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A Class of Pseudo Differential Operators on the Product
of Two Manifolds and Applications.

LUIGI RODINO (*) (**)

Introduction.

Some particular linear singular integral operators on the product of two
compact manifolds have been recently studied in [7], [8], [9] under the name
of (bisingular operators ». These operators appear in connection with a

boundary value problem for functions of two complex variables in bicylinders,
which leads to a «bisingular equation)) on the distinguished boundary
(see [7], [10]). we can easily express a bisingular operator A in the form
of pseudo differential operator, that is, in local coordinates and with the
usual notations:

where, in the present case, x = (x1, x2), and

~ _ ( ~~ , ~9 ) E Rn, ~2 = W ~ n2 .
However, A need not be a classical pseudo differential operator; par

ticularly, the symbol ~(.r, ~) is not in general in any of the classes of

Hörmander [5], 
Our aim is to construct an algebra of pseudo differential operators con-

taining the bisingular operators in [7], [8], [9]. We shall introduce in
the classes of symbols defined by the inequalities :

(*) Istituto Matematico del Politecnico - Torino.

(**) The paper was written while the author was a guest at the Matematiska
Institution of the University of Lund, and it was supported by an italian fellowship
of the M.P.I. and by a contribution of the Comitato Nazionale per Ie Scienze

Matematiche.
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for x2 in a fixed compact subset .K c ill X In section 1 we develop
the symbolic calculus and we study the boundedness of pseudo differential
operators with symbol in the preceding classes; in section 2 the symbolic
calculus is specified for operators with homogeneous principal symbol
{see def. 2.2).

All the statement and the proofs are modelled on the theory of classical
pseudo differential operators and in particular on Hormander [5], chapter II;
however, it will be not convenient to identify the symbol with the function
.a (xl , X2, ~1’ ~2 ) in (0.2) but rather with the two maps:

from Ql X Rnl to and from to (see the related
definition of symbol of a bisingular operator in [7] and [8]). With this under-
standing we will find the usual property, that the symbol of the product of
two operators is the product of the symbols (def. 2.3, th. 2.5).

In section 3 we consider operators on the product of two compact mani-
folds the principal symbol of an operator A will be a couple of
homogeneous maps:

It follows from the symbolic calculus that A is Fredholm if each operator
of the two families 0"1 and a2 is exactly invertible in and 

respectively (th. 3.2): when we assume m1= m2 = 0 in (0.2 ), this gives the
results in [7], [9] about the bisingular operators.

In section 4 we present two applications. First we study the tensor
product of complexes as in Atiyah-Singer [1]: we shall check that the tensor
product of two elliptic complexes of pseudo differential operators of order
zero is actually an elliptic complex in our algebra (note that the method of
approximation in [1], proposition (5.4), fails for operators of order zero).
In the second application we extend to systems the results about the

boundary value problem in [7], [10].
Finally, I thank Professor G. Geymonat, who suggested the argument

of the research, and Professor L. Hormander, who guided the work.

1. - We write Xi -= (r] , ..., x") for the coordinate in R"’, I = 1, 2, and
~i = (~i , ... , ~2 ~) for the dual coordinate; 0153i == (0153~ , ..., 0153:i) is an ni-tuple of

nonnegative integers; likewise we use in R"’ the other standard notation of
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the theory of pseudo differential operators, as in [4], [5]. Particularly,
and L~,~ are the classes of symbols and operators in [5], chapters I and II.

DEFINITION 1.1. Let Di be an open subset of Rni, i =- -1, 2 ; denote by
X il2) the set of all a E X Q2 X Rnl+n2) such that for every com-

pact set and all mul tiorders oc,, f31’ f32’ the estimate :

is valid, for some constant
We associate to every

and

where:

Reciprocally, the symbol a is uniquely determined by one of these maps.
NotethatifaESm1.m2(Q 

if b is in then ba is in 

Note also that :

and this is in general the best possible inclusion in the classes of H6r-

mander [5] on 

we define the operator:
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where ;1’ ~2) is in and i~(~1, ~z) is the Fourier trans-

form of u in a(xl, x2, Dl, .Dz) is a continuous linear map of

into 

DEFINITION 1.3. We write for the class of operators of the
form (1.2); ~(.ri~2~i?~2) ~ called the symbol of a(xl, x2, Dl, D2).

