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Green Function for the Heat Equation with
Oblique Boundary Conditions in an Angle

MARIA GIOVANNA GARRONI - VSEVOLOD ALEKSEEVI010D SOLONNIKOV

MARIA AGOSTINA VIVALDI

0. - Introduction

In the present paper we construct the Green function for the initial boundary
value problem for the heat equation in an angle, subjected on the sides of the
angle to the oblique conditions.

We give a definition (Definition 1.1 ) of a Green function that is one of the
possible generalizations of the "classic" one, and that emphasizes the fact that by
means of the Green function an inverse operator for differential problems with
homogeneous boundary conditions is defined in the weighted Sobolev spaces,
cf. Proposition 2.6. Some general relations and properties are established, see
Propositions 2.3 and 2.4.

The existence and uniqueness results for the differential problems in the
weighted Sobolev spaces obtained in our previous papers [3], [4] are essential
for the above construction.

Finally we establish estimates for this function and for its derivatives for

any fixed value of the arguments. These estimates do not discern the exponential
rate of decrease of the Green function at infinity; however they allow one to
describe quite well the behaviour and the "order" for each singular point and
to obtain coercive estimates of the solution in weighted Holder norms which
will be dealt with in a subsequent paper.

A similar construction is done in [10] for the Neumann problem. One of
the fundamental differences between the Neumann and the oblique derivative
boundary conditions is that in the latter case the coefficients of the adjoint
boundary conditions change their sign. Thus different weighted Sobolev spaces
must be used.

The Green function and Poisson kernels for parabolic boundary value prob-
lems in an infinite cone were constructed and evaluated by V.A. Kozlov [7],
[8] under certain restriction [7, Condition II] which is satisfied in the case

1 &#x3E; 0. This follows from Theorem 1.1 in [4].
Our results can be easily extended to the case of n-dimensional dihedral

angle de x 

Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4)
Vol. XXVII (1998), pp. 455-485
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1. - Notations and auxiliary propositions

We introduce the fundamental notations used in the sequel. By de we
denote a plane angle of opening 0 in the polar coordinates (r, ep), do = {x -
(r cos ep, r sin ep), r &#x3E; 0, 0  ep  01; yo = {~p = 0, r &#x3E; 01, y, = {~p = 0, r &#x3E; 01
are the sides of the angle.

We consider the initial boundary value problem:

where an is the derivative in the direction of the exterior normal to the boundary
of do h i are real numbers.

yo X2 yo
Consider also the following problem:

We define the weighted Sobolev spaces used in this paper. Fix the real number
k 1£

0 and the integer k &#x3E; 0. By we mean the closure of the set of/t
smooth functions, defined in de x (-oo, T) and vanishing for t  0, near the
vertex of the angle and for large I x 1, with respect to the norm:

REMARK 1.1. For k &#x3E; 0, the elements of the previous spaces have traces on
k_l k_l

the semiline ye (01 = const E [o, 9 ] ), belonging to (see [12])
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with the norm:

where

We denote the space by and we set

We shall work also in the spaces and in the corresponding

spaces of traces with the norms:

and
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Analogously we define the spaces H§(dg) and with the following
norms:

For k &#x3E; 0 the elements of the spaces and H§(dg) have traces on the
k-I

half-line YOI (01 E [0, 0]) belonging to W~, 2 (yol) and to Hi, 2 ( yel ) respectively.
REMARK 1.2. Of course - In the following we denote

this space by L2,¡L (do).
For general definitions and main properties see [6, 10, 13].

k
We proved in [4] the solvability of Problem ( 1.1 ) in the spaces Ho" 2 (de, T )

if ho + h, 1 &#x3E; 0 and in the spaces Wo" 2(do, T) if ho + 0. This corresponds
to the fact that we find the solution vanishing at the vertex 0 in the first case,
while in the second case we cannot prescribe the value 0 at the vertex for the
solution. The main results of that paper are the following:

PROPOSITION 1.1. 0, f3i = arctan hi E (2013jr/2, Tr/2), i &#x3E; 0 and

For arbitrary f

, Problem ( 1.1 ) has a unique solution u (

~, and

PROPOSITION 1. 2. 0, if ho ~- h 1  0 and
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then for arbitrary i = 0, 1, Problem ( 1.1 )

has a unique solution ), and

The conditions (1.5) and (1.7) in Propositions 1.1 and 1.2 are connected as
usually, with Kondrate’v type results, see [6], and depend on the real eigenvalues
of homogeneous elliptic problems corresponding to Problems ( 1.1 ) and ( 1.1 )*
(respectively). See Theorems 7.1 and 7.2 in [4].

