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Pseudodifferential Operators and Hardy Kernels on Lp(R+) (*).

JEFF E. LEWIS - CESARE PARENTI

Introduction.

We develop an algebra of pseudo differential operators on Lp(R+), 1  p  00,
which includes H, the Hilbert transform restricted to R+, and some clas-
sical Hardy kernels. Such operators arise in the study of singular integral
equations in EP(R+) since H2 = - I -f-- K, where .K is a Hardy kernel
operator. The algebra of operators described here, called Mellin operators
in OPE,,I,, are defined via the Mellin transform. As in the case of the

Hilbert transform [Sh 1] or a Hardy kernel [FJL 1], the spectrum of the
operator depends upon the EP space on which it acts. As described in the
remarks of Section 5, , there are operators in O.PJLi/p for all p, 1 C p  oo,
which admit a parametrix in OP-YI, for some values of p, but do not have
a parametrix in OPEI, for other values of p ; the parametrices in 0-Mi/p
for different values of p, do not necessarily agree on Co (R+).

E. Shamir [Sh 1, Sh2] studied the spectrum of the Hilbert transform
on Lp(R+). G. I. Eskin [E 1, E 2] has made an extensive study of operators
defined via the Mellin transform and given applications to weighted L2 spaces
and boundary value problems. In [N] J. Nourrigat has defined a class of
pseudodifferential operators on R+ defined by the Mellin transform and
studied their properties on weighted L2 spaces. B. A. Plamenevskii in [P]
has studied an algebra of pseudo differential operators in R+ X SI-1 defined
using the Mellin transform. H. O. Cordes and E. A. Herman [CH] studied
singular integrals on L2 (R+) .

In Section 1 we state the properties of the Mellin transform and Mellin

multipliers to be used in the sequel. A representation for variable symbol
Mellin operators is studied in Section 2. The space of symbols, , MI/P’ and

(*) Research partially supported by the National Science Foundation and by
C.N.R., Gruppo G.N.A.F.A.

Pervenuto alla Redazione il 20 Febbraio 1979 ed in forma definitiva il 15 Mar-
zo 1979.
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the space of Mellin operators, OPZI,, are defined in Section 3; the principal
symbol ap is defined. The symbolic calculus is developed in Section 4. The
operators in OJPZi/p which admit a parametrix in OPZI, are characterized
by their symbols in Theorem 5; the remarks following Theorem 5 describe
a typical situation. The index of an elliptic operator in OPZI, is studied
in Section 6. An application to an oblique derivative problem for Laplace’s
equation in a plane sector is given in Section 7.

1. - Preliminaries on the Mellin transform.

We shall deal with functions in Lp = EP(R+), 1  p  coy with the norm

It will be convenient to consider functions g(x) E LI(R+) were

If f (x) E Lp, we define fp(x) = x’IP f (x) c -LI(R+) and the functions F(u) =
= f(exp [- u]), and F,,(u) = tp(exp [- u]), u E R. Note that

If f (x) E Co (R+) we define the Fourier transform of Fp as the function

The Mellin transform of a function f E C-(R+) is defined as
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It follows that for f E Co (R+), f (z) is an entire function and we have the

inversion formula

a+ioo

where the notation 1/2 f ... dz denotes contour integration along the
a-ioo

path z- a+i$, _ C&#x3E;o $  c&#x3E;o. Integration by parts shows that

For 7: real, 6 &#x3E; 0, we use the notation

If f is measurable on R+ and the integral (1.2) is absolutely convergent for
all z in some strip S-r,ð we shall call the integral f(z) the Mellin transform
of f ; under these conditions f (z) is a holomorphic function in Sr,ð. We make
the following definition.

DEFINITION 1. Let b(z) be cc bounded measurable function on the line

:Re z = lip. Then we say b is a Mellin multiplier on Lp iff the map

is extendable as a bounded linear operator on Lp.

By (1.1 ), -P.($) = f(lip -f-- e), so that b is a Mellin multipler on -LP iff

the function $ -&#x3E; b(1 /p + i$) is a Fourier multiplier on EP(R) [H].
We give the following examples which will be essential ingredients in

the algebra of operators to be constructed in Section 3.

