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On the Birkhoff Normal Form of a Completely
Integrable Hamiltonian System Near a

Fixed Point with Resonance

THOMAS KAPPELER* - YUJI KODAMA* - ANDRAS NÉMETHI**

Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)
Vol. XXVI (1998),

Abstract. We consider an integrable Hamiltonian system with a real analytic
Hamiltonian H near an elliptic fixed point P. If H has a simple resonance and
admits a semisimple Hessian at P we show that there exists a real analytic change
of coordinates which brings the Hamiltonian into normal form. In the new coordi-
nates, the level sets of the system are analyzed in terms of the nature of the simple
resonance.

Mathematics Subject Classification (1991): 58F07 (primary), 58F18, 58F36
(secondary).

1. - Introduction and summary of the results

In this paper we are concerned with the normal form of a completely
integrable Hamiltonian system near an equilibrium point. Let H = H (z) be
an analytic function, H: U ~ C, defined on an open neighborhood U of the
origin in c2n. Assume that H has a power series expansion near the origin
,z = (x , y ) = 0 E cC2n of the form H = + O(lzI3) where =

Normal form theory for Hamiltonian systems was first studied by Birkhoff
(cf. [Mo]). He proved that in the case where Xl, ... hn are rationally indepen-
dent (i.e. in the nonresonant case), there exists a formal canonical coordinate
transformation, z = ~p (~ ) = ~ + O(I~12), so that H ocp is a formal power series,

with § = (~, 1}) E c2n. Later Siegel [Si] showed that the power series which

* Supported in part by NSF.
** Supported in part by an OSU Seed Grant.
Pervenuto alla Redazione il 10 giugno 1996 e in forma definitiva il 28 gennaio 1998.
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define the coordinate transformation cp are generically divergent. Notice that
if these power series are convergent, then the Hamiltonian system is in fact

integrable with Ij := ( 1  j  n) being functionally independent integrals
which Poisson commute. The converse is also true: first results concerning a
convergent Birkhoff normal form of an integrable Hamiltonian system near a
nonresonant fixed point are due to Vey [Ve] (cf. also [El] where results in the
C°°-case were proved) and were later substantially improved by Ito [Itl].

For the puropose of classification it is useful to generalize the concept of
Birkhoff normal form to Hamiltonian systems near a resonant fixed point and
one might ask again if an integrable Hamiltonian system has a Birkhoff normal
form near a resonant fixed point.

The only results so far in this direction are due to Ito [It2] and concern a
special case of simple resonance. In this paper we treat the general case of a
simple resonance. To state our results we introduce the following notation:

Let Gj = ( 1  j  n) be holomorphic functions, G j : U - C, defined
for z = (xk, in an open neighborhood U of the origin in such

h G G - -.. P.. { G G} - yn aGi i aGjthat Gi,... , Gn pairwise Poisson commute, i.e. - P k Yk

aGl 0, are elements in ./112 and have the property that dGn areayk axk

generically linearly independent. Here .2 denotes the vector space of germs
of analytic functions f at 0, which vanish up to first order at 0 ( f (o) - 0,

= 0, = 0, 1 n). Let ,,4 be the algebra defined by

Then ,A is Abelian ({ f, g} = 0 for all f, g e ,,4), and has the property that
h e A if there exists g E A 0 and h . g e A.

Following Ito [It2], let Pm denote the vector space over C of all ho-

mogeneous polynomials of degree m in 2n variables with complex coeffi-
cients. Then PZ is a Lie algebra under the Poisson bracket { ~, ~ } . The map

P2 - sp(n, C) associating to f e P2 the 2n x 2n matrix ( Old rd ) all - d O ax y f ay f
is a Lie algebra isomorphism. Here sp(n, C) is the Lie algebra of the group
Sp(n, C) of 2n x 2n symplectic matrices. As sp(n, C) is semisimple, P2 is

semisimple and therefore admits a Jordan decomposition: for f e P2, we write
f = fs + fnil where fs = n~ f is the projection of f on its semisimple part and

nil = nnii f is the projection of on its nilpotent part, i.e. ( - 0 I d f .f p J f p p ~ 
is a semisimple and is a nilpotent matrix. Notice that" ‘-Id 0 

fnil} = 0 and one can find a linear symplectic change of coordinates so
The numbers ,1, ... , coincide with the spec-

trum of 
o rd ax fS aXy .fs and are therefore inde endent of the choice oftrum of 0 ) .fs a2 .fs ) and are therefore independent of the choice of’- o 

coordinates. Denote the sublattice of rgn defined by
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where k := (~,1, ... , hn) and (a,,k) = We say that n f is the
resonance lattice associated to f E P2.

For the algebra A above denote by and Anil the semisimple respectively
nilpotent part of the projection A2 of A onto P2.

DEFINITION. (i) ,,4 is said to be nonresonant at 0 if there exists H E ,,4 so
that the resonance lattice AHS associated to the semisimple part HS E P2 of H2
(or of H, for short) is trivial, i.e. AHs = {OJ.

(ii) ,,4 is said to have a simple resonance at 0 if there exists JL E with

IJLI ( := E71JLjl 2: 2 such that for every f in A, E Z} c Afs and for some
H E A, E Z}. The vector it is called a prime resonance vector
of ,A. and is uniquely determined up to sign. We say that AA := E Z}
is the resonance lattice of A. It is a lattice with dim A A = 1.

Let A E be a prime resonance vector. Then we can choose a

basis of so that (p(i), = 8jn. In particular, the n x n matrix
whose columns are given by the is unimodular (i.e. in GL(n, Z)) and
py&#x3E;~ , , , ~ is a basis (over Z) of the n - 1 dimensional sublattice {~ E

= 0 } of Z,. Introduce j r (1 :S j :S n ) as well as

= tn+2 = x/J- yJ-t where JL- :_ ~t,~+ - ~c,c and JL+ is

given by if 0 and := 0 if pk  0. 
k

In the first part of this paper (Section 2) we prove the following

THEOREM 1.1. Assume that A has a simple resonance at 0 and let JL E 
be a prime resonant vector of A (thus, in particular I &#x3E; 2). Then there exists an
analytic, symplectic change of coordinates cp in a neighborhood of 0 in C2n, so that
with respect to the new coordinates, A has the following properties:

(1) 
(2) any element f in A has a convergent power series expansion in Tl, ..., Tn+2.

REMARK 1.1. The special case of Theorem 1.1 where ft2 0, ... , 0)
E is due to Ito [It2]. In the same paper he also considers the case where
it = (1, 0, ... , 0) [It2, Theorem 3] which is not included in the formulation of
Theorem 1.1.

To prove his results Ito uses a rapidly convergent iteration procedure and it
turns out that the same procedure can be applied to prove Theorem 1.1.

