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The Inverse of a Local Operator Preserves
the Markov Property

KOICHIRO IWATA

0. - Introduction

The present work was originally motivated by the analysis of a degenerate
multicomponent Gaussian generalized random field which arises from the

simplest example of quantum gauge field theory, i.e. the electromagnetic field
Let {X(~p); ~p C Co’(E 4 -+ be a generalized random field with an index
set D = Co (E4 --~ ]R4), which is identified with the space of smooth differential
1-forms over the 4-dimensional Euclidean space E4 with compact supports, such
that

where d is the exterior derivative operator and A is the Laplacian acting
componentwise. We note that the bilinear form (dp, is degenerate
and invariant under the replacement by where f E CÜ(E4). Speaking in
connection with physics, describes the electromagnetic gauge potential
field in Landau’s gauge through the analytic continuation procedure to the

Minkowski space. Because of its degeneracy we can not apply known general
results to discuss the Markov property of {X(~p)}. (See e.g. [16], [30] and
also [11]. In [8], [15], [28] and [29] the relation between locality and Markov
property is discussed in the framework of potential theory). On the other hand
the following idea is known among physicists (see e.g. [10], [20], [21] and
[42]) as restriction to transversal test forms. We set Dt = (p e P; 6p = 0}, where
6 is the coderivative operator and consider its Hilbert space completion M with
respect to (dp, (-A) -2 dp)L2. Since this bilinear form is non-degenerate on Dt,
N may be embedded in the space of tempered currents S’(E4 ---+ ]R4) and

Pervenuto alla Redazione il 18 Febbraio 1991.



224

Now the point is that the operator 8d is no longer degenerate on M. Thus

applying Nelson’s arguments [23] for the proof of the Markov property of
the free Euclidean field, one can show a Markov property of E Dt }
(note the change of index sets). However the filtration subordinate to the latter
generalized random field has a strange character which is caused by the lack of
C°°-module structure for Dt. Because of this we aim here to discuss the Markov
property of E D } and not that of {X (~p); ~p E Dt } .

Before describing how the question above is solved, we mention very
briefly about the definition of Markov properties. We agree that a simple-minded
definition of Markov property for random fields E is the following:

e D}, the u -field generated by e D}, E are

conditionally independent E aD} for any open subset D with

boundary aD. However this definition excludes a lot of interesting examples.
In fact it is known that any translation homogeneous Gaussian Markov random
field in the above sense must be a single Gaussian random variable if the
dimension d is greater than 1 (see e.g. [17], [37] and [38]). McKean [22]
proposed a general prescription by considering the germ u-fields. His definition
of Markov property, roughly speaking, involves all normal derivatives of the
random field at aD. Then one is naturally led to the question how precisely one
should know about the normal derivatives, for instance, whether it is sufficient
to know the normal derivatives up to certain fixed order or not. Wong and Zakai
[39] introduced a notion of localizable random currents and gave a geometrical
formulation of normal derivatives of random currents. Moreover they presented
interesting examples of Gaussian random currents with Markov property in
their sense. Amont the recent developments we particularly mention the work
by Albeverio, Hoegh-Krohn and Surgailis [3] on integer valued random fields
arising from grand canonical Gibbs fields, where the basic idea is that the
Markov property must be preserved under local manipulations and is similar to
ours. As for the subject related to Euclidean quantum fields we share in the
benefits of the survey by Albeverio and Zegarlinski [6].

Concerning notions of Markov property there exists another important one
besides the one in terms of germ u-fields: Given an openn covering {D+, D_ }
of Ed, one can ask whether E D+} and E D_ } are conditionally
independent given E D+ n D_ } or not. Preiss and Kotecky [27] pointed
out that if the above condition holds for any open coverings {D+, D_ } of Ed,
then actually the random field {Xt } is Markov in McKean’s sense but not the
other way around if one is concerned with generalized random fields. Moreover
they clarified the difference between these two notions.

Our method for the analysis of (o.1 ) is the factorization of the covariance
bilinear form. This is possible when one embeds a differential form of order
say r, r = 0,1, ... , d, as one of the homogeneous components of a section of
the alternating algebra bundle generated by the cotangent bundle. We note that
if we can make the embedding in such way that each homogeneous component
is mutually independent, then the Markov property of total system implies that
of the original random current. Then one can ask whether the extended random
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current is Markov or not. We consider the system determined by the following
elliptic system:

where X2 is, for instance, a random current deriving from Gaussian white noises.
Then we can transfer the degeneracy concerning the de Rahm-Hodge-Kodaira
decomposition, which is not local, into that relative to the order of differential
forms, which is local in contrast. Now the question is whether Xl inherits the
Markov property of X2 related by (d + 6)Xi = X2. Actually if X2 is Gaussian
distributed, this set up works very well as Rozanov showed [31], [32]. This type
of problems with d + 6 replaced by local operators with analytic symbols were
discussed extensively in one-dimensional settings by Doob [7], Levinson and
McKean [19], and Okabe [24], [25]. On the other hand multidimensional elliptic
cases were discussed by Surgailis [34], [35] and Osipov [26]. In 1979 Kusuoka
[18] gave a comprehensive answer to the question by showing that the inverse
maps of invertible local linear operators preserve the Markov property relative
to open coverings (not in the sense of McKean) in general multidimensional
cases. However we find that the kernel of the linear operator d + 6 is not small
enough to apply Kusuoka’s result in discussing our very question. Thus not a
small part of the present work is precisely devoted to removing the harmful
effect of the nontrivial kernel of d + 6.

Our formulation of the problem is as follows: Let IE1 and be real
vector bundles over a paracompact manifold M and L a linear differential

operator mapping C°°-sections of E2 to those of JE1. r(IE1 ) stands for the space
of all Coo -sections of Ei and D1 for the space of all COO -sections of Ei with
compact supports. We use the analogous notations for the corresponding spaces
for E2. Suppose we are given two generalized random fields {Xl (~); ~ E Dl }
and E related by

The heart of the argument is an appropriate choice of a tolopogy on Ð1 with
respect to which is continuous in probability. Let N2 be a Frechet space
consisting of smooth sections of E2 satisfying the following postulates:

(0.3) N2 contains D2 and the inclusion D2 - N2 is dense.

