h�

(∑
fiπi (·)

)
.

From these two relations, we see that, for any morphism f in �, one has

(5) h f ∗�(·) = h�( f (·)) + O(1)

where O(1) depends on x .
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Combining relations (3) and (5) and recalling that deg � = 3, we get

(6) h�( f (·)) = 3 deg f
[
hQ(·) + O

(
1 +

√
hQ(·)

)]
+ O(1).

The canonical height is defined as ĥ( f (·)) := limN→∞ h�(N f (·))/N 2. Hence,
passing to the limit on both sides of (6), we deduce

ĥ( f (P)) = 3 deg f
[
hQ(P) + O

(
1 +

√
hQ(P)

)]
.

We remark that this proposition can be obviously extended to an arbitrary
End(E)-free submodule G of Hom(C, E), finitely generated and such that no
non-trivial constant function belongs to G.

Proof of Theorem 1. We recall that the maps xi are the coordinate mor-
phisms of C in En . Let us consider the End(E)-module � := 〈x1, . . . , xn〉End(E)

in Hom(C, E). Since C is not contained in any translate of a proper algebraic
subgroup of En , the rank of � is n. If P is a point in S1(C) then, by Remark 1,
the module �P := 〈x1(P), . . . , xn(P)〉End(E) has rank at most n − 1. Thus there
exists a non trivial element y in the kernel of the valuation map vP : � → �P ,
where vP is defined by vP(

∑
αi xi ) =∑αi xi (P).

From Proposition 1 we deduce

ĥ(y(P)) = 3 deg y
(

hQ(P) + O
(

1 +
√

hQ(P)
))

.

Since ĥ(y(P)) = 0 and deg y �= 0 we have

hQ(P) ≤ C
(

1 +
√

hQ(P)
)

whence

hQ(P) ≤ C ′.

We recall that deg xi ≤ 3 deg C so, by Proposition 1 again, we have

ĥ(x(P)) =
∑

i

ĥ(xi (P)) � 1.
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4. – Intersecting with algebraic subgroups of codimension 2

In this section we give a proof of Theorem 2, we recall that E is C.M.
in this case. By Theorem 1 the set S2(C) is of bounded height. Thus, by
Northcott’s Theorem, it is enough to prove that S2(C) is defined over a number
field of finite absolute degree. The proof of this theorem is organized in different
sections.

For positive integers n > r ≥ 0 we define the set Sn−r (C) := ⋃cod(A)≥n−r C∩
A(Q) where A ranges over all algebraic subgroups of En of dimension at most
r . Using some geometry of numbers, we shall prove that there exist ‘good’
integral generators for a Euclidean lattice. For every point P ∈ S2(C), the
Siegel Lemma will allow us to construct a new abelian subvariety A of En ,
which passes through the point P and whose degree is controlled in terms of
the height of the elements of the ‘good’ basis g1, . . . , gr and of the order N R
of the torsion of the coordinate module �P . The degree of A gives an upper
bound for the degree of the field K (P) of definition of P . Using a recent
result of S. David and M. Hindry we make this upper bound independent of
the height of the g1, . . . , gr . On the other hand the torsion of �P is defined
over K (P), thus we find a lower bound for the degree of K (P) in terms of
N R. It will turn out that, if we consider the set Sn−r (C) := ⋃

C ∩ A(Q) for
n − r ≥ 3, the statement follows immediately from combining the above upper
and lower bounds. However if we consider S2(C) where the union is taken over
all algebraic subgroups of codimension ≥ 2, some difficulties occur. We shall
deal with two different situations. In the first one we suppose that there exists a
special point g of ‘small’ height and linearly independent with the ‘good’ basis
g1, . . . , gr . Proposition 4 will then give a finer upper bound. If this point does
not exist, then a cohomological argument will enable us to refine the upper
bound. This will conclude the proof.

For an elliptic curve E with C.M., we consider the order O of endomor-
phisms of E as a Z-module of rank 2. In this way we will be able to apply
the Siegel Lemma and some results from lattice theory.

Lemma 2. Let R be an integral domain and let M be an R-algebra and a free
R-module of rank δ. Let τi be elements of M such that M = τ0 R+τ1 R+· · ·+τδ−1 R.
Then the elements g1, . . . , gr of Mm are linearly independent over M if and only
if the elements τ0g1, . . . , τ0gr , τ1g1, . . . , τ1gr , . . . , τδ−1g1, . . . , τδ−1gr are linearly
independent over R.

Proof. Consider a linear combination
∑r,δ−1

j=1,i=0 λi j (τi gj ) = 0, with λi j ∈ R

then
∑r

j=1(
∑δ−1

i=0 λi jτi )gj = 0 with (
∑δ−1

i=0 λi jτi ) ∈ M . The gj are M-linearly

independent if and only if for each j = 1, . . . r we have
∑δ−1

i=0 λi jτi = 0 but
the τi are a R basis of M , hence λi j = 0.

Let P be a point in S2(C), then, by the Subgroup Lemma 1, there exist
two O-linearly independent forms

∑n
i=1 αiπi and

∑n
i=1 α′

iπi , vanishing on an
algebraic subgroup A of En , such that

∑n
i=1 αi xi (P)=0 and

∑n
i=1 α′

i xi (P)=0.
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From Lemma 2, four Z-linearly independent equations are associated to these
two O-linearly independent equations. Namely the equations

∑2n
i=1 mji xi (P) = 0

and
∑2n

i=1 m ′
j i xi (P) = 0 for j = 1, 2 where we have set xn+i (P) := τ xi (P)

and αi = m1,i + m1,n+iτ , α′
i = m ′

1,i + m ′
1,n+iτ , ταi = m2,i + m2,n+iτ , τα′

i =
m ′

2,i + m ′
2,n+iτ . So the module �P := 〈x1(P), . . . , x2n(P)〉O has rank r as

O-module and it has rank 2r as Z-module.