The following propositions 1.3 and 1.4 provide for, k = 0, additional
estimates which will be used in the sequel (see Proposition 2.4 and Theorem 3.1 ).

PROPOSITION 1. 3. &#x3E; 0, ho + h 1 &#x3E; 0 and

Then the unique solution u E of Problem ( 1.1 ) satisfies the following
estimate 

’ 
’

PROOF. Set

and extend (in a suitable way) f and wi for t E (T, ~oo). Denote by uo, /,
¿Pi the Laplace transforms with respect to the t-variable of the functions uo, f,
wi (respectively).
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We have

and similarly

To prove (1.9) we only have to estimate the right hand sides of ( 1.10) and ( 1.11 ).
To do this we use Proposition 3.1 of [4], we integrate, we make the in-

verse Laplace transforms and we use the equivalence between the norms (see
also (2.16), (2.17) and the proof of Theorems 3.1 and 3.2 of [3]).

Similarly using Proposition 3.2 of [4] we can prove:

PROPOSITION 1.4. Let it &#x3E; 0, ho + 0 and

Then the unique solution u E of Problem ( 1.1 ) satisfies the following
estimate
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We give the definition of the Green function for the Problem ( 1.1 ), (see
e.g. [2], pag. 147) and we denote the heat operator at - Ax by at) and
the oblique derivative operator on the boundary by 

DEFINITION 1.1. A function G(x, t, y, i) defined on the domain D(G),
where

is called a Green function for the heat operator with the oblique derivative
conditions on the boundary, if it satisfies:

i.e. a fundamental solution satisfying the boundary condition ( 1.14) (iv). D

NOTE:

(i) the continuity assumption is due to the fact that we are looking for the
"strong" Green function, and the integrability assumption is a minimal
condition which allows us to define the function u given by (1.15) below,
at least for function f with compact support;

(ii) means, in addition to the distribution sense, that for any function f(y, t) E
L2,Ji- (de,T), the volume potential

is a solution of the equation

either in if ho + h 1 &#x3E; 0, or in Wo,’~ (de, T ) if ho + 0, (see
Propositions 1.1 and 1.2).

(iii) means that for every smooth function ep(x) the potential
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is a continuous function in [r, T) [i.e. E C°([r, T] ; and satisfies
the limit condition

(iv) means that the domain potential given by ( 1.15) satisfies the boundary
condition i.e.

Finally, as de is unbounded, we add the boundedness condition: for any
fixed y E de, there exist Ro and Co(Ro) s.t.

2. - The Green function

From now on we choose r = 0 and we denote G(x, t, y, 0) by G(x, y, t).
We look for the Green function in the form

Izl2
where x, y Edo, t &#x3E; 0, r(z,t) = is the fundamental solution of

the heat equation, y, t) = Coo-function such that:
Y lyl2

and G’, for all y E de, is the solution in the weighted Sobolev spaces of the
problem

Taking into account (2.1), (2.3) and that for any X &#x3E; 0

we can immediately establish:
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LEMMA 2.1. Under the previous assumptions we have:

In the sequel we suppose 0 and according to Definition (2.1 )
we propose as Green function for the Problem ( 1.1 )*

where G’* is the solution of Problem (2.3) with hi replaced by -hi.

REMARK 2.1. Notice that if G * (x, y, t) is the Green function for Prob-
lem (1.1)* then G*(x. y, t - r) is the Green function for the "adjoint" problem
to the Problem ( 1.1 ) i.e. G* (x, y, t - r) for all y E do satisfies:

We now study some properties of G’ and G’* .

PROPOSITION 2.2. Suppose h o + h 1 &#x3E; 0 and

Then, for y fixed in do, and -) belong to 1

) and t (respectively).

PROOF. First we suppose k = 0 and consider F and 4$I defined in (2.3). F
1 i

belongs to and 4$i to Actually F and 4$I vanish at the
origin (x = 0), moreover: 

’

for any fixed y E do. Similar relations hold for 4Si and for k &#x3E; 0. Then by
Propositions 1.1 and 1.2 the Proposition 2.2 is proved. D

Now we can easily verify that G and G* given by (2.1 ) and (2.5) are

"almost" the required Green functions in the sense of the following proposition.
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PROPOSITION 2 . 3 . The functions G (x , y , t ) and G*(x, y, t ) for a ll fixed y E de,
it and k as in (2.6) satisfy

and

PROOF. Except the points x = y, t = 0, r(x - E Coo,
consequently for 0, by the regularity parabolic results, also G’ and G’*
belong to C°°, then the statements (2.7) and (2.8) are proved. 0

To prove that G and G* satisfy (1.14) and (1.20) and to obtain some
other estimates we have to establish the following "classic" relation between
G and G*.