(0.4) L : N2 - r(IEl ) is injective and there exists a linear map G : Ðl - Jl2 such
that the following diagram holds

(0.5) If (£n) C Ðl and G£n - 0 in N2 then X1(çn) ---+ 0 in probability.
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(0.6) If p E M2 satisfies supp p c D for some open subset D of M, then there
exists a sequence (qn) c D2 with supp qn c D such that y~ in M2.

Let {D+, D_ } be an open covering of M. We shall say that {D+, D_ } is

{L, H2}-admissible, for each E E Pi with supp E c D+ there exists a partition of
unity {x+, x_ } subordinate to {D+, D_ } such that E N2 and there exists
a sequence (gn) c Dl with supp gn c D+ n D- such that G~ 2013~ X-G~ in ~2.

Under the above setting our main theorem in the present work asserts the
following.

THEOREM 0.7. Let {L, H2 }-admissible open covering of
M. If supp q C D+} and supp q C D_ } are conditionally
independent given supp v C D, n D- 1, then the corresponding relation
also holds for {X1(ç)}.

In order to discuss the system (d + 6)Xi = X2 with a Gaussian white noise
XL, all we have to do is to put,

where is the exterior algebra generated by V. Then we can verify that all
the postulates (0.3)-(0.6) are satisfied and moreover any open covering ID,, D_ }
of Ed is admissible relative to {d+6, )~21. Thus we succeed in proving the Markov
property for the random current characterized by (o.1 ).

We also discuss the so called sharp Markov property for a first order elliptic
system a X1 = X2 with a white noise X2. Let V be a representation space of the
Clifford algebra over V, then the operator 0, usually called the Dirac operator,
acts on V-valued smooth functions on Ed . Moreover X 1 and X2 are defined
as generalized random fields with a common index space D = Co (Ed -~ V).
We localize the generalized random field E D } to hyperplanes in the
spirit of Wong and Zakai. Let be a sequence of mollifiers tending to 6o the
Dirac mass at 0 E R. For each q E CÜ(JRd-1 -~ Y ) the sequence 0 ?y)}
of random variables converges in probability as 8 1 o. We shall denote the limit
by (We identify a hyperplane in Ed with I and hence the tensor

product js is understood under this identification). What we mean by the
sharp Markov property and what we shall prove is the following:

THEOREM 0.8. ~{Xi(~); supp ~p c (-00,0) x and 

supp Sp c (o, oo) x are conditionally independent (D ~);
TJ E Co (I~gd_ 1 --, V ) }.

On the other hand we shall give an example showing that the splitting
6 -field may spread to the whole 6 -field contrary to what is intuitively suggested
by the terminology ’sharp Markov property’.

Before briefly describing the contents, let us mention that these discussions
can be applied to prove the Markov property of the generalized random field
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investigated in our previous works [2] (collaborated with S. Albeverio and R.
Høegh-Krohn) and [4] (with S. Albeverio and T. Kolsrud). In particular the use
of adjective ’markovian’ which appeared in the title of [2] is justified by the
present work.

In Section 1 we mention two mutually non-equivalent notions of Markov
property and clarify the difference following Preiss and Kotecky. In Section 2
after some comments on Kusuoka’s result we shall prove our main theorem
and illustrate how (0.7) is applied. Finally in Section 3 we examine the sharp
Markov property for the first order elliptic system.

1. - Two nonequivalent notions of Markov property

To begin with we want to clarify what we mean by Markov properties of
generalized random fields.

Throughout this paper (Q, 7, P) denotes the underlying probability space
which we assume to be complete. N denotes the trivial sub u-field {A E
1; P(A)2 = P(A)}. Let M be a paracompact C°°-differentiable manifold. We
consider a family of random variables {X(~p); ~p E indexed by the space

of all smooth functions on M with compact supports. (If one likes,
can be replaced by a certain space consisting of smooth sections of

some vector bundle. Even the linear structure is dispensable except for Theorem
(1.21)).

DEFINITION 1.1. If the family {X(~p)} is linear in the following sense, we
call it a generalized random field:

We identify and {X’(~p)} if X(p) = X’(p) a.s. for all p E Cü(M).
Given a generalized random field {X(Qp)}, the a -field F is naturally filtered.

That is, we introduce a family of sub u-fields c M, open}, where’each
of ~ is defined as follows:

We shall call the family of a -fields the canonical filtration subordinate to
the generalized random field {X(~p)}. In addition to the usual property, 
satisfies the following:

(1.2) if {Ua} is an open covering of D, then lD = v1uu.

Of course this is due to the paracompactness of M and the C°°(M)-module
structure of C~ (M).



228

NOTATION 1.3. means that two sub Q -fields .7, and X- are

conditionally independent given Jõ.
The u-field Jõ is often called a splitting a -field for Ã and 7- - We note

that

LEMMA 1.4. Suppose 10 C 1-. Then equivalent to that
= a.s. for all bounded 7,-measurable functions f.

In this paper we are concerned with several notions of Markov properties.

DEFINITION 1.5. We say that the filtration and hence is
MI-Markov if for any open convering {D+, D_ } of M.

REMARK 1.6. It is often practical to add some condition on open coverings.
For example we require that inf{ p(x, y); x E MBD+, y E MBD_ } &#x3E; 0, where p
is a fixed compatible metric. This weaker form is called the 0-Markov property.

In order to define the second notion of Markov properties, which is simply
called Markov property in much of the literature on the subject, we need to
introduce a family of sub u-fields indexed by closed subsets of M. Let C be
a closed subset. We consider the following sub u-field:

DEFINITION 1.7. We say that the filtration {FD} is MII-Markov, if
for any open subsets.

As an illustration we consider a white noise. Let G be a locally compact
Hausdorff group with a countable base. We assume that M is a G-homogeneous
space, i.e. G acts on M transitively from the left.