Now we shall study the composition of two operators in the classes
and the effect of a change of variables. For simplicity we

assume that symbols have compact support in the xl, X2 variables; then,
is a continuous linear map of into 

and the composition is well defined. At first we introduce some operations
on symbols.

DEFINITION 1.4. Let a e X Q2) and b E SP1.P2 X Q2) with compact
support in the Xl’ X2 variables ; the two symbols (&#x26;~~)(~l~2?~l?~2) and

(&#x26;0~)(~~~~~~) are defined in relations :

where in the right products of operators in and are considered.

DEFINITION 1. 5. Let a E sml.m2(,Ql X fJ2) with compact support in the xl, x,
variables; let be an open subset of Rn1 and let k1: be a diffe-

ill into S?’; the symbol x2 , e1, e2 ) is defined in 
by the relation :

where and the inverse of k1. I f S22 zs an open
subset of Rn2 and k2 : ,~2 ~ S22 is a we define in the same way

REMARKS. It is easy to verify that ( 1. 3 ) and (1.4) define actually symbols
in the sense of definition 1.1.

Note also that, in view of formula (2.1.9) in [5], the symbol
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is in sm1+PI-N1.m2-t "2(Qi X Q2). In view of formula (2.1.14) in [5], the symbol:

THEOREM 1.6. Let a E X Q2) b E SPl,V2(Q1 X S~2) with compact
support in the xl , X2 variables ; the composition b(x1’ X2, D1, D2)a(xl, X2, D1, D2)
defined on X is an operator in X [22). lVloreover, its

symbol c(xl , X2, ~1’ ~2) has the asymptotic expansion : .

where :

and the ( 1. ~ ) means that, for any

PROOF. Direct computation shows that:

where

with
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To find the asymptotic expansion (1.5), we put in (1.7) the following devel-

opment of b(Xl’ X2, r¡2):

where:

We have :

where:

To compute c1, in (1.10) we use the formula

Then we integrate by parts: the result is

Hence:
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Likewise we find:

To compute C3 , we use the formula

and we integrate by parts in (1.10). We have

Now, if we re-arrange the terms in we obtain

To estimate rN , write in (1.11):

and integrate by parts. Then note that:

If we choose

Similar estimates provide bounds for hence rN is in

and the theorem 1.6 is proved.
Later on we shall only deal with the first term of the expansion (1.5) :

THEOREM 1.7. Let a E Q2) with compact support in the Xl’ X2
riables; let ,~~ be an open subset of Rni, i == 1, 2, let be
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a diffeomorphism of SZz into Qi ; denote
omorphism product. The operator:

with symbol in

aid

PROOF. By an usual argument due to M. Kuranishi the operator (1.14)
can be expressed by:

with:

and with:

where i =1, 2, is a convenient matrix and We put
in (1.17) the following development of q:

where :
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and

First we have

Secondly, y if we keep in mind the effect of a change of variables for the

pseudo differential operators in (see [5]), in view of the
definition 1.5 we obtain:

and

Finally, y if we use an argument similar to the proof of the theorem 2.1.1
in [5], it follows from (1.19):

"With 1 2 (Q1XQ2).
The proof of theorem 1.7 is complete.

Now we shall study the boundedness of operators in 
will denote the space of all such that:

20 Annali della Scuola Norm. Sup. di Pisa
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THEOREM 1.8. ..Every a ( xi , x2 , D1, D2 ) in linear conti-

from 

PROOF. We can easily restrict ourselves to proof that 
in x Q2) is continuous from Q2) = X Q2) to

Then, in view of the inclusion in the note

after the definition 1.1, a(x1, x2, ~1, ~2) is in and the

usual arguments for boundedness of pseudo differential operators hold.

2. - Now we shall study in more detail operators in with

homogeneous principal symbol (see the following definitions 2.1 and 2.2).
Later on we shall note by HLm(Qi)’ i = 1, 2, the set of all the a(xi, Di) E

with homogeneous principal symbol ~z) (this means that we
assume the existence of a C° homogeneous function aO(xi’ ~i ) of degree m on

such that 

DEFiNiTioN 2.1. We denote b~ .
such that :

Moreover, for all Xl’ ~l’ $,, =A 0, 0’1(X1, X2, ~l’ D2 ) , defined as in ( 1.1’ ) , is in

HLmZ(Q2) with homogeneous principal symbol

Moreover, for all with homo-

geneous principal symbol
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Note that the symbol a does not depend from the choise of 1¡)i, except for
addition of a term in X S~2 ) ; then we can introduce the fol-
lowing definition :

DEFINITION 2.2. We denote by !J2) the set of all a Q2)
such that for some X S?2) ac - o~ is in X S~2 ) . We
write X S~2 ) for the corresponding subset of X and we

call tal the homogeneous principal symbol of a(x1, X2, .D1, D2 ) .

