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On a Free Boundary Value Problem Connected
with a Non Steady Filtration Phenomenon.

ALESSANDRO TORFLLI (*)

dedicated to Jean Leray

1. - Introduction.

The present paper, as the previous ones [20] and [21] (see also [19]),
is devoted to the study of a free boundary problem of evolution type related
to a non-steady flow of an incompressible fluid moving across a homogeneous
porous dam which separates two reservoirs of fluid (cfr. the figure). More

precisely, y we assume that the dam is bounded by parallel vertical walls
and by a horizontal base. We suppose also, that: a &#x3E; 0 (resp. b &#x3E; 0) is the
width (resp. the height) of the dam; [0, T], with ~’ &#x3E; 0, is the time interval

during which we want to study the filtration process; yk(t) (k = 0, a) are
the levels of the reservoirs as function of time; represents the level
of the « free boundary » for t = 0 ; and furthermore is the rate of

fluid moving across the base. Finally we assume that such functions are
« sufficiently smooth » and that the following relations are verified (k = a, a) :

Therefore the free boundary problem may be stated as follows (see for
instance [7]):

(*) Istituto Matematico dell’Università di Pavia and Laboratorio di Analisi
Numerica del C.N.R.

Pervenuto alla Redazione il 20 Febbraio 1976 ed in forma definitiva il 2 Aprile 1976.
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Figure at the time t = t.

PROBLEM 1.1. We look f or a triplet ~g~, Q, u~ such that:

i) 99 is a « regular» f unction de f ined in [0, a] X [0, ,T], satisfying

ii) Q is defined by the relation :

iii) u is a « regular &#x3E;&#x3E; f unction de f ined in S~ such that:
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where:

A first study of problem 1.1 has been carried out in [20] (see also [19]), in
the case where the initial datum arises from a steady state or arises from a
final datum of a non steady process (see in particular Osservazione 2.2 of [20]).
We shall eliminate such a restriction in the present paper.

In the stationary case (i.e., in the case where the levels of the reservoirs
and all the other physical quantities are not time-dependent) C. Baiocchi [1]
and [2], has introduced a transform which reduces such filtration process
to variational or quasi-variational inequalities: Baiocchi’s technique has
been systematically developed and generalized at « Laboratorio di Analisi
Numerica del C.N.R. » in Pavia, where several new results have been ob-
tained (see for instance [3], [4], [5], [6], [8], [14], [17] and [18]).

In the non-stationary case, by adapting suitably Baiocchi’s technique,
we are able to reduce problem 1.1 to an equivalent (at least formally) non
linear problem with an evolution boundary condition (see [19], [20] and no. 2
of the present paper). A first study of the transformed problem was carried
out in [21] (see also [19]), where an existence and uniqueness theorem for
the solution of the transformed problem is obtained; hence a uniqueness
theorem for the solution of problem 1.1 is also obtained. It would be inter-

esting, now, to prove an existence theorem in the physical formulation of
problem 1.1 and not only in the weaker framework given by the transformed
problem. In order to achieve this, it would be useful to have some regularity
theorem for the solution of the transformed problem. A first result in this
direction shall be presented in this paper.

In the first part of the present paper we introduce a transform (which
is a variant of [19] and [20]): as we have mentioned above, by this transform
we are able to study problem 1.1 with « any initial data ».

We note that problem 1.1 seems to be  well-posed &#x3E;&#x3E; (according to the fact
that the evolution condition appears only on the free boundary) under the only
condition (1.6) (i.e. it is not necessary to require the value of y, t) for t =0).

In the second part, following a suggestion of J. L. Lions, we show that
the transformed problem may be equivalently interpreted as an evolution
variational inequality on D X ]0, T[(D = ]0, a[ X ]0, b[ is the dam), where a
time-dependent and non differentiable functional appears. By using the
« regularization technique (see for example [10] and [15]) we obtain a new
existence and uniqueness theorem for the solution of the transformed problem.
Such a new method, compared with the one considered in [21], requires more
regularity on the data, but gives us the solution in a better functional space.