4.1. – Some Geometry of Numbers

I am grateful to Prof. E. Bombieri who communicated the following proof
of this lemma:

Lemma 3. Let � be a finitely generated subgroup of E of rank r over Z.
Then there are elements g1, . . . , gr ∈ � which generate a subgroup isomorphic to
�/Tor(�) and such that

ĥ
(∑

ai gi

)
≥ c(r)

(∑
|ai |2ĥ(gi )

)

with ai ∈ Z and c(r) = 22r−2/r2(r !)4.

The constant can be deduced by Theorem 1.1 of Schlickewei [17]
Proof. From [23] Proposition 9.6, we know that the height function ĥ

extends on �R := � ⊗Z R to the square of a norm. In particular there is an
inner product 〈P, Q〉 = ĥ(P + Q) − ĥ(P) − ĥ(Q) and ||P||2 = 2ĥ(P). The
group �/Tor(�) is a lattice in �R. Let p̃1, . . . , p̃r be liftings on � of integral
generators p1, . . . , pr of �/Tor(�). We identify Rr and �R via the isomorphism
defined by the choice of the basis p1, . . . , pr . Let V := vol(p1, . . . pr ) be the
volume of a fundamental domain of �/Tor(�). Let B := {x ∈ Rr : ||x || ≤ 1} be
the closed ball of radius 1. Let λ1, . . . λr be the successive minima of B with
respect to the lattice �/Tor(�). By Minkowski’s second fundamental Theorem
we have

(7) λ1, . . . λr vol(B) ≤ 2r V .

A Theorem of Mahler, [5] Section V, Lemma 8, shows that there is a basis
v1, . . . , vr of �/Tor(�) such that

(8) λi ≤ ||vi || ≤ max(1, i/2)λi .

Let vi =∑r
j=1 vi j pi = (vi1, . . . , vir ). Since v1, . . . , vr is a basis we have

(9) |det(v1, . . . , vr )| = V .

We write

(10) wi = vi

||vi ||
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and we define B∗ to be

(11) B∗ = {y ∈ Rr : ||y1w1 + y2w2 + · · · + yrwr || ≤ 1},

where y = y1 p1 + y2w2 + · · ·+ yr pr . Since B is the image of B∗ by the linear
map y = y1 p1 + y2 p2 + · · · + yr pr �→ y1w1 + y2 p2 + · · · + yrwr , we have, by
(7), (8), (9) and (10), the upper bound

(12) vol(B∗) = vol(B)

|det(w1, w2, . . . , wr )| = vol(B)

V

r∏
i=1

||vi || ≤ 2r !.

A lower bound is obtained as follows. Let ej , j = 1, . . . , r be the standard basis
in Rr . Let y be a boundary point of B∗. Then for each i the set B∗ contains
the convex closure of the points ±y and ±ej , j = 1, . . . , i −1, i +1, . . . r . This
set is the union of 2r simplices of volume |yi |/r !. Therefore we get the lower
bound

|yi |2r

r !
≤ vol(B∗),

which, combined with (12), gives

(13)
r∑

i=1

|yi | ≤ 2−r+1r(r !)2

∣∣∣∣∣
∣∣∣∣∣

r∑
i=1

yiwi

∣∣∣∣∣
∣∣∣∣∣ ,

where the norm on the right is 1 because y is a boundary point of B∗. Now,
from (10), we may rewrite (13) as

(14)

∣∣∣∣∣
∣∣∣∣∣

r∑
i=1

xivi

∣∣∣∣∣
∣∣∣∣∣ ≥ c(r)

r∑
i=1

|xi | · ||vi ||,

where xi = yi/||vi || and c(r) = 2r−1/r(r !)2. Finally, we define generators gi

for a subgroup � of � isomorphic to �/Tor(�), by setting

gi =
r∑

j=1

vi j p̃j

where vi = (vi1, . . . , vir ). Thus we have

2ĥ

(
r∑

i=1

ai gi

)
= ||aiv1 + · · · + arvr ||2.

Since ||vi ||2 = 2ĥ(gi ), Lemma 3 follows from (14).
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Proposition 2.Let P be a point of Sn−r (C) for some integers 0≤r <n. Let K (P)

be the field of definition of P. We consider the module �P := 〈x1(P), . . . , x2n(P)〉Z

of rank 2r over Z, generated by the coordinate functions and their conjugates under
τ . Then there exist Z-linearly independent elements g1, . . . , g2r ∈ �P such that

1. The gi are defined over K (P).

2. The set of points g1, . . . , gr respectively gr+1, . . . , g2r are O-linearly indepen-
dent.

3. The subgroup �P = 〈g1, . . . , g2r 〉Z of �P is isomorphic to �P/Tor(�P), more-
over
ĥ
(∑2r

i=1 ai gi
) ≥ c(r)

(∑2r
i=1 |ai |2ĥ(gi )

)
.

4. There exist torsion points P1 and P2 of exact order N respectively R with R|N,
such that Tor(�P) = 〈P1, P2〉Z

∼= Z/NZ × Z/RZ. The group Tor(�P) is O
invariant and K (Tor(�P)) ⊂ K (P).

Proof. (1) The gi are a Z linear combination of the xi (P) which are in
K (P) so the gi are defined over K (P) as well.

(2) Let �P be the free part of �P , then �P = �1 +τ�1. Consider a Z-basis
g1, . . . , gr of �1. The elements gr+1 = τg1, . . . , g2r = τgr are a Z-basis of
τ�1 and clearly the gi fulfill the required conditions.