REMARK 1.2. As in [It2, Theorem 2], there is an analogous result to

Theorem 1.1 for an algebra .A of germs of real analytic functions at 0, generated
by real analytic integrals G 1, ... , Gn which Poisson commute. We say that A
is elliptic if 0 is an elliptic fixed point (i.e. for H E ,,4 arbitrary, the spectrum
of ( ° d 0 )d s is purely imaginary where d2Hs denotes the Hessian of 

THEOREM 1.1’ . Assume that A is an algebra of germs of real analytic functions
at 0, generated by functionally independent integrals G i , 9 ... Gn which Poisson
commute. Further assume that ,Anil = 0 and that A is elliptic and has a simple
resonance. Let it be a prime resonance vectors IlL &#x3E; 2.
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Then there exists a real analytic, symplectic change of coordinates q; in a

neighborhood of 0 in so that with respect to the new coordinates, (x, y), ,,4. has
the following properties:

(1) ~ := 2  j :S n - 1); 
_ _

(2) any element f in A has a convergent power series expansion in ii , ..., Tn,
where tn :_ (n) - 2 + and tn+i := TIn +H Tn+l, ::JTn+l were Tn := k Pk (Xk + yi)/2 an Tn+l:= k Xk +

_ 
+ 

_ 

- 

i k (xk - i 

Notice that in view of Corollary 1.2 below, Anil =1= 0 implies that = 2.
Further we remark that the case where ,,4 is elliptic with Anil l ,-~ 0 and has
a simple resonance has been treated in [It2] (cf. [Arl, Appendix 6] for a
classification of quadratic Hamiltonians).

Let us contrast Theorem 1.1’ with the corresponding one for integrable
systems without resonances which is due to Vey [Ve] and, in a generalized ver-
sion, to Ito [Itl]. This result asserts that there exist Birkhoff coordinates (z, y)
near 0, i.e. coordinates whose associated symplectic polar coordinates, given by
Ik := (xf -I- ~2) /2, := (I  k  n), are action-angle variables
for the integrable Hamiltonian system under consideration. The Hamiltonian

equations, when expressed in action-angle coordinates, take a particularly easy
form,

and any conserved quantity which is real analytic near 0, has a convergent power
series expansion in I,, ... , In. In the case of an integrable system with a simple
resonance, the Hamiltonian equations are - inevitably - more complicated.
Theorem 1.1’ provides coordinates (x, y) for which the Hamiltonian equations
take a relatively simple form.

REMARK 1.3. The coordinates which have the properties stated in Theo-
rem 1.1 are not unique. One verifies that a symplectic transformation provided
by a Hamiltonian flow whose Hamiltonian has a power series expansion in

tl , ... , tn+2, leads to new coordinates with the same properties as stated in

Theorem 1.1. However, given a power series expansion in il , ... , tn+2 of an
element f E A, one verifies that the coefficients corresponding to the monomials
in tl , ... , Tn-i 1 only, are independent of the choice of coordinates.

REMARK 1.4. One might ask if a result similar to the one of Theorem 1.1 is
true if A has multiple resonances, i.e., a resonance lattice with R = dim AA &#x3E; 2.
Even in the case where the resonances are decoupled (i.e. AA has a basis
/~B ... , &#x3E; such that sUpPJL (i) n = 0 for i ~ j ) it turns out that the

method of proof used for Theorem 1.1 breaks down in general (cf. Appendix A).

As an immediate consequence of Theorem 1.1 we obtain the following

COROLLARY 1. 2. (i) If A is nonresonant, then ,A.nil = 0 and dim As = n.
(ii) If A has a simple resonance then dim As = n - 1. If for a prime resonance

&#x3E; 3, then ,,4nil = [Ol.
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PROOF. (i) By Ito’s result [ltl], there exist coordinates xj, yj 
in a neighborhood of 0 in cC2n so that, when expressed in these coordinates,
,A. consists of power series in i) = xj yj n ) which converge in a
neighborhood of 0 E cC2n . Therefore, dim As = n and Ann = {O}.

(ii) By Theorem 1.1, there exist coordinates xk, yk n) in a

neighborhood of 0 in so that, when expressed in these coordinates, any
element in .,4 has a convergent power series expansion in tl , ... , rn+2 where
rj := n), = xJL yJL and Tn+2 = are

defined as above.

Moreover, Theorem 1.1 guarantees that the functions, tl , ... , are

elements in A. This implies that dimAs - n - 1, as otherwise rn would be
also in and one would conclude that ,,4 is nonresonant at 0. If, in addition,

3, then for any power series f in tl , ... , Tn+2, fni, = 0 and thus in

particular Anil = {0} - a

In the second part of this paper (Section 3), we make a detailed analysis of
the level sets Me := I (i, y ) E (R2n, 0) ) 1 Gj = c~ for real integrable
systems with c = (cl, ... , cn), and study the fibration provided by these level
sets. Here (x, y) are the coordinates provided by Theorem 1.1’, Gj = fi (1 ~
j  n - 1) and 0) denotes a neighborhood of 0 invariant under the flows of
the Hamiltonian vectorfields corresponding (cf. Section 3).
Gn can be expressed as a power series in il, ... , in, (which, due to
the resonance assumption, does not contain a term linear in in ), and is such that
the G j ’s generate A. In particular, we prove that if the prime resonance vector it
oscillates (i.e. it has negative and positive components), then, for generic c,

Me is a disjoint union of tori of dimension n (cf. Proposition 3.4). If p is

nonnegative (Aj then, for generic c sufficiently small and
generic A (i.e. generic Gn), Me has one connected component diffeomorphic to

(0, 1 ) in case IJLI = 2 or 3 and is a disjoint union of tori of dimension
n if 5 (cf. Proposition 3.5). In Subsection 3.2, we study nongeneric level
sets and in Subsection 3.3 we analyze the fibration provided by the level sets.
In Appendix B we analyze the level sets Me for complex systems.
Concerning the second part, somewhat related results can be found in [Fo] as
well as in [CB] (cf. [Du]) where, in connection with the question of global
action-angle variables, one can find a discussion of the monodromy of the
fibration F : M -~ B, with M denoting the phase space and fibers being
Liouville tori. For a generic class of integrable systems of two degrees of
freedom, Fomenko [Fo] studies - in particular classifies - generic regular
energy surfaces and their fibrations where the fibers are, up to singularities,
Liouville tori for the systems considered and extends some of his results to

generic systems of arbitrary many degrees. Our analysis is concerned with the
study of the foliation by level sets - not necessarily tori - of an integrable
system near a singular point with a simple resonance and is of a local nature.
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2. - Proof of Theorem 1.1

In this section we provide a proof of Theorem 1.1. As we follow Ito’s
method of proof, we present only an outline, emphasizing the parts which are
different. Throughout this section we use the notation introduced in Section 1

and assume that the assumptions of Theorem 1.1 hold.

2.1. - Preliminaries

Choose H in ,,4 so that AA where 77y denotes the semisimple part
of H,

For a power series f = at the origin we use the notation

where f i d) is a homogeneous polynomial of degree j with d =
0. We refer to fd as the lowest order part of f. A power

series f is said to be in HS-normal form (or Birkhoff normal form) if

It is said to be in Hs-normal form up to order d if fd +... + f d+dl is in

H,-normal form. Notice that a power series f which is in H,-normal form can
be considered as a power series in (n + 2) variables tl , ... , tn+2 · Moreover, as

is a function of r = (tl, ... , in), f is of the form

where fj (T, Tn+ j) are power series in Tl,... , rn and ( j = 1, 2). Alter-

natively, f can be considered as a Laurent series in il , ... , eliminating
rn+2 in f2(r, rn+2) by using (2.3).