1) The Hilbert transform on Lp(R+). The Hilbert transform of a func-
tion f E LP is defined as
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Following Shamir [Sh 1] and Eskin [E 1] we can represent H as

It is well known that H is a bounded operator on LP. Define the function

Then e (z) is a Mellin multiplier on Lp, 1 C p  08.

2) Hardy kernels on EP. Let k(x) be a measurable function on R+
such that for some a, b with 0  a  b  1,

Then for all p, a  1 /p , b, the Hardy operator with kernel is denned

on LP by

Following [FJL 1], for f E C-(R+),

where k(z) is the Mellin transform of the kernel k which is defined and

holomorphic for a  Re z  b.

3) The operator Tcp (a particular Hardy kernel). Let 1  p  00

and ( E C, Re c =A 1/p. For f E C-(R+), define

The function b (z) = 1/(c - z) is a Mellin multiplier on Lp, llp =,-z= Re c,
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and the Lp norm of the operator 11C,V is bounded by C IRe C - lip 1-1 ( C is
independent of p). If 1/p C Re C, the kernel for Tc,v on LP is given by

If Re C  1/p, the kernel for Tc,v on EP is given by

The bound for the Lp norm of Tr;,p is a consequence of Young’s inequality.

2. - A class of bounded operators on L’P(R+).

WTe now introduce a class of Mellin integral operators on Lp(R+) with
variable kernels.

THEOREM 1. Let a(x, z) be ac function defined for x &#x3E; 0 and z in some -
strip Sl/p,ð, 1  p  00. Suppose that for all x, a(x, z) is holomorphic in Sl/p,ð .
and that there is an E &#x3E; 0 and a constant C such that 

,

Then the operator defined by

is extendable as a bounded operator on Lp.
PROOF. Let 0  ðI  ð and let r1/’P,ðl denote the contour

If Re z = 1/py by the Cauchy integral formula
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Using this representation for a(x, z) in (2.6) and applying Fubini’s Theorem,
we obtain

An application of Minkowski’s Integral Inequality gives

THEOREM 2. Let a(x, z) be a f unetion defined for x &#x3E; 0 and for z in
some strip Sl/p,ð. Suppose that

1) a(x, z) is continuously differentiable in R+ X Sil,,6 and holomorphic in z,
2) For some 8 &#x3E; 0 there is a constant C such that for all x and z

Then the operator A defined by (2.6) is compact on Lp.

PROOF. By the proof of Theorem 1 and (2.7) it follows that the operators
f -&#x3E; X(O,Â)(x) Af(x) and f  X(Â-l,OO)(X) Af(x) have small Zp norm if h is small.

The map f --&#x3E;- - x(d/dx) A f (x) = Tf(x) is represented by

By (2.8) and Theorem 1, T is bounded on L-,. From these observations it
follows that the family lAf : If lip ,-; I} is equicontinuous in Lp(O, N) for every N
and that

This establishes the compactness of A on -L-1. q. e. d.
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3. - Spaces of symbols and Mellin operators.

As a preliminary step we introduce some spaces of functions and their
Mellin transforms.

DEFINITION 2. Let T be real. If 6 &#x3E; 0, by f7:,ð we denote the class o f func-
tions a(x) E C’(R+) such that the f oltowing property holds : for every ðl, 0  6,,  67
and every j there is a constant C = C ( ðl1 j, a) such that

By ,hz we denote the space of functions a(x) such that a E :F-,;,ð for some ð.

DEFINITION 3. Let i be real. If 6 &#x3E; 0, by 3f-,;,ð we denote the class of func-
tions b(z) which are defined and holomorphic in the strip S,,,, and such that the
following property holds : for every ð1, 0  ðl  ð, and every j and k there is

a constant C = C ( ð1, j, k, b) such that

for all z E 8-,; ð. By Z we denote the space of functions b(z) such that b c -
for some o.

The fact that the functions in Z are precisely the Mellin transforms
of the functions in :F-,; is consequence of the following result whose proof
is contained in the article of A. Avantaggiati [A, Sec. 2].

LEMMA 1. If ac E :F-,;,ð, then its Mellin transform à E i’-,;,ð. Conversely,
given b E 5’-,;,ð, define the function

Then a E :F"ð and à === b.

We define the symbols of the class of smoothing operators to be con-
structed.