DEFINITION 2 . 3 . Let t-rl and

let aI, 0’2, 7’1, I T2 have compact support in the XI I x2 variables; we define in
X S22) the composition :

where and are defined as in (1.3), for ~1 -# 0 and ~2::/::- 0 re-

spectively.

DEFINITION 2.4. Let X .Q2) and let U2 have compact
support in the xi, X2 variables ; then, with the notations of theorem 1.7, we define
in X ,~2 ) : 1

where alk 1 2 
are defined as in (1.4), for ~i 7~0 and ~2 ~~ respectively.

THEOREM 2.5. Let 

with compact support in the XI I X2 variables ; let E

E X Sz2 ) and {zl , X Q2) their homogeneousprincipalsymbol.
The composition b(X1’ X2, D1, D2)a(x1, X2, .Dl, D2) is in ~C .Q2)
and its homogeneous principal symbol is :

THEOREM 2 . 6 . Let with compact sup -
port in the xi, X2 variables and let forl E ~’~~’’~’~(S~1 X Q2) its homogeneous
principal operator defined in (1.9), theorem 1.7, is in

S~2) with homogeneous principal symbol in X S22) v

The theorems 2.5 and 2.6 follow easily from theorems 1.6 and 1.7 and the
details of the proofs are left for the reader.
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Note finally that there is no difficulty in extending the preceding results
to matrices of operators in X ,~2 ) and HLml.m2(Q1 X Q2).

3. - Now we shall consider operators with homogeneous principal symbol,
as in definition 2.2, in the product of two compact manifolds, as operators
between vector bundles.

Let Xi, i = 1, 2, be a compact manifold; we write for the co-

tangent bundle and S*(Xi) for the unit sphere of T*(Xi) for some metric.
E, .F, G will denote vector bundles on Xl X X2 . If PI E Xl, we denote
by EPl the restriction likewise, if P2 E X2, Ep~ = E I x, x p. Let 1I:i be
the canonical projection of S* (Xi) into Xi; we note: E’~ == x n,)* (E);
.E’~ is a vector bundle on S*(X1) 

Moreover we shall write HLm(xi, Ei, i = 1, 2, for the class of

pseudo differential operators with homogeneous principal symbol between
two vector bundles Ei, ~’i i on Xi.

Let X7’ - D" c X c Rftj, be a complete family of oro co-

ordinate systems in Xi ; then:

is a complete family in X X 2 .
We denote by HSl.S2(X1 the Hilbert space of all u E D’(Xi such

that for all in (3.1); in the same

way we define on the vector bundle E. (The properties
of the spaces H~1’$2(Xl X X2) can be easily deduced from the results in [6],
chapter II). Note that the inclusion mapping of into

completely continuous (see theorem 2.2.3 in [6]).
We denote by HLm1,m2(X1 the set of all linear maps of Coo(X1 xX2)

to such that, for every coordinate system of the

form (3.1), the associated operator from to 

is in 1 X S~2 E ) ; in the same way, we can define X ~ ~ F)
in the set of the linear maps from Coo(X1 E) to C°°(X1 F). In

view of theorem 1.8, an operator in HLml.m2(X1 E, F) egtends to a con-
tinuous map of .H~1’$2(X1 XX2, .E) to 

We denote by xX2, E, .~) the set of all couples f6., ~r2~ such
that (we use the terminology of Atiyah-Singer [2]) :

1) a1 is a C°° family of pseudo differential operators on such

that: if V1ES*(X¡), a1(v¡) is in We

can identify the symbol ao of the family cr1 with an element in

HOM(E*, F* ) .
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2) a2 is a 000 family of pseudo differential operators on S*(X2) such
that: if V2 E S*(X2), P2 - ’ ~~(v2), a2(v2) is in HLm1(X1, E P2’ We

can identify the symbol a’ 2 of the family c~2 with an element in

HOM(E*, I’~ ) .