For the remainder of all of Section 2, given a power series f in HS-normal
form, we denote by az, partial derivative of f with respect§i 
to rj when f is considered as a Laurent series in il , ... , 
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Using that

the Poisson bracket { f, g} of power series f, g in HS-normal form can be
computed as

2.2. - Construction of a formal coordinate transformation

In this subsection, we construct the transformation cp formally. Introduce
the projection of a power series f onto its HS -normal part and define

:= f - For any convergent power series f denote by 
the flow corresponding to the Hamiltonian vector field X f . The

coordinate transformation w of Theorem 1.1 is constructed from a sequence of
transformations each of which is a Hamiltonian flow obtained in a well known
fashion:

PROPOSITION 2.1. Let K = K2 + K3 + ... be a power series with Ks = 
Assume that K is in Hs -normalform up to order 1 + d (d &#x3E; 1). Then

there exists a unique polynomial W of the form

with ON W = 0 such that K o is in HS-normal form up to order 1 + 2d. (The
flow X ~,y (~ ) exists for It I  1 for ~ in a sufficiently small neighborhood of 0.)

Applying Proposition 2.1 successively for H = H2 + H3 + ... , one obtains

COROLLARY 2.2. There exists a sequence of symplectic coordinate transforma-
tions CPj ( j &#x3E; 0), CPj = where Wj is the polynomial provided by Proposition- 

]

2.1 with d = 2i, so that the coordinate transformation (p (po o ... o (pi takes
the Hamiltonian H into Hs-normal form up to order 1 -~ 2j+’. Consequently,

:= is a formal symplectic transformation such that H o cP is in

HS -normal form.

One verifies by a straightforward inductive argument that the following
Lemma holds:

LEMMA 2. 3. Assume that H is in Hs-normalform up to order 2 + d and G is
an integral of H, i. e. { H, G } = 0, then G = Gt + Gt+ 1 -~ ~ ~ ~ is in Hs -normalform
up to order t + d.



630

In view of Lemma 2.3 and Corollary 2.2, one concludes that, for a proof of
Theorem 1.1, it remains to establish that the formal coordinate transformation

cp of Corollary 2.2 is given by a convergent power series. For this purpose we
need to estimate the function W obtained in Proposition 2.1. Recall from the
introduction that (1 ~ j:S n ) is a basis of ~n with (P (j), JL) = 

LEMMA 2.4. Let f be a convergent power series. Then the projection ON f of
f on its HS -normal part is given by

where is defined by

and where y is defined similarly.
PROOF. It suffices to consider the case where f is a monomial, f (x, y) =

= Then

In order for such a term not to get averaged when integrated over 91 , ... , On -I ,
it is necessary and sufficient that (/)~Ba 2013 - 0 for 1 ~ 7 ~ ~ 2013 1, i.e. a,

~8 in have to be of the form

where y E and ti , t2 E Z~o. D

Consider the disc Qr := f z EC2, I (zj I where r &#x3E; 0

and ~ &#x3E; 0 (1 ~ y ~ ~).
For a polynomial W introduce

LEMMA 2.5. Let W be a polynomial with IIN W = 0. Then

PROOF. Introduce, for z = (x, y) E Qr fixed,
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where and are defined as above with 0 = (91, ... , 9n _ 1 ), 0 
1. Notice that (x(O), y(O)) := (e 27iO x, E Qr and W (8 - 0) =

W(z). By the mean value theorem,

where

As Tj = one sees that

and

This leads to

and, therefore,

Using the assumption = 0 one concludes from Lemma 2.4 that

Therefore, W(z) = Jo Jo W (0)) and

According to Lemma 2.5, we obtain an estimate of W (as in Proposition 2.1 )
from an estimate of the Poisson brackets I-rk, W} for 1 1.
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2.3. - Estimate for W }

To estimate (rk, W} for 1 1 we make use of the assumption
that G 1, ... , Gn are integrals of H and that d G 1, ... , d Gn are generically
independent.

Assume that the lowest order part of Gj is of degree sj &#x3E;; 1 so that G~ is
of the form

where G§~~~ are polynomials homogeneous of degree sj + d. As pointed out
by Ito [It2, Lemma 4.4, p. 422] we may assume that d Gn are

generically independent. Assume that H is in HS -normal form up to order

I + d (d &#x3E; 1). By Lemma 2.3, Gj is in HS -normal form up to order Sj + d -1.
Write

where gj is in H,-normal form, i.e. gj = and = Notice
that

on an open dense subset near z = 0, where we recall that we view gs’, ... , gnn
as Laurent series in Tl, ... , 

Let z : := w(§ ) = be the transformation described in Proposition 2.1.
Then, again by Lemma 2.3,

is in H,-normal form up to order sj - 1 + 2d. Therefore n)

which can be written as ( 1 n)

This is a linear system of n equations for {Tl, W }, ... , W }, from which
we would like to derive estimates for { tl , W } , ... , Notice that

{Gi , = 0 implies = 0, , which, by (2.6), implies (1  i, j  n)
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This means that the n x 2 matrix (ago -~ ) with gO = ... , gsn ) has rankn Tn+ 1 I n

at most 1, i.e. ag° and ag° are linearly dependent. But due to (2.15) eitherTn n+1 1

0 (case 1 ) or 0 (case 2). By reordering the Gj’s, if necessary,atn atn+1 J

a sn a sn
we have that either agn i= 0 (case 1 ) or 0 (case 2). Let us outline

Tn atn+1 1
how one proceeds in case 1 to obtain estimates for (ri, W }, I-rn-1, W }
from the system (2.18). One uses equation (2.18)n to eliminate (rn, W } and
obtains a system of n - 1 equations for I-rl, W } , ... , irn-1, W } and I-rn+,, W } .
Using that {Gn, = 0, one concludes that the terms involving I-rn+,, W } are of
sufficiently high order and, therefore, can be included in the error term. In more
detail, we eliminate (rn, W } from the system (2.18) by forming (2.18)i agn -aTn

(2.18)n agi n to obtain (1 :S i  n - 1)

where aij are defined as

Both sides of (2.19)i are meromorphic functions of with a possible pole
at points , il with j = i7j = 0 for some 1 n. To remove the poles
in (2.19)i we multiply this equation by the polynomial P(~) := ·

To see that P serves its purpose, write (I  j  n + 1)

where Drj denotes the partial derivative of a function f = f (-rl, ... , 
(when not considering it as a function of Ti,... , Recall that =

r~~‘++~‘ and, therefore,

Further n)
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To compute this derivative introduce the inverse B = (bkj) of A where A is

the unimodular n x n matrix whose j’th row is given by p ~~ ~ . Then

Moreover,

Altogether, we obtain 

From (2.22) and (2.23) we, therefore, conclude that

and

These computations are now used to estimate the term W } on
the right hand side of (2.19)1. Using (2.6) we see that

Now we make use of the assumption that 0 = {Gn, (integrability) to con-
clude that

Combining (2.24) and (2.25) we conclude that the order of P (~ )al,n+1 (~ ) is

given by 2n + sn + d - 2, i.e.
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where mi = 2n + si 2. This is the key point in this proof. It uses
the integrability of the system to insure that W) can be treated as an
error term in (2.19).

Further, one verifies that

The system of equations (2.19)i i is, therefore, reduced to (I s I s n - 1) ,

By compairing homogeneous parts of (2.27), we can obtain equations to be
solved for Wd+2, ... , I inductively, which we describe below.

