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DISSIPATIVE SETS AND NONLINEAR
PERTURBATED EQUATIONS IN BANACH SPACES

by VIOREL BARBU

ABSTRACT - Some existence results for abstract functional equations in Banach spaces
are proved.

Introduction.

Let .~ be a real Banach space ~~ its dual space, (u, v) the paring
between v in .~~ and r in X. The duality mapping of X in the subset
F of X X .X~ defined by

where )] ]) denotes the norm in X (respectively X*).
Let A be a subset of X x ~X. We define

and

. 

where oc is real. If .~ is a subset of X then

A subset ~1 of X x X is called dissipative if for every Ixi, yi] E A, i = 1, 2
there exists f E F (x~ - x2) such that

or equivalently (see T. Kato [10], Lemma 1.1),

Pervenuto alla Redazione il 31 Marzo 1971.
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for 0 and

If A is dissipative one can define for À &#x3E; 0 a single valued operator
Ai = I-1 ((1- lA)-I - 1) with D (A,) == R (1 2013~A). We notice some pro-
perties of Ai which will be used frequently in this paper (for the proof
see T. Kato [11]).

LEMMA 0.1. Let A be dissipative, then
a) Ai is dissipative and lipschitz with constant 2~ .

We have denoted here, I
A dissipative subset A called m-dissipative if 

for every (or, equivalenty, for some) A &#x3E; 0.
For other basic properties of dissipative sets and nonlinear semigroups

of contractions we reffer to Kömurs [12], Crandall and Pazy [6], T. Kato

[11], F. Browder [2], Brezis and Pazy [4].
The purpose of this paper is to obtain existence results for perturbated

nonlinear differential (respectively functional) equations on Banach spaces.
Section 1 and 2 contain the main results. We start with an existence

theorem for evolution equations, Theorem 1 which is the main tool used

in proving principal perturbation results given in Section 2. Similar results
were obtained previously by G. Da Prato (see [7]) in linear case. For rela-
ted results see also [1], [2], [6], [9], [11].

In Sections 3 and 4 we apply these results in the study of certain
nonlinear evolution equations.

§ 1. A class of nonlinear evolution equations.

Throughout this section we assume that X is a real Banach space and
that the dual ~~ of X is uniformly convex. In particular this implies that
the duality mapping F of X is uniformly continuous on every bounded

sebset of X (see [10], Lemma 1.2).
Let C be a closed convex subset of X.

In lhe present section we consider equations of evolution of the form
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with the conditions

on the space X, where B is the infinitesimal generator of a strongly con-
tinuous semigroup of linear contractions on X and A (t) is a family of sub-
sets of X satisfying the following assumptions :

i) For every t E [0, T], A (t) is a closed an dissipative subset of X x X.
The domain D (A (t) = D of A (t) is independent of t.

ii) (1 - AB)-l for every 1 &#x3E; 0.

iii) R (1 - À A (t)) contains C and (1 - ÀA (t))-l Ce C for every À &#x3E; 0
and for any t E [0, T]. Moreover,

for each is an increasing con-

tinuous function such that

and

for every x E D (B) n &#x3E; 0 and 0 T. Here y is an increasing continuous
C.

function from [0, oo) into itself such that

Now we shall recall some definitions.

If X is a real Banach space with norm 11 llx then EP (0, T ; X), 1 oo,

denotes the space of (classes of) measurable functions : [0, T) -- X such that

u

and the usual modification in case p = oo.

If 0 is a closed subset of X we set

We denote also by (0~ T ; X) the space of all absolutely continuous

functions
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Finally, we set

THEOREM 1. Let C be a closed convex subset of X and let A (t) and
B be closed dissipative subsets of X X X satisfying Assumptions i) co iv).
Let f E W 1, (0, T ; X) n L°° (0, T ; D (B)) be such that f (t) E C for 0 ~ t  ~~.

Then for every x E D n D (B) n C and for 1&#x3E; 0, the initial value

problem
- dlt. i+1

has a unique solution u E W 1&#x3E; " (0, such that u (t) E
E 0 for all t E [01 T].

