
ANNALI DELLA

SCUOLA NORMALE SUPERIORE DI PISA
Classe di Scienze

ANTONELLA NANNICINI
Vanishing theorems for twistor spaces
Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4e série, tome 19,
no 2 (1992), p. 183-205
<http://www.numdam.org/item?id=ASNSP_1992_4_19_2_183_0>

© Scuola Normale Superiore, Pisa, 1992, tous droits réservés.

L’accès aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique l’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=ASNSP_1992_4_19_2_183_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


Vanishing Theorems for Twistor Spaces

ANTONELLA NANNICINI

Introduction

Let M be a compact connected Riemannian manifold, suppose M is a
complex manifold endowed with a spin structure, then we can consider the

complex spinor bundle of TM, S. Hitchin proved in [10] that S is isomorphic
to (9 where K is the canonical bundle of M. The Levi-Civita
connection V and the holomorphic connection Vk of T M lift to connections
on TS, the relation between the corresponding Dirac operators associated to V
and Ak has been investigated by J.M. Bismut in [4]. The interesting fact is that

0

the connection V = i7 + (i7 - VX ) on TM, that we will call "special connection"
0

on M, lifts to a connection on TS such that the associated Dirac operator, D,
is precisely the operator (a + 8*), where a is the Dolbeault operator acting on
sections of S, r(S). This fact has remarkable consequences, in particular, letting
0 = a a-* +5*5, harmonic spinors with respect to D are equivalent to n-harmonic,
K 1/2 -valued, (0, p)-forms on M and then to elements in H*(M, 0(K1/2)).

In this paper we study harmonic spinors with respect to the Dirac operator
associated to the special connection on integrable Twistor Spaces that is
on the Twistor Space over a conformally flat Riemannian manifold of real
dimension 2n &#x3E; 4 or an anti-self-dual 4-dimensional Riemannian manifold. As
an application we prove a vanishing theorem for and
for n &#x3E; 2 also a vanishing theorem for Hl(,Z(T 2n), Q(K1/2)). The vanishing
of can be found also in [11] by completely different
methods. Also we remark that in [6] is proved, by different methods, that

H’(Z(T 4), O(Kl/2» = C.
At the moment we do not have information on 0 (K 1 /2 )) with

p &#x3E; 1 because computations become complicated, but we feel that we have
vanishing theorem unless p = n(n - 1)/2.

The paper is organized in three sections. In the first section we illustrate

This work has been partially supported by M.P.I. 40% and 60% funds.
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the differential geometry of Twistor Spaces, in particular we report curvature
computations that will be useful in the sequel; detailed proofs and computations
of this part will appear in a joint work with P. de Bartolomeis in preparation [8].
In the second section we introduce basic concepts and results of spin geometry
useful later, principally referring to the book of Lawson and Michelshon [15].
Also in this part we investigate spin Twistor Spaces. In the third section we
prove vanishing theorems for 

We want to remark that the basic formula (3.1.2) can be applied also to
investigate bundles of type S 0 E, up to adding the curvature of E [4], thus
it turns out to be a very good tool in order to explore vanishing theorems.
Moreover we hope (3.1.2) can be useful to investigate general spin Twistor
Spaces.

I would like to thank Claude LeBrun and Paul Gauduchon for interesting
discussions on the subject and Paolo de Bartolomeis for help and encouragement
during the preparation of this work.

1. - Differential Geometry of Twistor Spaces

In this section we recall the definition and illustrate the basic geometric
properties of Twistor Spaces, such that the existence of a canonical almost

complex structure and of a natural almost Hermitian metric. Regarding the
metric we compute the associated Levi-Civita connection, the Riemann tensor
and finally the scalar curvature. Also we compute explicitely the corresponding
Kahler form w, its differential dw and, in the integrable case, the real (2,2)-form

In the last part we compute the holomorphic connection on the holomorphic
tangent bundle of integrable Twistor Spaces.

Detailed proofs and computations of this section will appear in [8].

(1.1) Almost Complex Structure

Let (M, g) be an oriented, compact, connected, Riemannian manifold of
real dimension 2n. Let P(M, SO(2n)) be the SO(2n)-principal bundle of oriented
orthonormal frames on M.

We call Twistor Space of (M, g) the associated bundle Z = Z(M,g) =
P(M, SO(2n))/U(n) defined by the standard action of SO(2n) on SO(2n)/U(n).

Denote by x : Z - M the natural projection.
The standard fibre of ,Z is Z(n) = SO(2n)/U(n).