In case 2, we argue similarly to obtain ( 1  i  n - 1 )

where := b ~L 2013 agn agi f1  I, j y  n).wnere .2013 I: ;.

To treat case 1 and case 2 simultaneously, introduce the polynomials aij(~)

Denote by the leading order part of aij (~ ),

with in case 1 and in case 2.

We summarize the results obtained above in the following
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LEMMA 2.6. Assume that there exists a polynomial W = Wd+2 +... + W2d+l
with II N W = 0 so that, with z = ~p (~ ) = X yy 1 (~ ), Gjocparein HS -normal form up
to order sj + 2d - 1. Then each homogeneous polynomial Wl+2 (d  t  2d - 1 )
satisfies the following system of (n - 1) equations (I  i  n - 1)

where

Moreover,

The system (2.30) can be solved for W ~+2 },

is given by

where qk+.e+2 (~ ) is also a determinant and given by Cramer’s rule.
We point out that, W~+2 I being a polynomial, formula (2.33) shows

that the numerator q/ (§) is divisible by p(~).

2.4. - Estimate of W

We now combine Lemma 2.5 and Lemma 2.6 to obtain an estimate for W.
For convenience, we assume that the Hamiltonian H is normalized so that

llitll = llh ll .
According to Ito [It2, Lemma 5.1], for a small but otherwise arbitrary

positive number r &#x3E; 0, there exist constants 0  6i  1 (1 2n ) such that,
for E 0 := l = (Fi , ... , C2n I lfj = 8jr (1 :S j :S 2n)l, 

’
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where s is the degree of pen := det ((~~(~))i~~~M-i) (cf. (2.32)) and ci &#x3E; 0

is independent of r. Introduce the polydiscs Qr := t~ I (§j I  3jr (1 
2n) } and denote by the space of power series in ~ which are

absolutely convergent in Qr. Further, introduce the subspaces Am (Qr) := { f E
I f = fm + + ... } and the following norms for f E A (Qr),

and, for f E Am (SZr),

It follows from (2.32), (2.33) and the maximum principle that

with W = W d+2 -~ ~ .. + W2d+l . According to Cramer’s rule, is given by

(cf. (2.31) for the definition of 
In a straightforward way one then verifies that n - 

2d - 1)

for some c2 &#x3E; 0.
We need to introduce some more notation: for a power series f =

denote by f the power series with coefficients ICa,8 (

Let c3 &#x3E; 0 be a constant such that

and define c4 := max(c2, 1 + C2C3)- Using (2.36) one then proves (cf. [It2,
Lemma 5.3]).
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LEMMA 2.7. If

then the polynomials f -rk, W I ( 1  k  n - 1) satisfy

Set 3 := ðj and C5 := 4JrC4.
LEMMA 2.8. Let 0  p  r. Under the assumption of Lemma 2.7, the following

estimates hold:

which, combined with Lemma 2.7 implies (i). Estimate (ii) and (iii) follow
from (i) by applying Cauchy’s integral formula. 0

2.5. - Proof of Theorem 1.1

The proof of Theorem 1.1 is now completed as in Ito [It2]. One first

provides, using Lemma 2.8, estimates at the k’th iteration step for the flow

X~ and where wk = X Wkl and then uses them to prove that the

limit w = limk-+oo 00 ... wk (cf. Corollary 2.2) defines a holomorphic coordinate
transformation in a neighborhood of the origin.

3. - On the level sets of an integrable system near a fixed point with a simple
resonance

In this section, we consider real integrable systems of the type described in
Theorem 1.1’. Such a system can be viewed as a complex Hamiltonian system
by introducing the symplectic coordinates
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where z :== are coordinates as provided by Theorem 1.1’ . In order to

keep the exposition simple, we will often use the complex notation x, y with
the understanding that (3.1) always holds and use z = (x, y) rather than (x, iy)
as we are interested in the geometry of the the level sets rather than the dynamics
of the system. Choose ( 1  j  n - 1 ) and denote by

a level set of the integrable system where (II~2n, 0) is a neighborhood of 0
in which is invariant under the Hamiltonian flows corresponding the the
Hamiltonians Gj, 1 1, (cf. paragraph before Proposition 3.2) and
by M,;, the connected component of Me containing z.

3.1. - Generic level sets

Notice that for generic 2 := (x , (ll~2n , 0), dz G 1, ... , dZ Gn are linearly
independent. By Sard’s theorem (cf. e.g. [Hi]) the following result holds:

PROPOSITION 3.1. For generic c, dZ G 1, ... , dZ Gn are linearly independent for
arbitrary 2 in Mc.

For the sequel assume that the connected component Mc,z of Me with
z E has the property that are linearly independent for

r

arbitrary z’ in Mc,z. Following a standard argument one uses the flows (z)

corresponding to the Hamiltonian vector fields XGj with initial condition ’pi 9(z) =
construct a local diffeomorphism

where I (z) denotes the maximal interval of existence of the flow (z). As

the flows corresponding to XG, 1) are periodic (the integrals Gj
(I j j j n - 1) are an incomplete set of action variables) one concludes that
Me,z is either diffeomorphic to or (Sl )n-l x 7(z). (Flows can also be
used to study the level sets of complex systems. In that case the flow variables

t are complex and the orbits qJf (z) are Riemann surfaces whose properties
however are not easily analyzed (cf. e.g. [Sb]).)

Our aim is to obtain additional information, depending on properties of it
and Gn, on Me and the fibration they induce. Without loss of generality, we
may assume that it and satisfy the following (normalization) conditions
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where i is some integer, 0  .~  n - 2, and e 1, ... , en is the standard basis
in Introduce

where R+ is the closure of R+ := {x E R x &#x3E; 0} and define

given by

For (~,0) we use the standard neighborhood system (Ue)e with UE . :=

(w  E } . For c = (ci,... , cn ) with Icl « E, introduce

where here we view the Gj’s as functions of cvl, ... , which are real

analytic in c~l , ... , con, By a standard argument (cf. e.g. [Lo]),
for generic c (i.e. for c V A for some proper analytic subspace (A,0) C
(II~n+1, 0)) and for Icl ~ 6, Bc is a one dimensional real smooth C~2013manifold,
and its C°°-type does not depend on the choice of E and c. Since 1/1-1 (0) = 0
and 1/1 is proper, VE = 1/r~ -1 ( UE ) defines a neighborhood system f V, 1, of (II~2n , 0).
Define for c = (c 1, ~ ~ ~ , cn ) with Ici « E

Notice that 1/1 induces a map Me -+ Be which we again denote by 1/1.
The following result reduces the analysis of Me to the one of B,, at least

for generic c.

PROPOSITION 3.2. For generic c E (R, 0) with Icl I « E, the following state-
ments hold:

(i) 1/1 : Be is a fiber bundle with fiber 
(ii) 1/1 : Be admits a real analytic trivialization B11,

where prl : Be X --~ Be denotes the canonical projection.
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REMARK 3.1. In Subsection 3.3, we present a different trivialization which
is independent of c, obtained from using the Hamiltonian flows corresponding
to Tl,." , Tn. The one constructed in the proof of Proposition 3.2 will be
convenient in Subsection 3.2.

To prove Proposition 3.2 we need the following auxilary result.
Define for 1 

LEMMA 3.3. For generic C E 0), Be C S2’.