We preface the proof of Theorem 1 with the proof of some auxiliary
lemmas.

LEMMA 1.1. Let Y be a real Banach space with uniformly convex adjoint
space Y*. Let jBT be a closed convex subset of Y and let A and .L be two

closed dissipative sets of Y X Y.
Suppose

a) A is continuous and bounded on every bounded subset of g =

= D (A). R (1- contains K for every 1 &#x3E; 0.

b) Ken o B (1- and (1 -- lL)-1 Ke K for 0.
i&#x3E;o

Then for every 2 &#x3E; 0 and for any y E K, there exists a unique solution
ai E D (L) n K of the equation

The proof is similar to that of Theorem 4.3 in [6] (see also the proof of
Theorem 3 in § 2).

LEMMA 1.2. Let A and B satisfy Assumptions i), ii) and iii). Let f E
E be such that f ~t) E 0 for all t E [0, T ].

Then for any 2 &#x3E; 0 and for (B) n C’ there exists a unique
~~’~(0,T~)6.L°°(O~T;D(B)) such that 

E [0, T] and
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PROOF. We may assume without loss of generality that x = 0.
This can be achieved by shifting C. We fix p E (1, oo) and L P C).

Let A denote the dissipative operator on with domain

~ which is given by (Au) (t) = An (t) u (t) a. e. on (0, T) for u E K. Clearly A
is well defined, continuous and bounded on every bounded subset of Kc Y
(see Lemma 0.1).

Let L be the linear operator defined in Y by

and

Here D (B) is considered as Banach space with norm defined by x ~ =
= ~ Bx 11 

Since ( 1 - lB)-1 Cc C for every À. ~ 0 it is easy to see that

and

where Z is the closure of Z in Y &#x3E;C Y.

We apply Lemma 1.1 to conclude that for every À&#x3E; 0 that there
exists a unique solution u E ~ of the equation

By the definition of .~ there exists sequences ~ and ifk) c K
such that -+ u and

in as 15 - 00. Let 7 j &#x3E; 0. Since B and An are dissipative
we obtain from (1.9) that
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for almost all t E (0, T). By using the equality (see [10], Lemma 1.3)

we obtain

Since (0) (0) = 0, we conclude that (t)-converges uniformly to

Repeating the above argument we obtain

8,J]

Passing to the limit (1.11) and (1.12) we obtain

On the other hand by Assumption

Since it follows from

~ K6mura [12], appendix).
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Denote by g (t) the function

Since uk (t) converges uniformly to 1(, (t), by (1.9) we have

where (t) denotes the semigroup genera~ed by .~ in X.
It is clear so that (1.14) implies that u E Leo (0,

T ; D (B)) and

.:L. ,,,

This proved Lemma 1.2. for 1 &#x3E; 0

Let ui E (0, T ; X ) n Loo (0, T ; _D (~)) be the solution of equation
(1.15). Repeating the above argument it follows easily that is uniformly

convergent on [0, Z’] as 1 --~ 0 and that bounded uniformly on

(0, T). Thus passing to the limit Â -+ 0 in (1.15) it follows Lemma 1.2 in

the case 1 = 0.

This completes the proof.

PROOF OF THEOREM 1. Let f E ~’~ 2 (o, ~’; ~) f1 ~°° (o, T ; l~ (B)) be

such that for all t E [0, T] and let x be an arbitrary element of

-D n -D (B) n C. By Lemma 1.2 there exists a unique Un E 

(0, T ; D (B) such that un (0) = x, un (t) E C on [0, T) ]

Obviously,
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where (t) is the semigroup generated by B. By Assumption iv) it follows

that

Since A~ (t) and B are dissipative, from ~1.1.6~ we obtain that

therefore

By using the same argument as in the proof of Lemma 1.2, we obtain

for all t~ t -~- ~ E (0~ T]. On the other hand (1.18) implies that

Using this estimate together with (1,19) we see that

t

for almost all t E (0, T), where M is a positive constant independent of n.
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Since un (t) are uniformly bounded on [0, T], from (1.17) and (1.20) we obtain

where

while

where 7co is a constant independent of n.
By a simple computation it follows that

where k1 is a suitable constant independent of n. Since n, fn (t) is bounded

we conclude from (1.22) dnd (1.21) that

Thus by using the fact that the duality mapping F is uniformly continuous
on every bounded subset of X it follows by a standard argument (see [10],
Lemma 4.3) that un (t) converges uniformly on [0, ~’~ as n -+ oo. Let u (t) =
-- lim un (t).