(3) Let g1, . . . , gr be a basis of �1 given by Lemma 3. Since the sphere
is compact and the spaces �1 ⊗ R, τ�1 ⊗ R have empty intersection, we get
〈gi , τgj 〉/‖gi‖ ‖τgj‖ ≤ c(r, τ ) < 1, with c(r, τ ) a constant depending on τ and
r . Then the basis g1, . . . , gr , gr+1 = τg1, . . . , g2r = τgr satisfies the required
condition.

(4) Step I: Study of subgroups of E[N ].
The lattice period 
 associated to E is a projective O-module of rank 1.

In particular E[N ] ∼= 
/N
 ∼= ∏
p/N
p
∼= ∏Op/NOp

∼= O/NO, where p

is a prime ideal, (see [20] §1). Let T1 be a torsion point of exact order N (i.e.
so that N · T = 0 but kT �= 0 for all divisors k of N ). We are going to proof
that the point τT1 has order N ′ with N/N ′ � 1. We can write T1 as a + bτ in
O/NO with the greatest common divisor (N , a, b) being 1. Let τ 2 = α + βτ ,
then τT1 = bα + (a + bβ)τ has order N ′ = N/s with s = (N , bα, a + bβ). Let
s1 = (s, b), then s1|a and s1|N , thus s1|(N , a, b) = 1. It follows that s1 = 1
and so s|α. The order of τT1 is at least N/(N , α), α is the real part of τ 2

and so a constant of the problem.
We want now to study the subgroup of E[N ] generated by T1, τT1. Let T2

be a torsion point of exact order N such that E[N ] = 〈T1, T2〉Z. Then τT1 =
aT1 + bT2 for integers a and b, thus 〈T1, τT1〉 = 〈T1, bT2〉. Let R = N/(N , b)

if b �= 0 or R = 1 if b = 0, then 〈T1, τT1〉 ∼= Z/NZ × Z/RZ.
Step II: Study of Tor(�P).
We consider the equations

(15) xi (P) =
2r∑

j=1

ai j gj + Ti , i = 1, . . . 2n
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where ai j ∈ Z and the Ti are torsion points such that Tn+i = τTi . Since �P

is projective then �P/�P
∼= Tor(�P), thus the Ti are generators of Tor(�P).

Let Ni be the order of the torsion points Ti for i = 1, . . . , r (or equivalently
for i = r + 1, . . . , 2r ). Let N be the smallest integer such that Ti ∈ E[N ] for
all i = 1, . . . , r , i.e. N = l.c.m.(N1, . . . Nr ) is the least common multiple of
the Ni . We decompose N = p

l1
1 . . . p

lk
k with pi different prime numbers. Then

for some positive integer j ≤ r and for any 1 ≤ i ≤ k we have p
li
i |Nj and

(p, Nj/pli ) = 1. We define Ri := Nj

p
li
i

Tj , thus, for i = 1, . . . , k, the torsion points

Ri have coprime exact order p
li
i . From the Chinese Reminder Theorem the point

P1 :=∑n
i=1 Ri has exact order N . By relation (15) Tor(�P) = 〈P1, τ P1〉. The

assertion follows from Step I.
Since xi (P) and gi are defined over K (P), also P1 and P2 are defined

over K (P), therefore K (Tor(�P)) ⊂ K (P).

4.2. – Estimate for the Degree of K (P)

For every point P ∈ S2(C) we construct an algebraic subgroup of En passing
through P whose degree is bounded in terms of the order of the torsion of �P

and of the height of the elements of the basis gi of �P defined by Proposition 2.
The gi are Z-generators of the free part �P of �P , so we can write

(16) xi (P) =
2r∑

j=1

ai j gj + Ti , i = 1, . . . , 2n

with ai j ∈ Z and N -torsion points Ti such that Tn+i = τTi for i = 1, . . . , n.
By Proposition 2 (3) and Theorem 1 we have

(17) |ai j |2ĥ(gj ) � ĥ(xi (P)) � h(P) � 1

where the constants involved depend only on n, E and C. Therefore, setting

(18) νj = (a1 j , . . . , anj )

and defining |νj | = maxi {|ai j |, 1}, we see that

(19) ĥ(gj ) � |νj |−2.

Proposition 3. Let P be a point of Sn−r (C). There exists a proper algebraic
subgroup A of En defined over K and passing through P such that

�A ∩ C ≤ 33|τ |2 deg C


N R

2r∏
j=1

|νj |



1
n−r

where the νj are defined in (18).
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Proof. From Proposition 2 (4) there exist torsion points P1 and P2 in �P

of exact order N , respectively R which are Z-generators of Tor(�P). Then we
can write

Ti = l1
i P1 + l2

i P2

whit l j
i ∈ Z. We apply Siegel’s Lemma as in [2] to the 2r + 2 linear forms∑2n

i=1 ai j bi = 0, for j = 1, . . . , 2r , and
∑2n

i=1 l1
i bi − Nb2n+1 = 0,

∑2n
i=1 l2

i bi −
Rb2n+2 = 0, in the 2n + 2 variables bi . Then we get a nonzero vector b =
(b1, . . . , b2n) ∈ Z2n such that

(20)




2n∑
i=1

ai j bi = 0

2n∑
i=1

l1
i bi ≡ 0 mod N

2n∑
i=1

l2
i bi ≡ 0 mod R

and

(21) max |bi | ≤

N R

2r∏
j=1

|νj |



1
2n−2r

From (16) and (20) we obtain

n∑
i=1

βi xi (P) = 0

where βi = bi + τbn+i .
Then the equation

(22)
n∑

i=1

βi xi = 0

gives a proper algebraic subgroup A of En defined over K of codimension 1
which contains the point P .