PROOF. For a generic c E (R n, 0) we may assume that c~~0(l~~~~).
Thus, for any cv E Bc, cvj = rj = cj ~ 0 for 1  j  l. Assume that there exist
co E Be and jo, l + 1  jo  n, with Wjo = 0 or, equivalently, that = 0.

Then, the system of equations

has a solution ojo - (wl, ... , 0, ..., cvn , 0). Introduce

The closure of G(£) is an analytic variety of dimension not greater than
~ 2013 1, and C E G (E). We conclude that c is not generic. This shows that for

generic c, 0 for any (~i,... , E Bc. 0

PROOF OF PROPOSITION 3.2. Notice that the base space Q’ is a product
(R+)~ where

with C* := (CBo. Correspondingly, the map 1/1 can be written as x ~2 where

is given by 1/11 (x, y) := (xlyl, ... , and

+ -
is given by *2(X, y) := Xj ).

The map 1/11 is a trivial fiber bundle
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where T I is given by

and the fiber ~l 1 ( 1, ... , ,1) is

The map is also a trivial fiber bundle

where

Notice that 1/r~2 1 (1, ... , Indeed, fix a point (x, 3i) E (I, ... , 1) .
Then R : ~ ,~2 1 ( 1 ~ ... , 1), defined by

is an isomorphism where S = {z E C I I z = 11. (Recall that by the normaliza-
tion (3.3), if l ~- 1  j  n and 1  k  l.) a

The following two propositions relate the nature of the prime resonance
vector JL with the topology of Be .

PROPOSITION 3.4. Assume that JL is oscillating, i. e. that there exists jo with
.~ -1- 1  jo  n - 1 such that  0. (Recall that &#x3E; 0.) Then, for c E R’
sufficiently small, Be is compact. If Be is smooth (which is the case for generic c),
then each connected component of Be is diffeomorphic to 

PROOF. It is to prove that for c sufficiently small, Be is compact. Consider
the linear system
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which admits a solution Wk = where
An

with c’ = (ci,... cn-i) and, as in Subsection 2.3, (bkj) is the inverse of
the unimodular n x n matrix whose rows are given by p ~ 1 ~ , ... , p~’~~ . Introduce

:= f j Ii + 1  J.  n; &#x3E; 0}. For j e J+ we write ccy = ,..-vJ J &#x3E;n 
n 

&#x3E;I J

to conclude from úJj :::: 0 that  b . Similarly, for j e J-, we write

coj = (- ~n ) ( ~n b~ - and conclude that úJn. Therefore, if co e Be,

where M+ - M+(c’) : E J+} and M- -= M_(c’) I
/ii ti

j E V’}. Notice that M-  oo as J - 0 and 0  M+ as n E J+ and bn = 0.
In particular, we observe that Bc = 0 if M-  M+. For the case M+  M-
recall that N E Bc implies that = To rewrite this equation
in a convenient way let

and

where

One verifies that, . h - 12 = TIn thatne ven es t at, WIt An úJn - J’ úJn+l - - f (Wn), t 3at

f (t) is a polynomial in t with f (t) &#x3E; 0 for M+  t  M- and f (M+) -
f (M_ ) = 0. Moreover, if M+  M-, there exists a unique element t*, M+ 
t*  M-, so that Max f = f (t*) where

Notice that bj (c’ ) = 0 and therefore

Further, if (o E Be, then

We conclude that for any s-disc D, in x C there exists 3 = 8 (~) &#x3E; 0 so
that if I c I  8, then C D,/2 i.e. for c sufficiently small, Be is compact.
If Be is smooth, it then follows that it is a disjoint union of circles. D
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PROPOSITION 3.5. Assume that &#x3E; 0 (1  j  n). Then for generic c in
0) with Icl « 1 and generic Gn (generic in the sense that A is a generic Pois-

sonalgebra with simple resonance) the number #open of open connected components
of Be (i.e. components which are diffeomorphic to the unit interval (0, 1)) is given
as follows:
(i) if = 2 or 3, then #open = 1 ~ I
(ii) if = 4, then either #open = 0 or #open = 1
(iii) if &#x3E; 5, then #open = 0.

PROOF. In a first step we show that for generic c, Be can be identified
with the Milnor fiber of a hypersurface, obtained from Gn. Using the same
notation as in the proof of Proposition 3.4, f (t ) = Itn Ai
as J - - . Notice that

I 
is a real analytic isomorphism and admits a square root, f 2. 1 : 0

(0, oo), which is again a real analytic isomorphism. Denote by g * g,i the

inverse of f 2 where c’ = (cl, - - - , Substituting ~ = (~+1 ~

1), and taking into account that = r2 and Wn+l = can

be identified with the Milnor fiber

where r, 8 ) = r, 6~) = 
In a next step consider the space Bo corresponding to cj = 0 (1 :S j :S n),

I.e.

Bo := ( (t , r, 9 ) [ t e (R+, 0) ; tlttl = H(t, r, 9 ) = 0)
where C = admits an expansion of the form

Substituting t = , one obtains

where := 

As Pq (0) is a polynomial in cos 9 and sin 0 (and thus, in particular, periodic
of period the number #q of roots of Pq (9 ) in the interval [0, 27r), counted
with multiplicity, is even. Let
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If has only simple roots, we claim that, for generic c in 0), the
number #open of noncompact components of Bc is given by 2 #qo . This can be

proved as follows: consider a sufficiently small, fixed disc De := I (r, 0) 11 r 1 :!5
~ } . The equation defining Bc is a perturbation of = 0. The solution
set { (r, 9 ) ~ 1 Pqo (9 ) - 01 are rays which intersect a De transversely (in fact,
orthogonally). Since intersecting transversally is an open property, the number
of noncompact components of Bc, for Icl sufficiently small, is given by

and the above claim follows.
It remains to analyze Pqo. For that purpose, expand Gn (cv),

where the dots stand for terms of higher order, and substitute, for 1  j  n,
ILi - Aj 

2

(Oj _ An Wn = An Cr Ii-I to obtain, as 2,

where a : _ 

As Gn E A and p is a prime resonant vector for ,A., = 0.

Further, for Gn generic, u # 0 as well as (o, 0) . Therefore, if

5, qo = PqO == a and thus #qo - 0. If IILI = 2 or 3, then qo =

1,P() = f31 1 cos 9 -+- ,B2 sin9 has two simple roots in [0,27r) and therefore

#qo = 2. If = 4, = then has generically
only simple roots and, depending of the size of a, either #qo - 0 or
#,0=2. m

To illustrate the above results, we present a number of examples.
EXAMPLE 1 (cf. Proposition 3.5). For a first set of examples, let n = 2,

IL = (2, 1), choose p(l) = (-1, 2), p~2~ _ (1, -1), Gi := Tl = + and

let G2 be a power series in (VI, cv2, and where cv3 = Then, with
C = (Cl,C2),

Writing t := úJ2, W3 = and to, = 2t - cl, Bc can be described, with some
abuse of notation, 

’
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where R,l := (II~2, 0) ~ t &#x3E; 0; r &#x3E; 0; 2t - cl &#x3E; 0; (2t - cl)t = r2}.
The set R,l is the graph in the positive (t, r)-quadrant of a curve which is

strictly increasing. We consider Bc as a fiber space above where Bc -
(t, r, 0) ’2013~ (t, r) is the projection and the fiber above (t, r) is given by

the solution set {9 E R G2(t, r, 9) = c2}.