DEFINITION 1.8. By a white noise on M we mean a system of random
variables {W (A)} indexed by relatively compact Borel subsets of M which
satisfies the following postulates.

(i) If are mutually disjoint, then are mutually
independent and

(ii) If then W(An) - 0 in probability.
(iii) The system {W (A)} is homogeneous relative to the G-action, i.e.,

whence = stands for the equivalence in distribution.
It is known that the distributions of such random variables {W(A)} must

be infinitely divisible provided M is uncountable. (See e.g. [1]. Note that a
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white noise over an uncountable space must be non-atomic). In fact there exists
a unique continuous conditionally positive definite function 1b on R such that

where u is the G-invariant Radon measure on M (unique up to multiplicative
constants). y is called the Levy characteristic of the white noise. In particular
if { W (A) } is mean 0 Gaussian distributed, i.e., ( some c &#x3E; 0,

{W (A) } is called a Gaussian white noise. 
2

The following procedure is standard. We set

.M :_ { f : M - R; bounded measurable, vanishing outside a compact set}.

It is easy to see that there exists a unique family of random variables

{Y( f ); f E M} such that

(1.10 i) Y(cl/1 + c2 f2) = C1Y(,fl) -~ C2Y(f2) a.s. ci , c2 E R and E M.

( 1.10 ii) If f n j 0, then Y( fn) - 0 in probability.

(1.10 iii) a.s. for A relatively compact,

where 1 A is the indicator function of the set A. The random variable Y(f) is
called the stochastic integral of f with respect to the white noise {W (A)}. It

immediately follows that

We define a generalized random field {X(~p)} by restricting the index set to
Cü(M). The family (X(p)) shall be called a white noise generalized random
field (or simply a white noise).

LEMMA 1.12. If D is an open subset of M, then 1D = c 

PROOF. The proof is done by showing that W(K) is 1D-measurable for
each compact subset K of D..

By virtue of this Lemma we see that the white noise (X(p)) is MI-Markov
with respect to any open covering.

LEMMA 1.13. ~c = A C C} V N for all closed subsets.

PROOF. Let A be a relatively compact Borel subset. Then by (1.12) we
have - . -
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where C, is the E-neighbourhood of C with respect to a compatible metric.
Since C( 1 C as c 10, the martingale convergence theorem implies that

This shows that n Fc, c c C} V N. On the other hand we see by
(1.12) that the r.h.s. c Thus we get the desired relation..

The Lemmas (1.12) and (1.13) tell us that the canonical filtration
subordinate to a white noise is particulary good natured, i.e.,

We now return to the general situation again.

PROPOSITION 1.14. Let be an MI-Markov filtration. Then

Conversely, has the property (1.2), then ( 1.15) implies the MI-Markov
property.

The following version of the martingale convergence theorem is used in
the proof of ( 1.14) .

LEMMA 1. 16. Let H be a Hilbert space and P be a set of orthogonal
projectors in H. Suppose P is directed in the following sense: for any pair
Pi, P2 E P there exists P3 E P with P3  P, and P3  P2. Then given x E H
there is a sequence C P such that Pnx -; Qx, where Q is the orthogonal
projector onto n Image P.

PEP

PROOF OF 1.14. Let f+, f- and fo be bounded -, .7c- - and 
measurable functions respectively. If D is an open set containing C+ n C-, then
{D U C+, D U C_} is an open covering and (D U C+) n (D U C-) = D. Therefore
we see that

by using the MI-Markov property. Applying ( 1.16) we have

which shows ( 1.15 ) .
Next we prove the converse statement. Given an open covering {D+, D_ }

of M, choose another open covering {D+,o, D_,o} so that D+,o c D+
and D_,o c D-. We consider two families := D+,o U and

:= D-,o U where A is the collection of all open subsets A with
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A c D+ n D-. Clearly it follows that D+,A c D+, D-,A c D- for A E ~t,
and covers D+, {D_,A } covers D- covers D+ n D_ .
Therefore, thanks to the property (1.2), we get

Let f be a bounded FD- -measurable function, then, if A :D B, we see by ( 1.15)
that

Hence by (1.16) and (1.17) we obtain ] a.s.. According
to (1.4) this implies the MI-Markov property.

REMARK 1.18. Concerning the topology of M, it is the T4-separation
axiom that we actually exploited in the proof of the converse relation. This
remark also applies to the following Theorem (1.23).

This proposition has the following immediate corollary.

THEOREM 1.19. Every MI-Markov filtration possesses the MII-Markov

property as well.

REMARK 1.20. In general the MI-Markov property is strictly stronger than
the MII-Markov property. As an example we consider a translation homogeneous
Gaussian generalized random field on Ed with independent values at every point
(cf. [9]). It is of course MII-Markov. However it is known that the MI-Markov
property is valid solely for the white noise among such a class (see e.g. [18]
and [27]).

In the following discussion we want to single out the difference between
the MI- and MII-Markov properties. The next Theorem and (1.22) are due to
Preiss and Kotecky [27].

THEOREM 1.21. Let be an MI-Markov generalized random field.
Then it follows that

PROOF. (i) The relation ~D+ C FMBD- V FD,ND- must be proved. Let p
be an element of with supp p C D+. Given an open set D D MBD-,
choose ~o+ E so that supp ~p+ c D n D+ and supp (~p - p+) c D+ n D-



232

(using a partition of unity). Then we have

Because of the MI-Markov property,

Therefore eRtx(’P)E is .tD- measurable if M(D- , i.e.,
it is :1MBD- -measurable.

