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Linear Equations in Members of Recurrence Sequences

H.P. SCHLICKEWEI - W.M. SCHMIDT~

We begin by reviewing the equation un = vm in two variables n, m where
are given linear recurrences. We then turn to the equation

in three variables where ~un } is a given recurrence. It turns out that
the solutions, with finitely many exceptions, lie in a finite number of linear or

exponential one-parameter families.

1. - Introduction

A linear recurrence sequence, briefly recurrence sequence, is a sequence
of complex numbers satisfying a relation 

with given k &#x3E; 0 and given coefficients vi . Note that we understand un to be
defined for positive as well as negative or zero subscripts. The equation un = 0
or more generally un = c in the unknown n, as well as the equation Un = Urn or
more generally

in unknowns n, m where are given recurrence sequences, have been
the subject of much recent work (see, e.g., [2], [4], [5], [6], [8]). In the present
treatise we will study the equation

t The second author was partially supported by NSF grant DMS-9108581.
Pervenuto alla Redazione il 16 gennaio 1992.
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in unknowns But before turning to (1.3), we will reformulate and

augment the results on (1.2), which are essentially due to Laurent [4], [5]. This
will bring out the analogy between (1.2) and ( 1.3).

The companion polynomial of the relation ( 1.1 ) is

say, with distinct ao, ... , ar. It will be practical to make the following
convention. If some root of P is a root of unity, let ao be such a root,
and o;],...,c~ the other roots of P. If no root of P is a root of unity, set

ao = 1, ao = 0, and let a I , ... , ar be the roots of P. We will suppose throughout
that vo ~ 0, so that ao,..., ar are nonzero. It is well known that un = F(n) where
F(x) is a function of polynomial-exponential type, more precisely

where fi is a polynomial of degree  ai. Here a polynomial of degree  0

is understood to be zero. Conversely, with F(x) given by (1.4), the sequence
un = F(n) satisfies ( 1.1 ).

We will suppose throughout that our sequences are non-degenerate, i.e.
that ail aj for any is not a root of 1. Thus only ao is a root of 1. We
will also suppose that r &#x3E; 1 and that for 1  i  r, so that F(x) is not
an "almost polynomial" of the type fo(x)ao.
We will say that F is defined over the algebraic numbers if each ai is

algebraic and the coefficients of the polynomials fi are algebraic.
Similarly, the sequence vm = G(m) with

Equation (1.2) becomes

to be solved in integers x, y.

T)EFINITION. F, G are called related if r’ = r and if after a reordering of
,Q1, ... , #r we have

with certain nonzero integers p, q. They are doubly related if there is a

second reordering of {31,..., f3r with this property, i.e., if there is a non-trivial
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permutation 7r of ~ 1, ... , r } such that we have both (1.7), and

with nonzero integers p’, q’. They are called simply related if they are related
but not doubly related.

In section 2 we will establish the following Lemma, which essentially is
due to Laurent [4, Lemme 2], and whose proof has its roots in Evertse [3].

LEMMA 1. When F, G are doubly related, then r is even, p’ / q’ = -p/q,
and after a proper ordering of al,..., ar and of (31,..., we have (1.7) and

(Thus (1.8) holds with the permutation 7r having = i + 1, + 1) = i for i
odd). The products aaai+1 and for i odd are roots of 1. Conversely, if
F, G are related, if r is even and the products ajaj+i for i odd are roots of 1,
then F, G are doubly related.

There cannot be a third permutation of (31,..., ,Qr with a property like

( 1.8).

From now on, when F, G are related or doubly related, we will suppose
that we have (1.7), or both (1.7), (1.9), respectively. Since are roots of

1, for related F, G we may pick p, q such that (1.7) holds also for i = 0, i.e.,
we have

The pairs (p, q) with (1.7), (1.10) are integer multiples of a "minimal" pair
(po, qo) which we may choose with po &#x3E; 0. (Note that po, qo need not be

coprime). In what follows, (p, q) will be this minimal pair. For doubly related
F, G we can choose p’, q’ such that

holds in addition to (1.9), and in the sequel we will take (p’, q’) minimal with
this property.

PROPOSITION 1. Equation (1.6) has only finitely many solutions unless

F, G are related. When F, G are simply related, all but finitely many solutions
satisfy the system of equations

If F, G are doubly related, all but finitely many solutions satisfy either ( 1.11 ),
or the system
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This Proposition is essentially a reformulation of Laurent [4, Th6or6me
3].

There remains the question of the solutions of ( 1.11 ) or of ( 1.12a), ( 1 , 1 2b).
Since ( 1.11 ) and the system ( 1.12a), ( 1.12b) are of the same nature (disguised
by the notation), it will suffice to deal with ( 1.11 ). Call an ordered pair F, G
exceptional if

(a) F, G are simply related;
(b) there is a natural number N &#x3E; 1 which is an integer power of each ai

and each ,Qi with 1  i  r;

(c) either 1 for 1  i  r, or 1 for 1  i  r;
(d) fo, go are constant;
(e) each gi is constant and for 1  i  r, li(x -1 )e1 where 1 is rational

and ei &#x3E; 0.

Note that by (1.7), (c) implies that either joil &#x3E; 1 for 1  i  r, or  1

for 1  i  r. Therefore only condition (e) is not symmetric in F, G.