n-+oa

Clearly u (t) is absolutely continuous on [0, T]. Since the space X is

reflexive this implies that (see [12], Appendix) dt exists a. e. on (0, T).dt

Moreover the inequality (1.23) implies obviously that u E 
n z- (0, T ; D (B)).

We shall prove that is the solution of initial value problem (1.6).
For this latter purpose, choose to E (0, T) such that u (t) is differentiable at

t = to . * Let [7x, ;] be an arbitrary element of A (to) such 
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for some positive a. This implies that xn = x - lies in 0 for some

sufficiently large n. Since we see from (1.19) that

Integrating this inequality over (to’ t) and using Assumption iii) we obtain

where 310 is independent of n.
rV N

Now Bu, (s) B1.t (s), uyz (s) u (s) and sy, 2013 as - oo, We pass to
limit as n -+ oo in (1.24) to obtain

so that

Since the function t - Bu (t) is weakly continuous, we obtain

Let (sn) be a sequence of nonnegative numbers such that
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Define

We notice that Assumption ii) implies that for all t 1 0.
Thus for every n there exists A (to) such that

Consequently

Now, we use (1.25) where to obtain that

It is clear that . So that letting -~ oo, we see that

This last observation together (1.26) imply that

, Since A (to) is closed we conclude that

The uniqueness of of solution u follows immediately from the dissipati-
veness property of B and A (t).

This completes the proof.

§ 2. Sonie perturbation results.

As in preceding section X is a real Banach space with uniformly con-

vex adjoint and C is a closed convex subset of X.
We consider the functional equation in .~ of the form

where A and B are dissipative subsets of X X X,
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which satisfy the following conditions :

j) A is closed dissipative subset of X X X. R ~1- ~,A) contains C
for 1 &#x3E; 0 and

I- , ~ 
-

jj) B is a densely defined, linea,r and m-dissipative operator in X.
(1 - Cc 0 for every 1 &#x3E; 0.

jjj) (1 - (D (B) n C) C D (B) for every 1 &#x3E; 0 and

holds for (B) n C and for each 1 &#x3E; 0.

Here q : [0, oo) - [0, coj is an increasing function such that

The main result of this section may be stated as follows :

THEOREM 2. Let A and B be dissipative subsets of .X X X satisfying
conditions j), jj) and jjj).

Then

and

for every y E C and Å ~ 0. (Here A -~- .~ denotes the closure of A -~- B in

A stronger version of Theorem 2 is

THEOREM 5. Let A and B be dissidative and closed subsets 

satisfying assumptions j), jj) with the inequality (2.3) replaced by

where .I~ is a nonnegative constant independent of A.
Then

’ for some sufficienty large 1.

COP.OLL.Lp.y 2.1. Let A and B satisfy hypotheses of Theorem 2. Sup-
pose in addition that X is uniformly convex and that the following condi-
tion holds
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Then

PROOF OF THEOREM 2. Let y be an arbitrary element of 1) (B) n C and
let A &#x3E; 0. We (A) n D (B) n C and denote by u (t) the solution of

problem (1.5) where A (t) « A and f (t) = y. It is clear that u (t) can be
extended as solution of the equation (1.5) on (0, oo). From the proof of
Theorem 1 (see (1.18) and (1.19)) we obtain

therefore

This estimate implies immediately tha,t u (t) converges as t -~ oo and

we see that

Note that (1- lA -~- B)-p is well defined and nonexpansive on D (B)
C in consquence of the fact that A -~- B is dissipative. On the other hand
condition j) implies that .D (B) n c is a dense subset of C. Hence R (1 -
- Â.A -- B) contains C for every I &#x3E; 0 which proves (2.4).

