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Realizing Vector Fields
Without Loss of Derivatives

MARTINO PRIZZI

Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)
Vol. XXVII (1998), pp. 289-307

Abstract. In this paper we consider the scalar parabolic equation

on an open bounded set S2 c as well as the delay equation

Using an idea of Polacik and Rybakowski [18], we give a new elementary
proof of the vector field realization results of Rybakowski [24], [25], which avoids
the use of Nash-Moser theorem and the consequent loss of derivatives.

Mathematics Subject Classification (1991): 34K15 (primary), 34C30, 35K60,
58F39 (secondary).

1. - Introduction

Let Q C be a bounded open set and let us consider the scalar parabolic
equation

where L is a second order differential operator and f is some nonlinearity.
Also, let r &#x3E; 0 and let us consider the functional differential equation

in R", where L : C~([-r, 0], R’) ~ M" is a linear operator and F : C~([-r, 0], 
- is a nonlinearity having the special form

Pervenuto alla Redazione il 26 giugno 1998 e in forma definitiva il 25 settembre 1998.
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for some 0  r1  ...  rl  r. It is well known that both equation ( 1.1 )
and (1.2) define a local semiflow in an appropriate functional space (see Sec-
tions 2 and 3 below for a precise setting). It is then interesting to investigate
the complexity of the dynamical systems generated by these classes of equa-
tions. In both cases, though the phase space is infinite dimensional, the special
structure of the equation that generates the dynamical system could in principle
impose some restrictions on the dynamics of the corresponding semiflow. For

example, this is the case for equation (1.1) when N = 1: infact, when N = 1,
it is known that all bounded solutions of ( 1.1 ) converge to an equilibrium (see
e.g. [12]). In the last years various authors have enquired about the complex-
ity of the dynamics on finite dimensional invariant manifolds of the dynamical
systems generated by (1.1) and (1.2), comparing it to the complexity observed
in the dynamics of finite dimensional ODEs. The first result in this direction
is due to J. Hale: in [10] he proved that, if the linear operator L in (1.2)
has N eigenvalues on the imaginary axis (N &#x3E; 1), then the flow generated
by equation (1.2), restricted to a local center manifold at 0, is equivalent to a
higher order scalar ODE of the form

Moreover, if I = N - 1 in (1.3), any finite jet of a map v : can be
realized in (1.4) by an appropriate nonlinearity F. In [3] Faria and Magalhaes,
using their normal form theory [4], [5], extend this result to delay equations
in The case of parabolic equations was first considered by Polacik: in [13]
he proved that, if the operator L in ( 1.1 ) has an n-dimensional kernel (n =
N + 1), and if the corresponding eigenfunctions satisfy a certain nondegeneracy
condition, then every finite jet of a vector field v : can be realized
on the center manifold of equation (1.1). In [16] the same author improved the
previous result and showed that, for a fixed n E N, two space dimensions are
enough to obtain realizability of all jets on As a consequence, he showed
that there exists a dense subset (in the C 1-topology) of vector fields on 
which can be realized (up to flow equivalence) on center manifolds of equations
of type (1.1) in a two-dimensional domain Q. For more jet-realization results,
see the Reference section. In particular, the recent paper [2] proves realization of
jets (and consequently of a dense subset of vector fields) in the class of spatially
homogeneous equations, i.e. equations of the form ut = Au + f (u, Vu).

Though jet realizations are an important step for a good understanding of the
dynamics of ( 1.1 ) and (1.2), they are not sufficient to capture certain degenerate
(but even more interesting) phenomena occurring in ODEs. This motivates the
efforts towards realizing vector fields in parabolic equations as well as in delay
equations. The first result in this direction is due to Polacik: in [14] he proved
that every vector field in 1 