Some results of this paper have been announced in [19].
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2. - Transformation of problem 1.1.

a) In the present section we assume that all the functions which appear
in the formulation of problem 1.1 are « sufficiently smooth », so that the

following considerations are correct (even if the hypotheses may be weakened,
by proceeding similarly to [20]).

We suppose that

We have then (by (1.4) and (1.7)):

Let also:

Because of (1.12) it follows that:

The same arguments used in [20] may now be applied to prove that:

where is the characteristic function of Q.

b) Let us now set

where



37

REMARK 2.1. The transform (2.11) differs from the one introduced in [20],
in the fact that it does not require the knowledge of u(x, y, t) when t  0 ;
therefore, it allows us to study the problem with a « general » initial datum.
The transform (2.11) (as well as the analogous one introduced in [20]) may
be interpreted as a transform of Baiocchi’s type made with respect to a
mixed space-time direction. Some other free boundary problems of evolu-
tion, where Baiocchi’s technique has proved very useful, are studied in [9],
[11], [12] and [13]. We also define for (y, t) E [0, b] X [0, T]

where v+ = + v)/2. Then we have (by (1.6), (1.7) and (2.9)) :

We obtain now:

THEOREM 2.1. The function w (deduced from {99, Q, u} by (2.6) and (2.11))
has the following properties :

where
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PROOF. By (2.7) and (2.11) we have obviously that w is a continuous
function in Q. Using (2.6), (2.8), (2.9) and (2.11), we deduce (2.16 ) . We
have also:

(2.17) is then a consequence of (2.25) and (2.26). Let 1.J(ae, y, t) be the map
which associates to each the number 1.J(x, y, t) veri-

fying the relation:

or equivalently

By (2.9), we have that 13(x, y, t) is a continuous function. We have also:

By (2.6), (2.14), (2.24) and the second of (2.16), it follows:

Because of (2.29) and (2.30) and since TJ(x, y, t) is a continuous function, it
follows that is continuous in Q. Analogously we obtain that W1I 
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are continuous functions in Q. Then (2.15) is verified. We have also that

if (x, y, t) E Z, then :

and therefore (by (1.8)):

Moreover we have (by (2.10) and (2.17)):

This result implies that

is constant on all the straight lines that are parallel to the vector (0, 1, -1).
Thanks to (1.4), (1.6), (1.7) and the second of (2.16) we have:

By (2.14), (2.15), (2.34) and (2.35), it follows (2.18). (2.19), (2.20) and (2.21)
are obvious. It remains only to prove (2.22). The relation (2.17) (after deriva-
tion with respect to y), shows that:

then, thanks to (2.18 ), it follows

Taking t = 0, we obtain (by (1.11)) the relation (2.22).

REMARK 2.2. We observe that the knowledge of the function w allows us
(by (2.16) and (2.17)) to come back to the triplet fcp, Q, u} of the problem 1.1.

c) Let:
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with the graph norm ( 1 ) . We denote by yo (resp. Yl) the linear and con-
tinuous operator defined between the spaces (cfr. [16]):

and such that to every v E HI(D) (resp. R~(-D)) there corresponds the trace
of v on Tn (resp. the trace of D1Iv on Tn). Let also F, g, a, q be given func-
tions defined, respectively, in Tn, such that

(0~~):

Let (which is meaningful a.e. in t E ]0, T[):

We consider now:

PROBLEM 2.1. Find a f unction w such that

(2.46) being verified for every t E ]0, T[, except for a set of measure zero (in-
dependent of the « test function )&#x3E; v), the brackets denoting the duality between
(Hgo(rn))’ and Hgo(rn) and the gradient being only in the variables x and y.

(1) For the functional spaces used in the present paper and their main prop-
erties, we refer to [16].
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We need to justify the relations (2.47) and (2.48). In fact by (2.43)
and (2.44) we have (see [16]):

therefore it is possible to read (2.47) (keeping in mind the first of (2.41)) as:

A consequence of (2.41), (2.47) and (2.49) is then:

By (2.50) and (2.51) we have (cfr. [16]):

and also (2.48) has a meaning.
If we set

and a defined as in (2.23), then it follows that the function w of theorem 2.1
is a solution of problem 2.1. Moreover in [21] we have proved:

THEOREM 2.2. Under the hypotheses (2.40) and (2.41), the problem 2.1
has one and only one solution.