On the other hand we can find a family of probability measures 
on R such that

Consider the following sets:

Then SZn E fD+nD- and Qn &#x3E; Q as n - oo. We now fix n and suppose It  1.
Then we see that 

n

Hence the l.h.s. is V fD+nD- -measurable. Since

must be V fD+nD- -measurable.
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(ii) Let f and g be bounded :Tc- - and :TMBC- -measurable functions

respectively. According to (1.14) we have

Since V by the already proved relation (i), we get :Tc+ c
:Tc+nc_. This completes the proof. ·

REMARK 1.22. In the previous Remark (1.20) we mentioned an example of
MII-Markov generalized random fields without MI-Markov property. Actually the
Proposition (1.21) suggests an alternative way to show the failure of MI-Markov
property by proving the existence of open coverings {D+,D-} of which do
not satisfy the condition (i) in (1.21) (see [27]). An outline of the argument is as
follows: We consider a mean 0 translation homogeneous Gaussian generalized
random field with independent values at every point. Then its covariance bilinear
form determines a unique differential operator P. Provided P is not a constant,
one can show that if D is a non-empty bounded open set with smooth boundary,
then there exists a non-trivial solution f for P f = 0 on RdB8D with finite norm
( f , f )  oo. This will imply that V 

Theorem (1.21) and Remark (1.22) tell us that the difference between
the MI-Markov property and the MII-Markov property lies in the validity of
condition (i) in (1.21). In fact we can prove the following theorem.

THEOREM 1.23. Let IYDI be an MII-Markov filtration with the property
(1.2). Then the following implies the MI-Markov property:

Before going into the proof we mention a simple fact.

LEMMA 1.24. 7- and 70 be sub u-fields of ~. If then

(1+ V .70)-L(F- V To)1 To.
PROOF OF (1.23). Given an open covering {D+, D_ }, choose an open subset

Do with MBD- c Do c Do c D+. We consider a family {DA := Do U AIAEA,
where A is the collection of all open subsets A with A c D+ n D-. Since

(MBDA) U (DA n D-) = D_ BaDA, we see by the assumption and the property
(1.2) that for each A

Let fl, f 2 and f 3 be bounded and FaDA -measurable functions
respectively. Then by the MII-Markov property and (1.24) we have
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Therefore is .1D+nD- -measurable, if f is .1D- -measurable. On the
other hand a similar argument to (1.17) shows that .1D+ = V(.1DA V .1aDA). Thus,
according to ( 1.16}, ] is FD+nD- -measurable. This completes the proof:

REMARK 1.25. The canonical filtration subordinate to a random field
satisfies the condition in (1.23) and hence the MI- and MII-Markov property
are equivalent for random fields.

Finally we discuss the question whether the MI-Markov property is

equivalent for two generalized random fields with the same finite dimensional
distributions or not. We shall give an affirmative answer under some mild

continuity assumption. We agree that is equipped with the Schwartz
topology, i.e., the strongest locally convex topology which makes all natural

maps Cü(D) ---+ Cü(M) continuous, where D runs through a covering consisting
of relatively compact open subsets and the topology on each Cü(D) is induced
by the compact open topology on C°°(M). (This topology is independent of
the choice of open coverings). The resulting Hausdorff topological vector space
shall be denote by P(M). Moreover D’(M) stands for the topological dual space
of P(M) and (’, ’) for the canonical pairing in the dual pair (P’(M), D (M) ~ .

DEFINITION 1.26. We say that a generalized random field is

stochastically continuous, if Sp implies in probability.
We dare to omit the word sequentially, since it turns out that this weaker

form is sufficient in most interesting cases. (See e.g. [13] on related subjects).
Suppose M is second countable. Then the Schwartz topology is a strict inductive
limit of nuclear Frechet topologies. Therefore given a stochastically continuous
generalized random field, thanks to Minlos’ theorem, we obtain a consistent
system of probability measures on duals of nuclear Frechet spaces. According
to Kolmogorov the obtained countable projective limit is a-additive. However,
even if we do not assume the second countability for M, the projective limit
is 6-additive.. To prove this we recall that each connected component of a

paracompact manifold is second countable. Since D’(N), where N
runs through all connected components of M, the a-additivity follows (cf. [41]).

In the following discussion we assume that M is second countable till
this assumption is canceled. What is favorable, when M is second countable,
is that the topological u-field for D’(M) equipped with the weak * topology
is standard Borel and moreover all Borel probability measures are Radon. In
particular we have the following

LEMMA 1.27. If a generalized random field on (Q, .1,P) is

stochastically continuous, then there exists a D’(M)-valued random variable
X on (Q,.1, P) such that X(p) = (X, p) a.s. for each p E Cü(M).

We express the canonical filtration of stochastically continuous generalized
random fields in terms of P’(M)-valued random variables.
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NOTATIONS 1.28. 7rD : P’(M) - D’(D) denotes the canonical restriction
map for each open subset.

Let {X (~p) } and X be as in (1.27). Then concerning the canonical filtration
we have the following

LEMMA 1.29. ~ = ~ ~~D o X} for all open subsets.

PROOF. Since the Borel structure for (D’(D), weak *) is standard and P(D)
is separable, we obtain an into Borel isomorphism P~(D) 2013~ by collecting a
countable family of maps w - (w, ~~. Therefore it follows that

This completes the proof..

We now prove the following theorem without assuming that M is second
countable.

THEOREM 1.30. Let be a stochastically continuous generalized
random field with the MI-Markov property. If (Y(p)) is a generalized random
field with the same characteristic functional as then is MI-

Markov.

PROOF. We denote the canonical filtration subordinate to {X(~p)} by
and that subordinate to {Y(~p)} by Note that if N is an open

and closed subset of M and I U,, U- I is an open covering of N, then

Suppose N is second countable in addition. Then, due
to the existence of conditional probability kernels on standard Borel spaces,
we deduce from (1.29) that That is, if {D+,D_} is an open

covering of M, then Since each component of M
is second countable, we see by (1.2) and (1.16) that is MI-Markov..