can be realized on some invariant manifold
of an appropriate Neumann problem on an open set Q C R°~~. In [24], [25],
Rybakowski proved a general result on realization of vector fields on center
manifolds of parabolic equations as well as of delay equations. His technique,
based on the Nash-Moser theorem, leads to a loss of derivatives and imposes
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certain "non-natural" restrictions on the smoothness of the vector field v and
of the nonlinearity f (resp. F). Namely, Rybakowski proved that, if m &#x3E; 17,
then every vector field v E Cm+15 can be realized on the center manifold
of (1.1) (resp. (1.2)) by a suitable nonlinearity f (resp. F) of class Cm. An
improvement of this result for parabolic equations was given by Polacik and
Rybakowski in [18]: in that paper they proved that every vector field in 
can be realized on some invariant manifold of an appropriate Dirichlet problem
on an open subset S2 c 1~N, without any loss of derivatives. Also, as it was

pointed out in [21], this invariant manifold is actually a center manifold, though
it is obtained via a noncanonical imbedding.

In this paper we use an idea of Polacik and Rybakowski [18] to give a short
and surprisingly simple proof of the realization results of Rybakowski [24], [25].
Our proof is elementary and avoids the use of Nash-Moser theorem with the
consequent loss of derivatives. Thus we improve the realization result for delay
equations [25], eliminating all "non-natural" smoothness assumptions, and we
improve also the result for parabolic equations [18], since we do not need to
introduce noncanonical imbeddings of the center manifold.

ACKNOWLEDGEMENTS. I would like to thank Prof. K. P. Rybakowski for
suggesting the problem to me and for all our stimulating and fruitful discussions.

2. - Semilinear parabolic equations

Throughout this section let N &#x3E; 2 and S2 c R N be a bounded domain of
class C2,p with 0  p  1. Let L be a differential operator of the form

We assume throughout that L is uniformly elliptic and its coefficient functions
satisfy aij E = 1, ... , N, and a E Consider
the semilinear parabolic equation (1.1). In order study this equation, we shall
rewrite this problem in a more abstract way. Set

The operator L with Dirichlet boundary conditions on defines a sectorial

operator A on X with domain it is well known that A is the

generator of an analytic semigroup eAt, t &#x3E;: 0, of linear operators. Moreover,
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the operator -A generates the corresponding family X" of fractional power
spaces and fixing a with

we have that

with continuous inclusion. Let Y~ be the set of all functions

such that for all m the Frechet derivative exists and is

continuous and bounded on S2 x R x 

Ym is a linear space which becomes a Banach space when endowed with
the norm

For f E Ym the formula

defines the Nemitski operator

of class We can rewrite problem ( 1.1 ) in the form

It is well known that equation (2.2) defines a local semiflow in the space X"
(see e.g. [ 11 ] ), so concepts like those of local and global center manifolds are
well defined for equation (2.2).

Define

and suppose n := dim Xo &#x3E; 1. Since L is formally selfadjoint, and Q is

bounded, the spectrum of A consists of a sequence ~ -oo

as i ~ oo, of real eigenvalues with the same (finite) geometric and algebraic
multiplicity. So Xo is the invariant subspace corresponding to the spectral set 101
and, if q5l, - - - On is an L 2 (Q)-orthonormal basis of ker A, then the spectral
projection Po on Xo is given by the formula
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Write

Note the assignement

is a linear isomorphism.
Now, let X- (resp. X+) be the eigenspace of all negative (resp. positive)

eigenvalues of A. The subspaces X+ and X- are A-invariant, and X = X- ED
Xo ED X+. Let P- (resp. P+ ) be the spectral projection onto X- (resp. X+).
Set

Note X+ is finite dimensional, so A+ is bounded on X+ and hence it generates
a C°-group eA+t, t E R, of linear operators. Moreover, A- is sectorial on X-
and so it generates an analytic semigroup e A-t , t &#x3E; 0, of linear operators. Let
It &#x3E; 0 be such that

then the following estimates hold:

For 8 &#x3E; 0 and m &#x3E; 1 define

and

The following result is well known (see e.g. [1] and [23]):

THEOREM 2. l. For every there exist a positive constant 8m and a map

satisfying the following properties:
( 1 ) 



294

(2) For every f E Vm (3,,,) the set

is the global center manifold of (2.2).
The map r f has the following characterization: r f is the only bounded Lipschitz
continuous map r : ll~n --~ X + such that:

where ~ (s) is the solution of the ODE in Rn

Moreover, if v f : II~n --~ is defined by

then the flow on Mf is governed by the ODE

in the sense that if s solution of (2. 5 ), then s )-~ Q ~ (s ) + 
solution of (2.2).