PROPOSITION 2.4. Under the previous assumptions we have:

PROOF. To prove (2.9) we make use of the Green formula for the functions

v (x, r) = G (x, y, 1’)~ and u (x, r) = G* (x, z, t - t ). Taking into account
Remark 2.1 and Proposition 2.3 we obtain for 8, El &#x3E; 0

Taking into account that for t &#x3E; 0 and t - r &#x3E; 0 equations (2.7) (i) and (2.8)
(i) are satisfied
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Since (2.7) (iii) and (2.8) (iii) hold:

As G’(0, y, t) = 0 (actually G’ (x , ~ , t ) belongs to ~(0,y~) = 0

(see (2.2)) and ~ ~R~ = 0 for lxl large &#x3E; R) we obtain III, = 0, then

we conclude that:

We now study I I. First we make E and 81 I go to zero and then we make R

go to infinity. Taking into account that property (1.14) (iii) is valid for r, we
have, for t &#x3E; 0:

similarly

We now prove that



466

Consider the first term A

We estimate the second integral in the last inequality:

The first integral in the last inequality can be estimate by using Proposition 1.1,
for the second one we derive from inequality (2.11 )i of [3]

By using estimate (1.9) of Proposition 1.3 we prove the boundness of A 1.
In an analogous way we can prove that

Then lim A = 0.
s-o

In a similar way we prove that

Hence, we conclude that:
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From (2.11), (2.12) and (2.15), for 1 ~ 0 (2.10) goes into:

Integrating by parts we obtain

We estimate the right side of (2.16) taking into account that G’ (x, ., t) belongs
to G~,.~) belongs to and rgl and

satisfy ( 1.20). 
’

We fix R v Izl, thus, since

we conclude that 0 as R --&#x3E;. 
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Consider now E2 : from inequality (2.11 )iii of [3]

We only have to study the term

the other terms being similar to the ones previosly estimated. The first integral
in the previous product is less or equal to

1

From this we conclude that E2 - 0 as R ~ -f-oo.
Hence (2.9), i.e. the claim of Proposition 2.4, follows from (2.16). 0

COROLLARY 2.5. Properties ( 1.18) and (1.20) hold for G (x, y, t) and for
G* (x, y, t).

PROOF. As G’*(x,., t) belongs to C° ([0, T]; L2,,~ (de )) and satisfies (2.3)
(ii), by (2.9) we derive

Similarly for G* (x, ., t).
From Proposition 2.2 estimate (1.20) follows. 0
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Now to show that the function G defined in (2.1 ) is actually the Green
function of the Problem ( 1.1 ) we only need to prove conditions ( 1.16) and ( 1.19).
This will be the content of the following proposition.

PROPOSITION 2.6. -_- 0 and f E L 2,4 (dO, T)
can be represented in the form:

PROOF. We multiply the first equation in (1.1) by the test function

w(y, t - r)G(x, y, t - r) == ç (I - ~ (-)) - G(x, y, t - r) and we in-
tegrate by parts:

Since u (y, 0) = 0 and ~ (0) = 1 we have V = 0.
Consider now II.

Since (see (2.9) and (2.8)i)

the second integral in the previous equality is zero.
Since (see (2.9) and (2.8)iii)

0 and the (homogeneous) boundary conditions in ( 1.1 ) hold, we concludeany
that:
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On the other hand, as § = 0 for large I &#x3E; R) and u(0, r) = 0

(because u E we have

Summing up

We let 6’ go to zero and then R to infinity. Obviously the left-hand side will
give

On the other hand we can write

Since u E T] ; L2,JL(de)), there exists i E [~~, s] such that

thus
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Set

To evaluate the term A21 we split the "integral" in two parts and we use
proposition 1.1 for k = 0 [notice that from (2.6) we derive it  1 ] . We have

then A 21 is bounded as R - +00. Since G’* belongs to T]; 
and satisfies (2.3) ii) we deduce that A2 goes to zero as 8 - 0 and R - -f-oo.

Consider now C and let 8 - 0 (see (2.9) and (2.2))

where

by Propositions 1.1 and 2.2 (for k = 0) we conclude that C ~ 0 as R -~ +oo.
Similarly we prove that B ---&#x3E; 0 as 8 ~ 0 and R - +oo.
Now we have to study the term D that can be evaluated as the term E2

in the previous Proposition 2.4. Then we conclude that D also goes to zero as
E ~ 0 and R - +00.