Let us consider the morphism � : C → E that sends a point Q ∈ C to the
linear combination

∑r
i=1 βi xi (Q), we deduce that the order of the intersection

A ∩ C is the degree of �. Since the degree is the square of a norm we
have that deg � ≤ ∑

i 3|βi |2 deg xi which in turn is estimated by deg � ≤
33|τ |2 deg C max |bi |2 because |βi |2 ≤ 3(|bi |2 + |τbr+i |2) and by the Bézout
Theorem deg xi ≤ 3 deg C. Now the statement follows from (21).
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Corollary 1. Let P be a point in Sn−r (C). Let K (P) be the field of definition
of the point P. Then

(23) d := [K (P) : Q] �

N R

2r∏
j=1

|νj |



1
n−r

Proof. Let A be the algebraic subgroup given by Proposition 3 . Since
P belongs to the intersection A ∩ C, then all its conjugates are in A ∩ C for a
certain field of definition of C. Then [K (P) : Q] � �(A ∩ C)/[K : Q].

We are going to make the upper bound (23) for d := [K (P) : Q] indepen-
dent from

∏2r
j=1 |νj |. Then we will find a lower bound for the degree d which,

combined with the above upper bound, will induce an absolute bound for the
variables N R and d.

Proposition 4. Let Q1, . . . Qr be O-linearly independent points in E. Let D
be the degree of the field of definition of those points. Then

D−1−ε �
r∏

i=1

ĥ(Qi ).

Proof. We can assume that ĥ(Q1) ≤ ĥ(Qi ) for i = 2, . . . , r . Let us
consider integers δ1 = 1, δ2, . . . , δr and points Q′

1, . . . , Q′
r defined over K ′,

satisfying

(24) Q′
1 = Q1, δ2 Q′

2 = Q2, . . . , δr Q′
r = Qr

and

(25) ĥ(Q1) ≤ ĥ(Q′
i ) ≤ 4ĥ(Q1).

For example we can set δi :=
[√

x
y

]
where x := ĥ(Qi ), y := ĥ(Q1) and [·]

is the integer part of a real number. We easily see that (24) is equivalent to[√
x
y

]
≤
√

x
y ≤ 2

[√
x
y

]
which is trivially true since x ≥ y. Then

(26) D′ := deg K ′ ≤ D
r∏

i=2

δ2
i .

Since the points Q1, . . . Qr are O-linearly independent points in E then also
the points Q′

1, . . . , Q′
r are O-linearly independent. Thus (Q′

1, . . . , Q′
r ) ∈ Er ,

as well as (Q1, . . . Qr ), is a point of infinite order modulo all proper abelian
subvarieties of Er .

Now we need a recent result of S. David and M. Hindry.
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Lemma 4 ([7] Theorem 1.3). Let A be an abelian variety of dimension g with
complex multiplication defined over a number field K and L a symmetric ample line
bundle on A. Let P be a point on A of infinite order modulo all abelian subvarieties
of A(K ) then

hL(P) ≥ C(A,L)D− 1
g

(
log log(3D)

log(3D)

)κ(g)

where D is the degree of the field of definition of P, hL is the height defined by the
divisor associated to L, C(A,L) is a positive constant depending only on A and L,
and κ is a positive constant depending only on g.

After replacing (log log(3D)/ log(3D)) by (D)−ε, for ε small enough,
Lemma 4 tells us that

D′− 1
r −ε � ĥ(Q′

1, . . . , Q′
r ) .

The height of (Q′
1, . . . , Q′

r ) is, by definition, the sum of the heights of its
components, hence, using the upper bound (26) for D′, we deduce

(
D

r∏
i=1

δ2
i

)− 1
r −ε

�
r∑

i=1

ĥ(Q′
i ),

and by relation (25) we have

D−1−ε � ĥr (Q1)

(
r∏

i=1

δ2
i

)1+ε

.

Using once more relations (24) and (25) we have

D−1−ε �
r∏

i=1

ĥ(Qi )

for ε small enough.

Corollary 2. Let P ∈ Sn−r (C), let N be the smallest integer that annihilates
the torsion of �P and d the degree of the field K (P) of definition of P. Then

(27) (N R)1−ε � d � (N R)
1

(n−r−1−ε) .

Proof. Let g1, . . . g2r be the integral basis of the lattice �P defined by
Proposition 2 . Then the set of points g1, . . . , gr respectively gr+1, . . . , g2r are
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O-linearly independent points of E(K (P)). Applying Proposition 4 to these
two sets of points, we deduce

(28)

d−1−ε �
r∏

i=1

ĥ(gi )

d−1−ε �
2r∏

i=r+1

ĥ(gi )

where d := [K (P) : Q]. Multiplying left and right sides of these two relations
and using (19) we have

(29)
2r∏

i=1

|νi | � d1+ε.

From Corollary 1 and (29), we deduce

(30)

(
2r∏

i=1

|νi |
)n−r−1−ε

� (N R)1+ε

as well as

(31) d � (N R)
1

(n−r−1−ε) .

On the other hand, by Proposition 2 (4), the torsion Tor(�P) is a finite group
defined over K (P) and its O invariant. From Corollary 3 below, we see that
	(N )	(R) � [K (Tor(�P)) : Q], where 	 is the Euler’s function, then

(32) (N R)1−ε � d

and we conclude the proof.

4.3. – The Easy Cases

The case n − r ≥ 3 follows immediately from Corollary 1, because (1 −
ε) − 1/(n − r − 1 − ε) > 0 for n − r ≥ 3 so N and d are uniformly bounded.