If n = N or n = N + 1, it turns out that the vector field v f is arbitrary in
the following sense: given any sufficiently small I~~ of class Cgz,
there exists an appropriate nonlinearity f e Ym such that v f = v.

Let us recall the following fundamental concept:

DEFINITION 2.2. We say that the operator L satisfies the Polacik condition
on S2 if dim ker A = N + 1 and for some (hence every) basis ... , of

ker A, R (x ) ~ 0 for some x e Q, where

REMARK. We have n = N + 1 in case the Polacik condition holds. One

can also define a (weaker and less interesting) version of the Polacik condition
with n = N (cf. [24]).
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REMARK. The existence of a potential a(x) such that the operator A + a
satisfies the Polacik condition on the open set SZ was first proved by Polacik
in [13] and by Polacik and Rybakowski in [18], when Q is a ball in 
In [21] and [22] the existence of such potentials was proved for arbitrary open
sets in and for second order differential operators with arbitrary principal
part.

For m E No, let be the set of all maps

such that, for all 0  k  m, the Frechet derivative Dk v exists and is continuous
and bounded on R".

Cm(R", Il~~ ) is a linear space which becomes a Banach space when endowed
with the norm

Now we can state and prove the main theorem of this section.

THEOREM 2.3. Assume L satisfies the Polacik condition on Q. Then there exists
17 &#x3E; 0 such that for every v E with I  1}, there exists f E Vl (81 )
such that 

-

Moreover, for every m &#x3E; 1, there exists &#x3E; 0 such that, if v E Cb I~n ), with
Ivlm  then f can be chosen in Vm (8m ).

Before proving the theorem, we cite two lemmas from [18]. Let B be a
n x n matrix, such that I  Ceyltl for t E R, where y and C are positive
constants. Let v : R n be a globally Lipschitz continuous vector field.
We indicate by 7rv : R x the global flow generated by the equation
~ = Bç -~- v (~ ) . By differentiating this equation along solutions and by applying
Gronwall’s Lemma, we get:

LEMMA 2.4. For every there is a constant cm such that, for every vector
field v E Cb the flow 1Tv defined above is of class Cm and, for every
(t, ~0) x 

where Lm := Ivlcm.b
Applying the higher-order chain rule to the composite map v 01rv and using

Lemma 2.4, we obtain:

LEMMA 2.5. For every M E N, there is a constant cm such that, for every vector
field v E and for every (t, ~o) x 

where Lm := I v I cm.
b
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PROOF OF THEOREM 2.3. Given v E 1, we want to
find a couple ( f, r), f E r : II~N+1 -~ X, e X+ of class Cb , such
that:

f’(~(s)))ds, where ~ (s ) is the solution of the ODE in 1

Let us fix r : II~N+1 -~ X a EÐ X+ of class 1, and look at ( 1 ).
Using (2.1 ) and (2.3), (1) reads:

for i = 1, ... , N + 1. Define the matrix

Then (2.6) becomes:

Since we have assumed that L satisfies the Polacik condition on 0, there exists
an open subset Qo c Q such that M;1 exists on Qo and I M,- 11  M for every
x e Qo. If 

1

then

This implies that, for all x E S2o, the map

is a Cm-diffeomorphism of onto I1~N+1. (We used the fact that r E

X a ) and X0152 C C (Q).) This means that there exists a map ax :
1 such that
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Moreover, for all 7 = 0, ... , m, exists and is continuous on

. 

’

Now choose functions b 1, ... , bN+ 1 such that:

(1) bi E for i = 1, ... , N + 1; i
(2) 10. = for i, j = 1, ..., N + 1.