Summing up we have

The proof of Proposition 2.6 follows from (2.18), (2.19), and (2.21). 0
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3. - Estimates

We proceed to estimate the derivatives of G (x, y, t) under the assumption
ho + h, 1 &#x3E; 0. The case ho + h, 1  0 can be easily considered with the help
of (2.9). Finally analogous estimates hold for ho + h, = 0, (see [10]).

THEOREM 3.1. Under the previous assumptions we have for x, y E do, t &#x3E; 0
and any a, y, a:

where

PROOF. Consider first the case x and y far away from the vertex and possibly
"close" to each other, i.e. We use different representations- 4
for G, obtained from (2.1) by a regrouping of the terms: more precisely we
set

where

(3.4) j Gj, j 
= 0, 1 are the Green functions for the oblique derivative

~~°~~ problem in the halfspaces Rj (with respect to (x, t)),
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We have the explicit expression of Gj (see [2], pag. 212-217), i.e.

where

For G 1 we have a similar expression. Then the behaviour of Gj is analogous
to the one of r. 

_

The functions Gj, for any y satisfy:

For any fixed y E the function y, t ) = y, t ) is a solution
of the problem
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Suppose I y I = 1, is different from zero only and

k If~ ~ ~ ~ 1. So belongs to the space 0,/It (do,.) and in an
I 

~ 

analogous way we can claim that E Ho, 2 2 4 n 
Moreover for any integer k &#x3E; 0 

’ ’

1

By virtue of the imbedding theorems for the anisotropic Sobolev spaces (see [9])
we have for x - Yl2 -I- t  4 and Iyl = 1

where

From now on we denote Qp(xo, to) the "parabolic cylinder" i.e.

On the other hand we have:

By Proposition 1.1 and estimates (3.8) and (3.11) we deduce

The functions No are homogeneous:

thus taking k and making use of (3.9) and (3.12) we obtain, for
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which implies estimate (3 .1 ) as obviously

and

Of course for any fixed y in the function n 

can be estimated in an analogous way; for y E dà2) we estimate y, t).
Finally the known estimates for r, Go and Gi 1 (see [9] and [2]) imply (3.1).

Consider now the case x and y far away from each other and possibly
near the vertex i.e. y2  y2 + t = 1. In this case we estimate directly4 -

We make use of the estimate

where k(x) = f z E C(x) is an infinite sector with the
vertex x contained in do, 

-

We choose the constant b &#x3E; 0 in such a way that l. This inequality
follows from (A9) if p = Further, elementary one-dimensional imbedding

1
theorems imply that the right-hand side of (3.14) does not exceed c.F2 with

Notice that if r &#x3E; 0 the function is smooth and satisfies the

following conditions
/ ’B
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We proceed similarly if I &#x3E; 0, we prove that the function y, r)
is smooth and satisfies: (see (1.14)iii)

hence:

In particular satisfies conditions (3.17) in Q2 = Q 6 i (x, t) and6

also condition (3.18) for t  36 ; actually we suppose G extended by zero for
T  0.

Using Proposition 1.1 and different suitable cut off functions 

and for t &#x3E; 36 (respectively) (see [9] pag. 351-355) we obtain the following
local estimates

where h = 0, 1,..., a+2, = Q,.h (x, t ) and rh are choosen in a suitable way

Notice that in Q2 we have I ~ 6 -~-1-~ 2 = 1:. By the
same procedure we can evaluate the right-hand side of inequality (3.19), in a
suitable cylinder, in terms of the L2,,,I-norm of y, r). We iterate
on h from a + 2 to 1 and we obtain by (3.14), (3.16) and (3.19)

Now we observe that the solution of the problem
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can be written in the following way

In order to evaluate the right side of (3.21) we evaluate r) for z = y
and i = 0. By the previous representation formula and by (2.9) we have

Consider v (z, r) in the cylinder Q3 = {(z, r) : 0  r  t n 9 , )z - y I  ~}.
It is easy to verify that in Q3 the right hand side T of (3.22) vanishes, in fact

if t &#x3E; 9 then ~-T ~ ~; if then 3 1 &#x3E; ~.
So the function r) can be evaluated almost by the same procedure as
the derivatives of G (x, y, t) above. Taking in (A9) p sufficiently small and
denoting p) = f x E do/Ix - yl  p), we obtain

where p  1, 0  1 -~- k2 - ~2  1 I &#x3E; 0, 1 -+- k2 - /12 &#x3E;