Thanks to remark 2.2, the problem 2.1 may be considered a weak for-
mulation of problem 1.1. Moreover theorem 2.2 gives as a uniqueness the-
orem for problem 1.1.

3. - Reduction of problem 2.1 to a variational inequality.

c~) Let
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with their graph norms. Since Wc L 2 (D ) (with continuous and dense in-
clusion), then we may identify L2 (D) to a linear subspace of yV’, that is:

all the imbeddings being continuous.
Having in mind the demonstration of a regularity theorem for the

problem 2.1, we assume that (see (2.40) and (2.41)):

REMARK 3.1. Since the problem 2.1 is connected with the filtration

phenomenon described in problem 1.1, it is necessary to check that (under
the physical hypotheses of problem 1.1) the functions F and g, defined by
the first of (2.53) and by (2.54), verify (3.4) and (3.5). Actually it is easy
to prove (2) this fact under the additional hypothesis (k = 0, a) :

Consider now :

PROBLEM 3.1. Find a f unction w which solves problem 2.1 and such that :

The aim of the remaining part of the present paper is to prove the following
regularity result:

THEOREM 3.1. Under the hypotheses (3.4), (3.5), (3.6) and (3.7), the

problems 3.1 has one and only one solution.

(2) On the other hand, the assertion DtF = DtX(Z) E L2(o, T; W’) is formally
anticipated, because Dtx(Z) = (in the sense of ~’(Q) ).
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b) Let:

a(u, v) (resp. b(u, v)) being defined for every u, v c- H, (D) (resp. for every
such that You, YovEH1(rn)).

Consider (for each e]0,T[) the map that to every v E W, associates

the number:
t

the duality being between W’ and W, between and between

and respectively. It is easy to prove that L (under the
hypotheses (3.4), (3.5), (3.6) and (3.7)) verifies

PROBLEM 3.2. Find a f unction z(x, y, t) de f ined in Q such that:

where G(t) and L(t) have been introduced in (3.5) and (3.13) (respectively);
moreover (3.18) m2tst hold for every t E ]0, T[, except for a set of measure zero
(indep endent of the « test f unction » v).
We have the following result :

THEOREM 3.2. i) If w is a solution of problem 3.1, then

v

is a sot2ction of problem 3.2.
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ii) Conversely if z is ac solution of problem 3.2, then

is a solution of problem 3.1.

PROOF. i) We assume that w is a solution of problem 3.1 and that z is
defined by (3.19). Let now:

Since we have (cfr. [16])

because Therefore (3.15) and (3.16) are implied by (3.5),
(3.9) and (3.10). Moreover (3.17) is a consequence of (3.19). Since wet) _
= z’(t) + G(t) (by (3.19)) and G(t) E .K(t) (by (3.5)), the relation (2.46)
implies

Thanks to (2.47) and (2.48 ), in view of the properties (2.50 ), (2.51 ) and (2.52),
we have:

then 

the dualities being, for example, between and H’(F,,).
Therefore, thanks to (3.23) and (3.24), it follows that (3.18) holds. The

i) part of the theorem is verified.

ii) Assume that z is a solution of problem 3.2 and that w is given
by (3.20). Since VcJe1(D), it follows (by (3.15)) that T ; 
hence (by (3.20) and (3.22)):
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We observe now that (3.10) is a consequence of (3.5) and (3.16). Thanks

to (3.17), (3.18), (3.13) and (3.20), it follows (Vv c- V)

Let:

Because of (3.5), we have:

Then it follows (Vv E Jí. (t), a.e. in t):

Therefore (see (3.11)), we obtain 
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Hence

By (3.4), it follows (2.44). We remark also that (2.44) and (3.26) implie (3.9).
Thanks to (3.4) and (3.30) and to the fact that a+ - b+  (a - b)+, it follows
that there exists c &#x3E; 0 (independent of t) such that (Vv 

For every if we set v = w(t) -4- 1p, it follows :

Since V is arbitrary, y we have 

Because of (3.29) and (3.33) and to the fact that V is dense in W, we
obtain (2.46). The relation (3.33) implies also that:

hence, taking t = 0, it follows (2.48). By deriving with respect to t, we
obtain (2.47). The theorem is completely proved.