DEFINITION 4. Let T be real. If E, 6 &#x3E; 0, by lP-r,ð,e we denote the class of
functions such that:
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2) for all x, a(x, z) defines a holomorphic f unction on S-r,ð,
3) for each el , 0  s,  ê, and each ð1, 0  ð1  ð, and each M, j, k

there is a constant C = C(El ð1, M, j, k, a) such tha,t

for z c- ,

By 0, we denote the class of functions a(x, z) which belong to for some f, ð.

We recall that the function 0 (z) = 1/(1 - exp [2niz]) is holomorphic in
the strip 0  Re z c 1 and that for all IT and j, uniformly in the strip
0 3  Re z11- 6 -17

and

It follows that 0(z) (1 - O(z)) E F1/p for 1  p  00.

Finally we are ready for the definition of the space of symbols of an
algebra of Mellin operators on LP(R+).

DEFINITION 5. Let 1  p  co. Denote by El!P the space of functions
a(x, z) E COO(R+ X Sl/p,ð) for some 6 = 6(a) &#x3E; 0 and for which there is a repre-
sentation of the following form in R+ X Sl/p,ð :

where

1) a+(x) and a_(x) are extendable as continuous functions on R+ ill

such a way that a+(x) - a-,(O) E :;-0’

2) a(z) E J-1/P,

3) oc (x, z) c- 0,,/p - 

DEFINITION 6. For each symbol a cEI,, we define the Jfellin operator
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The space of all such operators tvill be denoted by OPE,,I,. The function
a(x, z) E Il/p will be called the symbol of the Mellin operator A. If the symbol
of the operator A is also in the class 0,/,,, we shall write A c- OPO,.I, and shall
call A a smoothing operator.

DEFINITION 7. If A is a Mellin operator with symbol

the function a(x, z) - a(x, z) will be called the principal symbol of A and be
denoted by O’p(A)(x, z).

From Theorem 1 it follows that if A E OPEl/V, then A can be extended
as a bounded operator on Lp; moreover, if O’p(A)(0153, z) - 0, A- is a compact
operator on Lp.

4. - The symbolic calculus for OPE,,,,.

We study the compositions and adjoints of operators in OPEI,.

THEOREM 3. Let A, B E OPEI,. Then AB E OPE,.I,. Moreover, if

and

then

where

PROOF. We shall first show that the composition of two smoothing
operators is a smoothing operator. Let a(x, z), b(x, z) E 0,.,, and let A and B
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be the corresponding Mellin operators. For f E C-(R+),

where b(z, w) denotes the Mellin transform of b(x, w) in the x-variable. Thus

where

In the above calculations, the absolute convergence of the integrals justifies
the use of Fubini’s Theorem.

To verify that c(x, w) E Q1/’D we apply repeatedly the observation that
if a(x, z) E ø1/’D’ then

We next show that if A E 0PZij, , B E OPO,,,,, then AB E OPØl/1J. Let
the symbol of A be

a(x, z) = a+(x)8(z) + a-(x)(1 - O(z)) + a(z) and let b(x, z) E (/)1/1J.

In this case we argue as above and again use Fubini’s Theorem to obtain that
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where

Consider, , e.g., the contribution of

Modulo flJI/p, this integral is c+(x, w) where

Now

To show that c+(x, w) E (/)l/P’ we observe that for some 6 &#x3E; 0, it is pos-
o+ioo

sible to shift the integral (1/2ni) f... dv to either of the integrals
0-i-

Hence X-6WN(X(alaX))j(alaW)ke+(X, w ) is a linear combination of integrals of
the form

where br(x, w) E 0,/,. The integrals I (x, w) are absolutely convergent and
for w in some strip around Re w = I /p are bounded by C Ilog x 1’. Repeating
the argument with 6 replaced by - 3 shows that c+(x, w) E tJJl/P. In the

same manner one shows that

gives a function in (/)1/1).
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The next step is to show that if A E OPO,I, and B E OP-YI,,, then

AB E Opø1/v. Let a(x, z) be the symbol of A and suppose that b(x, z) =
= b+(x)O(z) + b-(x)(I - O(z)) + b(z) is the symbol of B. Denote by B+
the operator

We have that

where

and 01 is a smoothing operator. Since (b-(x) -- b+(O))-(v) E fo, it may be

shown that c(x, w) E (/)1/V. The other terms in the composition can be
handled similarly.