For r = n−2, we shall distinguish two cases. Suppose that g1 has minimal
height among g1, . . . gr . If a conjugate of g1 is O-linearly independent from
g1, . . . , gn−2 then the following lemma solves the problem.

Lemma 5. Let g1, . . . , gn−2 be the O-basis of �P fixed above and assume that
ĥ(g1) ≤ ĥ(gi ) for i = 1, . . . , n − 2. Let g be a conjugate of g1 under Gal(K/K ),
which is O-linearly independent from g1, . . . , gn−2. Then N R and d are bounded
independently on P.
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Proof. The field of definition of Tor(�P) is normal (Corollary 3 below),
so it is contained in K (P, g). Using Corollary 2 we have

[K (P, g) : Q] ≤ [K (P, g1) : Q]2

[K (Tor(�P)) : Q]
≤ (N R)1+ε.

Let r = n − 2. Note that if g, g1, . . . gr are O-linearly independent then
also g, gr+1, . . . , g2r are O-linearly independent. Applying Proposition 4 to
g, g1, . . . , gr and g, gr+1, . . . , g2r respectively, we get

(RN )−1−ε � ĥ(g1) · · · ĥ(gr )ĥ(g)

(RN )−1−ε � ĥ(gr+1) · · · ĥ(g2r )ĥ(g)

and so
(RN )−2−ε � ĥ(g1) · · · ĥ(g2r )ĥ(g)2.

By assumption, the height of g is minimal. Using (19) we deduce

(RN )(−1−ε)2r/2(r+1) �
(

ĥ(g1) · · · ĥ(g2r )
)1/2 �

(
2r∏

i=1

|νi |
)−1

,

so (
2r∏

i=1

|νi |
)1/2

� (RN )r+ε/2(r+1).

By Corollary 1 and 2 we deduce

d � (N R)
(2r+1
2(r+1)

+ε
,

which combined with the lower bound of Corollary 2 gives

(N R)1−ε � d � (N R)
2r+1

2(r+1)
+ε

.

We see that 2(1 − ε)(r +1)− (2r + 1) − 2ε(r + 1) is always larger than zero if
ε(r) is small enough. Thus N R and consequently d are uniformly bounded.

4.4. – The Difficult Case

Suppose that r = n−2, ĥ(g1) ≤ ĥ(gi ) for i = 1, . . . , r and that g, g1, . . . , gr

are linearly dependent for all conjugates g of g1 under the Galois group
Gal(K/K ). This last case is more complicated and requires the study of the
cohomology of the extensions L(E[N ]) with L a number field.
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Lemma 6. Let E be an elliptic curve defined over Q. Let g1, . . . , gr be O-
linearly independent algebraic points of E. Let p be a point of E(Q) such that
σ(p), g1, . . . , gr are O-linearly dependent for every σ ∈ Gal(K/K ). Then there is
a positive integer h such that h · p is defined over a number field of degree at most
d(r) over K , with d(r) depending only on r.

Proof. If E is C.M. then the points σ(p), g1, . . . gr , τg1, . . . τgr are Z-
linearly dependent. In fact by Lemma 2 we know that the equation βσ(p) =∑r

i=1 αi gi with β, αi ∈ O give rise to the two equations bσ(p) + b′τσ (p) =∑r
i=1 ai gi +a′

iτgi and cσ(p)+c′τσ (p) =∑r
i=1 di gi +d ′

iτgi with coefficients in
Z and b + b′τ = τ(c + c′τ). Since τ and 1 are Q-linearly independent we have
bc′ − cb′ �= 0. Thus (bc′ − cb′)σ (p) =∑r

i=1(c
′ai − b′di )gi + (c′a′

i − b′d ′
i )τgi .

If E is non C.M. then the points σ(p), g1, . . . gr are Z-linearly independent by
assumption. Now, the proof follows exactly the proof of Lemma 5 in [1], for
convenience we recall it. Let 
 be the O-module generated by all conjugates
of p under the Galois group Gal(K/K ). Then, from what above, 
 is a Z-
module of rank s ≤ 2r if E is C.M. and of rank s ≤ r if E is non C.M. Let
p1, . . . , ps be Z-linearly independent points in 
. Then we get a representation
ρ of Gal(K/K ) on GLs(Z) by sending σ in the s × s matrix (mσ

i, j )i, j , where
σ(pi ) =∑j mσ

i, j pj + T σ
i for some torsion point T σ

i . Since all σ which fix the
elements pi for i = 1, . . . , s belongs to the kernel of ρ, this kernel has then
finite index and so ρ has finite image. By [4] Note G, pp.479-484, the order
of any finite subgroup of GLs(Z) has order bounded just in terms of s. There
exists a positive integer h such that hT σ

i = 0 for every σ and i . Hence the
kernel of ρ fixes hp and so hp is defined over a number field L whose degree
is bounded just in terms of s.

Lemma 7. Let E be an elliptic curve defined over Q and let u be a point of E
defined over L(E[N ]). Suppose that there exists a positive integer h such that hu
is defined over L. Then, there exists a torsion point T and an integer k such that
ku + T is defined over L and such that 	(k) ≤ [L : Q], where 	(·) is the Euler’s
function.