2. - Linear maps preserving the Markov property

The main purpose in the present work is to discuss the question when
the inverse map of a local operator preserves Markov properties. The situation
is as follows: Let M and E2 ---+ M be vector bundles. We use the
notation reEl) for the totality of COO-sections of E1 and Di for the totality
of C°°-sections of El with compact supports. The same rule is applied to E2.
Suppose a generalized random field indexed by ÐI and a local linear
map L : r(E2) ---+ reEl) are given. Consider another generalized random field

:= indexed by D2. Since L is local, we may well expect that
some local structures of is deduced from that of That is, we
set up the question whether inherits the Markov property of (X2(q))
or not.
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Kusuoka [18] discussed the case when both of the generalized random
fields are realized by random variables taking values in subspaces El respectively
E2 of the Schwartz distributions and there exists a bijective map L’ : Ei - E2,
which is dual to L. He stressed the importance of topologies on El and E2
which make L’ homeomorphic and are compatible with the sheaf structure of
the Schwartz distributions. From our point of view his result reads as follows:

Let Ei be a Hausdorff topological vector space with a continuous

monomorphism ti : ~Z for i = 1, 2, and let L’ : El -~ E2 be a homeomorphic
linear isomorphism. Suppose L is local, i.e. ker 7ri o t, c ker 7r 2 o 12 o L’ for
any open subset D of M.

We say that an open covering {D+, D_ } of M is admissible relative to
{ G 1 : E1 ~--~ ~l , G2 : E2 ~--~ J~2 ~, iff

and the canonical projection

is continuous.

THEOREM 2.3. Let X2 be an E2-valued random variable inducing a
Radon probability measure. If the generalized random field { ~G2X2, Sp E D21
is MI-Markov with respect to an admissible open covering, then so is

REMARKS 2.4. (i) By using a partition of unity subordinate to the open
covering {D+, D_ }, one sees that ker 1rD+EÐ ker 7rD = ker 1rD+nD-. Therefore, if
the partition of unity is compatible with ti : El 2013~ then we will get (2.1). On
the other hand, if the topology for E2 is, for example, Frechet, then by virtue
of the closed graph theorem the projection (2.2) is automatically continuous.

(ii) It is probable that the linearity is dispensable for the preservation of
the Markov property in spite of the technical difficulty without it.

Let S’ be the space of tempered distributions on Ed and t, : S’ ~ ~’ be the
natural injection. Then it is not difficult to see that open coverings {D+, D_ }
of Ed with E EdBD+, y E &#x3E; 0 are admissible relative
to it, S’ -, P’, t : : S’ - ~’ } . This means that if L’ is a differential operator
mapping S’ into S’ bijectively and X2 is an S’-valued random variable which
induces a 0-Markov generalized random field, then L’-IX2 induces a 0-Markov
generalized random field as well.

REMARK 2.5. Concerning the conservation of the MII-Markov property we
mention the following example. Let {X2(~p)} be a mean 0 Gaussian generalized
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random field with covariance functional

We recall that such a generalized random field (X2(p)) is MII-Markov but not
MI-Markov (see Remark (1.20)). Because of stochastic continuity, there exists
a unique S’-valued random variable such that (X2, y~~ = X2(p) a.s. for ~p E ~.
We define another S’-valued random variable Xl by Xl - (2 - LB)-n X2, where
n is an integer greater than (d + 3)/4. Then we have

We can easily see that if n &#x3E; (d + 3)/4, then

for some positive constant C. By vertue of this estimate and the Gaussian

property of Xi, we can apply multiparameter versions of Kolmogorov’s criterion
(see e.g. [36]) and hence we may regard the S’-valued random variable Xl as
a continuous random field. According to [16], the random field Xl is not MII-
Markov, for its spectral density is not the reciprocal of an entire function of
minimal exponential type. (Note that the MI- and MII-Markov properties are
equivalent as far as continuous random fields are concerned. See Remark (1.25)).
Thus (2 - 0)-n, n &#x3E; (d + 3)/4, does not necessarily preserve the MII-Markov
property, while it preserves the MI-Markov property.

Somewhat unsatisfactory is that it is not so clear whether we can apply
(2.3) to L = A or not, since A- I maps S = d &#x3E; 3, into a truely larger
space. Actually S is not dense in 0-1 S , which is equipped with the topology
transferred by 0-1 I from S, and therefore the natural map t2 : E2 = (LB-1 S)’ --~ Di
is no longer injective. Thus our effort is devoted to seeking an answer which
covers the case L = A or which is flexible for nontrivial kernels of L’.

Our discussion starts from the suitable choice of a subspace N2 of r(E2)
which satisfies the following postulates.

ASSUMPTION 2.6. (i) N2 contains D2 and is equipped with a Frechet

topology such that D2 is dense.

(ii) L maps M2 into r(Ei ) injectively. There exists a linear map G : Pi --+ N2
such that GLq = ?7 for q E D2 and LG~ = ~ for ~ E Pi.

Let ~l denote the image of N2 under L. Since L : N2 -~ r(Ei ) is injective,
L induces a Frechet topology on Then it immediately follows that ~l1 contains
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Dl (= LG D1) and the inclusion Dl ~ ~1 1 is also dense

Although we do not specify the topology such that the dual L’ behaves well in
the sense of Theorem (2.3), nevertheless the kernel of L’ cannot be too large or
the image of L must be large. The following is the corresponding assumption.

ASSUMPTION 2.7. is stochastically continuous with respect to the
H1-topology.

We note that (2.7) implies the stochastic continuity of (X2(q)) with respect
to the M2-topology. By a standard procedure we will get a unique family of
random variables cp E such that the followings hold:

The family M, I shall be called the stochastic continuous extention
of ~Xl(~)}. The same procedure also applies to {X2(7?)}. We use the analogous
notation for the stochastic continuous extension of Clearly it follows
that

In order to describe the canonical filtration subordinate to (X2(q)), in

terms of the random variables ~f2} we shall assume that

ASSUMPTION 2.10. If supp cp c D for some p e )12 and some open subset
D of M, then there exists a sequence C D2 such that supp ~n c D and

in ~2.
Then we immediately obtain the following description.

We still need one notion to state our theorem.

DEFINITION 2.12. An open covering {D+,D-} of M is {L, 
if for each ~ E Pl with supp ~ C D+ there exists a partition of 
subordinate to {D+, D_ } such that x-Gg e N2 and there exists a sequence

(£n) c Di such that supp Çn c D+ n D- and in M2.
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REMARK 2.13. Since L is a linear differential operator, it follows that

L(x-G~) = x- £ + terms containing derived functions of x _ .

