D. M. GOLDFELD

A.SCHINZEL
On Siegel’s zero

Annali della Scuola Normale Superiore di Pisa, Classe di Scienze 4° série, tome 2, n°4
(1975), p. 571-583

<http://www.numdam.org/item?id=ASNSP_1975 4 2 4 571_0>

© Scuola Normale Superiore, Pisa, 1975, tous droits réservés.

L’acces aux archives de la revue « Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze » (http://www.sns.it/it/edizioni/riviste/annaliscienze/) implique 1’accord avec
les conditions générales d’utilisation (http://www.numdam.org/conditions). Toute utilisa-
tion commerciale ou impression systématique est constitutive d’une infraction pénale.
Toute copie ou impression de ce fichier doit contenir la présente mention de copyright.

NuMDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=ASNSP_1975_4_2_4_571_0
http://www.sns.it/it/edizioni/riviste/annaliscienze/
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

On Siegel’s Zero.

D. M. GOLDFELD (*) - A. SCHINZEL (**)

1. — Let d be fundamental discriminant, and let
d
x(n) = - (Kronecker’s symbol) .

It is well known (see [1]) that L(s, ) has at most one zero f in the interval
(1 —¢,/log |d|, 1) where ¢, is an absolute positive constant. The main aim
of this paper is to prove:

THEOREM 1. Let d, y and f have the meaning defined above. Then the
following asymptotic relation holds

4, .
) 1-,3:7% 2(11/"“) [1+ 0(@%—;%1%'))+ 0((1— p) log ldl)]

where D' is taken over all quadratic forms (a, b, ¢) of discriminant d such that

) —a<b<a<iVid|,

and the constants in the O-symbols are effectively computable.
In order to apply the above theorem we need some information about
the size of the sum >’1/a. This is supplied by the following.

THEOREM 2. If (a,b,c) runs through a class C of properly equivalent
primitive forms of discriminant d, supposed fundamental, then

1/mo ’l:f d< O 9

< log &, 4
_ ]| e 4
Vid[>[a|>b>— a lal log (% ‘\/d——l) Vi

(a,b,c)eC

if 4> 676,
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where m, is the least positive integer represented by C and ¢, is the least totally
positive unit of the field Q(Vd).

Theorems 1 and 2 together imply

COROLLARY. For any >0 and |d|> ¢(n) (d fundamental) we have

6 1 .
()L iazo,

1 \/m
6 \logd
(- ) Ve 140

where ¢(n) is an effectively compuiable constant.

REMARK. In the case d <0, the constant 6/ could be improved by
using the knowledge of all fields with class number <2.

Similar inequalities with 6/z and 6/n2 replaced by unspecified positive
constants have been claimed by Hanecke [3], however, as pointed out by
Pintz [8], Hanecke’s proof is defective and when corrected gives inequalities
weaker by a factor loglog |d|. Pintz himself has proved the first inequality
of the corollary with the constant 6/ replaced by 12/ (see [8]).

For d < 0, the first named author [2] has obtained (1) with a better error
term by an entirely different method. M. Huxley has also found a proof
in the case d <0 by a more elementary method different, however, from
the method of the present paper.

The authors wish to thank Scuola Normale Superiore which gave them
the opportunity for this joint work.

2. — The proofs of Theorems 1 and 2 are based on several lemmata.

Levma 1. Let f(d) = (log|d|/loglog|d]). Then
1zt 1 (loglog |d])?
Na~ 62 E(”O(Tgm“))’

where the left hand sum goes over all ideals a € Q(Vd) with norm <}+/|d|f(d)
and the constant in the O-symbol is effectively computable.

Na<}V]d|1(d)

Proor. Every ideal a of 2(V/d) can be represented in the form

b+ Vd
2

o= ula
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where u, a are positive integers and b* = d(mod4a) (see [5], Theorem 59).
If we impose the condition that

—a<b<a
then the representation becomes unique. Since Na = ua, it follows that

1 1 1 1
(3) > === > ~4+0
Na<iVidina V@ a Vidina ¥ Widl<a<iVidlia) ¢
4a

=2 2(% +0 ((f(d))—*))+ 0(8).

To estimate the sum 8, we divide it into two sums S; and S,. In the sum &§,,
we gather all the terms 1/a such that a has at least one prime power factor

P> U(d) = qu/21loe logldl’
Pla,

and in S, all the other terms.
Let »(a) be the number of representations of a as Na where a has no
rational integer divisor > 1. Then »(a) is a multiplicative function satisfying

d .
»(p*) — 1—|—(;) if ptdor a=1,

0 otherwise .
Clearly

1
Slsgzgla;zgﬂy(pa)p—a
! 1 n —
<2 ;Z 2p~
where 3" goes over all prime powers p* with
max (I(d), V|d]/4¢) < p*< V]| {(d)/4a .