Proof. Let I be the ideal in Z consisting of the integers t such that tu + T
is defined over L for some torsion point T . Let k be the positive generator
of I. Replacing u by u + T for a certain torsion point T , we can suppose
that ku is defined over L . Note that, upon replacing N by a larger constant,
we may suppose that the new u is still defined over an extension of the type
L(E[N ]). Let G N = Gal(L(E[N ])/L) be the Galois group of L(E[N ]) over
L , then the morphism ζ : G N → E[k] given by σ �→ σ(u) − u is a cocycle
in fact στ(u) − u = σ(τ(u) − u) + σ(u) − u. By Proposition 7 below, we
know that m2 H 1(G N , E[k]) = 0 with m2 depending only on E and L and
L(E[m2]) = L . So m2ζ is a coboundary, i.e. there exists a k-torsion point T
such that m2(σ (u)−u) = σ T −T or σ(m2u −T ) = m2u −T for every σ ∈ G N .
That implies that m2u − T is defined over L . Then m2 ∈ I thus k|m2 and,
since L = L(E[m]), we deduce that 	(k) ≤ [L : Q].
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Conclusion. We can now conclude also the case r = n − 2, ĥ(g1) ≤
ĥ(gi ), for i = 1, . . . , 2r and σ(g1), g1, . . . , gr linearly dependent for every σ ∈
Gal(K/K ). By Lemma 6 there exists an integer h such that hg1 is defined over a
field L of degree at most d(r) over K , where K is a field of definition of E and
its j-invariant. We define u :=∑σ∈G σ(g1) with G := Gal(L(P)/L(Tor(�P))).
Since every conjugate of g1 is of the form g1 + T ′ for a h-torsion point we
have

u = ag1 + T ′′

where T ′′ is a h torsion point and a = [L(P) : L(Tor(�P))]. Recall that
	(N )	(R) � [K (Tor(�P)) : Q]. Now using Corollary 2 we have

[L(P) : L(Tor(�P))] ≤ [K (P) : K (Tor(�P))] � (N R)
1

(1−ε)
−(1−ε) ≤ (N R)ε.

Note that hu is defined over L and u is defined over L(Tor(�P)). Applying
Lemma 7, we deduce that there exist a torsion point T and an integer k such
that ku + T is defined over L . Since g1 is not torsion, the point ku + T can
not be torsion. Moreover, the absolute degree of L depends only on n. Thus,
by Northcott’s Theorem, we have ĥ(ku + T ) ≥ c > 0, where c is a constant
depending only on E and n. In particular

ĥ(g1) = ĥ(ku + T )

k2a2
≥ c/(k2[L(P) : L(Tor(�P))]2)  (N R)−ε.

This relation, combined with (19) and Corollary 1 gives d � (N R)
1+rε

2 . But
we know from Corollary 2 that (N R)1−ε � d. Therefore d = deg K (P) is
uniformly bounded.

5. – The non-Complex Multiplication Case

In this section we are going to prove Theorem 3. The proof uses the same
method of the C.M. cases. The Proposition 4 is replaced by Proposition 5. The
lower bound for the height of points in E given by D. Masser in Lemma 8
is worse that the lower bound given by S. David and H. Hindry in Lemma 4.
This is the reason of a weaker result in the non-C.M. case.

Let P be a point of Sn−r (C). We consider the coordinate module � :=
〈x1, . . . , xn〉Z of rank n over Z and the module �P := 〈x1(P), . . . , xn〉Z of rank
r over Z. Let K (P) be the field of definition of P . In view of Proposition
2 we can choose generators g1, . . . , gr of �P defined over K (P) such that
�P = 〈g1, . . . , gr 〉Z is isomorph to �P/Tor(�P). Let

xi =
∑

ai j gj + Ti
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with ai j ∈ Z and Ti torsion points defined over K (P). Let N be the smallest
annihilator of Tor(�P). Then a linear combination of the Ti gives a torsion
point T of exact order N defined over K (P). Then Tor(�P) ∼= Z/NZ × Z/RZ

for an integer R|N . From relations (36) and (37) we see that 	(R)2	(N )2 �
[K (P) : Q], whit 	 the Euler’s function. Thus we find the lower bound

(33) (RN )2−ε � d = [K (P) : Q].

In analogy to Proposition 3 and Corollary 1 we can find an algebraic subgroup
A of En passing through P and of bounded degree. This bound induces the
upper bound

(34) d := [K (P) : Q] �

RN

r∏
j=1

|νj |



2
n−r

where |νj | = maxi |ai j |.
In order to relate d and

∏r
j=1 |νj | we need to use a result of Masser which

induces the best known lower bound for the height of independent points of a
non C.M. elliptic curve in terms of their degree.

Proposition 5. Let g1, . . . , gr be Z-linearly independent points of a non C.M.
elliptic curve E defined over Q. Let D be the degree of their field of definition. Then

r∏
i=1

ĥ(gi )  1

Dr+2 log D2

Proof. We recall the result of Masser and we show how to deduce our
proposition from it.

Lemma 8 ([12], Theorem). There are positive effective constants C and C ′
depending only on the field of definition K and on the height of the elliptic curve E,
such that for any D ≥ 1 and any extension L of K of relative degree at most D, we
have

�

{
P ∈ E(L) : ĥ(P) ≤ C

D

}
≤ C ′ D log D.

Without loss of generality we can suppose ĥ(gi ) < 1/D. Let

(35) h(gi ) = 1

D1+ai

with ai ∈ R. We consider the set L of points of E

L =



r∑
j=1

lj gj such that lj ∈ Z and |lj | ≤ Daj /2


 .



THE INTERSECTION OF A CURVE AND ALGEBRAIC SUBGROUPS 69

The height of each point in L is then smaller than 1/D, thus from Masser’s
result we deduce that there exists a constant C2 such that

|L| ≤ C2 D log D.

On the other hand we have D
1
2

∑
j aj different r -tuple (α1, . . . , αr ), thus

|L| ≥ D
1
2

∑
j aj .

It follows that

D
1
2

∑
j aj � D log D

whence
1

2

∑
j

aj � 1 + log log D

log D
.