Together with the fact that supp x- c D- and supp (1 - x-) c D+ we see that
supp L(X_Gç) c D+ n D-, if supp ~ c D+. In particular, if either D+ or D- is
bounded, then E I~1.

Under the assumptions (2.6), (2.7) and (2.10) we prove our main theorem.

THEOREM 2.14. If IX2(?7)1 is MI-Markov with respect to an IL, M21-
admissible covering of M, then so is {Xl(ç)}.

Before going into the proof we mention the following usefull lemma.

LEMMA 2.15. Suppose Ã..11-IJö. If 7: is a with 70 C 7: c
£ v (7: f1 (1- V ~o)), then 

PROOF OF 2.15. The argument breakes into twice repeat of the following
algorithm: and F0 c 7: c 7’- V 70 imply To prove this

suppose f is bounded and F+measurable. Then it follows from (1.4) and (1.24)
that

This means that Ã.l(.1- V and hence the proof is complete.

PROOF OF 2.14. Given an admissible open covering ~D+, D_ } of M and
~ c D, with supp ~ c D+, we choose a partition of unity {X,, x- } which
satisfies the condition in Definition (2.12). Then it follows from (2.9) that

(2.11) implies that is F2D -measurable and is FD2 -measurable.
On the other hand we see from Definition (3.12) that can be

approximated in )11 by a sequence consisting of members in Pi with supports
in D+ n D_. Due to the H1-stochastic continuity, this means that 
is FD2-measurable. Thus Xi(0 is Yj V FD2)-measurable and
hence 

~ 

On the other hand 713 in general by virtue of the locality of L. We
now apply Lemma (2.15) and obtain that from the MI-Markov

property of {X2 (r~ ) } . Finally by (1.24) the statement follows. n
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REMARK 2.16. If L induces an automorphis of and is S-

stochastically continuous, then Theorem (2.14) as well as Kusuoka’s covers the
conservation of the 0-Markov property.

As an illustration we consider the case where L = A and X2 is a

white noise on Ed with Levy characteristic y (see Section 1). If d &#x3E; 5,
the following assumption is compatible with the ccpd (the abbreviation for
continuous conditionally positive definite) property of 0

We set

Then G is a fundamental solution for -A. Our guide line to the choice of N2
is the following Sobolev inequality.

where denotes the convolution in distributional sense and Cp,d is a positive
constant depending on p and d (see e.g. [12], [33]). We define

and introduce a locally convex topology induced by the compact open topology
and the LP-norms, &#x3E; d . Obviously N2 contains and the inclusion

a20132

CÜ(Ed) ’---+ H2 is dense. Moreover G E H2 for V E CÜ(Ed) precisely by
definition. Since an L2-harmonic function must be 0, A maps ,~2 into COO(E d)
injectively. By (2.17) we see that

Therefore

is continuous with respect to the H2-topology, in other words is

stochastically continuous with respect to the H2-topology. Thus, having observed
that the assumption (2.10) is clearly satisfied, we obtain the desired space N2.

Let f Y2 (0); 0 E be the stochastic continuous extention of We

define a generalized random field by
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Then the distribution of is characterized by

Hence taking account of Remark (2.13) (i.e. an open covering with relatively
compact overlappings is { L, H2}-admissible) and Theorem (2.14) we obtain the
following result.

PROPOSITION 2.19. Let d = 5, 6, ... and 0 be a ccpd function on R satisfying
(2.17). Then the generalized random field with the characteristic

functional (2.18) is locally MI-Markov, i. e., for any open
convering ~D+, D_ } of Ed with D+ n D- bounded.

If ç2, then (X(p)) in (2.18) is mean 0 Gaussian distributed and its
covariance bilinear form is given by

where Q is the Fourier image of p and I k I is the Euclidean norm of k E V. In
what follows we are going to discuss the MI-Markov property for a more general
class of Gaussian generalized random fields by applying Theorem (2.14). We
note that our method is completely different from the conventional ones in terms
of the orthogonality in the Hilbert space defined by the covariance bilinear form
of the Gaussian generalized random field in question. Because we do not want
to set up the problem too generally and we believe symmetry is one of the most
beautiful principles, we single out Euclidean homogeneous Gaussian generalized
random fields as objects to study. Then their spectral measures must be rotation
invariant. We additionally assume that the spectral measures are absolutely
continuous and their densities are reciprocals of polynomials. Namely for each
Gaussian generalized random field under consideration there exists a

unique polynomial P in one variable such that

We see that all the coefficients of P are real, the coefficient of the leading
term is positive (we may assume that P is monic, i.e. the leading coefficient
is 1, without loss of generality) and the multiplicity of any positive real root
is even. We now assume that positive real roots are absent. Then P factorizes
into the following form:
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for some complex numbers Aj with nonzero imaginary parts, positive numbers
J-Lj and a nonnegative integer m.

We want to factorize the differerntial operator P(-A) into two mutually
adjoint differential operators somehow. For his purpose we have to extend the
real number field. We consider a complex *-representation of the Clifford algebra
over V, i.e. a real inner product space V together with a system {~yl, ... , Id, J}
of endomorphisms such that

and

where I is the identity endomorphism and Ii is the adjoint with respect to the
inner product of V. We note that J defines a complex structure on the real
vector space V. We introduce a different operator (Dirac operator):

Then 02 = (-4) ~ I. (Since there is little fear of confusion, we will write simply
-A from now on). We consider the following operator

and the formal adjoint L* with respect to the structure. By
factorization (2.21) we have L*L = P(-A). Let i = 1, ... , dim V, be
independent copies of the generalized random field under investigation.
By using a fixed isometric isomorphism V we have another generalized
random field E Since

for all open subsets, the Markov property of implies that of {X(~p)}.
Now our task is to discuss the generalized random field We define

another generalized random field {XZ(~p); ~p E V } as follows:

Then the collection of componenets of referring to the fixed isometric
isomorphism V forms an idependent system of Gaussian white noises.
Therefore is MI-Markov with respect to any open covering {D+, D_ }
of Ed. We note that the factor except for øm in L maps S (E d) &#x26; V into itself
bijectively. By virtue of Kusuoka’s result we may reduce the problem to the
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case L = øm (i.e. P = We now assume 0  2m  d. Then it is almost
obvious that the natural choice of M2 is as follows:

and hence

REMARK 2.23. Since 0  m, a measurable function ~( - ) with

I  oo defines a tempered distribution by integration with

respect to the Lebesgue measure. Thus we read that 0 E n 

and its Fourier image ~ can be represented by a measurable function with
I  oo. in the definition of ;Vl.