Now, by a well known result of Mertens

> p*=loglog + ¢ + 0((logx)~)

PE<la

where ¢ is a constant.
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Hence
logy)
— = log| —— O((log )~1) <
:c<zz°‘<a/p g(Ing + (( & ) )
logy
=J_ 1 -1) —
<logs 14 O((log x)7?)
__logy/z+ 0(1)
- logx )
This gives
. . logf(d)+ 0(1) (loglog|d|)?
2T @ € Togd
and we get
_ o ((oglogd|)®\ <, 1
() sl_o( )5

To estimate S,, we notice that each a occuring in it must have at least

_log (}Via))

= >1 1
o Tog 1(d) >10loglog |d|

distinet prime factors. Therefore

i< 3 WD 3 vppe)?

k=ko ¥ <l(d)
< (1/ko!)c*e°
where

o= Y »(p*)p*<2loglogl(d) + O(1)

p*<U(d)

= 2loglog|d| + 0(1).
Now, Stirling’s formula gives k!> k¥ exp [— k,]. Hence

log 8, < — Kk, log ko + ko((l()go') + 1) +o
< — ko[log 10 + log log log|d| — log 2 — log loglog|d| — 1] + &
< — 3loglog|d| + 0(1)

and

(5) 8; = 0((log|d|)-*) .
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The lemma now follows from equations (3), (4) and (5). The next lemma

gives the growth conditions for the Riemann zeta-function and Dirichlet
L-functions on the imaginary axis.

LEMMA 2. For all real t

(6) L@l < (1t + 1) log(Jt] + 2)
(M |L(3t, )| < V]d|(jelt+ 1) log (1a](j¢] + 2)) -

Proor. If |¢t|>1,, the estimate
l2(it)| < [t loglt]
holds (see [10], p. 19). Since {(s) has no pole on the imaginary axis, we have
@) <1 for [t <ty

and the inequality (6) now follows.
To prove (7), we note that

|L(1 — it, x)| < log(|d|([t| 4+ 2))

(see [1], p. 17, lemma 2 with ¢ = |d|, « = 2|d|([t| + 2)).
Now, by the fundamental equation for L-functions

|L(it, x)| = |LQ — i, p)||d}| [t + A)T(hit + A)T-1(3 — }it + A)|

where
A= ‘—]f(l — x(—l)) .

Using the formula
IT'(s)| = v 2alt]°~* exp [— }at](1 + O(Jt|))

valid for s=o0+ i, 0<o<}, [t|>1 (see [9], p. 395), equation (7) fol-
lows, upon noting that

PGt + )G — 14+ 4)| <1 for Jf{<1.
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ProoF OoF THEOREM 1. By the standard argument ([4], p. 31)

2+1ic0 9 -
I A %*%—-{—% if y>1,
2n0 s(s+2)(s+3)
Ao 0 if 0<y<1.
Since for Re(s)>1
L(s) L(s, x) = X (Na)~,
it follows that for any x>0
2+ i
= [ e pTeth s
2 "2 s+ 2)s + 3)
2— 300
1 (Na) (Na)®
frtd "ﬂ ——
Na§\<::c (e) ,6 2g° + 3a®

Choose @ = }V/[d|f(d) with f(d) = (log|d|/loglog|d|)*.
If Na<x, we have
(Na)~ = (Na) (1 + 0((1 — B) log|dl)).
Hence

I=% 3 (Nay'(1+ 0((1— P logld]))

+o( 3 Wor@)+o( 3 (e,

Na<z/f(d) a/f(@)<Na<x
and by lemma (1) (cf. formula (3))

(loglog |d|)
1+ 0( Tog [d]

1,1
(8) I=52",

)+ ot~ pr1og .

On the other hand, after shifting the line of integration to Re(s)=—pf

—B+ico
_ L(1, X)xl_ﬁ 1 2
o 1_(1_m(3_ﬂ)(4_ﬁ)+2——%!;<s+ﬂ>f:<s+ﬂ, DT

By lemma (2), the integral on the right does not exceed

0(a V[d log |d])
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and since
@' =1+ 0((1 — p) log|d|)
1—=PB—p)4—p)=6+001—p)
we get from (8) and (9)

_ 6 L(1, x)
Tt Y 1/a

1-p

14 O(UL%%W)JF 0((1—p)log |d]) | -

3. — Proor oF THEOREM 2. For d <0 it is enough to prove that every
class contains at most one form satisfying

(10) —la|<b<la|<}V]d|.
Now, since
|d| = 4ac — b2
we infer from (10) that
a< Vi< |d|/da<ec,
thus every form satisfying (10) is reduced, and it is well known that every
class contains at most one such form.