PROPOSITION 2. If F, G are related, but neither F, G nor G, F is

exceptional, then ( 1.11 ) either has only finitely many solutions, or it has finitely
many solutions together with a I -parameter linear family of solutions

with certain a, b 

Similar results are described in Laurent [5, Th6or6me 2, Lemme 7 and 8].
It follows that if F, G are as in the proposition, the solutions of (1.6) will

consist of a finite number, plus possibly a family 7 : x = pt + a, y = qt + b
(t E Z), and in the case when F, G are doubly related also possibly a family
l’ : x = p’t + a’, y = q’t + b’ 

with

Here a I, a2 are 7 ~ 5Ui = (1 ib ~)3; further fo(x) = 0, fl(x) = f2(x) = 3x. We
have uo = 0, u = 42,..., and the companion polynomial is (z2 - 14z - 1 )2 . On
the other hand, 31,,32 are 3 ~ 2qi = ( 1 ~ ~/2)~ and go(y) = 0 and gl (y), g2(y)
are ( 1 ± + 1). We have vo = 2, v i = 42,..., and the companion polyno-
mial of ~ vm ~ is (z2 - 6z + 1 )2. Here ai = /3l, so that (1.7) holds with p = 2,
q = 3. Also a 2 = ,Q2 3, ~x2 = /3¡3, so that (1.9) holds with p’ = 2, q’ = -3. Therefore
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F, G are doubly related. Note that = -1,
are roots of 1. System ( 1.11 ) becomes

so that a I a2 and /3i/?2

which for x, y leads to 3x = 1 + 2y, therefore to the family

Similarly, ( 1.12a) is solved by

PROPOSITION 3. Suppose the ordered pair F, G is exceptional. Then in

addition to finitely many solutions, the solutions to ( 1.11 ) (and therefore to

(1.6)) will comprise a finite number ( possibly zero) of exponential families
~C I , of the type

Here R E Z, R &#x3E; 1, R is a rational power of each ai and each (3i with

1  i  r. Further a more precisely a &#x3E; 0 or a  0 depending on
whether each &#x3E; 1 or each  1 ( 1  i  r). Finally, bj lie in Q,
with the property that x(s), y(s) for each s E N ( 1  j  f).

Note that R has to be a rational power of the number N in the definition

of exceptional pairs.

EXAMPLE. F(x) = (2x - 1)2 . 9x - (2x - 1)~ . 27x, G(y) = 9y - 27Y. Here
ai = (31 = 9, a2 = ~32 = 27, and F, G is exceptional with N = 36 and 1 = 1/2.
Now ( 1.11 ) becomes

which yields
therefore

Setting we have

and here x(s), y(s) for 

A function F of polynomial-exponential type is related to itself with

p = q = 1. Call F symmetric if it is doubly related with itself. By Lemma 1

this happens when r is even and after suitable ordering, aiai,l with i odd in

1  i  r is a root of 1. Here q’ = -p’. Further if F, G are doubly related,
then F and G are symmetric, and conversely when F, G are related and F
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is symmetric, then F, G are doubly related. When F is symmetric, then the
equation

has the solutions y = x, as well as possibly a linear family x = p’t + a, y = - p’t + b
(t E ~ ), as well as perhaps finitely many further solutions. This recovers a result
of Laurent [5]. For instance, the Fibonacci sequence has un = F(n) with

so that al a2 are -(1 ± v’5), therefore (ala2 )2 = 1, a-2, and F is
2 2

symmetric with p’ = 2, q’ = -2. Equation (1.13) has the trivial solutions, as well
asz=2~+l,2/=-2~-l(~eZ).

We now turn to (1.3), i.e. an equation

with nonzero coefficients A, B, C, and in unknowns x, y, z e Z . There may be
solutions with F(x) = 0, BF(y) + CF(z) = 0. For these, there are only finitely
many possibilities for x (according to the Skolem-Mahler-Lech Theorem, but
see also §4), and the relation in y, z is of the type already studied in the

propositions. Therefore it will be enough to study proper solutions, i.e., solutions
with 0.

THEOREM 1. Suppose fo(x) = 0. If F is not symmetric, then all but finitely
many proper solutions of ( 1.14) satisfy the system

If F is symmetric, all but finitely many solutions satisfy ( 1.15) or

or systems ( 1.16x) or ( 1.16y) obtained from ( 1.16z) by a permutation of the
roles of the variables. 

’

Theorem 1 would be wrong without the hypothesis that fo(x) = 0. An
example for this is provided by the equation
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with

having solutions

For if we set F(x) = x + F, (x), these values have and

F, (x) + x - y + z = 0.
Call F (with fo = 0) exceptional if there is a natural number N &#x3E; 1 which

is an integral power of each cxi, if each lail &#x3E; 1 or each lail  1 (i = 1, ... , r),
and if fi = -ii(x - u) with cannot be both symmetric and
exceptional.

THEOREM 2. Let F be given by (1.4) with fo = 0, and defined over the
algebraic numbers. Then the proper solutions of ( 1.14) are made up of a finite
set, plus a finite number of linear families

plus a finite number of linear families

plus a finite number of exponential families

Now let us be more precise:

SUPPLEMENT 1. The will occur precisely if we have the

polynomial identities

This is possible only if either A + B + C = 0, hj = kj = 0, or if all the fi are
constant, with at most one exception which may be linear.

EXAMPLE. F(x) = (x + 1)(113)x + (-2/3)x. For the equation 2F(x) - 9F(y) +
27F(z) = 0, system ( 1.17) becomes

with the particular solution h = 1, k = 3, so that y = x + 1, z = x + 3 is a solution
family F.



226

SUPPLEMENT 2. A family 71 or ~y or Y"z may occur only if F is symmetric.
The parameter m in these families may be taken to be the least m &#x3E; 0 with

(aaai+1)m = 1 (i odd, 1  i  r).

EXAMPLE. F(x) = ( 1 + + (1 - For the equation F(x) - 5F(y) +
2F(z) = 0,- system ( 1.15) becomes

and this has, e.g., the solutions
becomes 

-

of type 1. System i

and this has, e.g., the solutions
,7y.

of type

SUPPLEMENT 3. A family 9; or 9} or 9J may occur only if F is
exceptional. Here R &#x3E; 1, R E Z, and R is a rational power of each ai

(1 ~ i  r), and I is the number with fi = Further Cj E Q*, bj, bj E Q
such that (x, y, z) = Zj(s)) for 

EXAMPLE. F(z) = x. 2x, so that F is exceptional with r = 1, c~i = 2, u = 0.
The equation F(z) + 16F(y) - 8F(z) = 0 has, e.g., the linear solution family

and the exponential family

Consider an equation

where each is of type (1.4), with a sum over i in 0  i  rj with rj &#x3E; 0.