0 1
Denote J1 = 1 0 and let Jn E S’O(2n) the matrix defined by n diag-

onal blocks all equal to J1 and zero outside.
We may identify 
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Z(n) has a natural integrable SO(2n)-invariant almost complex structure
J, namely on the tangent space at the point P is

and we can define J(P)X = PX.
In the same way the fibre ,Z~ at x E M has the natural complex structure

defined on

by J(P)X = PX.
Now consider the Riemannian connection on P(M, SO(2n)), for a E

P(M, SO(2n)) we have the decomposition into horizontal and vertical subspaces:
TaP(M, SO(2n)) = Ha ei Va and therefore for P = 7r(a) we obtain the induced
splitting TpZ = ei = Hp ei Fp.

We are ready to define a natural almost complex stmcture 3 on Z:
if X E Tp Z let Xh (Xv) be the horizontal (vertical) component of X, then

= P(Xh) + J(P)Xv.
The following facts are well known [5]:

1. 3 is a conformal invariant.

2. 3 is integrable if and only if

i) n = 2 and (M, g) is anti-self-dual or

ii) n &#x3E; 2 and (M, g) is conformally flat.

(1.2) Metric Structure

To introduce a Riemannian metric on Z consider again the fibre Z(n).
It is well known that for n = 2 the standard fibre Z(2) - SO(4)/U(2) is

isomorphic to the 1-dimensional complex projective space and for n &#x3E; 2

Z(n) = SO(2n)/U(n) is a classical Hermitian symmetric space of compact type
[9]. We shall describe the natural metric induced on Z(n) by the Killing form on
the Lie algebra so(2n). Take P E Z, let A e so(2n), then the exponential map,
exp: so(2n) 2013~ SO(2n), defines a path on SO(2n) via exp(tA) and, furthermore,
a path on Z(n) starting from P by the action of SO(2n) on SO(2n)/U(n)
(exp(tA»(P) = (exp(tA)) Pt(exp(tA)). Define:

is

where we identify the point P to its image in SO(2n)/U(n).
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Clearly Ap E Tp Z (n), moreover if X E Tp Z (n) then

thus:

We define a metric OV on Z (n) by:

Remark that A E so(2n) defines local Killing vector fields on Z (n) with respect
to G" by - - -

Q E Z(n).
In the same way on the fibre ,Z2, at the point x E M, the metric 

is defined:
for A(x)p, is g(x)-antisymmetric and XP =

-PX is Ax --1 A"P, where A=Ax, B=Bx,- PXI is ( )P 2( (A ) ( )P 2( (B ) where A = ( ) B = ( )
then 

2 
1 

2

Now we define the Riemannian metric on Z by using again the splitting
TpZ = Hp ei Fp. Namely we identify Hp ^_~ TxM for x = 7r(P), thus for X,
Y E Tp Z define:

It is immediately verified that G is J-in variant, so G defines an Hermitian metric
~! on Z:

and the triple N) is an almost Hermitian manifold.

PROPOSITION 1.2.1 [8]. Following statements are equivalent:
1. (Z (M, g), J, N) is an almost Kähler manifold
2. (Z(M, g), J, N) is a Kdhler manifold
3. (M, g) is isometric to the standard sphere ,S2n with the standard metric g

of constant sectional curvature I for n &#x3E; 2 and (M, g) is either 84 like
2

before or the complex projective plane with the Fubini-Study metric
for n = 2.
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(1.3) Curvature Computations

In order to make curvature computations let us consider a suitable local
frame for Z. 

-

Let { 81, ... , e2n ~ be a local g-orthonormal frame on M, let { 01, ... , 82n }
be horizontal lifts of 101, - - -, 02,,} in P(M, SO(2n)) with respect to the Levi-
Civita connection, then project on P(M, SO(2n))/U(n) and obtain the local

G-orthonormal horizontal frame on Z, 161, - - - , e2n }, defined by:

where x = 7r(P), rj := are Christoffel’s symbols with respect
to { 91, ... , 82n ~ and j = 1,..., 2n. Clearly rj E so(2n).

Regarding local vertical frame, just consider local Killing vector fields

{Aa}a=1,...,n(n-1) introduced in (1.2).
Let = be the Riemann tensor on M, we will denote

by R:ij the matrix so(2n), and by the vertical field on Z
defined by R:ij as in (1.2).