At this moment the following proposition is the only thing to be clarified.

LEMMA 2.24. Let m be an integer with 0  2m  d. If the support of
4J is contained in an open subset D of Ed, then there exists a sequence

c V such that ~ ~{1~) - - 0 as n - oo.

One can show (2.24) by using the duality between the Sobolev spaces
with index m and -m respectively. The Lemma above implies that every open
covering {D+, D_} of Ed is {L, H2 } -admissible. Therefore, invoking Theorem
(2.14), we obtain the following

PROPOSITION 2.25. Let d be a positive integer and P a real coefficient
polynomial such that the leading coe, ffccient is positive, none of the roots is real

positive and the multipliciqy of root 0 is less than d Then a tnean 0 Gaussianpositive and the multiplicity of root 0 is less than 2013. Then a mean 0 Gaussian
generalized random field with covariance bilinear form (2.20) is MI-

Markov with respect to any open covering {D+, D_ } of Ed.

3. - A detailed description of splitting a-fields the sharp Markov proper-
ty

In this section we are going to discuss a generalized random field defined
as a family of pathwise solutions of a first order elliptic system with a white
noise. We shall specify the Markov property of the generalized random field
in question by showing that the knowledge of the behaviour of the generalized
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random field at boundaries sufficies for splitting (the knowledge of normal
derivatives is not necessary).

Let d be an integer greater than 2 and let {V, ~y 1, ... , ~yd ~ be a real *

representation of the Clifford algebra over (see (2.22)). The Dirac operator
0 is defined by

Consider the following End(V)-valued function

Then G is a fundamental solution for 0. Sobolev’s inequality tells us that

h 
d 1 1 1 

d 
... 

d d.where p &#x3E; d - 1, - - - + d and is a positive constant depending on pd 2013 1 q p d ’

and d. Now let 0 be a ccpd (abbr. continuous conditionally positive definite)
function on V satisfying

We note that this behaviour is consistent with the ccpd property, since
dd - 1  2 (d &#x3E; 2). Then

d- 1

is continuous and positive definite (see Section 2). It is our aim in this section
to discuss the Markov property of with characteristic functional (3.3).
We set

Then is a V-valued white noise on Ed with Levy characteristic 0.
Since the differential operator 0 is of first order, we may well except that the
Markov property of is ’sharp’. In what follows we shall illustrate what
we mean by the sharp Markov property.
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Let H be a hyperplane in Ed and D be one of the two connected
components of EdBH. We introduce the following space:

which is equipped with a locally convex topology induced by the compact
open topology and the LP-norms p &#x3E; d . We regard M2 as embedded inP P gY p 

d - 1 g

by using integration with respect to the Lebesgue measure. Then
we can easily verify that the natural inclusion D ~ ~2 is dense, G * ~ E N2
for ~ E P, and 0 maps N2 into S’(E d) 0 V injectively. Moreover we have the
following commutative diagram

Let M21 be the stochastic continuous extention of {X2(Ç")} (see
(2.8)). Then

Our key observation is the following inequality:

LEMMA 3.5. Let d be an integer greater than 1. If q is a measurable

function on Rd-l, then

where p &#x3E; d , q= d - ip and C is a positive constant depending on dp 
d-1 I 

q 
d 

p a,p is a p

and p.

PROOF. Let (E, B, it) be a measure space and n a positive integer. If f is
a positive measurable function on (E, B), then by using Hölder’s inequality we
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get

where p &#x3E; 1 and 0: c R - We note that if pa &#x3E; n then f  oo.

»

Suppose 0  n  d and 0  a  d. Then we get the following estimate first

applying the inequality above and next Sobolev’s inequality:

where c 
1 
 ‘a and 

1 
- + 1 d Inwhere max 0, 0’ - d+n  I 

 
a and I == 

d-n-a 1 -20132013. In
B 

’ 

n / p d q d-n p d-n

particular, by choosing n = 1 and a = d - 1, we have proved the desiredinequality.
We identify the hyperplane H with and therefore we use the

convention y - (0,~/) = (0,~...~) to indicate the points in H. Let 80 be
the Dirac mass at 0 E measurable. By virtue of Lemma
(3.5),

defines an element of ~(2, if TJ E Lq(Rd-1 ) for all q &#x3E; 1. We introduce the

following space

where the direct sum is considered in S’(E d) ® V. If we denote the image of
N2 under 0 by then we see that D c )11. The following diagram explains
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the relation among the spaces introduced so far.

We consider the stochastic continuous extension E Nil of 
Then it is clear from the discussion so far that

We define a u-field by

The superscripts sharp may be explained by the following:

(This is easily proved by approximating ~o ® ~ for 77 E CÜ(Rd-1) (9 V). By the
sharp Markov property we mean the following:

THEOREM 3.8. sharp Markov relative to H, i. e., 

yl sharp 
YD

.