0, v2 ? 0 (so, v2 = 0, if I  1+~2-~2. and v2 &#x3E; 

if 1 -~- k2 - /~2. In particular, if I  ’~ ’~e ’~1, then we can choose k2
and ~2 in such a way that I  1+~22013~2  ’~ ’~e ’~1, and take V2 = 0,
however, if ~~ I &#x3E; ~ ’~e ~1, then v2 &#x3E; 0). The application of local estimates
and the repetition of the above arguments lead to the inequality

At this point we can proceed as in the proof of Proposition 1.3 to find:
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By definition of ~ we derive that 0  ~  1 = 0 for 
then x ~ + x - y ~ ~- + 1 + 2 = ° and from (3.25) and (3.23)
we obtain:

1
From (3.24) and (3.26) we deduce c and from (3.21 ) also:

Since is a homogeneous function, we obtain for
I

we derive from

: and

where
Since

estimate (3.1 ) follows from (3.28) (in the case x - y 2 -- t &#x3E; theorem 3.1
- 4

is proved. 0
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PROPOSITION 3.2. The Green fiinction is unique.
PROOF. Suppose ho + h, 1 &#x3E; 0 I  0]. First notice that the Green

function we have constructed is independent of tt (see Proposition A.l [A.2] in
the Appendix). Let wi = 0 and f be a smooth function with a compact support
in T). The function

is the unique solution of the Problem ( 1.1 ) in suitable weigheted spaces (see
Propositions 1.1. and 1.2).

Now we suppose that there exists another Green function G. Then because
of the uniqueness of the solution to the Problem ( 1.1 ) we have

which implies G (x, ., t) = G (x,., t) in view of the continuity assumption in (x, t).

Appendix

In order to prove the uniqueness of the Green function the following prop-
erties, which are a complement of Propositions 1.1 and 1.2, are necessary.

PROPOSITION A l . Supposeho+hl 1 &#x3E; 0, kl k2 satisfy condition (1.5),
f and ep¡ belong to the intersection of the corresponding spaces; then the solutions
uland U2, satisfying condition ( 1.6) with respect to ~c,c 1, kl and it2, k2 respectively,
coincide.

PROOF. From Definition ( 1.2) it follows that u i E H6",, (dfJ,T), vi = 

1, i = 1, 2. Set u = ul -u2, (1 - ~ ~£~) ~ ~R~, 0  8  2, ~(.) defined
in (2.2).

We have (see [3, pg. 32])

The terms A and B are non negative. To study D we introduce the linear
function 

«
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Thus

and

Proceding as in [3, pg. 21] we have

Both C and D2 can be estimated by

We prove that C and consequently D2 goes to zero as R goes to infinity and
E goes to zero.

From

it follows that

and consequently

Taking into account (A.3), (A.4) and
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we conclude that

Thus

By virtue of (A.5) (i) we have

This and (A.6) imply that

as 8 - 0.

Obviously the term DI can be estimated in an analogous way. So (A.1)
implies u = 0.

PROPOSITION A.2. Suppose ho + h 1  0, itl, kl and JL2, k2 satisfy condition
(1.7), f and belong to the intersection of the corresponding spaces; then the
solution ul and U2, satisfying condition (1.8) with respect to kl 1 and k2
respectively, coincide.

PROOF. We choose 1/1 (s) as in [3, pg. 20] i.e.:

Since

and, the relation (A.1 ) holds.
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In this case the terms A, B and Di are non negative; we estimate D2 and
C. Taking into account that

and (4.14) in [3]), we have

as 8 - 0.
So (A.1 ) implies u = 0.
We now prove some inequalities used in Section 3. For arbitrary x E do

there exists an infinite angular sector C(x) with the vertex in x of the opening
81  8 such that C(x) C do and y ( &#x3E; Ixl [ for y E C(jc) 2 , then such
a sector may be obtained by translation of For arbitrary smooth u(x),
x E do with a compact support there holds an integral representation formula

Here is a smooth function given on a unit circle Izl = 1 whose support
is contained in the intersection of this circle with C (o) and

Let /o ~ Making use of the identity

where p (z) = (p) and (z) is the same cut-off function as above (see (2.2)),p 

we obtain after elementary transformations another representation formula
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where

Since for z # 0, supp L (x - y, p) is contained

in

LEMMA A3. For arbitrary u E ( de ) there holds the inequality

where I p I  k + 1, JL ? 0, C2 (X, P) = CP -I-Ipl I 
Ixl [ &#x3E; py ci(x, p) = [  p, v &#x3E; 0, k + 1 - JL &#x3E; Ipl- v.

PROOF. We differentiate (A8) and apply the Hölder inequality. Since

this gives

For the first integral in the right-hand side we have the inequality
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In addition, if x ~ I  p, then

Hence, (A 10) implies (A9). The lemma is proved.
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