The existence of such functions was proved in [13]. Finally, set

Notice that fr e Ym if v E and r e Notice

also that there exist am &#x3E; 0, f3m &#x3E; 0 such that, if am , ~ I r 1m :S then

fr E Vm (8m). The function f r has the following properties:

In order to conclude, we have to choose r in such a way that the set { Q~ +

r(~), ~ ~ the center manifold of the equation y = Ay + /r(y). that
is r = r fr . This means that r must satisfy:

where ~(s) is the solution of the ODE in 

We have chosen fr in such a way that

So now r has to satisfy
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where ~(s) is the solution of (2.9). In the right hand side of (2.10) r does
not appear in any way. So we can take (2.10) as a definition and (using the
notation introduced in Lemmas 2.4. and 2.5) set:

Lemmas 2.4 and 2.5, together with the exponential estimates (2.4) for the

semigroup eAt, easily imply that there exists qm, 0  qm  am, such that, if

Ivlm  then r defined by (2.11) is of class C’ and  min(f3m, 1/M).
So fr defined by (2.8) is in Vm (8m ) and r = r fr . The theorem is proved. D

As a consequence of Theorem 2.3, we finally obtain the following real-
ization result: fixed any sufficiently small vector field v E Cb 1 (R’, we can

find a nonlinearity f E Yl such that the flow of equation (2.2), reduced to its

(n-dimensional) center manifold, is equivalent to the flow of the ODE

in R’.

REMARK. The smallness assumption on the vector field v is not a real
restriction. Infact, we can always rescale the time in (2.12) by a small param-
eter e, without changing the qualitative structure of the flow.

REMARK. An analogue result can be proved without any further effort for
the case of Neumann boundary conditions.

3. - Delay equations

In this section we consider the functional differential equation (1.2) in R".
The linear operator L : C°([-r, 0], -~ R’ is defined by

where r is a positive number and 17 is a Borel measure on [-r, 0]. The

nonlinearity F : 0], R") - R’ is taken of class Cm .
It is known (see e.g. [9]) that the linear equation
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defines a strongly continuous semigroup T (s) of linear operators in the functional
space Co([-r, 0], whose infinitesimal generator A is given by

If f : [0, T) ~ M" is in the solution of the non-homogeneus
linear equation

is given by the abstract variation of constants formula

where the kernel K (t , ~ ) : [0, F) -~ C~([-r, 0], R")) is given by

and X (t) is the fundamental matrix solution of equation (3.2). By using for-
mula (3.3), it is easy to prove that equation (1.2) generates a local semiflow in
the space X = C°([-r, 0], R’), so that concepts like those of local and global
center manifolds are well defined for equation (1.2). 

We recall some spectral properties of the operator A (for the details see [9]).
The of A is pure point and À E a (A) if and only if

Let ao, a-, a+ denote the parts of the spectrum of A with respectively null,
negative and positive real part. Then X = C°([-r, 0], Ilgn) is decomposed into
A-invariant subspaces:

We indicate by Po, P-, P+ the corresponding spectral projections and by Ao,
A-, A+ the restrictions of A to Xo, X- and X+ respectively. We have

ao, a(A-) = a-, a(A+) = a+. Since Xo and X+ are fi-

nite dimensional, Ao and A+ generate CO groups of linear operators To(s)
and T+(s) respectively, t e R. Moreover, an explicit representation of Po and
P+ can be obtained in terms of the eigenvectors of the transpose problem. Set
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C* := CO([O, r], and define the transpose operator AT : D(AT ) C C* - C*
by

The spectrum of A T is pure point and À if and only if = 0,
so that cr (A) _ ~ (AT ) . Moreover, if À e o- (A) = then À has the same
Jordan structure as an eigenvalue of A and We indicate by Cô and C¡
the generalised eigenspaces corresponding to the eigenvalues of A T with null
(resp. positive) real part. Let Ø1, ... , ØN be a basis of Xo, ~i , ... , øt¡ be
a basis of X+, and choose a basis ... , 1/1N of Cô and a basis 1/1i, ... ,