In view of our theorems, we make the following:

CONJECTURE. The solutions x = E Z" of (1.18) consist of a
finite set, together with a finite set of families 9 1, ... , g/., with

where m(j) &#x3E; 1 and where each pjk is of polynomial-exponential type, i.e., of
the form 

111
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where ui is a polynomial and ai = ais| ... aim with Moreover, in the
case when no root belonging to any Pi is a radical, i.e. satisfies an equation
xt - a = 0 with t E Z)(0) and a E Z, we conjecture that we may take the
families ~C 1, ... , 9 f to be linear.

No such simple conjecture may be made for general equations of poly-
nomial-exponential type. The equation

is a disguised form of

with solutions

2. - Proof of Lemma 1

Let F, G be doubly related with ( 1.7), (1.8). The permutation 7r of {1,..., r }
is a product of disjoint cycles

where we allow cycles of length t = 1. We have
the notation i j+t = ij, and therefore

with

so that

This yields = (q’p)t, therefore p’q with u = + 1. Setting p’q = u, we
have ai - qu = c = ’ ’ ’ . When u = 1, this shows that ail /ai +1 is a root of

") ZI, I tj+2 )

1, so that (by the non-degeneracy). In this case the cycle (2.1), and
in fact every cycle of our permutation, has length t = 1, and the permutation
is trivial. Therefore u = -1 and ai ~ - = "’, so that ai /ai)+2 is a
root of 1, and ij = ij+2, so that t = 2. In this case every cycle is of length
2. Therefore r is even and ~- is a product of r/2 cycles of length 2. After

reordering, the cycles are (1, 2),..., (r - l, r) so that 7r(i) = i + 1, 7r(i + 1) = i
for i odd in 1  i  r. Now p’ /q’ = uplq = -p/q and (aiai+1)U = 1 for i odd,
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and also (~32~32+1)u = 1, so that and are roots of l. There cannot be
a third permutation of ,~1, ... , ,~r with a property like (1.8), for if it belonged
to p", q", then p"lq" = p / q or p lllq" = -p / q = p’ / q’, so that the permutation is
either trivial or equal to 7r.

Conversely, if F, G are related satisfying (1.7), if r is even and for
each odd i is a root of 1, say (aiai+1)m = 1, then = 1, also

= = 1, so that (1.9) holds with p’ = mp, q’ _ -mq, and F, G are
doubly related.

3. - Generalities

Consider equations

where I is a finite set, = zn) is a polynomial, and gix = ai ... a n
with nonzero complex numbers aij (i E I, 1  j  n). When P is a partition
of I, and ~r a subset of I, write 7r E P if 7r is among the subsets belonging to
P. Consider the system of equations

This system implies but is usually not implied by (3.1 ). Let L(P) be the set of
solutions x e Z" of (3 P ) which do not satisfy (3 Q ) for any proper refinement
Q of P. Every solution x E zn of (3 .1 ) belongs to some Z(P) (which need not
be unique). Thus to solve (3.1) it suffices to know the sets I(P).

Write i p j if i, j E I belong to the same subset of P. Let G(P ) C Z n
consist of x having

Thus G(P) is a subgroup of Z ’~.
M. Laurent [5] proved that E(P) is finite if G(P) = {0}. A quantitative

version, with explicit bounds for the cardinality was given by the authors
[7]. We like to call Laurent’s assertion the "splitting theorem", since it allows
to split (3.1) into systems (3P) for partitions P with 

Suppose G(~)~{0}. Then also by Laurent [5], every solution x E I(P)
may be written as x = Xi +x2 with xi E G(P) and

Here co depends only on the equation (3.1 ), log+ z = log(max(z, e)), and I - I is
the maximum norm.
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4. - The Equation F(x) = c

It follows from the Skolem-Mahler-Lech Theorem that this equation has
only finitely many solutions. We will give a proof to illustrate the present
method in the simplest possible case. The equation is

Say ao = 1, and restrict x to a given residue class modulo m. For such x,

c is a polynomial fô(x), and the equation becomes

There are r + I summands here, which we indicate by the symbols 0, 1, ... , r.
We have to study Y-(P) for every partition P of 10, r } with G(~)~{0}.
Let p ~ 0 be in G(P ). Then if with i  j, we have di if i &#x3E; 0, and
1P = 0~ if i = 0, therefore p = 0, which is impossible. Thus P consists of single
element sets fil, and (3 P ) becomes

There are only finitely many such x, since in § 1 we made the hypothesis that
r &#x3E; 1 and that for 

5. - On the Proof of Proposition 1

Equation (1.6) may be written as

The r + r’ + 2 summands here will be symbolized by

Given a partition P with G(P ) 4101 of this set of r + r’ + 2 elements, we have
to study solutions (x, y) E I(P). So let (p, q) ~(o, 0) lie in G(P).

CASE A.. P contains a I-element subset fixl or {2y } with i &#x3E; 1. Say fiyl;
then (3 P ) yields = 0, which gives at most finitely many possibilities
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for y. When y is given, equation (1.6) becomes an equation in x of the type
F(x) = c with c = G(y). This is the kind of equation dealt with in section 4,
and it has only finitely many solutions.