As the next step we consider two operators A+, B+ with symbols
a+(x)O(z) and b+(x)O(z). Let 0 be the operator with symbol O(z). Then

where

The second part can be written as

where

Using the argument for the integral (4.4), we have that modulo a symbol
in ø1/p, c(x, w) - a+(x)b’ (X) 0 2 (W).

At this point we observe that 02 = o(o - 1) + 0 so that the operator 02
contains the Hardy kernel operator with symbol O(z)(O(z) - 1) e j’l/P. Thus
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the principal symbol of A+B+ is given by

Since the composition of two Hardy kernel operators with symbols in
sij, is a Hardy kernel operator with symbol in sij, , we leave to the reader
the proof of the cases not considered explicitly and the calculation of the
principal symbol. q.e.d.

We consider the adjoint of an operator A E OPEI,. If 1/p --f- 1/q = 1
we define A* : Lq &#x3E; Lq to be the operator such that

THEOREM 4. Let A E OPEI, and 1 /p + 1 /q = 1. Then A* E OPE,I,;
moreover, the principal symbol of A* is

In particular if

then

Re z neacr 1 /q.

PROOF. We recall that the Hilbert transform H is representable as

H = i(20 -1 ) E OPEI,. Using the kernel representation (1.3) of H, we
have that H* = - H E OPZLL,. A calculation shows that

Next consider the operator A f (x) = a(x) f (x) where a(x) - ac(o) E Yo. Then

A*g(x) - 4(r) g(r). Representing 0 in terms of .g and applying Theorem 3
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proves the theorem for operators of the form

yVe now consider an operator A which is a Hardy operator with symbol
a(z) c- There is a kernel k(x) E :Fl/fJ with k = ac such that A f (x) ===

00

=== fk(xjy) j(y)(dy jy). The adjoint A* is representable with a kernel k*(x) ===
o

== (ljx)k(ljx). For Re w near llq we have that k*(w) = ac(1- iv) E ff-I/q.
Finally we show that if A E OPO,I, then A* E OPPl/fJ. If the symbol

of A is a(x, z) E 1,D and f, g E Ca (R+), represent

Using Fubini’s Theorem, we obtain that

where

Performing the change of variables z --&#x3E; 1 - w- + v, Re v = 0, we have that

Using arguments similar to those for (4.4) and (4.5), we can show that
c(x, w) E 0,,/,. q.e.d.

REMARK. If A E OPE.,I,, the transposed operator tA is defined so that
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Then if 1/p + llq = 1, tA E OPEI,. If or,,(A) is given by (4.6) then

Re z near 1/q.

REMARK. We observe that smoothing operators map Lp into :Fl/1)"

LEMMA 2. Let A E OPO,I,. Then i f f E Ep, A f E :Fl/V.

PROOF. Let the symbol of A be a(x, z) c- Q1/v. Define the function

k(x, t) by

Then for some 6 &#x3E; 0 and each i, j there is a C = C(b, i, j, k) such that

Fix $ &#x3E; 0 and for f E Co (R+) let

The Mellin transform of Aif is a(e, z) f (z) E l’iip. Hence

Putting $ = x we then have the representation



496

It follows that xl/p(x(djdx))i Af(x) is a linear combination of integrals of

the form

where k,(x, t) satisfies estimates of the form (4.9). By Holder’s inequality,

where 1 /p + 1 /q = 1. q. e. d.

5. - Elliptic operators in OPEI,,.

We characterize the operators A E OPZI, which are « elliptic », i. e. , for
which there exists a parametrix B E OPEI, such that AB - I and BA - I
are smoothing operators.

THEOREM 5. Let A E OPEI., with principal symbol

or.(A)(x, z) = £l+(S) 0(?) + a-(x) (1- O(z)) + a(z).

The following two conditions are equivalent :

1) There is an operator B E OPEI,, such that AB - I E OPO,I,,.

2) The following three conditions are satisfied by a,(A)(x, z) :

PROOF. Suppose that 1. is satisfied and let

By Theorem 3
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By (4.1) and (4.2) and the observation that

we have the identities

Condition 2 follows.