3) We impose:

Let be in for a coordinate system 
of the form 3.1, its local expression is in X S?11) (we understand
the generalization of definition 2.1 to matrices). If we change the coordinate
system, the local expression of changes a~s in definition 2 . 4 ; hence,
in view of theorem 2.6, the principal symbol of every operator in

E, F) is well defined in xX2, E, F).

DEFIITION 3.1. The symbol in Em1.m2(X1 E, F) is elliptic
if, for each vi E S* ( X 1 ) , as an operator in Fp,) is exactly
invertible and, for each V2ES*(X2), a2(v2) as an operator in HLm1(X1, EP2’ Fp2}
is exactly invertible. 

’

If is elliptic, we can construct its « inverse » in E ml.-m2(X1 xX2, F, E).
Theorem 2.5 immediately gives :

THEOREM 3.2. Let A in E, F) have elliptic principal
symbol. There exists B in X X2, F, E) such that

where IF is the identity on OOO(X1 X X2, F), the identity on OOO(X1 X X2, E),
KF is compact on F) and KE is compact on HS1.S2(X1 xX2, E).
Then A, as a map from HS1.S2(X1 xX2, E) to F), is a
Fredholm operator (it has closed range of finite codimension and a finite dimen-
sional null space).

A, as a map of to or as a map of

to ~’ (Xl X XZ ,1~), has also range .R(A ) of finite codimension
and finite dimensional null space N(A); the index:

depends only on the homotopy class of the principal symbol of A in the
space of elliptic symbols in E, F).

Note that, when we assume m1= = 0, theorem 3.2 gives the results
in [7], [9] about the bisingular operators.
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4. - Now we present two applications of the theorem 3.2.

c~) First we shall study the tensor product of pseudo differential

operators as in Atiyah-Singer [1], pp. 512-515. Particularly, y we consider
the tensor product of two operators of order zero.

Let A in X i , i - 1, 2, compact manifolds. For simplicity we
assume that Ai is a scalar operator; denote a° the principal symbol of A i
in We define :

is actually in HLo.o(X1 E2, E2), where .E2 is the trivial 2-dimen-
siona~l vector bundle over Its principal symbol in

.E2, E2) is :

Direct computation shows that and 62(vz) are invertible in

and HLO(X1, E2, E2) for each and 

In view of theorem 3.2 we have proved :

THEOREM 4.1. in (4.1), as a map of to

HSl.S2(X1 X X2, E2), is a Fredholm operator.
This is the expected result, according to [1 ] ; in [1 ] is also proved that

b) In the second application we extend to systems the results in [7],
[10] about a boundary value problem for functions of two complex variables.

In the complex plane CZi we note

In we write ~==1~ for the four comple-
mentary bicylinders with common distinguished boundary Xl X X2. Consider
the following boundary value problem:
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PROBLEM 4.2. Let Âh.k(Zl’ Z2)’ 7 h, k = 1, 2, be f our m X m mactrices of func-
tions in X X2) ..F’ind Z2), h, k == 1, 2, m-tuples of functions in

COO(Dh:k), such that :

and has a zero at infinity.

where g is a given m-tuple of f unctions in

The problem 4.2 can be reduced to the study of the following operator
on X1 X X2 (see [7], [10]) :

where

are the Plemeli’s projections.
P is a map of Em) to C°°(Xl .E~‘), where Em is the

trivial m-dimensional vector bundle on X2 . Actually P E X2,
E"’) with principal symbol ~Q1, ~2~ in ’¿;0.0(X1XX2, Em, Em) :

where we identify with two copies of xt and Xi, y and

va E S* (Xi) with z’ E X’ or E Xi. Now use the terminology in [3] and
note 6,(A), t = 1, 2, ... , m, the partial indices of a matrix A of functions
on the unit circle in C.
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THEOREM 4. 3..Let det Ah,k =1= 0 for all h, k =: 1, 2 and all Zl, z, E Xl X X2 .
Suppose that, if we consider partial indices with respect to z2 :

for each z, E X,; moreover, if we consider partial indices with respect to zl :

for all Then P in (4.4), as a map of Em) to

H81.82(X¡ Em), is a Fredholm operator and the problem 4.2 has a finite
index.

In fact, in view of the results in [3], the conditions (4.7) and (4.8) imply
that the symbol in (4.6) is elliptic; hence, if we apply theorem 3.2, we obtain
theorem 4.3.

The index of P, in the case m =1, I is computed in [8].
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