CASE B. P contains no I-element subset or {2y } with i &#x3E; 1. Then
Laurent [4, Lemme 2] has shown that r = r’ and there is a permutation {i 1, ... , ir }
of { 1, ... , r } such that P contains the sets Therefore
after reordering, P contains the sets f I x, I y 1, ... , f rx, ry 1, so that iz - iy for
1  i  r, and (1.7) holds. In particular, F, G are related. Now (3 P ) yields
( 1.11 ) for 1  i  r, therefore in fact for 0  i  r. (Note that P is essentially
given, but it may either contain or the singletons (0z), 

It follows that £(P) can be infinite only if F, G are related. Now

suppose that Q is another partition with infinite 1(.Q). Then G(Q) contains
some (p’, q’) ~(o, 0), and we have again a 1 - 1 correspondence between the
sets and Say where 7r is a permutation of
{ 1, ... , r }, and we have (1.8). If Q is essentially different from P, so that 7r

is not trivial, then F, G are doubly related. After reordering, both (1.7), (1.9)
hold, and Q contains the sets { l~, Zy}, {2~1J,...,{(r- 1 )y ) .
Then (3 Q ) leads to ( 1.12a), ( 1.12b).

6. - Proof of Theorem 1

We write ( 1.14) as

We indicate the summands by the symbols

Given a partition P with G(P)#(0) of this set of 3r elements, we have to
study solutions (x, y, z) e Y-(P). So let (p, q, s) ~(o, 0, 0) lie in G(P).

CASE A. P contains a I-element set. Say the set {2z } E P. Then (3P)
yields = 0, which gives only finitely many values for z. Given such z,
write

and our equation becomes

By Proposition 1, all but finitely many pairs x, y with (6.1) have =

But in our case, = 0, -CF(z), {30 = 1 (recall our hypothesis
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.fo = go = 0). Thus infinitely many solutions x, y are only possible if F(z) = 0.
But this is not the case for proper solutions.

CASE B. P contains no I-element set. We have jx for some 
(where we write - for ~). Then o~ = ap, so that p = 0.

SUBCASE B.l uy - vy for some u ~ v. Then q = 0. Since s 4 0, we cannot
have tz - wz for t ~ w . Therefore given t in 1  t  r, we have tz or

tz - wy for some w. Then = 1 or at = aw = 1, therefore s = 0, which
is impossible. By symmetry, we are therefore led to the

SUBCASE B.2 uy ~ vy, uz ~ vz for Now if then q = 0. Every
tz has tz - wx or tz - wy for some w, therefore s = 0, which is impossible.
Therefore, by symmetry, there is no relation uy - vx or uz - vz. Thus every
set ~r E P is contained in or in But then (3 P )
implies F(x) = 0, and the solution is improper.

By symmetry, we are reduced to:

CASE C. P contains no I-element set. We have ix ,/- jx, iy f jy, iz f jz for
Then given i, 1  i  r, we have ix - jy or i2 - jz for some j. Consider

the directed graph with vertices 1,..., r, and edges i 2013~’ if ix - jy jz.
From each vertex z, either one or two edges emanate (two edges i --+ j., i - k
if ix - jy kz). The graph will contain some cycle

We have (in)x "J (in+1)u(n) where u(n) = y or z (0  n  t, with the notation
it = io). We further have

where v(n) = q or s, depending on whether u(n) = y or z. Then

and PI = ~(0)~(1)" ’ v(t - 1). Say v among the numbers v(O),..., v(t - 1) equal
q, and it among them equal s. Then

Now let P be a fixed prime number and set ord x = ~ if but x.

Then (6.2) yields
ord p  max(ord q, ord s).

By symmetry, ord q  max(ord p, ord s), and ord s  max(ord p, ord q). Therefore
at least 2 among them are equal, say ordp  ord q = ord s. Then by (6.2), in
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fact all three orders are equal. Since this is true for every prime P, we have
p = ±~ = +s. Two among p, q, s must be equal, say p = q, and we have

or

Now if i., ~ jy, then aj, so that i = j. In the case (6.3), 
similarly yields i = k. Therefore i., can only be associated with iy, iz, in fact

iz, iy, iz can only be associated with each other. Since P contains no singleton,
we ~ iz, and P consists of the triples (1::; i  r). Then
(3 P ) becomes ( 1.15).

In the case (6.4), jz - ix or jz - iy yields a~ = ai or aj = cxq = 
so that = 1, and ai a j is a root of 1. Therefore a 1, ... , ar occur in pairs,
such that after reordering, aiai,l is a root of 1 for i odd, 1  i  r. Then F(x)
is symmetric. For i odd, ix, iy, (i + 1), can only be associated with each other,
and the same holds for (i + 1)~, (i + I)y, iz. Therefore P consists of precisely
these triples, and (3 P ) becomes (1.16z).

7. - The Equation

This is an equation in unknowns t, w with given complex 8 f 0, (J f 0, 7,
and natural exponent e. We suppose that 6 is not a root of 1.

LEMMA 2. Equation (7.1 ) has only finitely many solutions, except possibly
when -1 E Q, and 8U E Z for some u E Z, If there are infinitely many
solutions, they will make up a finite set plus one or two I-parameter families
t(s), w(s) of the type

with the possible second family being

Here R &#x3E; 1, R E Z, and is a rational power of 6, and a, b, b’ with au &#x3E; 0.