In the sequel we will use Einstein’s convention on repeated indices.
By direct computation, for the Lie bracket of vector fields, we have the

following expressions:

where {~}t=i,..,2~ are the local horizontal vector fields defined before and

[A, B] = AB - BA denote Lie bracket between matrices.
Denote by V the covariant derivative associated to the Levi-Civita

connection defined by the metric G on Z, then, again by direct computation
and with the same notations, we have:

where we denoted by BD (P) = I(B - PBP , the projection of the matrix BY D(P)= 
2 

) P J
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on the orthogonal complement of TpZ(n) with respect to the Killing form of

so(2n), and by As = - (A + PAP), the analogous projection on TpZ(n) [9],
2

moreover: - -

Let

and let

be the Riemann tensor of the metric G on Z, we have the following expressions:

Let ,S’ = Scalo(Z) be the scalar curvature of (,Z , C~ ) :

LEMMA 1.3.14. The following formula holds:

PROOF.

Let us compute the scalar curvature of the fibre Z (n) with the metric 
Scalov Z(n).
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PROOF. Let P E Z(2), it is TpZ(2) = {X 6 so(4) ~ X P = -PX}. As 
is an Einstein manifold we fix a point.

1 11 

- 

1 
Let El = j 0li and E2 = V8- X2, IEI,E21 is an orthonormal basis of

/8 8
TpZ(2). Thus:

LEMMA 1. 3 .16.

PROOF. It is known that the Twistor Space of (82n, g), where g is the

standard metric of constant sectional curvature ) , is biholomorphic and isometric
to the standard fibre Z (n + 1) with the complex structure J defined in ( 1.1 ) and
the metric GV [5]. Apply Lemma 1.3.14 and get:

moreover = (n - 1)(2n - 3), - IG (R.ij, A =(n - 1)(2 - n)moreover == (n - 1)(2n - 3), = 2
and Scaled (2) = 1, hence using induction process on n - 1 we get the
conclusion.

(1.4) The do; and ~~

Let := G(XJY) be the Kdhler form of the metric N on Z. In
local coordinates we have:
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Compute the differential of w, dw. Recall that for a general 2-form a it is:

Thus a direct computation gives:

Then:

where is a local orthonormal frame for TZ and

~9i , Aa} is the dual frame.
Let us compute the norm of the three form dw:

hence:

Let us suppose now (Z, J) is a complex manifold, that is (M, g) is conformally
flat or a 4-dimensional anti-self-dual manifold. Consider a and a operator on
Z and decompose 

-

As 3 is integrable we have:
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On the other hand:

where J is extended on forms [2]. But:

and

Direct computation gives:

(1.5) Holomorphic Connection

In the following we will talk of covariant derivative or associated
connection indifferently as the meaning is clear from the context.

Using the theory of formally holomorphic connections developed in [13]
we obtain the following:

LEMMA 1.5.1. Let Hermitian manifold, then the

holomorphic connection D on the holomorphic tangent bundle of Z is defined
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by:

for X, Y, Z C°° complex vector fields on Z, where G = is the
Levi-Civita connection associated to the Riemannian metric G.

Suppose ~l) is an integrable Twistor Space with the canonical

complex stmcture 3 and the natural Hermitian metric Y, then using (1.5.2)
we can compute the holomorphic connection D on the holomorphic tangent
bundle of Z.

In local coordinates, we get:

where Eij denotes the constant matrix whose entry (h.k) is 

being Sab Kronecker’s symbols.

2. - Spin Geometry

In this section we recall the definition of spin manifold and illustrate
the structure of the complex spinor bundle over a complex manifold. Then
we discuss the existence of spin structures on Twistor Spaces. Also we give
some basic material regarding connections, curvatures, Dirac operators on spinor
bundles and their Weitzenbbck decompositions. Finally, following an idea of
J.M. Bismut [3] [4], we construct a special connection on Hermitian manifolds
such that the Dirac operator induced on the complex spinor bundle of the
manifold is precisely the operator .;2(8+8*), and we make computation for the
case of integrable spin Twistor Spaces.

For any detail of this section concerning the general theory of spin
geometry we refer to [15].
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(2.1) Preliminaries

Let (M, g) be an oriented Riemannian manifold of real dimension n (n &#x3E; 3),
(M, g) is called spin manifold is there exists a principal Spin(n)-bundle over
M, P(M, Spin(n)), and a Spin(n)-equivariant map:

More generally an oriented Riemannian bundle (E, h) over M, of rank r, is
called spin bundle, or admitting a spin structure, if there exists a principal
Spin(r)-bundle over M, P(E, Spin(r)), and a Spin(r)-equivariant map:

where P(E, SO(r)) is the principal bundle over M of oriented h-orthonormal
frames of E.