1/11f of C§ such that (1/1i, ~~ ) = = 1, ... , N, ~~ ) = /, 7 = 1,
... , H, where the bilinear form ( ~ , ~ ) : C* x X -~ R is defined by

We set

Moreover, we set

Then we have:

The variation of constant formula (3.3) is then decomposed in the following
way:
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where

Moreover, if B is the matrix that represents Ao with respect to the basis q5l,
... , ø N, we have

This formula gives the coordinates of Poyt with respect to ~i, ... , 
Let ft be such that

and let 0  y  tt. Then there exists E &#x3E; 0 such that the following estimates
hold:

Let us turn back to the nonlinear equation (1.2). We consider the special
case of a delay equation. Fix positive numbers r1, ... , rZ-1 1 such that 0 &#x3E; -rl &#x3E;

... &#x3E; -r, and let f : -~ R’ be of class Cb . We define F := f ,
where i is the Nemitski operator associated with f:

We set

Then, using the variation of constants formula (3.3) and its spectral decompo-
sition (3.4), one can prove the following (see [9]):

THEOREM 3. l. For every there exist a positive constant 8m and a map

satisfying the following properties:
( 1 ) 
(2) For every f E Vm (8m ) the set
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is the global center manifold of the semiflow generated by (1.2) in the space X.
The map r f has the following characterization: r f is the only bounded Lipschitz
continuous map r : X- (D X+ such that:

where ~ (s) is the solution of the ODE in RN

Moreover, - R N is defined by

then the flow on Mf is governed by the ODE

in the sense that if s ~-+ ~ (s) is a solution of (3.7) then s « (D~ (s) + r f (~ (s)) is a
solution of (1.2).

We briefly recall the analysis of the structure of the vector field

carried on in [3]. Let p := and let ... , j1  ...

 jp, be a set of linearly independent columns Then a "good" basis
can be found in Xo in such a way that, with respect to this basis,

where Bii i is a di x di matrix in companion form, Bij (i # j) has all elements
zero, except possibly the ones in the last row and Mi is a di x n matrix with
all elements zero, except in the last row, where the element in the ji -th column
is 1 and the other elements can be possibly different from zero. More precisely,



303

and

This means that + rf (~)) all elements are zero, except the ones
in the ki -th position, i = 1, ... p, where k1 1 := Ji, k2 : := d 1 + d2, ... ,

k p : := d l + ~ ~ ~ +d p ; these elements are linear combinations of f 1 ( ~ ~ -f- r f (~ ) ),
... , in (4$£ + r f (~)), with at least one coefficient different from zero. Then,
as it was pointed out in [3] and in [10], the reduced equation

can be interpreted as the normal form of an ODE in R N or alternatively as
a system of p higher order scalar differential equations, coupled by mean of
nonlinear terms, namely:

where

The numbers p and di and the coefficients b’, are independent of the
nonlinearity f. In the rest of this section we fix a basis ~i, ... , 1/f N of Xo
with the above properties. If the number of delays I is sufficiently large, then
the nonlinear part

is arbitrary in the following sense: given any sufficiently small map v : -~ II~p

of class Cb , there exists an appropriate nonlinearity f : -~ M" of class Cb
such that 

r- ,

for i = 1, ... , p. The following condition is an analogue of Polacik condition
for parabolic PDEs:

DEFINITION 3.2. We say that the operator L satisfies condition (*) with the
I - 1 delays r1, ... , r/-i, if dimXo = N  nl and for some (hence every)
basis 4Jl, ... , ON of Xo, the map

is a linear injection.
In [3], Faria and Magalhaes showed that if q := then, with

I = N - q + 1, it is possible to find I - 1 delays ri, ..., ri-I so that that

condition (*) is satisfied.
Now we can state and prove the main theorem of this section.