By using a standard fixed point technique it follows easily that for

any n, (1- ~. (An + is well defined and nonexpansive on C. It suf-

fices to prove (2.5) for every y E D (B) n C.
Let uu (t) E C be the solution of equation

with initial condition Un (0) = x E 1) (A) n D (B) n C.
From the proof of Theorem 1 (see (1.18) and (1.19)) we deduce that

exists uniformly with respect to t. Moreover since An are
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continuous and B is closed it follows that un E D (B) f10 and

We know by the proof of Theorem 1 that un (t) converges uniformly on
every bounded interval of [0, oo) to the solution u (t) of problem (1.5). On
the other hand according to first part of the proof we have

Thus by a simple computation it follows that.
7

which concludes the proof.

PROOF OF THEOREM 3. Consider the equation

which is equivalent to

By using the contraction fixed point theorem it follows easily that for
C and any fixed &#x3E; 0 this equation has a unique solution un E

E D (B) n C. Let x be fixed in D (A) n D (B) n C. Multiplying (2.9) by x)
yelds

since An and ~3 are dissipative.
Suppose now that y E .D (B) n C. Then from (2.5) and (2.10) we obtain

Consequently

if This estimate together (2.11) show that II Bun 1B and II An Un II are

bounded as n --~ oo if I is sufficiently large. We ~ M.
Thus following a standard method (see [1], [6]), we see that conver-

i in (2.9) we obtain
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where A is the smallest demiclosed extension of A.
Using the fact that duality mapping is continuous we see easily

that A is dissipative in X ~G ~.
Let be a sequence of nonnegative numbers such that

We set 
,

where S is the semigroup generated by B. Since S (8n) Cc C, in view of
assumption j), for every n there exists E A such that

Consequently

Multiplying (2.13) by and using (2.12) we obtain

Since An -- 0 it follows from (2.13) that y. -+ lu - Ay.
Hence

Since A is closed. This completes the proof.

PROOF OF CoROLLARY 2.1. In view of Theorem 2, for every y E C and
for each 2 &#x3E; 0 the equation

has a unique solution E D (A -E- B) n C. Let x be arbitrary but fixed in

D (A + B). We multiply (2.14) by J~(~2013~). We obtain

since A -~- &#x26; is dissipative. Using this estimate together jv) and (2.14) we
see that is bounded as A - 0. Without loss of generality we may asp

7. Annali della Scuola Norm. Sup. di Pisa.
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sume that ui - u as 1 ----~ 0. 0 we have

From (2.14) it follows that U). = 2c. Since X is

uniformly convex and (: is nonexpansive on C we conclude

that {1- hA -- B) u 3 u (see [2], ’l’heorem 8.2).
Hence

v ’- ox i p«

which concludes the proof.
A slightly madified version of Theorem 2 is useful in some applications.

COROLLARY 2.2. Let .A and B satisfy hypotheses of Theorem 2 with

Assumption jjj) replaced by

for every u E D ~B~ n C and n =1,2, ...
Then

PROOF. Let y E C, 1 &#x3E; 0 and let E D (B) n D be the solution of the
equation

A - ~ A

Condition (2.15) implies that and II An Un II are bounded as ~2 -t oo.

From this the proof proceeds exactly as the proof of Theorem 3.

REMARK 2.1. By the proof we see easily that if A and B satisfy to

assumption of Theorem 2 with (2.6) replaced by the following stronger
assumption

then

§ 3. Periodic problelus.

We consider in this section evolution equations of the form
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with the conditions

on a real Banach space X, where C is a closed convex subset of .~ and
A (t) is a family of dissipative subsets of which satisfies the fol-

lowing condition :

CONDI1’ION P. For every t T], A (t) is a closed and dissipative
subset of .~ &#x3E;C X. The domain D of A (t) is independent of t and for every

/L&#x3E;0 and t E ~()~ ~’], .R ( I -- ~,A (t)) contains C. In addition,
a) There exists a constant c &#x3E; 0 such that for all x E C and s, t E