Let A = (aij) be the unimodular 2 x 2 matrix whose rows are given by 
p ~2~ . The rows of the transpose of the inverse, (A -1 ) T = (Pij), are then given by

= ( 1, 1 ) , V(2) = (2, 1). Let xj = ( j - 1, 2) and notice that 9~ )
are symplectic polar coordinates, Wj = (xJ + ~?)/2, Oj = + The

coordinate transformation (il -a), +2(02, Sl 01 +02;
T2 = WI - s2 = 20, + 02) is canoncial. Note that

s2 = 8 and the variable s 1 is a new time variable for the reduced Hamiltonian

system under the reduction G 1 - ci (cf. [Ar2, p 259]). Instead of using the
coordinates t = W2, r = Wl,J"W2’ 0 = S2 to describe the level sets Bc, we could
equally well use the coordinates Tl, t2, S2.

Ex. 1.1. Let G 2 = ffiW3 = r cos 9 . Then FC2 (t, r) r  IC21. The

equation c2 has one solution in 0 ( mod 2Jt) if r = I c21 and two
solutions if r &#x3E; IC21- One concludes that for &#x3E; 0, Bc is diffeomorphic to
the unit interval (0, 1).

As shown in [Ar2, p. 259], the intersection of mc n102 = constant} with
the (~1,~1) plane (Poincaré section) consists of two disconnected components
of one dimension which are, generically, parametrized by cv2. These components
are however connected when considered in the space Q.

Ex. 1.2. Let G2 = = rk cos kO. By a similar argument, one concludes
that for C2 7~ 0, B~ = Uk(O, 1), i.e. Be is a disjoint union of k copies of the
unit interval.

Ex. 1.3. Let G2 = + Notice that, for c2  0, B~ _ ~ and
for c = 0, Bo consists of the origin only. Following the arguments of the proof
of Proposition 3.5, we conclude that for c2 &#x3E; 0, Be is diffeomorphic to Sl. Q

EXAMPLE 2 (cf. Proposition 3.4). For this second set of examples, let
n = 2, it = ( 1, -1 ) and G := ri = coi +~2. Then

Writing again t := W2, W3 = one has cv = c 1 - t and obtains

where R§~ := f (t, r) e I Cl - t 2: 0; (ci - t)t = r~). If ci  0, then
0 and if ci - 0, B~ consists only of (WI, W2, cv3 ) = (0, 0, 0).

Ex. 2.1. Let ci &#x3E; 0 and G2 = r cos 9. Then Be = S 1 if (c2(  2
and Be = 0 four &#x3E; 1-.
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Ex. 2.2. Let cl &#x3E; 0 and G2 := rk cos kO. Then Bc Uk Sl

(disjoint union of k copies of if (c2( 1  and &#x3E; 1.2 2

We remark that Ex. 2.1-2.2 fit into the following more general situation:
According to the proof of Proposition 3.4 and in view of the equations coj =

(notation as in the proof of Proposition 3.4), Bc is determined byAn i

the following equations (t := con; = reie)
(i) r2 = f (t) where M+ (c’)  t  M_ (c’); (ii) G n ((0) =- H (t, r, 0) = cn.
Assume that Gn depends only on Then H is independent of t and,

for generic c, the set of solutions (r, 9), r E (R+, 0), satisfying (i) and (ii) is

given by F UaF F (the disjoint union of two copies of F which are identified
along the boundaries) where F is the closed fiber of H in the disc of radius
j, centered at 0,

To verify this, notice that for given r &#x3E; 0, the equation f (t) = r2 has no
solution if r2 &#x3E; Max f (c’), has exactly one solution if r2 = Max f (c’) and has
two solutions if r2  Max f (c’). In particular, if #0 and #c are the number
of open, respectively compact connected components of FH (c), then Be has
#~+2#c connected components, each analytically diffeomorphic to cn I «

then F is the Milnor fiber of Gn.) 0

3.2. - Nongeneric level sets

Let us make a few remarks concerning the level sets Me for nongeneric c.
In this case, # 0 and, for cv E the might be different
from (cf. Proposition 3.2). To analyze Me for nongeneric c, we stratify
the set Q. Taking into account the normalization conditions (3.3), one sees that
Q has a product decomposition, Q = x S2 where

For arbitrary subsets I C { 1, ... , l } I and J c 11 + 1,..., n }, define the stratum

Notice that for cv E with J ~ f~, 0 and that Q’ = as well

as Q = UI,J Q I, j. It turns out the toplogical type of the fiber 1/J-l(w) depends
only on the stratum which contains cv. Indeed, argueing as in the proof
of Proposition 3.2 we see that
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where here 1/11 (x, y) :- (xl yl , ... , xl yt) is defined on { (x, y) e 
+ -

y (1 :S j :S l)} and 1/12(X, y) := XnYn, y/ ) is defined
on { (x , y ) e (l + 1 n ) } . Identifiying S 1 with {z e
C I Izl I = 1 } , one has, for W e 1/111 (WI, .... , = I and, if

I J I ~ 0, ~21 (l~l~-1, ... , = By Proposition 3.2, for J = 0,
’1~/’2 1 (C.~l-I-1, ... , = To study the degeneration of the fibers for
W E the cases J # 0 and J = 0 are treated in the same way and thus we
consider the case J # 0 only. Choose a continuous path E S2 (0 :S 0 :S 1 )
without self-intersections, so that (e and e S2’ - for
0  t  1. Choose a continuous lift of the path i.e.

= w(t). Introduce Y := ~’~(~(0)) and X := ~-1 ({c~(t) I
1}) and define (with S1 = (z e (C ~ Ilzl = 1}) x [0, 1] - X

by

Notice that is onto and Ri, j 1 - 1. Therefore, RI, i induces
a strong deformation retract rj,j : X - Y given by ( with s = (s 1, ... , sn -1 ) )

Further, as 0, R1,J ((S’)’-’ x [01) can be identified with

which is diffeomorphic to and R1,J : X 101 - 
can be identified to the projection prj,j : - (Sl )n-III-IJI on the corre-
sponding factors.

The topological type of Mc for nongeneric c can now be determined as
follows: To make the exposition simpler, assume that c is such that Q’
consists of a finite set of points, = {w(l), ... , denotes
the connected component of Be which contains (o. (If S2’ is not finite,
there exists (I, J) ~ (0, 0) so that This case is treated similarly
as the case (I, J) == (0, 0) and is left to the reader.)