Furthermore c, c’ E Q* are such that t(s) for We can have two

families only when e is even.
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PROOF. We have to solve equations

where 61 is a fixed e-th root of 6, and o, 1 is any e-th root of J . We apply an
automorphism of C to this equation and write the new equation as (J282 = t - ~y2.
Then (J181- (J282 = ~y2 - ~y.. But Q2b2 +(1-12) = ~1+~2+~3. say,
can by Laurent’s theorem have infinitely many solutions of G(w) = 0 only with
z3 = 0 (i.e., a partition of { 1, 2, 3 } containing the singleton { 3 } ). Therefore we
can have infinitely many solutions only if ~y2 - 1. Since this holds for every
automorphism of CC, we have 1 

Now both sides of (7.1) lie in Q, in fact in Qe. If t, w as well as t’, w’
are solutions, then 8w-w’ E Qe. So if we are to have infinitely many solutions,
then 8U C Qe for some u E Z B {O}. Let u be the least positive integer with
this property, and choose q C Q with 8U = qe. Writing w = uz + uo with z E Z,

we have

There can be at most one value of uo, 0  uo  u, with this property. If uo is
such, set = re. Then (7.1) becomes or

in unknowns t, z EE Z. The - sign can arise only when e is even.
Unless q with (7.4) is bounded from above, and unless 1 /q e Z ,

z is bounded from below. Suppose q then q &#x3E; 1 since 6 was not a root
of 1. Now z is bounded from below. The question now is: For what values of
z &#x3E; 0, z e Z, is i + rqz Write y = m/l, r = n /£ with integers m, n, i
having g.c.d.(m, n, l) = 1. Then the condition becomes

Write = .~1.~2 where £i I is made up of primes dividing q, and £2 is made up
of other primes. Then qz - 0(mod£i) when z is large, and infinitely many
solutions are possible only if m - 0 The condition on z then becomes

Let v &#x3E; 0 be least with qv = 1 (modi2). If m + nq’ -= has a least
solution zo &#x3E; 0, then the other solutions are z = zo + v s (s G N), so that

with Also
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say, with a = uv. If m - nqz - has a least solution zo &#x3E; 0, then the
other solutions are z = zo + vs, so that

with c’ = and w = as + b’ with a = uv.
We had assumed that 8U = qe e Z with u &#x3E; 0, and we had obtained

a = uv &#x3E; 0. If 6’~ = qe with 1 /q e Z, then the argument given above should be
carried out with -u in place of u, 1 /q in place of q, and a = -uv  0.

REMARK. There are with ci ~0 such that t(s) as given by (7.2)
may be written as 

~D ..

The same applies to (7.3), with integer coefficients c2 ~ 0, d2.

8. - The Equation

Here a,,3 are nonzero, and not roots of 1. Further f, g are nonzero polynomials.
We seek solutions x, y in Z. By Proposition 1, there are only finitely many
solutions unless

for certain nonzero integers p &#x3E; 0, q. Set ap = ~3q = 8. Call the equation
exceptional of type 1 if 8U E Z for some u E Z B {O}, and if g is constant but f
has exactly one root I (of arbitrary multiplicity), and this root is rational. Call
it exceptional of type 2 if the roles of f, g are interchanged.

LEMMA 3. Suppose (8.1 ) with (8.2) is not exceptional. Then in addition
to finitely many solutions, the solutions of (8.1 ) make up a linear I-parameter
family

The family 7 occurs precisely if we have the following polynomial identity in
t:

PROOF. It is trivial to check that every (x, y) in the family 7 is a solution
if and only if the identity (8.3) holds.
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Laurent [5, Lemme 6] shows that the solutions are as described in our
Lemma, unless one of f, g is constant and the other has exactly one root 1.
Say g is constant and f is a constant multiple of (x -1)e, so that (8.1 ) becomes
(x - l)e aX = p(3Y with a coefficient p ~ 0. The integers lie in arithmetic

progressions

with 0  a  p, 0  b  q. For given a, b, we obtain an equation in t, s, namely
(pt + a - ¡)eaa8t = or

with -I’ = (1- a)/p = Writing s - t = w, we obtain an equation
of the type (7.1 ). By Lemma 2 we can have infinitely many solutions only if
i’ I and therefore 1 is rational, and 8U E Z for some u E Z B {O}. But then the
equation (8.1 ) is exceptional, against the hypothesis of the lemma.

LEMMA 4. Suppose (8.1 ) with (8.2) is exceptional of type 1. Then in

addition to finitely many solutions, the solutions of (8.1 ) comprise a finite
number of exponential I-parameter families 91"", 9f, with

Here R E Z, R &#x3E; 1, and R is a rational power of a and of ,~. Also a 
Cj E Q*, bj such that x(s), y(s) E Z for each We have au &#x3E; 0 where
u with ,~u 

PROOF. In view of (8.2) there is an - such that a = êq, ~3 = êP, and (8.1 )
becomes (x - l)eêqx = TêPY with T ~ 0. Setting qx = x’, py = y’, w = y’ - x’, the
equation becomes

with J = Tqe. By Lemma 2, the solutions in ~’, w e Z are, with finitely many
exceptions, in up to two families of the type

Then y’(t) = x’(t)+w(t) = (s EN). Since x = x’lq, y = y’/p, we need
to check for what values of t do we have x’(t) - 0 (mod q), y’ (t) - 0 (mod p),
i.e.,
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Since it is a little more complicated, let us deal with (8.8). Write p = pip2,
where PI is a product of primes dividing and p2 a product of other primes.
Then (8.8) becomes

We have cR§ m 0 (mod pi) for t &#x3E; to (i.e., cR’ 0 c Q with numerator

_ 0 (mod pi )). Setting t = to + t’, we have cRt + aot + bo = c1RÕ + aot’ + 61
with c 1 = crto, 61 1 = bo + aoto, and here c 1 Ro _ 0 (mod p l ) for t’ Since
we may disregard finite sets of solutions, we may suppose after a change
of notation that 0 (modpi) for tEN. Then (8.9) with i = 1 becomes

aot + bo == 0 (modpi), and this is satisfied if t lies in certain residue classes
modulo pl.