REMARK 3.2. Because of theorem 3.2, the proof of theorem 3.1 is reduced
to verifying an existence and uniqueness theorem for the problem 3.2. On
the other hand, the uniqueness theorem is already a consequence of the-
orem 2.2. Nevertheless it is possible to give a direct proof of uniqueness of
theorem 3.1: in fact, if zl and z2 are two solutions of problem 3.2, writing the
inequality (3.18) for z, (resp. Z2)’ taking v = z2 (resp. v = z’) and adding
the two inequalities, it follows easily that zl = z2.
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4. - Approximation of problem 3.2.

For every consider the following functions:

We have obviously that:

and that j.(A) is a sequence such that j.(A) 2013~ A+ and Hm(Â) is a sequence
such that .H~(~1) -~ H(~,) (where H is the Heaviside function). For the mo-
ment, instead of problem 3.2, we consider the following approximate problem:

PROBLEM 4.1. dm E N, such that

We consider also:

PROBLEM 4.2. Vm c- N, verifying (4.4) and (4.5) and
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Since jm(Â) is differentiable, it follows:

PROPOSITION 4.1. The problems 4.1 and 4.2 are equivalent.
Moreover we have the result:

THEOREM 4.1. dm E N, problem 4.1 (or equivalently problem 4.2) has al
least one solution We have also:

(4.8) the functions zm and zm betong to a bounded set of L°°(o, T; V)

(4.9) the f unctions z’~ belong to a bounded set of L2(0, T; W).

Before we prove theorem 4.1, consider the following lemmas:

LEMMA 4.1. Let be the solution of problem:

Then we have woEHt(D).

PROOF. Let nl be a « regular» open set such that D c D, and Tn caDI.
Let also q E L2 (aD,) , such that (cfr. (3.7)) :

Consider now the following problem (n = interior normal)

This is a « regular elliptic » problem (in the sense of [16], cap. II), there-
fore Let:

then we have hEHi(D). By (3.4), (3.5), (4.10), (4.11) and (4.12), it follows:

We have then (by using a « symmetry argument » across the line y = 0),
Since hE Hi(D), the lemma is completely proved.
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LEMMA 4.2. Vm let Wm be the solution of the following problem :

Then we have:

(4.15) the functions wm belong to a bounded set of Hi (D) .

PROOF. Let us put wm = Wm - Wo (for the definition of Wo see (4.10)).
We have then

We have that 4 is an isomorphism of:

onto L2(D) (3). Therefore

and also (see lemma 4.1)

PROOF OF THEOREM 4.1. i) we introduce a sequence A,’,
~,2 , ... , ~,k , ... such that (cfr. lemma 4.2):

(3) To show this isomorphism it is sufficient to prove that L1 is surjective. Really
if and ’U EH1(D) is the solution of the problem

then u G H2(D), by a « symmetry argument» across the line y = 0.

4 - Annati della Scuola Norm. Sup. di Pisa
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Given we look for an « approximate solution &#x3E;&#x3E; of problem 4.2, which
is a function of the type:

such that

The problem (4.20) and (4.21) is a Cauchy problem for a system of ordinary
differential equations in the unknown functions For every 
this problem has a solution in [0, with 0. The following estimates
shall prove that tmk = T.

ii) First estimate. Multiplying (4.21) by Dt(gi’k(t)) and adding (with
respect to j ) between 1 and k, we obtain:

then by integration on [0, t] (see also (4.20)):

Since Hm is a bounded function (uniformly in m) and since T; W’)
(cfr. (3.14)), then we have

where Cl is a constant independent from m and k.
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Thanks to (4.20) and (4.23), there exist two constants (indepen-
dent from m and k) such that

iii) Second estimate. Differentiating (4.21) with respect to t, it follows :