Combining this relation with relation (35) we deduce our claim.

Now we apply Lemma 5 to the basis g1, . . . , gr of �P . The gi are defined
over the field K (P) of degree d. We deduce

r∏
i=1

ĥ(gi )  1

dr+2+ε

but ĥ(gi ) � |νi |−2 thus

(36)
r∏

i=1

|νi |2/n−r � d
r+2+ε
(n−r) .

This relation together with the upper bound (34) gives

d � (RN )
2

n−2r−2−ε .

In conclusion we have proven the bound (RN )2−ε � d � (RN )
2

n−2r−2−ε .
We conclude that if 2 − ε − 2

n−2r−2−ε
> 0, i.e. if n − 3 > 2r , then the

degree d is absolutely bounded and so, by Northcott Theorem, Sn−r (C) is
finite. Unfortunately the result is not optimal as it is for the C.M. case.
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6. – Some Cohomology

In this section, we study the cohomology of the Galois group of the exten-
sions L(E[N ]) of a number fiels L . The idea is that, except for a finite set of
prime numbers, the Galois group Gal(L(E[pn]/L) contains a suitable subgroup
of dilatations. Studying the exact sequence associated to this normal subgroup
we conclude that the cohomology is trivial. For the remaining ‘bad’ primes,
the subgroup of dilatations will be big enough to reduce the cohomology to
some m2-torsion group, with m depending only on E and L .

Definition of the Serre number m for an elliptic curve E defined over L

• Let E be a non C.M. elliptic curve, then, by [18] (3) and (7), there exists
an integer m, depending only on L and E , such that, for all n ∈ N and p
prime, we have

Gal(L(E[pn])/L(E[m])) ∼= GL2(Z/pnZ) if p � | m(36)

Gal(L(E[pn])/L(E[m])) ∼= {M ≡ I mod pr } if pr ||m(37)

where I is the identity 2 × 2-matrix and M ∈ GL2(Z/pnZ).

• Let E be a C.M. elliptic curve. We recall that O is the ring of endomor-
phisms of E . By [18] Section 4 n. 4.5, there exists an integer m depending
only on L and E such that we have

Gal(L(E[pn])/L) ∼= (O/pnO
)∗ if p � |m(38)

Gal(L(E[pn])/L) ∼= (prO/pnO
)∗ if pr ||m,(39)

for all n ∈ N and p prime.

After replacing L by an extension of finite degree d(m), we may assume that
E[4] is defined over L and that L = L(E[m]), so 4|m and E[m] is all the
torsion defined over L . We call m the Serre number of E .

Corollary 3. Let E be a C.M. elliptic curve and let G be a torsion subgroup
isomorphic to Z/NZ × Z/RZ with R|N. Suppose that G is invariant under the
action of O. Then L(G) is normal and

Gal(L(G)/L) ∼= (m1Z/NZ)∗ × (m2Z/RZ)∗

with m1 = (N , m) and m2 = (R, m).
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Proof. Note that G ⊂ E[N ]. The isomorphisms ρ in (39) and (40) are
defined by the condition ρ(σ)T = T σ for T ∈ E[N ]. This shows that L(E[N ])
is normal. Let ρ(σ) = a + bτ ∈ (O/NO)∗, then the restriction of σ to L(G)

is defined by the condition σ(T ) = (a + bτ)T for T ∈ G. Since G is invariant
under the action of O the restriction σ|L(G) is an automorphism of L(G), so
L(G) is normal. Moreover the sequence

0 → Gal(L(E[N ])/L(G)) → Gal(L(E[N ])/L) → Gal(L(G)/L) → 0

is exact. Note that the exactness on the right follows for a question of
orders. We then see that Gal(L(E[N ])/L(G)) is isomorphic to the group
{a +bτ ∈ ρ(Gal(L(E[N ])/L)) : (a +bτ)|G = idG} and Gal(L(T )/L) is isomor-
phic to the group of {a + bτ ∈ Aut(G) ∩ ρ(Gal(L(E[pn])/L)), where Aut(G)

is identified with a subgroup of (O/NO)∗ via the embedding of G in E[N ]
and the invariance of G under O.

The proof can also be given directly following the proof of [22] Theorem
2.3, p. 108. Note that the representation

ρ : Gal(L/L) → Aut(G)

given by ρ(σ)(T ) = T σ for T ∈ G, is defined because G is invariant under
the action of O.

Proposition 6. Let E be an elliptic curve. For any natural numbers n and
s ≤ n and any prime number p, we have

(40)
H 1(Gal(L(E[pn])/L), E[ps]) = 0 if p � |m

pr H 1(Gal(L(E[pn])/L), E[ps]) = 0 if pr ||m
where m is the Serre number defined above.

Proof. The group (Z/pnZ)∗ is diagonally embedded in GL2(Z/pnZ). On
the other hand the group (Z/pnZ)∗ is trivially isomorphic to a subgroup of
(O/pnO)∗.

We denote by G p := Gal(L(E[pn])/L) the Galois group of L(E[pn])
over L .

Case I: p � | m.

By (36), if E is non C.M. then G p = GL2(Z/pnZ).
By (38), if E is C.M. then G p = (O/pnO)∗. Since 2 divides m we can

suppose p �= 2. The Euler φ function and the Sylow Theorems tell us that
the group (Z/pnZ)∗ is isomorphic to (Z/pZ)∗ × (Z/pn−1Z). Then, using the
identification above, there exists a normal subgroup �p isomorphic to (Z/pZ)∗
inside G p for both cases E being C.M. or non C.M.