Since g.c.d.(J?0)p2) = 1, we have R~~~2~ - 1 (mod p2), so that the residue
class of Rt (mod P2) depends on the residue class of t (mod ~P(P2)). The solutions
of (8.9) with i = 2 then lie in certain residue classes modulo p2p(p2). Thus
the solutions of (8.9) lie in certain residue classes to some modulus m, and
both (8.7), (8.8) hold if t lies in certain residue classes to a modulus n, say

t=ns+nj 1  j  .~). Then

with R = Rö, a = aon/p, cj = (aonj + bo)/p. Notice that R, a do
not depend on the family. In the possible second family of Lemma 2, only the
parameters c, b are changed, and from this it is easily seen that the resulting
families 9 j may all be taken to have the same value of R and of a. If ,~~ e Z,
then êPU G Z ; and by Lemma 2 we have aopu &#x3E; 0 in (8.6), and therefore
au &#x3E; 0.

Here (5x - 6)4 = ~y ~. Therefore y - x = 8z, z E Z, and (5x - 6)~ = 24z,
therefore 5 x - 6 = ~ 2z . With the + sign, z needs to have 2z - - 6 - 4 (mod 5),
so that therefore

With the - sign, z needs 2z - 6 - 1 (mod 5), so that z = 4t. Now
= -16~+6, therefore
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The solutions are x, = x(t), Y1 = y(t)/7, with x(t), y(t) as in (8.10) or

(8.11 ), and t such that y(t) = 0 (mod 7). Depending on (8.10) or (8.11 ), we get
the conditions

The first is the same as t - 6, or 10, or 11 (mod 21), and the second is the same
as t - 2, or 4, or 12 (mod 21). We obtain 6 families of solutions, the first being
3;i(5)=(2l5+6), 1 (s) = 1 21 s + 6) with as in (8.10), so that

7

9. - Proof of Propositions 2 and 3

We will suppose initially that fo = go = 0, and we will study the system
( 1.11 ) with 1  i  r. Each of these equations ( 1.11 ) is of the type (8.1 ) with
(8.2). We may suppose that each of the equations ( 1.11 ) has infinitely many
solutions, since otherwise they have only finitely many common solutions.

CASE A. Each equation is non-exceptional and has a linear solution family
as in Lemma 3. More precisely, let (pi, qi ) be minimal with al’ = ~3q~ ; then the
i-th equation (1.11) has a solution family 5i : z = pit + ai, y = qit + bi (t 
The minimal pair (p, q) with ap = Qf (i = l, ... , r) is a common multiple of

for i = 1,..., r ; in fact it is the least common multiple. If Ji,..., 1;
have a non-empty intersection, and if (a, b) lies in this intersection, then the
intersection consists of pairs (u + a, v + b) where (u, v) is a common multiple of
the (i = 1,..., r), hence is a multiple of (p, q). Therefore the intersection
of ~’l , ... , 1; is the family x = pt + a, y = qt + b (t 

CASE B. Some equations ( 1.11 ) are exceptional, some are not. Then their
solution families have finite intersection, since a family X has qx - py constant,
whereas a family 9 has I qx - py ~ I tending to infinity.

CASE C. Some equations ( 1.11 ) are exceptional of type 1, some are

exceptional of type 2. We claim that their respective solution families have
finite intersection. For the respective families have

with We need to solve 2;i(si) = X2(S2). By Proposition 1, all but finitely
many solutions have 11 = as2 + b, which shows that there are only finitely many
solutions.
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CASE D. Each equation (1.11) is exceptional of type 1. We have to study
intersections of solution families ~C, ~C’ of the same type. Let two such families
be

The equations X2(S2), y2(s2) are of the type studied in

Proposition 1. With finitely many exceptions, they imply 11 = -12,

Therefore, if there are infinitely many solutions si , s2 G N, then sgn a 1 = sgn a2
and Ri = R2 with nonzero integers u, v. If (9.1), (9.2) belong respectively to
the equation ( 1.11 ) with i = 1 and i = 2, say, then R1, R2 are rational powers of
(31, (32, and it follows that there is a natural N &#x3E; 1 which is an integral power
of both (31, (32. Say (3fl = (3~2 = N. Now &#x3E; 0 (i = 1, 2) by Lemma 4, so that
sgn u 1 = sgn u2, and either both 1(311,1(321 are &#x3E; 1, or both are  1. In this way
one sees that in Case D the system can have infinitely many solutions only if
the ordered pair F, G is exceptional.

If there are infinitely many solutions s 1, s2 to (9.3), they will make up a
family sl = uos + a, s2 = vos + b (8 EN). But then

is again a family of exponential type.
Note that Rl and ai 1 (resp. R2 and a2), coming from (11.1) with i = 1

(resp. i = 2) are fixed. Further uo, vo is the smallest pair (if such a pair exists)
with uo &#x3E; 0, vo &#x3E; 0, = = Therefore RUo and depend
only on the equations ( 1.11 ) with i = 1, 2, and are independent of the particular
exponential families. The proof is now completed by induction on the number
of equations ( 1.11 ).

CASE E. Each equation (I.ll) is exceptional of type 2. Then infinitely
many solutions are possible only if the ordered pair G, F is exceptional, and
this is against the hypotheses of Propositions 2 and 3.

We now drop the assumption that fo, go be zero. We therefore also have to
consider ( 1.11 ) with i = 0. The intersection of a linear family with this equation,
i.e., with

yields fo(pt + a)ao = go(qt + This either has only finitely many solutions
t, or is satisfied identically, in which case the linear family satisfies ( 1.11 ) for
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0  r. Again there is only one solution family if p, q were chosen minimal
with (1.7), ( 1.10). A comparison of magnitudes shows that the intersection of an
exponential family with (9.4) is finite unless fo, go are constant. (It is essential
that the coefficient a in Lemma 4 is nonzero). In the latter case, the equation

with x(s), y(s) a family as in Lemma 4, is satisfied when s

lies in the union of certain arithmetic progressions. But x(s), y(s) with s in an
arithmetic progression, runs again through an exponential family as in Lemma
4.