Conversely, y suppose that 2. is satisfied. Note that for some 6 &#x3E; 0,

We define an operator B with symbol

where

Z E l31/v,ð. It may be shown, using the properties of a,(x), a_(x) and (3.1),
(3.2), that b(x, z) E ZI,. A direct calculation using (4.1), (4.2), and (4.3)
shows that B is a parametrix for A. q. e. d.

DEFINITION 8. If A c- OPZ,,,, and A satisfies condition 1. or 2. of T he-

orem 5, 1ve shall say that A is an elliptic operator in 0PZijx.

REMARK. We emphasize that the definition of ellipticity in OJP27i/p
depends on p. The following situation is typical.

Consider an operator A with principal symbol

Suppose that inf la+(x) &#x3E; 0, inf la-(x) &#x3E; 0, and that a(z) c- for all p,

1 C p C oo. Then the function y(z) - (a(O, z))w is meromorphic in the

strip 0  Re z  1; moreover, in any strip 0  6  Re z  I - 6  l-, V(z)
has only a finite number of poles. Hence for all p outside a discrete set,
N(A), A is elliptic in OPZI,,. Define b(x, z) by (5.2) where b(z) is defined
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by (5.3). Then b(z) has the same poles and residues as V(z). Then if p 0 N(A ),
b(x, z) is the principal symbol of a parametrix for A in OPE,,I,. If PI and

P2 ttN(A), let Bpi E OPZ,,I,, be parametrices for A in OPZI,,, i ==],2. The
calculation in [FJL 1] shows that for f E Co (R+),

where the kernel k is given by

If a(O, ,) = 0 for some (, Re’ between l/PI and 1/P2, then k(x) # 0

(see [FJL 1]).

REMARK. If A is elliptic in 0-PZi/p and A f = 0, f E Lp, then f E j"( l/p .
This follows from Lemma 2.

6. - The index of an elliptic operator in OP-Yll_,.

We will relate the index of an elliptic operator in O.PJLi/ to the winding
numbers of the coefficients a,(x).

LEMMA 3. For v an integer define

Then

1) Qv: R+ --&#x3E; S’ - f Iz =1} and the wiitdi)ig number of q?, is v.

2) CfJv(0153) - 1 E :Fo.

3) If a(x) is a function mapping R, --&#x3E; CB{0} such that a(x) - a(O) E :Fo,
and the winding number of a is v, then there is a continuous homotopy
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PROOF. Parts 1 and 2 follow by a calculation. To prove 3, we remark
that if we replace a(x) by a(x)(p-,,(x) it is sufficient to construct the homo-
topy when v = 0. In this case it is well known that there is a homotopy
G(t, x) which satisfies (i)-(iii) and such that G(t, -) E COO(R+) for every t,

Let E = -1 la(O) &#x3E; 0 and choose 6 &#x3E; 0 such that

Construct a nonnegative partition of unity on R+ as 1 = a1(x) + «2(x) + Xg(.r)
where «1(x) =1 if 0  x  ð, ai(s) = 0 if x &#x3E; 2ð, «3(x) =1 for r&#x3E; 3-1,
«3(x) = 0 for r ]3-1 and «2(x) =1- «1(x) - a3(x). Define the homo-

topy h’ as

The verification of (i)-(iv) is left to the reader. q.e.d.

As an application of the previous lemma we have the following theorem.

THEOREM 6. Let A be elliptic in OPEI, and let

Suppose that v+ and v- are the winding numbers of a+ and a_. Then A as

an operator on Lp has index v = v+ - v_ .

The proof of Theorem 6 is accomplished by a sequence of lemmas.

LEMMA 4. With the notation of Theorem 6, A has the same index as the

operator A# with symbol

PROOF. By Lemma 3 there are homotopies F::r(t, x) which connect a,(x)
to the functions a--,(0)9?,,,,(x) in such a way that the operators A t with

symbols

are elliptic in OPE,,I.,. Then Ao = A and A1 = A mod OPO,,,,. Hence

index A# = index A in Lp. q.e.d.