For d> 0, let us choose in the class C a form (*) («, f, ¥) reduced in the
sense of Gauss, i.e. such that

(11) B+ Vd>2al>—p+vVd>0.

We can assume without loss of generality that « > 0. Now, for any form
fe 0, there exists a properly unimodular transformation

= )
q s
taking («, §, y) into f. The first column of this transformation can be made

to consist of positive rational integers by Theorem 79 of [5]. If f satisfies (10),
we infer from

(12) ap*+ Bpg+yed=a

(*) B is not to be confused with Siegel’s zero.
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that
-1
<

g+ vd

—Va
p op + 5 ¢

|P+TQI=“

<i Va-o(Vagi= g

and by lemma (16), p. 1756 from [5], p/q is a convergent of the continued
fraction expansion for

_—B+Vd
="

From this point onwards, we shall use the notation of Perron’s mono-
graph [7]. Since by (11)

w1l>1 and O0> (0')'>-—1,

w~! is a reduced quadratic surd and it has a pure periodic expansion into a
continued fraction. Hence

@ = [0, by, by ... bs]

where the bar denotes the primitive period. The corresponding complete
quotients form again a periodic sequence

P, +Vd

T
v

where for all v>1, w, is reduced,
(13) Wy = Wyyry
and k is the least number with the said property.

LeEMMA 3. Let [0, by, b,, ..., b;] be the continued fraction for w defined above.
Then

1 2 2 Vd
= min|{—, b,+ 1
B <Va & (2 " )
Vizb,>2

where the sum on the left is taken over all (a, b, ¢) in the class C satisfying (10).
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Proor. If 4,/B; is the j-th convergent of w, we have by formula (18),
§20 of [7]

(Ao1Qo— Bo_1 Po)* — d(B,_4)* = (— 1)°Q@Q,
which gives on simplification
(14) ad?  +pA, B, ,+yBl ,=(—1)Q,/2.
Similarly, eliminating @, from formulae (16) and (17) in §20 of [7], we get
(15) 204, 34, s+ p(A,1B,_s+ B, 2 4,_5) + 2aB, 1B, 3 = (—1)"'P,.
Let p=A4,,, gq=B,; (v>1). By (12)

a=(—1)Q./2.

Hence, by formula (1) of §6 of [7]

Av—l Av—z

B., B~ "

and since

B,, s
it follows that
— -Av—l A‘v—2 1 t
T= (B.,_l B.,_z)(o (—1)0)’ teZ.
Thus we find using (14) and (15)

A, ., A,5\[1 t
f= (x589 (B.;_x Bv—.z) (0 (— 1),,) =

~ (% comrs 0220 )

In order to make f satisfy (10) we must choose
P, 1
t=(—1)|=2+=].
1[G+ ]

39 - Adnnali della Scuola Norm. Sup. di Pisa
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Thus f is uniquely determined by w, and in view of (13), we have

1 k2
(1 6) zll — <
(a.b.c)eC la'l v

2(Qn) .

1
=1 _
Q,<3}Va

Since w, is reduced, we have further for v in question

W-l}m/d P+ \/d>ﬁ

-0 e %

Hence for
b, = [w,],
we get the inequalities

Vd>b,>2, b,+1>VdQ,,

and by (16), lemma (3) follows.
Now, let ¢, be the least totally positive unit ¢, > 1 of the ring Z(o) where

%\/ﬁ if d=0 (mod4),

1+ Vd
2

if d=1 (mod 4).

By Theorem (7) of Chapter IV of [6]

w4 Vi
& = _‘2 ’
where for I = [k, 2],
V= (1) Pra— @2y P12)y U=Dia+ s

and p;, g; are the numerator and denominator, respectively, of the j-th con-
vergent for w—!. Moreover, since w=! satisfies the equation

—yo*—pot—a=0, (—y>0)

we find from formula (1) of §2 of Chapter IV of [6] that

Qre—Pra=—pv, —pPa=—av.
Hence
Qe PraVa + v
83=p,124z2+1”122“ =q,_2+ﬂ2—“1’l—2'
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rr Since p; = B, 1, ¢;= 451, We get

(17) =B, (‘2'—‘ ﬁiz—;—/‘il)>3,._l(w+ﬂ—%/ii)=~‘i—dB,_l.
-1

Now,
o, =b+oi=b+o;'=b+o, o, =b+ o

and since w, is reduced 0>b, +w'>—1

b=[—o'l= [ﬂ+ \/d]<—\/—d.