10. - The Equation

In this section, a, A, B, C are nonzero algebraic numbers, a is not a root of 1,
and f is a nonzero polynomial with algebraic coefficients. We are interested in
solutions x, y, z e Z with

LEMMA 5. There is a finite set S such that the solutions x, y, z of (lo.l )
with (10.2) have y - x E S 

PROOF. We may suppose that f has leading coefficient 1. Let K be a
number field containing a, A, L’ C and the roots of f. We may consider K to
be embedded in C.

Since by (10.2) no summand in (10.1) vanishes, our solutions lie in 
where P is the partition of {I, 2, 3} which consists of this set itself.
Therefore G(P) co, s of the triples x, y, z with ax = ay = cxz, i.e., with
x = y = z. AccordinL, i, I aurent, solutions in L(P) have

where x = (x, y, z).
We begin with the case when lal:l 1. Replacing a by a-’ l and by

-~, -y, -z if necessary, we may suppose that

Without loss of generality, we consider solutions with
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When I x is large, which we may suppose, then by (10.3), 1 f (x) 1, 1 f (y) 1, 1!(z)1 will
be of the same order of magnitude. In particular  2,  2,
so that by (10.1), (10.4), (10.5),

Therefore z - y will be bounded from above. Since it is nonnegative by (10.5),
z - y lies in a finite set.

It remains for us to deal with the case when

We rewrite ( 10.1 ) as

When I x I is large and deg f = 6, then

by (10.3), and similarly for Therefore

More generally we will study solutions of

subject to (10.3), where are algebraic, with lal = 1{31 = 1, AB f 0,
and a not a root of l. Setting wl = W2 = we have

or

The same is true of the complex conjugates, so that

since . After multiplication,

or
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The polynomial in w, on the left has algebraic roots ~2. Now wl is close to
one of these roots, say to Ç1. Then ~ (in fact « ~ unless

Ç1 = ~2)- We have wl = ay-z = at with t = y - x, therefore

Here the left hand side vanishes for at most one value of t, say for t = t 1.
When Baker’s Theorem [1] ] says that the left-hand side is

by (10.3), with c = c(a, ~1 ). Comparison with (10.9) shows that x is bounded,
therefore by (10.3) also y, therefore x - y, so that y - x lies in a finite set. But
when y - x = t = t 1, then y - x is in fact fixed.

Call the equation (10.1) exceptional if au E Z for some u and
if f is of degree 1 with a rational root.

LEMMA 6. Suppose ( 10.1 ) is not exceptional. Then with finitely many
exceptions, the solutions of (10.1), (10.2) comprise a finite number ( possibly
zero) of linear I -parameter families Ji,..., 1£ with

The occurs precisely if we have the following polynomial identity in
x:

Such an identity cannot happen unless either A + B + C = 0 and hj = kj = 0, or
deg f  1.

PROOF. By the preceding lemma and by symmetry, we may restrict
ourselves to solutions with z - y E S , where S is a finite set. We therefore may
restrict ourselves to solutions with z - y = m, where m is fixed. Substitution of

z = y + m into ( 10.1 ) gives

with

When g = 0, we get = 0, against (10.2). We may then suppose that g # 0,
and we may apply the results of section 8.

We claim that equation (10.11) cannot be exceptional (in the sense of
section 8), since deg g  deg f, so that exceptional would imply f to have
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a rational root ï, and g to be constant. But then by (10.12), f would be of
degree  1, therefore of exact degree 1 with the root 7 . Also if (10.11) were
exceptional, then E Z for some u E Z B0, so that ( 10.1 ) would be exceptional.

Since ( 10.11 ) is like (8.1 ) with p = q = 1, its solutions, with finitely many
exceptions, are in families y = x + hj (x c= Z), and then x, y = x + hj, z = x + kj
with kj = hj + m (x E Z) are solutions of ( 10.1 ). We have f (x) = g(x + 
identically in x, therefore (10.10).

As for the last assertion of the lemma, we note that (10.10) may be
rewritten as

= A, B’ = Bah, C’ = Cak . If f is quadratic, say
f = (x + u)2 + v, the truth of (10.13) for f implies it for f1 l = x2 + v. We obtain

Since B’C’(B’ + C’) - -A’B’C’ ~ 0, the last two of these 3 equations imply
h = k = 0, and then the first gives A+B+C = 0. If deg f &#x3E; 2, a suitable derivative
will be quadratic and again satisfy ( 10.13), so that again h = k = A + B + C = 0.

LEMMA 7. Suppose ( 10.1 ) is exceptional. Then with finitely many

exceptions, the solutions of (10.1), (10.2) may comprise a finite number of
linear as in Lemma 6, as well as a finite number of exponential
families:

as well as families 9}, 9J (obtained by a permutation in the roles of the
variables). Here R E Z, R &#x3E; 1, R is a rational power of a, and a E ZB101,
bj, bj E Z, cj E Q* such that x = xj(s) E Z for each 

PROOF. This time we cannot rule out that ( 10.11 ) is exceptional. (But this
can happen for at most one value of m). Then it may have solution families
x = cjRS + Î, y = x + as + bj, giving rise to solution families 9; of ( 10.1 ).

The example below Supplement 3 to Theorem 2 illustrates our lemma.