E [0, 1’] and s, t E [0, T] and A &#x3E; 0, 
-

We introduce the notation

DEFINITION 3.1 (see [3]). Let 1 ~ ~ ~ oo. The function it E -LP (0, T; X)
is said to be generalized solution of problem (3.1), (3.2) if exist sequences

W’I’, P (0, T ; X) and T; X) such that the following condi-
tions hold :

THEOREM 4. Let X be a real Banach space with uniformly convex

adjoint space and let C be a closed convex subset of X. Let A (t) be a

family of dissipative subsets of satisfying Condition P. Then for

every f E LP (0, .T; C), 1 ~ ~a  oo, and ~ ~ 0 the problem (3.1), (3.2) has
a unique generalized solution u in LP (0, T ; X). Moreover is continuous
on [0, T] and ai (0) = u (T).

If f E (0, T ; X) and A is sufficiently large then u E ~~,p(o, T; X)
and it is strong solution of equation (3.1).
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PROOF. Let jp E (1, oo) be arbitrary. We introduce the following subset
of .Lp (0, T; X) x T; X)

Clearly A is dissipative and closed. Moreover, Condition P implies
that LP (0~ T ; .R (1 -- ÀA) for all I &#x3E; 0 and

In order to verify (3.6) it suffices to show that the function t -- (1 -

(t))-I f (t) is strongly measurable for every 2 &#x3E; 0 and f E LP (0, T ; C).

For this latter purpose we approximate f (t) by,
J

where x (t) is a real valued function of class 01 with  z (t) dt = 1, supp
xc (0, 1) and X, (t) = 8-1 X (tls). If f is suitable defined outside the interval
(0, T) then f. (t) E C on (0, T). Then Us (t) = (1 - A are well

defined, continuous functions on [0, 1], and ue(t) (t) a. e. on (0, .T ) as
8 ~-~. 0. This proves (3.6).

Let D (B) = (0, T ; X) and let .

known (see [7]), that B generates on LP (0, T ; X) a strongly continuous

semigroup of linear contractions. From Condition P it follows easily
that hypotheses of Theorem of § 2 are satisfied (0, ~’ ~ X),
C = LP ~0, T ; 0) and A, B de6ned above. Applying Theorem 3 (or Theorem 2)
we obtain that for every C) and 2 &#x3E; 0 the equation

has a unique solution u E Lp (0, T; C). Clearly u is a generalized for problem
(3.1), (3.2) in the sense of Definition 3.1.

Now we shall prove that ond that ~(0)==~(T). Let

cr (0, T; X) and c:: LP (0, T ; X ) be choosen as in Definition (3.1).
We have

since A (t) are dissipative Here
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Consequently

Hence

since Un (0) - Un (.Tj for all n. This Inequality together (3.8) imply that un (t)
converges uniformly on [0, Tj to u (t). Hence u (t) is continuous on [0, T],
it (t) E C for every t E [0, T] and u (0) - u (T).

Second part of Theorem 4 is a direct consequence of Theorem 3.

REMARK 3.1. Theorem 4 may be proved under more general assumptions
by a slight modification of the argument for Theorem 1.

Nevertheless we have prefered to prove it in this form for illustrating
one of possible applications of the perturbation results established before.

§. 4. Second order abstract differentials equations.

Lct V and H be a pais of Hilbert spaces snch that V c He. V* with
esch inclusion mapping continuous and dense. Let L be a continuous self-

adjoint linear operator from V into its adjoint space V* such that (Lv, v
&#x3E; I V 12 for v E IT. Here y is a positive constant and I denotes the norm
in V.

We are now going to consider evolution equation of the form

with the initial conditions

on IT, where A (t) is a family of m-dissipative subsets of satisfying
the following conditions :
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1. The domain D (A (t)) of A (t) is independent of t and

for 0 and t, s E [0, T ]

for every x E V, A &#x3E; 0 and t E [0~ T].
Here ({J and V are non-decreasing functions from [0, into itself.

Let us denote by La the restriction of L to .~ i. e. D (LH) = lu E ~,
for It is known that LH is m-dissipative

in I~ &#x3E;C H.