Remark that M is a spin manifold if and only if its tangent bundle, TM,
is a spin bundle.

It is well known that a bundle E admits a spin structure if and only if
its second Stiefel-Whitney class, w2(E), is zero.

Moreover for a complex vector bundle E it is:

where c 1 (E) is the first Chem class of E [16].
Then a complex manifold M is a spin manifold if and only if its first

Chern class is an even element of H 2 (M, Z).
Given a spin bundle E over M, of rank r, we call real (complex) spinor

bundle of E a vector bundle S’(S~) over M associated to the principal bundle
P(E, Spin(r)) by a real (complex) Spin(r)-representation

on the real (complex) vector space W

S = P(E, Spin(r)) x, W (S = P(E, Spin(r)) XAC W).

When E = T M we say real (complex) spinor bundle of M.

In the case of even r there exists unique a real (complex) irreducible spin
bundle of E, this bundle will be called the real (complex) spinor bundle of E.

(2.2) Complex Spin Manifolds

For compact complex manifolds Hitchin, [10], proves that the spin
structures are in one to one correspondence with square roots of the canonical
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bundle. Also he gives in that case a nice description of the complex spinor
bundle of M.

Namely let (M, J, h) be a compact Hermitian manifold, let (T M)C =
T M 0p C be the complexification of the tangent bundle and let be the

complexification of the cotangent bundle.
Let EÐ 

1 be the decomposition of in

bundles of + I eigenspaces of the complex structure J and let (T*M)C =
ei 1 be the C -dual decomposition.

Let g = Re h and let 4 the C~ -linear extension of g to (TM)C, 4 defines
isomorphisms ~31 : #2 : via pointwise
musical isomorphisms.

For any x E M let CR(TxM, @z)) be the Clifford algebra
of and let CR(TM,g) be the Clifford bundle of M.

There are isomorphisms of complex algebras [14]:

where denotes the exterior algebra of 
In particular ~ : Cl«TxM)c, Yx) - is defined as follows:

moreover let X* E C~ -dual to X and = (31 (X1,o), then

where al n ... A ap E and h is extended on the cotangent bundle.
Hence 1 is a bundle of C-modules over 
Now suppose M is- a spin manifold, let K = det(T*M)1,0 and let L be

the square root of K defining the spin structure on M, for the complex spinor
bundle S of M, Hitchin proves:

S is a bundle of C -modules over Ct(M, g), the Clifford multiplication is clearly
defined by ø, that is V - (a (9 t) = O(V (9 1)(a) (9 t for V E TxM, a E A(T; M)O,l
and t E L~ .
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(2.3) Spin Twistor Spaces

Now we want briefly to discuss the existence of spin structures on Twistor
Spaces, for more details we refer to [17], [8].

Let (M, g) and Z as in ( 1.1 ), we have the following:

PROPOSITION 2.3.1. If M admits a spin structure, then its Twistor Space
Z also admits a spin structure.

PROOF. Consider the natural projection 7r : Z - M and the splitting
TZ = H 0153 F in horizontal and vertical subbundles. Since H = it
is w2(H) = 1f-l(W2(TM» = 0. Moreover since TZ, H, F are
complex vector bundles, we have = 0(mod 2) and from ci(F) = (n -1 )c 1 (H)
it follows w2(TZ) = cl (T Z) = = 0(mod 2).

PROPOSITION 2.3.2. If dimR M = 1, then Z admits a spin
structure.

PROOF. It follows immediately from the relation between Chem classes:
Cl (T Z) = ncl(H).

However we can give examples of Twistor Spaces with no spin structure:

EXAMPLE 2.3.3. where h, &#x3E; 0 and g is the
product of the Fubini-Study metric on each factor.

(2.4) Dirac Operators

Let (E, h) be an oriented Riemannian spin vector bundle over M of rank r.
Let 0 be a connection on P(E, SO(r)) then is a connection on P(E, Spin(r)),
where ~ represents the spin structure on E. Let S(E) be a spinor bundle of E,
g*0 induces a univoquely determined connection on S(E) as associated bundle
to P(E, Spin(r)), and then a covariant derivative V8 : h(,S (E)) -~ r(T *M ® S’(E)).