For 1 s j  d, there exists (Ij, (0,0), so that w(j) E Let

z E Me be a lift of co, i.e. = cv. Then the connected component of

Me containing z can be identified with the quotient space x (,S 1 )n-1 ~ ,.,.,
where for two elements (~/, Z’), (OJ", Z") E x (co’, z) - (1~~~, z"), if
there exists 1 .j  d, so that cv’ = co" = and prlj,Jj(z’) = prjj, ij (z"). The
identification of Mc,z with x (Sl )n-1 ~ ^- can be obtained as follows: Since
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all the fibers of 1/1 are connected, can be lifted to Mc,z by a continuous,
injective map Mc,z, cv’ « (x(w’), 3i(cv’)). This lift is used to define a
continuous map A : x (S 1)"- - given by

3.3. - Fibration by the level sets

Consider a deformation (MC)CEC of level sets, with C denoting the parameter
space of the deformation. We claim that (MC)CEC can be obtained from the
corresponding deformation (BC)CEC, In particular, if, for I C { 1, ~ ~ ~ , l { and
J C 11 + 1, ... , n } arbitrary, the deformations (Bc n (cf. notation of
Subsection 3.2) are topologically trivial, then (MC)CEC is topologically trivial as
well. First notice that this statement does not follow from the identification

X provided in Subsection 3.2, as the identification
is constructed by choosing a section of 1/1 over and therefore depends
on c. An identification which is independent of c can be obtained by using
the Hamiltonian flows corresponding to Tl, ... , tn with initial conditions xj =

0 ( 1  j  n). Define q5 : x - given by
Ø(SI, ... , rn ... , 9 run) (9~k , where

Then ~ induces an isomorphism between (Sl)n x and {(x, y) e c2n [
xk = Further § collapses some closed subgroups of 
over f (x, y) e JR2n xkyk = 0). One verifies that the composition a :== ~ ’
~ : --~ S2 is given by a(sl, ... , sn, ... , rn) = (rf, ... r~ ~ r~++~ sn)
and is therefore universal, i.e. does not depend on the choice of Be C S2 or c.
Then Me can be obtained from Be by taking the inverse image and

collapsing this space Of course, for generic c, this construction gives an
alternative proof of Proposition 3.2 and for arbitrary c, this construction leads
to the same result as the one given in Subsection 3.2.

As an application we provide a basis for the fundamental group 
where w e Be .

:= and § := (1,’-’ , 1, sn ), where sn is chosen to be 1 if

= 0, and define pathes a ~ 1 ~ , ... , in the fiber of Be above
w by

where 2Jr. Notice that is a closed one form 

n). Thus, by Stokes’ theorem, n ) depends only on the
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homotopy class [a ~~ ) ] ~ 1 ~.~ - } ~~) ) of in the fundamental group 

It follows that [a~~)]~1 ~,~-1 ~~)) (1  j  n - 1) spans and, for

generic c, is a basis (over Z) of 

Appendix A: Decoupled resonances

The aim of this appendix is to indicate why the method used to prove
Theorem 1.1 seems only to work in the case of a simple resonance.

We continue to use the notation introduced in Sections 1 and 2. In addition,
we introduce the notion of decoupled resonances - they are the most elementary
type of resonances one can think of. Let A be an algebra as defined in ( 1.1 )
and denote by AA its resonance lattice. This is a lattice in zn such that AA =
nfEA A f. We consider the case of multiple resonances, i.e., R - dim A A a 2.

DEFINITION. A is said to be resonant with decoupled resonances at z = 0
if AA admits a basis ,u, ~ 1 ) , ... , IL (R) such that
(i) n (j =1= k)
(ii) 
Notice that R :S 2 , if A is resonant with decoupled resonances.

In the following, we want to indicate where the proof of Theorem 2.1 as

presented in Section 2 seems to break down for an algebra A, which is resonant
with R 2: 2 decoupled resonances.

Assume that there is an element H in .4 so that Hnil = 0 and AA.
Let HS be given by HS = 2:}=1 with À = (~,1, ... , Àn) E en.

It is convenient to introduce the following notation slightly differing from
the one used in the previous sections: Denote by (~+1~7~~),
p(j) e a basis (over Z) of the sublattice of zn, orthogonal to AA.
Further choose p(j) (1 :S j :S R ) so that p(j) n ) is a basis of zn. Let

and

where ILkj)+ := (if 0), := 0 (if JLkj)  0) and :=

~0)+ - 
Let f = f (z ) ~ P be a formal power series in Hs-normal form considered

as a power series in Tj, R ). Note that
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Therefore, f can be represented uniquely as

where r := (il , ... , tn ), sign := (Yl , ... , yR ) with yi E {:i: } and asign =

(~1 l , ... , Here /sign(T, are power series in tl , ... , tn, crl 1 , ... , aR .
It is useful to consider functions in Hs-normal form as Laurent series in

n + R variables il , ... , Tn, cri , ... , at by eliminating a 7 using (A.1 ). For

an element f e P in Hs-normal form we denote by a ( 1  j  n ) and a +j a
the derivatives of f with respect to Tj, %+ when f is considered

as a (formal) Laurent series in ri,... , Tn, 0~1~,... , at.
Using that

one verifies that for f, g E P in H,-normal form

Recall that we have denoted by the projection of a power series f
onto its H s -normal form part. can be computed by an averaging procedure

where e2"iex is defined by

and e-2ni8 y is defined similarly. Formula (A.5) implies that, given a polynomial
W with = 0, the supremum norm on a neighborhood of the origin
can be computed by

One of the main points of the proof of Theorem 1.1, as presented in

Section 2, is to estimate Let z = ~o(~) = be the transformation
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described in Proposition 2.1 with W being a polynomial, W = Wd+2 + ... +
W2d+l . Then, by Lemma 2.3, with Gj = gj + Gj and Gj(Ç) = O(çsj+d),

is in H, -normal form up to order sj - 1 + 2d. Therefore, (I  j  n)

which can be written as ( 1  i  n)

Notice that (A.10) is a linear system of n equations for n + R quantities
{Ti, ~},... , ,{tn,W} and for+, ,W},... 9 [a+, tV}.

We then try to eliminate the 2R variables W}, fai W } R)
from (A. 10) up to terms of higher order, and reduce these n equations to n - R
equations for (rj, W } with j - R ~- 1, ... , n . To illustrate this procedure, we
recall the case of a simple resonance R = 1 (cf. Section 2): we first write (A. 10)
in matrix form,

where Fl and Fi include the variables with j = 2,..., n . Let us

consider, for example, the case where (0, 0) (cf. case 2 in
al al

Section 2). Then eliminating W} from (A. 11) (Cramer’s rule), we obtain,
after multiplication with 

Notice that the determinant in (A. 12) is related to the Poisson bracket {gl , gi }
(cf. (A.4)). Using {G 1, (integrability), we see that, for gi 1=

Therefore, the left hand side of (A.12) is so

that we obtain from (A. 10), up to error terms a linear system of
n - 1 equations for W 1 (2  i  n).
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Now we consider the case R = 2. The equation corresponding to (A.11 )
is given by (3  i, j  n)

where Fl, F2, Fi and Fj include the variables (rk, W} with n, and

A ( 1, 2; i , j ) is a 4 x 4 matix given by

for 3  Analogous to the case R - 1, we would
like to show that (A. 10) leads to a linear system (similar to (A.12)), where
the terms involving the four variables {Tl, W }, ... , W } are of the order

of error terms. A necessary condition is that, for some 3  i  j  n,
= However, this is not true in

general as can be seen as follows: By the integrability {Gi , = 0, we obtain

by (A.4) relations among the functions, (1 ::: i, j, k ::: n, 1  t  2),

It is convenient to introduce the following notations,

and to denote the coefficients (4) by a k

Ten , ; _ , ,

Equations (A. 14)ij and (A .14)k.~ lead to the 2 x 2 system
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and therefore, by Cramer’s rule, i, j, k, t s n)

The identities (A.15) give, in general, a complete set of bilinear relations for
the expressions of the form [i , j’]2 for 1  i, j, i’, j’  n.