PROOF. The point of the argument consists in calculating the distributional
derivative * 4J) for QED with supp 0 c D. Let be an

affine coordinate of Ed such that D = {x E Ed; xl &#x3E; 0}. We introduce the
d

following differential forms: w = dx A ... A dxd and 0=M g) where the
2=1

Hodge duality map * is defined with respect to the orientation w. Let f and g
be V-valued COO-functions on some open subset of Ed. Then by an elementary
calculus we see that d( f, 0g) = { -(~ f , g) + ( f , ~ g)}w. If f E COO(EdBD) o V
satisfies Of = 0, then by using Stokes’ formula we get

where D, = fl, E  0. Therefore it follows that

According to the theory of HP-spaces associated with first order elliptic systems
(see e.g. [33]), G * 4J has nontangential limits almost everywhere on H and the



248

boundary value G * §(0-, . ) belongs to for all q &#x3E; 1. Thus from (3.9)
we get

We now apply the algorithm in the proof of (2.14) with the stochastic continuity,
(3.4), (3.5) and (3.6) taking into account. The conclusion is that

Hence, by the independency of white noises, the sharp Markov property fol-
lows.

The next two propositions clarify the relation to the MI- and MII-Markov
property.

Where in general AE denotes the E-neibourhood of A c Ed .

PROOF. Since the generalized random field is stochastically
continuous in the sense of (1.26), by (1.27), we have a P’-valued realization
X. Let f : S2 -&#x3E; R be bounded and n.FD1E -measurable. Then given E &#x3E; 0, thanks
to (1.29), we can choose function --~ R so that

f = gE oX a.s.. We now make use of the translation invariance. P’ -~ P’,
x e be the natural action indeced by the Reaction on Ed. Since the measure

induced by X is {Tx}-invariant, we obtain gl o TEV o X = gE 0 TEV 0 X a.s.,
where v is the unit outward normal vector for D. Note that gE o TEV o X is

.1b-measurable, since DE = D + 6Z/. Therefore gl o TEV o X is .1b-measurable for
all e &#x3E; 0. On the other hand {Tx}-invariance implies the stochastic continuity
of E H gl o TEl.! o X as well. Hence f (= gl o X a.s.) must be .1b-measurable and
the first relation is proved. 

_

We see by (3.7), the first relation and the corresponding for EdBD that
Actually the equality holds because of the sharp

6&#x3E;0 
~ 

Markov property (3.8) and Lemma (1.4). This completes the proof..

THEOREM 3.13. Let D+ and D- be open half spaces which cover Ed.
Then MI-Markov relative to the covering {D+, D_ }.

PROOF. We see from (3.11 ) that c .1B- V We choose an

affine coordinate { x 1, ... , xd } so that D+ = { x e 1 
&#x3E; 0 } and D- = { x E

Ed;x1 1  1 } . Consider a family of open half spaces Dc := { x e Ed;x1 1  E },
0  e  1. Since aDE is of Lebesgue measure zero and {X2(Ç")} is a white

noise, it follows that c .1~- On the other hand by using
the method in the proof of (3.12) we can prove that .1aD- c .1D- BaDf’ There-
fore we obtain ~D- - ~D_~aDE, 0  E  1. We now apply the algorithm in the
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proof of (1.23). The conclusion is that This completes the pro-
of..

REMARK 3.14. If d = 4, by virtue of the existence of quatemionic number
field H we can construct a representation of the Clifford algebra in terms of
2 x 2 matricies with H-entries. By choosing oriented orthogonal frames in R~
and in H respectively, we have an isomorphism H. Then the following
map

where x is the quaternionic conjugation of x E H, determines a representation
of the Clifford algebra over JR.4. In this representation the Dirac operator is the

o a
matrix 49 0 , where a and a is the quaternionic analogues of Cauchy-
Riemann operators. In the previous papers [2] and [4], we studied the random
field in this particular case but we did not discuss its Markov property.
Hence the present work may be regarded as the continuation of [2] and [4].

Although we did not mention the elliptic regularity of we have already
made use of it implicitly. In the following discussions the elliptic regularity is
essential.

We consider a particular class of ccpd functions so called Poisson type.
Let y be a ccpd function on a vector space V. (In our context V is the

representation space of the Clifford algebra over V). Then it is well known
that there exists a unique triplet where ,~ E e 02Y
(symmetric bilinear forms on V), nonnegative definite, and v a Radon measure

on V((0) satisfying +  oo such that

This representation is usually named after Levy and Khinchin (see e.g. [1]).
From now on we assume that a = 0 and v is of finite variation and 1/J satisfies
(3.2). Under this condition the u-field spreads to the whole u-field

contrary to what is suggested by the adjective ’sharp’. That is,

PROOF. As in the proof of (3.12) let X be a P’-valued realization of

{X1(Ç")}. We introduce a Poisson point process on (VB101) x Ed
with intensity (Levy measure) vol, where l is the Lebesgue measure. Since v
is of finite variation, the map
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is injective and has no cluster point in Ed with probability one. It is

easy to see that

We can realize the point process ((Aj, on the same probability space on
which X is defined so that we may obtain the following relation (cf. Lemma
( 1.27)).

Because of the elliptic regularity for 0, X is real analytic in the connected open
set (Recall that d &#x3E; 2 and has no cluster point in Ed almost
surely). Since the Lebesge measure of H is 0, we see that H n 
a.s.. Let y be a point in H. By virtue of its real analyticity X is completely
determined (including the singular parts) by the derivatives at y. Moreover since

all the derivatives at y are determined by the tangential derivatives. Thus
X restricted on H completely determines X almost surely, i.e., 

REMARK 3.16. Analogous phenomena also occur in Gaussian cases.

Consider a Euclidean homogeneous mean 0 Gaussian generalized random field
with the sharp Markov property. Then, according to Wong [37], its covariance
bilinear form must be either

where c, m and r are nonnegative constants and I is the (d - I)-dimensional
Hausdorff measure on In the latter case the random field pathwise satisfies
(A + r2)X = 0 and hence it is regarded as a real analytic function almost surely.
However given a bounded open set D, the Dirichlet problem

is not uniquely solvable for particular r’s (i.e. -r2 coincides with one of the
eigenvalues of A with Dirichlet boundary condition), while the boundary value
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problem

has at most one solution. Thus unless r = 0 the random field in question is not
sharp Markov. (This fact was mentioned in [38]).
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