Let x E M, let E = (el, ... , er) E r(U, P(E, SO(r)) be a local h-orthonormal
frame of E in an open neighborhood U of x. Let S (E)x be the fibre of

S (E) over x, let X, Y be tangent vectors to M at the point x, denote by
R Xy : S’(E)2 the curvature of the covariant derivative i7~,

The following formula holds (Th. 4.15 [15]):

where is the curvature operator of the covariant derivative : r(E) -
r(T *M ® E) induced by the connection 0 and ei e j denotes Clifford multiplication
between ei and ej.
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With previous notations we define the Dirac operator of S(E):

by

where, ., denotes Clifford module multiplication.
The operator P’ : r(S(E)) - r(S(E)) is called Dirac Laplacian.
The following properties are well known:

1. D and D’ are elliptic operators
2. D is formally self-adjoint
3. = Ker D2.

Any element in Ker D is called harmonic spinor.

(2.5) Weitzenböck Decompositions

Let (M, g) be a Riemannian manifold of real dimension n and let ~~ be the
covariant derivative of the Levi-Civita connection. Let (E, h) be a Riemannian
vector bundle over M with a Riemannian connection whose covariant derivative
we denote B7, then for any pair of tangent vectors to M, X, Y, we define:

by

We get immediately:

Now fix Q E r(E), then V2.,. 4J E T*M o T*M ® E.
The operator r(E) - r(E) defined by:

is called the connection laplacian. The following properties are well known:
1. V*V is an elliptic operator
2. is non-negative and formally self-adjoint.

Now suppose M is a spin manifold and E = S is a spinor bundle of M,
with covariant derivative V8 defined by some covariant derivative on TM in
the sense of (2.4), we define a canonical section of Hom(S, S), R, by:



197

is a local g-orthonormal frame of T M, "." denotes Clifford
multiplication and R s is the curvature operator of S defined by V 8 .

Let P be the Dirac operator on r(S) defined the following "Bochner
identity" is well known:

THEOREM A.

In the case V8 is the covariant derivative associated to the Levi-Civita connection
on TM, Theorem A becomes Lichnerowicz’s theorem:

THEOREM B.

(2.5.2) and (2.5.3) are usually called Weitzenbdck decompositions for the operator
D2.

(2.6) Special Connection on Hermitian Manifolds

Let (M, J, h) be a compact Hermitian manifold, let V be the covariant
derivative on r(T’M) defined by the Levi-Civita connection of the Riemannian
metric g = Re h.

Let us suppose M is a spin manifold and let S be its complex spinor
bundle, let V8 be the covariant derivative induced on r(S) by V. Let a the
Dolbeault operator acting on r(S).

It is well known that in the case (M, J, h) is a Kahler manifold the Dirac
operator P is the operator acting on [10].

Suppose M is not Kahler, then on (TM)1~° it is defined the holomorphic
connection, whose covariant derivative we denote Vk then consider the
covariant derivative induced on denote it (VN)". Following an
idea of Bismut, [3], [4], consider on (TM)1,0 the new connection inducing on

the covariant derivative:

We have immediately the following reformulation of Bismut’s theorem (2.2)
[4] :

0 0

THEOREM C. Let VS be the covariant derivative on reS) induced by V,
0 0

let D : reS) - res) be the Dirac operator associated to (V)’, then on F(S):

0

We will refer to the connection defined by V as to the special connection on
M.



198

(2.7) Special Connection on Integrable Twistor Spaces

Let (M, g) be an oriented, compact, connected, conformally flat Riemannian
manifold of real dimension 2n or anti-self-dual and 4-dimensional. Let Z be
its Twistor Space, Z is a complex manifold of complex dimension n(n + 1)/2.
Let J be the complex structure on Z introduced in ( 1.1 ) and let G be the
J -invariant Riemannian metric on Z defined in (1.2), let )I be the Hermitian
metric associated to G. Let V be the covariant derivative associated to the Levi-
Civita connection defined by the metric G on Z as in (1.3) and let D be the
holomorphic connection on the holomorphic tangent bundle of Z, as in

( 1.5). We want to compute the special connection (2.6.1 ) on Z, V = V+(V2013D).
Denote .~ = V 2013 D, using computations of §1, with the same notations,

we have:

Define Y, Z) := G(Ax Y, Z), for any X, Y, Z tangent vectors, the following
holds:

LEMMA 2.7.5.