304

THEOREM 3.3. Assume L satisfies condition (*) with the I - 1 delays rl, ... , I
rZ-1. Then there exists 1] &#x3E; 0 such that for every v E with v ~ 1 :S 1],
there exists f E VI (81 ) such that

for i = 1, ... , p. Moreover, for every m &#x3E; 1, there exists i7m &#x3E; 0 such that, if
v E RP), with Ivlm  i7m, then f can be chosen in Vm (8m ).

PROOF. Given v E Cm (R N, m &#x3E; 1, we want to find f E Vm(8m) such
that 

r _

... , p. We take an n x p matrix U 

where Mi is a di x p matrix whose elements are all zero, except in the last row,
where the element in the i -th column is 1. The existence of such a matrix U
is obvious. For f : RII ~ RP, define f : R" ~ Rn by f := Uf ; note f := Uf,
where

If f E is chosen in such a way that f e Vm (8m) and f( I&#x3E;~ +
r f (~ ) ) = v (~ ), ~ e we are done.

We procede as in the proof of Theorem 2.3. Given v e 

m a 1, we want to find a couple (f, r ), f E f = Uf E Vm(8m),
and r : X- fli X+ of class Cb’, such that:

(1) I(4$) + r())) = v()), ) e R~/ ;
(2) 

r (~ (s ) )) d s , where ~ (s ) is the solution of the ODE in I~N

Let us fix r : X- fliX+ of class 1, and look at ( 1 ). Using (3.8),
(1) reads:

that is
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Since we have assumed that L satisfies condition (*), the map R has a left
inverse S, S : Rni ~ RN, .SR = IN. If

by the contraction mapping theorem we can find a map /!r 1 of

class Cb such that

Then

We define

Notice that, if v E and then fr E 
so that fr = Ufr E Ym. Note also that there exist am &#x3E; 0, f3m &#x3E; 0 such that,
if am , f3m, then f r E Vm(8m). The map fr has by construction
the following property: 

-

In order to conclude, we have to choose r in such a way that the set

+ r (~ ) , ~ E is the global center manifold of the semiflow generated
by (1.2) in the space X with f = fr, that is r = r fr . This means that r

must satisfy:

where ~ (s ) is the solution of the ODE in II~N

We have chosen fr in such a way that

So now r has to satisfy
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where ~ (s) is the solution of (3.12). In the right hand side of (3.13) r does
not appear in any way. So we can take (3.13) as a definition and (using the
notation introduced in Lemmas 2.4 and 2.5) set:

Lemmas 2.4 and 2.5, together with the exponential estimates (3.5) for T+(s)
and K-(t, s), easily imply that there exists qm, 0  am, such that, if

Ivlm  then r defined by (3.14) is of class Cb and  min(f3m, 
So fr = Ufr, with fr defined by (3.11), is in and r = r fr . The
theorem is proved. D

As a consequence of Theorem 3.3, we finally obtain the following real-
ization result: fixed any sufficiently small map V E we can find a

nonlinearity f E Yi such that the semiflow generated by equation (1.2), reduced
to its (N-dimensional) center manifold, is equivalent to the flow of the ODE

in with the matrices B and M defined above.

REFERENCES

[1] S. N. CHOW - K. Lu, Invariant manifolds for flows in Banach spaces, J. Differential

Equations 74 (1988), 285-317.
[2] E. N. DANCER - P. POLÁ010DIK, Realization of vector fields and dynamics of spatially homo-

geneous parabolic equations, preprint.
[3] T. FARIA - L. MAGALHÃES, Realization of ordinary differential equations by retarded

functional differential equations in neighborhoods of equilibrium points, Proc. Roy. Soc.

Edinburgh Sect. A 125 (1995), 759-776.
[4] T. FARIA - L. MAGALHÃES, Normal forms for retardedfunctional differential equations and

applications to bogdanov-takens singularity, J. Differential Equations 122 (1995), 201-224.
[5] T. FARIA - L. MAGALHÃES, Normal forms for retarded functional differential equations

with parameters and applications to Hopf bifurcation, J. Differential Equations 122 (1995),
181-200.

[6] T. FARIA - L. MAGALHÃES, Restrictions on the possible flows of scalar retarded functional
differential equations in neighborhoods of singularities, J. Dynam. Differential Equations
8 (1996) 35-70.