LEMMA 5. With the notation of Theorem 6 and Lemma 4, the operator A
has the same index as the operator Av with symbol
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PROOF. Let Ao be the operator with symbol ao(z) - a#(0, z) and Bo
be the operator with symbol bo(z) == (ao(z))-1. Then Bo.Ao = I = AoBo
so that Â # has the same index on Lv as the operator BoA# = I -f- Bo(A# - Ao).
Since Q"p(A# - A©) (0, z) = 0, Theorem 3 yields that

Then index (Av) = index (T-,,_B,,A) = index (A#). q.e.d.

PROOF OF THEOREM 6. It remains to calculate the index of Av on Lp.
Since ap(Av)(O, z) = 1, Av is elliptic in OP¿1/r for all r, 1  r  00. If

f E Lp, A v f = 0, then fE:F1/r, I 1 C r C oo . If g c- L", I/p + llq - 1, A*g = 0,
then g E :F 11r’ , 1 C r  00. Thus the index of Av on LP is the index of Av
on L2. As an operator on L2, Av is in the algebra considered by Cordes and
Herman [CH], and its symbol JA, , as defined in [CH], has wingding number v
and hence index v. (The particular operator considered in [CH] was
Ho = O + [(log x - 2i)/(log x + 2i)](I - O)). q.e.d.

7. - Application to an oblique derivative problem in a plane sector.

Operators in OPZI, arise naturally in the oblique derivative problem
in a plane sector.

Let Q - f(x, y) F R2: X &#x3E; 0, y &#x3E; 01. We seek a solution of the following
problem:

where and flj are real functions such that a2(t) + (3;(t) = 1.
If Ø1(t), 02(t) C- Co (R+) we study the single layer potential with den-

sity Q1 along the x-axis and density ø2 along the positive y-axis, namely,
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Then it is known [St, FJL2] that in Lp(R+),

Note that .Kn and Hz arc Hardy kernel operators with kernels

Since k,,(t) and k,(t) c- Y,I,, 1  p  00, we have that Kn and Kr are oper-
ators in OPZI, and that

and

Recall that the symbol of the operator H may be written as

Similar formulas hold for the boundary values of the gradient of U2.
we make the following assumptions on the coefficients of the boundary

operators in (7.1):

Then the boundary operators applied to u give functions V,(t), "P2Bt) E Lp(R+)
where
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We write the system ( 7.2 ) as 7p = AQ where l4 is a matrix of operators
in OPLI/P. The matrix of principal symbols is given by

dv(A)(t, z) =

where Vj(t) = aj(t) + iflj (t).

THEOREM 7. For = 1, 2, let Vj be the winding numbers of v, (t). Sup-
pose that

inf det a,(A) (0, z) ( &#x3E; o .
Re z= 1/p

Then

1) There is a matrix B of operators in OP-YI, such that AB - I and
BA - I are matrices of smoothing operators.

2 ) As an operator on Lp X Lp, the index of A is 2Vl -t- ‘_’v2 .

PROOF. Since a; + #f = 1, the function det ap(A)(t, z) is the symbol of
an elliptic operator D in OPZI,. Denote by E a paran1etl’ix for .D and

let B be the matrix of operators

The symbolic calculus establishes that, modulo a matrix of functions in

l[Jl/1J’ G1J(A)(t, z) - .a1J(B)(t, z) = I and the first conclusion is established.
Let Ao be the matrix of operators whose symbol is ap(A) (o, z) and let Bo

be the matrix of operators whose symbol is Gp(B)(O, z) - [a,,(A,)(z)]-l. Then
BoAo = A’JBo = I on Lp X Lp so that the index of A is the index of

BOA == I ,t Bo (A - Ao). The matrix of principal symbols of Bo A is

By Theorem 6, the index of B,, A is 2r, + 2v2 .
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REMARK. For the operator Ao there are always values of p for which
det ap(l4o)(z) = 0 for some z, Re z = Ilp.

Suppose that aj (o ) + iflj(O) - cos y; + i sin yj, j = 1, 2. Another repre-
sentation of O’p(Ao)(z) is 

Then det Gp(Ao)(z) = 0 when z = (2k +1)/3 or z = (2/n)(YI + Y2) + (2k + 1 ).
In particular det Gp(Ao)(!) = 0, and Ao is not a Fredholm operator on L3 X L3.
This is in accordance with the results of [FJL 2] for double layer potentials
for the Dirichlet problem for which the operators were not Fredholm

for p = 3 2 -
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