PROOF. i) Obvious.
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3. - Vanishing Theorems

In this section we compute explicitely Weitzenb6ck formula for the
Dirac Laplacian, defined by the special connection, on the spinor bundle
of the Twistor Space of the flat torus T 2n. Then "positivity" of the

decomposition gives vanishing theorems for O(K 1/2 )), n &#x3E; 2, and
for H (Z(T’°), O(K1/2», n &#x3E; 2.

(3.1) Vanishing Theorems for ,Z (T 2n)

Let us consider the flat torus T2n of real dimension 2n, and let Z = ,Z (T 2n )
be its Twistor Space. Since T 2n is a spin flat manifold Z is a complex spin
manifold, let K 1 /2 be the square root of the canonical bundle of Z defining the
spin structure. Let J, G and N respectively be the canonical complex structure,
the natural Riemannian metric and the natural Hermitian metric on Z defined

in § 1. Let V be the covariant derivative associate to the Levi-Civita connection
0 0 

and let V be the special connection defined in (2.6). Then V = V + A where:

Let S = be the complex spinor bundle of Z and let
0

Ð : r(s) --&#x3E;r(S) be the Dirac operator associated to the covariant derivative on
0 

S defined by V. We are interested in to compute the canonical section (2.5.1),
0

R, for the Dirac Laplacian V2.

Let {ei,... en(n+l)l be a local G-orthonormal frame of T Z such that ei = BZ
for i - 1, ... , 2n and Âa for a - 1,..., n(n - 1), moreover suppose
A n(n-1 +,B = PA B for B - 1 , .. · , 

n(n - 1)
/2 

= P A,s for (3 = 1, ... , 2 
.

Let us compute the term (2.5.1):

From (2.4.1)
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where

with

and

Then:

where we used Lichnerowicz’s Theorem B.

We need to compute eh, ek) ; direct computation shows that the only
non-zero terms are: 

’ ~

Then applying Lemma 1.3.16 we get:
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or

Denote by 11 : AT*Z-4CE(TZ, G) the canonical isomorphism of graded vector
bundles defined by:

for local G-orthonormal frame of TZ, and where TZ is
identified to T*Z by the metric G, then from (1.4.10), (1.4.11), (1.4.12), (1.4.13),
(1.4.14), expression (3.1.1) can be rewritten as:

REMARK. (3.1.2) is a general formula holding for any complex manifold,
c.f.r. Theorem 2.3 in [4].

LEMMA 3.1.3. E K1/2), then ~) -

n(n- ~), where the metric G is extended on ® Kl/2.

PROOF. Suppose 0 = 0 0 K, compute the Clifford module multiplication:

We have

Now:

and
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Then:

Thus for Q E 0 K 1/2):

THEOREM 3.1.5. For n &#x3E; 2:

02 _ - _PROOF. Since we are using the special =2D,
0

then harmonic spinors with respect to P are precisely harmonic forms on Z
with values on K112. Using the canonical isomorphism between the cohomology
groups of harmonic (p, q)-forms on Z(T 2n) with values in some bundle and the
cohomology groups of holomorphic (p, q)-forms on with values in the
same bundle, let Q E 0(k1/2)), then applying Theorem 2.3 of [4]
and Bochner’s method, we have:
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where dVz is the volume element with respect to the metric G on Z, so the
~ 

0 0

only possibility is that V§) = G( 4J, 4J) = 0, or 0 = 0.

PROOF. Let us compute the Clifford module multiplication:

Then, denoting 8a.ø = 0 for a ~,Q and 8a.ø = 1 for a = ~3, it is:

LEMMA 3.1.8. Let 4J = (8k ’1 Q§ It) E then 4J) &#x3E; 0 and

equality holds if and only if 4J = 0.

PROOF. Computing the Clifford module multiplication (9a - 8h - Aa - Aa) -
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(9ko,1 ), as in Lemma 3.1.6, we get:

for Q=0.
THEOREM 3.1.9. Fo r n &#x3E; 2:

PROOF. Repeat the proof of Theorem 3.1.5 applying (3.1.2), Lemma 3.1.6
and Lemma 3.1.8.

REMARK. For n = 2 Lemma 3.1.6 and Lemma 3.1.8 imply that

&#x3E; 0 for any Q E then such harmonic spinors
are parallel, in other words Vo 0 = 0 for any Q E 0(K1/2)). With dif-
ferent methods P. de Bartolomeis and L. Migliorini in [6] prove that H (Z(T),
O(K1/2» = c~ .
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