Analogous to the case R = 1, we would like to show that, at least for

some 3  i  j  n, the term is factorized by the
relation (A. 15). Let us express such a term as a product of terms [i, j]k. This
can be done, by using the Laplace expansion for a determinant [Ma 1, p. 189],
as follows

where I, I I and I I I are given by

Using (A.15) and = we obtain

Notice that the terms in (A.16) are similar to the Plucker relations [cf. Ma

2, p 4], applied to ( I 2 i j) (= ag ) ) and , P , app Ie to Vk .- ak’ ak’ ak’ ak - Tk azk atk ak 
an Wk.-

(bl, b, bi, (k = 1, 2) . The Plucker relations are obtained from ( vk 1B Wk) A
(Vk 1B wk) - 0,

However these relations cannot be used to improve the estimate (A. 16) further,
as in (A.16) both subindices, 1 and 2, appear.

Since the relations (A.15) are the only bilinear relations among the terms
[k, [k’, l’]2, we conclude that in a generic situation, with no further assump-
tions,

(and not better) for { 1, 2 } n { i , j } = 0 
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Appendix B: Generic level sets of complex systems

In this appendix, we want to present results corresponding to various results
of Section 3 for complex systems.

Assume that (x, y) E 0) are coordinates so that the conclusions of The-
orem 1.1 hold. To analyze the level sets Me := {,z = (x, y) E ((~2n, 0) 
cj n) } we argue similarly as in Section 3. We again assume the nor-
malization conditions (3.3) for p and introduce the following subsets of 

and set := Q’ U Q".

Define 1/1 : - Q by setting

and introduce for c = (c 1, ~ ~ ~ , cn )

Notice that 1/1 induces a map Be which we again denote by 1/1.
For the remainder of this subsection it is convenient to denote by Me the inverse
image 1/1-1 (Be). The level set Me is then semilocal as the generic fiber of 1/1 is

equal to (~* )n-1. (If we would consider 1/Iloeal : ((C2n , 0) - (Q, 0) and define
Me by the generic fiber with cv E (Q, 0), is an annular
domain {z = Zn-1) E (  bj, (1 ~ J ~ n - 1){ where
0  aj  bj  oo might depend on the choice of (o. Notice that for different
choices of aj’s and bj’s, these domains are not bianalytically isomorphic.)

Analoguous to Proposition 3.2 we have

PROPOSITION B. I. For generic C E ((Cn, 0)
(i) 1/1 : Mc - Bc is a fiber bundle with fiber (C*)n-1;
(ii) 1/1 : Mc - Bc admits an analytic trivialization

where prl : Be x 
1 
- Be denotes the canonical projection.
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To prove Proposition B.l we need the following auxilary result, which is
proved in a similar way as Lemma 3.3.

LEMMA B.2. For generic C E (Cn, 0), Be C 00.

PROOF OF PROPOSITION B. l. Notice that the inverse image (S2°) is a

product E I x oo E2 where

and

Let 1/Jj : Ej -~ QO denote the projection ( j = 1, 2) and observe that

For 1frl : E I -~ S2°, a holomorphic trivialization BIll : (C*)~ x S2° ~ E I is

given by

It remains to show that the bundle induced by E2 - QO over Be is

holomorphically trivial for generic c. This is done in three steps:
(S 1 ) To define local trivializations of E2 - S2° introduce the fiber

and recall that pen) = (0, ... , 0, p~+1, ’ ’ ’ , E zn satisfies = 1.

Then B11~ : IF x Q’ - (Q’) given by
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is a trivialization of p2 : 1 E2 - QO above S2’ and ~2 : F x Q" - 
given by

is a trivialization of p2 : E2 - S2° above Q". (Notice that B11~ and are not

symmetric.) The gluing map of the two trivializations, G : S2’ n S2" ~ Aut(F)
is given by

i.e.. is a diagonal matrix. Thus = IF x Q’ u F x S2"/ ^-, where
(z’, cv) - (z", w) if w nQ", (z’, cv) E S2’, (z", w) E F x Q" 

j . 
( +’ 1 ,j n).

(S2) In view of Lemma 3.7, we may assume that Bc C QO. Consider the

pullback MJ1) M~2~ ~ B of El xzo E2 - QO. Then M~ 1 ~ ~ ~1 B~ is a
trivial fibration whose fiber is (C*)~. To investigate the fibration MJ2) -+ 1/12 Be
we consider the line bundles induced by the diagonal elements of the gluing
map G, introduced above. Denote by Lj (t + 1  j  n) the line bundle

(C x Q’ u C x above S2° where the equivalence relation is defined as
follows: for (u’, w/) E C x Q’ and (u", E C x Q", (u’, W’) - (u’, cv") if

n&#x3E; co’ = w" E S2’ n S2" and M == We claim that the pullback
B~ - Bc of the line bundles - S2° over Be are all trivial. This follows

from the following three observations:
(01) The exact sequence of sheaves of holomorphic functions

induces a long exact sequence in cohomology

(Recall that C~* denotes the sheaf of holomorphic functions on B, which vanish
nowhere on 

(02) Since B, is a non compact analytic variety of dimension 1, Be is a Stein

space and, as a consequence, 0) = 0 (cf. e.g., [KK,p. 224]).
(03) Since B, is a Stein space and of dimension 1, it is homotopy equivalent to a
real one dimensional CW-complex, hence H 2(B,, Z) = 0 (cf. e.g., [GR,p. 156]).
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Thus we conclude that H 1 (B~, C~*) - 0, or, equivalently, that any line
bundle over Be is trivial. Denote by Oy a trivialization of £ j ; Be

and introduce B’ := and the restrictions 8j := 8j 
8J := 8j Recall that Lj = C x QO n C x Q° / - and therefore there
exist U’ E 0* (B’) and u~ E C~* (B~ ) so that

For cv E B; n B~ ,

In the next step, the functions M. uJ (t + 1  j  n) are used to construct
a trivialization of Me -+ B,. 

~ 

(S3) The pull back M, = ’l//’2 1 (B~) -~ B, of 0/2 : E2 - S2° over Be has a
presentation of the form

where (z’, co) E IF and (z", co) e IF x B~ are equivalent, (z’, cv) rov (z", 

if co e B~ (l + 1 n). Define

A2 : ~/r2 1 (B~) ~ as follows: 02 :- A2 and 02 . := A2 
are given by

Notice that for (z’,w) - (z",w), one has w E and

and therefore,
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where for the last equality we have used (B.2). This shows that A2 is well
defined. Notice that A2 is an embedding and that the following diagram is
commutative 

,

In order to identify the range of A2, range (A2), we argue over B~ and B~
separately. Let (C*)n-e so that there exists 

r

2 1 ( B ) with Vj, or z = (. + 1  n ) . Substituting these
u w&#x3E; J J - -

identities into == 1 leads to

The same argument can be used over B~ to conclude that

Further, it follows from (B.2) that

and therefore we can define 3 E 0* (B,) by

Conditions (B.3) and (B.4) can thus be expressed over all of B, by

and A2 : - e C~*)n-~ x Be ( 3(co) fl)~i v§’~ =
1 } is a bianalytic isomorphism.
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(S4) To find a local trivialization of A2(Mc), define

by setting Then

We have thus shown that T2 ~ A2 : bianalytic
isomorphism. 0
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