Multiplying the relations (4.26) by Dtt(g’!:c(t)) and adding (with respect to j)
between 1 and k, we have

then by integration on [0, t]

By (3.14), we have (c2 &#x3E; 0 and 81 independent from m and k) ;

Then it follows (by (4.27))
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where

We have that

then (since Hm is a non decreasing function):

We have also (by integration by parts):

By (3.5), it follows:

then we have (cfr. [16])

Since is (uniformly in m) bounded, then the first term which appear in
the second member of (4.32) is bounded. The second term is also bounded,
since G" E L2(Q).

Then we have (e3 independent from m and k) :

By writing (4.21) with t = 0 (keeping in mind (3.13) and (4.20)~, we have
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If we put (for the definition of wm, cfr. lemma 4.2):

then we have (1 c j ~ k ) :

and therefore (cfr. also (4.18)):

By lemma 4.2 and (3.5), it follows that functions belong to a bounded
set of and then (c, independent from m and 1~ ) :

By (4.28), (4.31), (4.33) and (4.36), it follows that:

where c~ and c5 are two constants independent from m and k.

iv) By (4.24), (4.37) and (4.38) and by the fact that Hm is (uniformly
in m) bounded, we have that there exist zm and X,,, (rn E 11r), such that:

and such that there exists a subsequence zmr of Z.k verifying:
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(4.20), (4.42) and (4.43) show us that:

Passing to the limit in (4.21), taking k = r and j fixed, it follows (

and then (by (4.18)):

To complete the proof of theorem 4.1, it remains only to verify:

At this aim, by denoting with (, ) the scalar product in L2 (D) and by
setting 

we have (by the fact that .H~, is a monotone function):

By (4.22) we have also:

By (4.42) and (4.43), we have:

hence
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therefore

By (4.51), (4.52) and (4.53), it follows:

On the other hand, by integrating (4.48) in [0, T] and by taking
it follows that:

A consequence of (4.54) and (4.55) is then

Let now # be an arbitrary function belonging to H1(Q). By taking
y~ = z~ -~- (~ - ~,~ (A&#x3E;0) in (4.56) and by dividing with respect to A, it

follows:

hence (as A --~ 0 ) :

Then (4.49) holds and then theorem 4.1 is completely proved.
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5. - Proof of theorem 3.1.

a) The uniqueness for the theorem 3.1 has been already proved (cfr.
remarks 3.2). As regards the existence, we have shown that this is reduced

(cfr. theorem 3.2) to the existence of a solution for problem 3.2. Before

obtaining this result, we prove

LEMMA 5.1. If vm is a sequence such that

then (for the definition of j~(~.), efr. (4.1))

PROOF. It is easy to verify that:

By (5.1) and (5.2) we have:

We have also:

The first term appearing in the second member of (5.6) converges to zero
(as m -~ oo) by (5.5), and the second term is by (5.4), where 
is the volume of Q.

b) According to theorem 4.1, we may consider a subsequence of the
sequence zm (we shall denote, for simplicity, this subsequence also with zm)
such that there exists z verifying:
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and such that

A consequence of (4.6) is then (VvEL2(0, T ; V)):

By passing to the limit (as and by using (5.8), (5.9) and lemma 5.1,
we have

Since we have

c) Since V is separable, there exists a sequence

such that ~vl , v~ , ... , vr , ...~ is dense in V. It is well-known that if

T ; B) (where B is a Banach space), then (h E N)
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The points where (5.14) is verified are usually called Lebesgue points.
Let be the set of the Lebesgue points common to the following functions:

We obtain now that m(]O, T[-Er)=0, where m is the Lebesgue measure.
00

If we set jE7== n Er, then we have
r=1

Let now 

We have then, taking v = in (5.12),

multiplying by 1/2h and passing to the limit, it follows (dt E E) :

Since the set (5.13) is dense in V, we obtain the relation (3.18). The proper-
ties (3.15), (3.16), (3.17) has been already proved. Then theorem 3.1 is

completely verified.
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