The exact sequence

0 → �p → G p → G p/�p → 0.
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yields the inflation sequence

0 → H 1(G p, /�p, E[ps]�p ) → H 1(G p, E[ps]) → H 1(�p, E[ps])(Gp/�p).

We recall that p �= 2, so the subgroup �p is non-trivial and has order coprime
with p. Therefore H 1(�p, E[ps]) = 0. Moreover E[ps]�p = 0 because no
p-torsion is defined over L . It follows that the left and the right term of the
exact cohomology sequence are 0 and so H 1(G p, E[ps]) = 0 as well.

Case II: pr ||m.

By (37), if E is non C.M. then G p = {M ≡ I mod pr } ⊂ GL2(Z/pnZ).
By (39), if E is C.M. then G p = (prO/pnO)∗ ⊂ (O/pnO)∗.
We consider inside G p the normal subgroup of dilatations �p := {M ∈

(Z/pnZ)∗ : M ≡ 1 mod pr }, where 1 is the identity matrix and we use the
above identification of (Z/pnZ)∗ with a subgroup of GL2(Z/pnZ) if E is non
C.M, and we use the natural identification of (Z/pnZ)∗ with a subgroup of
(O/pnO)∗ if E is C.M.

Since 4 divides m we can suppose pr > 2. Then, independently of p, the
group �p is isomorphic to (Z/pn−r Z) and a generator of �p in (Z/pnZ)∗ is
(1 + pr ). We define D to be the multiplication by pr . The norm of a group is
given by the sum of all its elements. By the definition of �p we see that the
classes 1 + i pr ∈ (Z/pnZ)∗ for i = 1, . . . , pn−r represent all elements of �p.
We define N to be the multiplication by the norm of �p. So we have

N ≡
pn−r∑
i=1

1 + i pr mod pn

≡ pn−r + pn(pn−1 + 1)/2 mod pn,

whence

N ≡ pn−r mod pn if p �= 2
(41)

N ≡ 2n−r (1 + 2r−1(1 + 2n−1)) mod 2n if p = 2.

From the exact sequence

0 → �p → G p → G p/�p → 0,

we deduce the inflation sequence

(42) 0 → H 1(G p, /�p, E[ps]�p ) → H 1(G p, E[ps]) → H 1(�p, E[ps])Gp/�p .

By [19] Section 4, we have

H 1(�p, E[ps]) = kerN/ImD.



THE INTERSECTION OF A CURVE AND ALGEBRAIC SUBGROUPS 73

If p �= 2, by (41), we deduce kerN = ImD and so H 1(�p, E[ps]) = 0.
We recall that we assumed 4|m so, in the case p = 2, we have that (1 +
2r−1(1 + 2n−1)) is odd hence an automorphism of E[2s]. Therefore, by (41),
kerN = ker 2n−r = ImD and we again deduce that H 1(�p, E[ps]) = 0. It
follows that the right term of the exact cohomology sequence (42) is trivial,
thus

H 1(G p, /�p, E[ps]�p ) ∼= H 1(G p, E[ps]).

The torsion points fixed by �p are exactly the ones defined over L and so
E[ps]�p = E[pr ]. Therefore H 1(G p/�p, E[pr ]) ∼= H 1(G p, E[ps]). Since the
coefficient group E[pr ] is annihilated by pr , the result follows.

Proposizione 7. Let E be an elliptic curve. For any positive integer N and any
divisor k of N we have

δ2 · H 1(Gal(L(E[N ])/L), E[k]) = 0

where δ is the greatest common divisor of m and N, and m is the Serre number.

Proof. Let p be a prime number, we set N ′ := N/pn where pn||N . We
use the following notation

(43)

G N : = Gal(L(E[N ])/L),

G p : = Gal(L(E[pn])/L),

G N ′ : = Gal(L(E[N ])/L(E[pn]).

We recall that H 1(G N , E[k]) = ⊕p H 1(G N , E[ps]) with ps ||k. The short
exact sequence

0 → G N ′ → G N → G p → 0

yields the inflation sequence

(44) 0 → H 1(G p, E[ps]G N ′ ) → H 1(G N , E[ps]) → H 1(G N ′, E[ps])Gp .

The group G N ′ fixes the ps-torsion, so E[ps]G N ′ = E[ps]. Therefore

(45) H 1(G p, E[ps]G N ′ ) = H 1(G p, E[ps]).

Since p and N ′ are coprime, the groups G p and G N ′ commute, it follows that

(46) H 1(G N ′, E[ps])Gp = H 1(G N ′, E[ps]Gp ).

Case I:

If p � |m then E[ps]Gp = 0 and, by relation (46), H 1(G N ′, E[ps])Gp = 0.
By Proposition 6 and relation (45) we deduce H 1(G p, E[ps]G N ′ ) = 0. Therefore
the sequence (44) is trivial and

H 1(G N , E[ps]) = 0.
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Case II:
If pr ||m then E[ps]Gp = E[pr ]. Therefore pr annihilates the coefficients

of (46) and so pr H 1(G N ′, E[ps])Gp = 0. By Proposition 6 and relation (45)
we deduce pr H 1(G p, E[ps]G N ′ ) = 0. Thus the left and the right term of the
exact sequence (44) are annihilated by pr , we deduce that

p2r H 1(G N , E[ps]) = 0.
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[18] J-P. Serre, Proprieté Galoisiennes des points d’ordre fini des courbes elliptiques, Invent.

Math. 15 (1972), 259-331.



THE INTERSECTION OF A CURVE AND ALGEBRAIC SUBGROUPS 75

[19] J-P. Serre, “Corps locaux”, Hermann Paris, 1968.
[20] J-P. Serre, Local class field theory, In: “Algebraic Number Theory”, J. W. S. Cassels – A.
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