2a0 o

Thus (17) gives
1
&>b,B; > H b, ’

v=1

and by (16)

(18) maxz (0,4 1) = _M

1
K —
e8] ~Va Vi
where maximum is taken over all non-decreasing sequence of at most [ num-
bers satisfying

2<,<iVd—1=D, J[[#:<ée.

Let (x,, @, ..., ,) be a point in which the maximum is taken with the
least number m. We assert that the sequence contains at most one term x
with 2 <ax<D. Indeed, if we had 2 <x;<%,,, <D, we could replace the
numbers x;, 2;,; by

L . f[x; D
min (@2, Djrgy)’ (E’ xi“)

and the sum > (#;+ 1) would increase. Also, if we had @, = &, =2, =2,
we could replace them by x, =8, and the sum 3 (2;+ 1) would remain
the same while m would decrease.

Let

o __ _ log (&,/4)
4—D’0, where G—W.

Using d > 676, we get
leVd+max(40+1,20+4) if 40<D,

M=) teVd+20+4 if 20 <D<40,
leVd+0+7 if D<26.
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Now,
o log & log46
" logD logD’

Since for 1<z<y, y(logz/logy)>x—1, and for d> 676, D/logD>
>12/log 12 > 4.8, we obtain if 40 < D.

1 _ ,-loge
— = °
u 2 dlogD

log46  log 40
logD  logD

<max (40 + 1,20+ 4) —max (40 —1,6)<2,

=max (460 + 1,20 +4)— D

if 20 <D<40

1, ,5loge, log 26 log2 log40
u ZleogD_26+4—DlogD— logD logD
<204+4—204+1—3—1=1,
it D<20
1, ,-loge log 6 log4 log46
o §leogD_0+7_DlogD—_DlogD log D

<0+7—0+1—6—-1=1.
This together with (18) gives the theorem.

4. — PROOF OF COROLLARY. We can assume 1— < (log|d|)=2 It then
by Theorem (1) that for every » > 0, there exists ¢(n) such that if d> ¢(n)

(19) 1—-p>

6 L, x) (1 . ﬂ)
awt '1la 2]

Let h, be the number of classes of forms in question. For d < — 4, we have

7h,

L(17 x): \/_F—d—l,

and by Theorem (2)

Hence by (19)
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For d> 0, we have

hy log &
L(, y) = 2 %8%,
'z
Now, for any class C of forms
o 1 1 1
@haec |@] @hdec @ (—ab—oec |@]
Viza=b>—a Viz—a=b>a

If (a, b, ¢) runs through C, (—a,b, —¢) runs through another class which
we denote by — C (It may happen that — C=0C). If C,= C,, then
- 01#: - 02. Hence

1 1

= =9 z' -
C _(abe)eC Ial a
Wazla|=b>—|a

and by Theorem (2)

1 h, log &, 4 h,log e, 1
T |l——+ —=|<—(14+0|—
a 2(log(%\/d——1)+\/d) logd V)|’

where the constant in the O-symbol is effective. (Note that > }V/d).
This together with (19) gives the corollary.

REFERENCES

[1]1 H. DAvENPORT, Multiplicative Number Theory, Chicago, 1967.

[2] D. GOLDFELD, An asymptotic formula relating the Siegel zero and the class num-
ber of quadratic fields, Ann. Scuola Normale Sup., this volume.

[3] W. HaneckE, Uber die reellen Nullstellen der Dirichletschen L-Reihen, Acta
Arith., 22 (1973), pp. 391-421.

[4]1 A. E. INcHAM, The Distribution of Prime Nuwmbers, Cambridge, 1932.

[5] B. W. JoNEs, The Arithmetic Theory of Quadratic Forms, Baltimore, 1950.

[6] S. Laxg, Introduction to Diophantine Approximation, Reading, 1966.

[7]1 O. PErRrON, Die Lehre von den Kettenbrugchen, Band I, Basel-Stuttgart, 1954.

[8] J. Pintz, Elementary methods in the theory of L-functions II, to appear in Acta
Arithmetica.

[9] K. PrACHAR, Primzahlverteilung, Berlin-Gottingen-Heidelberg, 1957.

[10] E. TrircHMARSH, The zeta function, of Riemann, Cambridge, 1930.