11. - The System of Equations
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Here are algebraic numbers such that a 1 a2 is a root of 1, but a 1, a2 are
not. Let m &#x3E; 0 be given with = 1. Further A, B, C are nonzero algebraic
numbers, and f 1, f2 are nonzero polynomials with algebraic coefficients. We are
interested in solutions where

LEMMA 8. With finitely many exceptions, the solutions of ( 11.1 ), ( 11.2),
( 11.3) comprise a finite number of linear I -parameter families ~lz, ... , Fz with

The family occurs precisely if we have the following two identities in T:

PROOF. We will first prove that there is a finite set S such that all the
solutions have

For brevity write a = w, a21 I =?1, so that wm = ?7m, but w and ?7 are not roots
of 1. Setting z = -w we obtain

These two equations involve 6 summands which we will symbolize by

In the notation of section 3, the system (11.7), (11.8) is a refinement of the

equation

of the type (11.10 Po), where Po is the partition of the set (11.9) into the
two sets {X, Y, W }, {X’, Y’, W’}. We have to study sets 1(,P), where P is any
refinement (not necessarily proper) of Po. We may discard partitions P containing
the singletons {X }, {X’ }, for then (x, y, w) E 1(,P) has f2(x) - 0,
contrary to (11.3). Similarly we discard partitions containing both {Y }, {Y’ }
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or both ~W }, ~W’ } . If P contains the three singletons {X }, ~Y }, {W }, then

(x,y,z) E ’L(P) has /i(a;) = f2(-w) = 0, so that ’L(P) is finite. We

may therefore suppose that P does not contain all 3 of or of

~X’ }, ~Y’ }, ~W’ }. We claim that for the remaining partitions P, the group G(P )
consists of triples p, q, s with

If (X, Y, W) E P, then (p, q, s) E G(P) has wP = wq = which in view of

wm = TIm gives ( 11.11 ). We may thus suppose that P splits (X, Y, W) into a
pair and a singleton, and the same supposition may be made of ~X’, Y’, W’ } .
As an example, take the case when P consists of IXI, {Y, W }, {Y’ }, IX, W’ }.
Then (p, q, s) E G(P) has wq = q 3 and = w-s, therefore (11.11).

By (3.2) and our characterisation of G(P), elements of have

where x = (x, y, w). Therefore 1 f, (y) 1, If 1 (-w)1 I are of the same order of

magnitude, and the same goes for If2(x)l, lf2(y)l, We have Iwl = 
Now suppose that say

Relations (11.7), (11.8) yield

The left-hand side and the first two summands of the right hand side are of the
same order of magnitude. The third and fourth summands on the right have this
magnitude, times extra factors respectively.
Therefore these factors need to remain bounded, so that I x - y I will be bounded,
and x - y will lie in a finite set S.

Next, suppose that

Say deg f2  deg f l . We may suppose that f 1 has leading coefficient 1, say
f 1 (x) = xs +..., and f2(-w) = pw6 +..., where possibly p = 0. (11.7) yields

Here and

- terms of lower degree
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We obtain

This is a relation like (10.8), and (11.12) corresponds to (10.3). Therefore indeed
x - y lies in a finite set S, and (11.6) has been established.

It will therefore suffice to study solutions of ( 11.1 ), (11.2) with y = x + h
where h is fixed. Substitution yields

with -(A/C) fi(x) - (B/C) fi(x + h)af (i = 1, 2). This is (except for

notation) a system of equations such as (1.11), with r = 2 and ~31 = a2, Q2 = a 1.
Here am = (3¡m (i = 1, 2), so that (1.7) holds with p = m, q = -m. The system
(11.16) is not exceptional (in the sense of Proposition 2), since la21 = 1 /)ai ),
against condition (c). Therefore, according to Proposition 2, with finitely many
exceptions, the solutions of (11.16) make up families of the type x = mt + a,
z = -mt + c (t and with y = x + h this yields families as in the Lemma.
It is trivial to check that the family 7jz occurs precisely when the identities
(11.4), (11.5) hold.

12. - Proof of Theorem 2 and its Supplements

We have to solve systems (1.15) or (1.16x), (1.16y), or (1.16z). By
Lemmas 6, 7, each equation (1.15) is solved by families Fj. or 9} or Gyi or
9j. The arguments of section 9 show that families of distinct type have finite
intersection, and families of like type have finite intersection, or an intersection
which consists of a finite set, plus a number of families which are again of
the same type. The system (1.16z) consists of pairs of equations as in section
11, so that its solutions make up families fif. The intersection of such families
consists of a finite set plus a finite number of families of the type 7z. This

proves Theorem 2.
We have been a little careless. E.g., the first equation (1.15) may have

solutions with = 0, which are not covered by Lemmas 6, 7. It is easily
seen that there are only finitely many such solutions, except perhaps those with
f1 (x) = ... = fr(x) = 0, which are improper.

We turn to Supplement 1. It is trivial to check that 7j is a solution family
if and only if the identities ( 1.17) hold. We know from Lemma 6 that this may
happen only if either A + B + C = 0 and hj = kj = 0, or if each deg 1. In

the last case we claim that at most one fi can be non-constant. For if there
were two, say fi = (i = 1, 2), then (1.17) gives
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so that A + Ba~ + Oaf = 0, Bhah + Okaf = 0. Unless h = 0 (whence
A + B + C = 0) we get ah = k)), so that (al /a2)h = 1, contradicting
non-degeneracy.

As for Supplement 2, ( 1.16z) (or ( 1.16x), ( 1.16y)) can only arise when F
is symmetric, so that the families can only occur in this case. When

= 1, then each pair of equations in (1.16z) can be solved by families
Fz as in Lemma 8, and hence so can the whole system ( 1.16z), with the same
value of m.

Finally, consider Supplement 3. We need to look at intersections of families
~C 1, ... , ~Cr , where 9i is a solution family of the i-th equation in (1.15). Then in
9 i, x(s) = ciRi + ~y2, and the arguments of section 9 show that these r families
have an infinite intersection only if 11 IT -1, say, and if the R, are

rational powers of each other. Therefore there is a natural N (a power of each
of the Ri ) which is an integral power of each ai. Furthermore either each

&#x3E; 1, or each jail  1. By Lemma 7, each fi has to be linear with root
~y. Therefore families gx can occur in Theorem 2 only if F is exceptional. By
definition, the families gx of Lemma 7 were such that their values are in Z for
each and the same is therefore true of the families gx in Theorem 2.
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