Let Y denote the space D normed by

THEOREM 4. Suppose that Conditions I, II are satisfied. 1

(0, T; H) n Loa (0, T ~ V). Then for every uo E Y and u1 E D n V the problem

has a unique solution it

PROOF. Let (W denote the direct sum of ~P and H

with the scalar product defined by

where ~’ = - ~ut , u2) are generic elements of 9~.
Thus the problem (4.1), (4.2) is equivalent to
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. where and ~ I
, 

-- - 

,

sipative subsets of de6ned by

respectively

We shall verify the hypotheses of Theorem 1 where

We have

Now Assumptions i), ii), iii) of Theorem are simple consequences of Condi-
tions I. and II. Let us verify iv). Indeed if J
then

Using (4.4) we obtain

which proves iv).
Thus according to Theorem 1, the initial value problem (4.6), (4.7) has

a unique V).
This concludes the proof.

EXAMPLE 4.1. Let ,~ be an open bounded subset in Rn with smooth

boundary and let .~ be a differential operator of second order

where aij are real functions of class C’ on ,~. In addition suppose that
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and

where y is a positive constant independent of x.
Let .L denote the self adjoint operator from (Q) into (Hol(Q))* =

which is given by Lit = Eu for u E D (L). The restriction of L to
L2 (S~) has the domain H2 (~) n Ho’(0) and generates a continuous semigroup
of linear contractions on Z2 (Q). Here H) (0) and H2 (~) are usual Sobolev
spaces.

Finally, let A (t) be the family of m-dissipative subsets of L2 (Q) X
X L2 (S2) defined by

where - 1° (t) c R x R is a family of maximal monotone sets in B m R
such is independent of t and contains 0. Moreover assume

that

for every v E R, t, s E [0, ~’~ J and 1 &#x3E; 0. Here M is a nonnegative constant
independent and s.

Let us observe that hypotheses of Theorem 4 are satisfied with .H =
= L2 (Q), V (Q), H and A (t) defined as above Indeed Condition I-

follows from the corresponding properties oe F(t) and II. is a consequence
of the fact that I

I
Thus Theorem 4 yields the following Corollary :

COROLLARY 4.1. Let f, u0,  u1 be given, satisfiying

and

Then the problem
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has a unique solution E C (0, T ; L2 (0)) n L- (0, T ; H2 {S~)) such that

and

Now we consider the differential equation of the form

whith Dirichlet conditions

on a Hilbert space where ~, is dissipative subset of .~ m H
denote the space of vectorial

distributions u E CD’ (0, ~’; such that

We recall that if T;H) then 2013 coincides a. e. on T)
dt

with an absolutely continuous function.

THEOREM 5. Let A be a closed and dissipative subset of H X J? ajid
let Q be a closed convex cone of H. Suppose that (1 - contains Q
for 0 and

Let x be in D(A) n Q such that AxnQ+0. Then for every fELP(0,1’;Q),
1  P  oo and for each 1 &#x3E; 0 the problem (4.18), (4.19) has a unique so-

such that u (t) E Q for 

PROOF. We may assume without loss of generality that x = 0 E .I) (A) n Q
and 0 E A0. Let B denote the operator on EP (0, T ; H) with domain 1) (l~) ==
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It is known (see [7]) that B is the infinitesimal generator of a conti-
nuous semigroup of linear contractions on defined by

where -

and from (4.21) it follows that for

This implies that

We introduce the following operator

Clearly 2. is dissipative and closed in ~’; g) X ~’; H). Moreover,
assumption (4.20) implies immediately that

We now verify hypotheses of Corollary 2.2 where ~"-===Z~(O.T;~)y C =
= L? (0, and B is defined above. Obviously j) and jj) are
implied by (4.22) and (4 24). It remains to prove (2.15).

Let u be erbitrary in (2.15)- Recalling that

is the duality mapping of we obtain

Since

on (0, T) it follows from (4.25) that
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since An are dissipative in g &#x3E;C g for every n. By Corollary 2.2 we con-

clude that there exists a uuique solution n J) (~~ n T; Q) of
of the equation

This completes the proof of Theorem 5.
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