[7] B. FIEDLER - P. POLÁ010DIK, Complicated dynamics of scalar reaction-diffusion equations
with a nonlocal term, Proc. Roy. Soc. Edinburgh Sect. A 115 (1990), 167-192.

[8] B. FIEDLER - B. SANDSTEDE, Dynamics of periodically forced parabolic equations on the
circle, Ergodic Theory Dynam. Systems 12 (1992), 559-571.



307

[9] J. K. HALE - S. M. VERDUYN LUNEL, "Introduction to Functional Differential Equations",
Springer-Verlag, Berlin Heidelberg, New York, 1993.

[10] J. K. HALE, Flows on centre manifolds for scalar functional differential equations, Proc.
Roy. Soc. Edinburgh Sect. A 101 (1985), 193-201.

[11] D. HENRI, "Geometric Theory of Semilinear Parabolic Equations", Lecture Notes in Math-
ematics, Vol 840, Springer-Verlag, NY, 1981.

[12] H. MATANO, Convergence of solutions of one-dimensional semilinear parabolic equations,
J. Math. Kyoto Univ. 18 (1978), 221-227.

[13] P. POLÁ010DIK, Complicated dynamics in scalar semilinear parabolic equations in higher
space dimension, J. Differential Equations 89 (1991), 244-271.

[14] P. POLÁ010DIK, Imbedding of any vector field in a scalar semilinear parabolic equation, Proc.
Amer. Math. Soc. 115 (1992), 1001-1008.

[15] P. POLÁ010DIK, Realization of any finite jet in a scalar semilinear equation on the ball in R3,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. 18 (1991), 83-102.

[16] P. POLÁ010DIK, High-dimensional 03C9-limit sets and chaos in scalar parabolic equations, J.

Differential Equations 119 (1995), 24-53.
[17] P. POLÁ010DIK, Reaction-diffusion equations and realization of gradient vector fields, Proc.

Equadiff. (1995), (to appear).
[18] P. POLÁ010DIK - K. P. RYBAKOWSKI, Imbedding vector fields in scalar parabolic dirichlet

BVPs, Ann. Scuola Norm. Sup. Pisa Cl. Sci. 22 (1995), 737-749.
[19] P. POLÁ010DIK - K. P. RYBAKOWSKI, Nonconvergent bounded trajectories in semilinear heat

equations, J. Differential Equations 124 (1995), 472-494.
[20] M. PRIZZI - K. P. RYBAKOWSKI, Complicated dynamics of parabolic equations with simple

gradient dependence, Trans. Amer. Math. Soc. 350 (1998), 3119-3130.
[21] M. PRIZZI - K. P. RYBAKOWSKI, Inverse problems and chaotic dynamics of parabolic

equations on arbitrary spatial domains, J. Differential Equations 142 (1998), 17-53.
[22] M. PRIZZI, Perturbation of elliptic operators and complex dynamics of parabolic PDEs,

preprint.
[23] K. P. RYBAKOWSKI, An abstract approach to smoothness of invariant manifolds, Appl.

Anal. 49 (1993), 119-150.

[24] K. P. RYBAKOWSKI, Realization of arbitrary vector fields on center manifolds ofparabolic
dirichlet BVPs, J. Differential Equations 114 (1994), 199-221.

[25] K. P. RYBAKOWSKI, Realization of arbitrary vector fields on invariant manifolds of delay
equations, J. Differential Equations 114 (1994), 222-231.

[26] K. P. RYBAKOWSKI, The center manifold technique and complex dynamics of parabolic
equations, In "Topological Methods in Differential Equations and Inclusions" NATO ASI
Series A. Granas M. Frigon 472, Kluwer Academic Publishers, Dordrecht/Boston/London,
1995, pp. 411-446.

Universitdt Rostock
Fachbereich Mathematik

Universitatsplatz 1
18055 Rostock, Germany
martino.prizzi @ mathematik,uni-rostock,de


