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FOURIER TRANSFORMS

OF HOMOGENEOUS DISTRIBUTION

CARLOS LEMOINE

Introduction.

The purpose of the paper * is to study the relations between the regu-
larity of a homogeneous distribution and that of its-Fourier transform ;
this problem has been treated by Calderon, Zygmund and Hormander, our

results are extensions of theirs.

In preparing the basis for our study we obtain a characterization of

the continuos linear maps, from the space of distributions in the unit

sphere into itself, that commute with rotations (Chap 1). A clear presenta-
tion of the spaces in a compact manifolds, is given in chap 2.

CHAPTER I 

SPHERICAL HARMONICS

Summary.
1.1. Some notations are introduced, and some fundamental facts are recalled.
1.2. The expansion of a distribution on the unit sphere in a convergent

series of spherical harmonics is given and also a characterization of

the continuous linear maps from D (2:) to D’ (2:) that commute with

rotations. As an application we consider the operators Ja defined by

~ 

Pervenuto alla Redazione il 17 Dicembre 1970.

(*) The paper contains essentially the author dissertation submitted at the University
of Maryland. The work wass directed by Professor Umberto Neri.
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Seely and give their explicit expression in terms of spherical harmonics.
1.3. We make some remarks on the Fourier trasform of-distributions of the

form r8 Y,,,,,.

1.0. Notations.

C will denote a constant not necessarily the same in a given statement,
1R the real numbers, C the complex numbers, ]ek the Euclidean k-dimensio-
nal space, x = ... , xk), y = ... , yk) arbitrary points in Ek, s, y the

inner product of x, and y, , a a multi-ndex i. e. a = (ai... ak)
a point in 33k with positive integers as co-ordinates,
Da the operator

If X is a C °° manifold, D (X) will designate the space of C °° functions on

X with compact support provided with the Schawartz topology, D’ (-Y) its

dual with the weak topology.

1.1. Preliminaries.

For the proofs of the results stated here we refer to Neri [1]. Let JE k
be the k-dimensional Euclidean space, and let -yk-1 = = I) be the

unit sphere. The restrictions to Z of homogeneous harmonic polynomials of
degre n are called spherical harmonics. The sperical harmonics of degree n
form a complex vector space ( Qn~ of dimension By i Y,,,n 1,,

we will denote a base of ( Qnj formed by restrictions of

homogeneous harmonic polynomials with real coefficients and orthonormal

with respect to the inner product

where do denotes the Lebesgue measure on ~. whenever m appears toge-
ther whith n we will assume that m runs from 1 to U is a

M.&#x3E;0

Hilbert base of .£2 (~); we will denote by this base. If 

the coefficients anm of its expansion in spherical harmonics satisfy for every
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Reciprocally if for every k’ and f is given by

f E C °° (~). In this chapter we assume lc ~ 2.

1.,,). Fourier Series of Spherical Harmonics.

The following proposition is a natural extension of a well-known result

of L. Schwartz.

PROPOSITION. 1.2.1. Let u ED’ (1:) and be a Hilbert basis of

L2 (1:), formed by orthonormal spherical harmonics. If = ( then:

(i) there is an integer N such that I anm I =: 0 
(ii) the series

converges weakly to u.

Reciprocally : If =1, ...~ oo~ nt === 1~... N/ , y satisfies (i), (1.2.1) is
weakly convergent to a dlstribution u E D’ (~).

PROOF. Let be the space of complex-valued functions with

continuous eerivatives up to the order s. If fE C8 (Z) let be its exten-

sion to JEk - 101 as a homogeneous function of degree 0. C8 (Z) is a Banach
space with the following norm.

where

lfow since I is compact u is of finite order s, i. e., can be extended

to 01 (-Y) as a continuous form for the norm defined above. If is any

sequence of constants such that == 0 (n-[3/2(k-2)+s+2]) the series

is convergent in 6’8 (~), this follows from the estimates
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(Cfr. Neri, [1]) and the fact that the number of linearly indipendent sphe-
rical harmonics of degree n is N~ = 0 (nk-2). The convergence of (1.2.3) in

C8 (Z) and the continuity of 2c imply that the series

is convergent. Consequently, since (bnm) is arbitrary, the estimate (i) and

the weak convergence of (1.2.1) follow readily.
Reciprocally, assume that and ( f, #

= = 0 (ra-k’) for every k’. Hence (1.2.5) is convergent and

this implies that (1.2.1) is weakly convergent. 0

DEFINITION 1.2.2. Given f E D’ (~) and a Hilbert base of L2 (~)
formed by spherical harmonics, ( f, = will be called the harmonic

components of f with respect to the base Yn1n, or symply the components
of f.

Let f E D’ (.1’) have components aim , and 1l E 1~ (Z) with components
bnm. The condition (i) and the relations = 0 (n-k’) for every k’, imply
that = 0 (n-k’) for every le’. Hence, anm bnm are the components of

an element g E D. By the Closed Graph theorem it follows that

is a continuous linear map from D (~y to D (.2’). The relation between con-

tiuuous linear mappings from D(it) to D’ (1) commuting with rotations

and mappings of the form (1.2.6) associated to a distribution f is as follows.

PROPOSITION 1.2.3. A continuos linear map T from D (1) to D’ (~)
that commutes with rotations, maps D (2:) continuously into itself and is

of the form (1.2.6). Furthermore, if k &#x3E; 2, j has the form

Reciprocally if k &#x3E; 2 (~) is of the form (1.2.7), T f is a continuous
linear map from D (Z) to D (I) that commutes with rotations. If lc = 1, for

every f E D’ (2’), , T f ( u) = u *f is a continuous linear map from D to
n

D (~) that commutes with rotations..

PROOF. Let us assume first that T maps D into C2 (~). By evalua-

ting T on the coefficients of a differential form we extend T to the diffe-
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rential forms, i. e., T can be considered as a continuous linear map from

the space of differential forms with coefficients in C °° into the space of

differential forms with coefficients in C2 (on the differential forms we con-

sider the product topology).
We claim that T commutes with the exterior differential operator.

This follows immediately if k = 2. If k &#x3E; 2 and P is an arbitrary point
we take cartesian coordinates such that P = (0, 0~ ... , 0,1) and consider the
associated spherical coordinates

In a neighborhood of P in ~, (81, °2 , 1... 0k-1) is a valid system of

coordinates. Using the commutativity of T with rotations, one readily see

that

This proves our claim.

T clearly commutes with the Hodge operator ~ ~ hence T commutes

with the Laplace-Beltrami operator I = - * d * d. Consequently, the image
under T of a spherical harmonics, of degree n will be of the form

(This is readily seen if we compare L1 T (Ynm) with T L1 (Ynm)).
If k &#x3E; 2 we will denote by Yz (x) a zonal harmonics of degree n and

pole z (Cfr. Neri [1] for the definition of zonal harmonics)’ The commutati-
vity of T with rotations and (1.2.8) imply that

On the other hand, for an arbitrary spherical harmonic of degree n
we have :

From this and the continuity and linearity of T we obtain
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(Here we have used Tz instead of T to make clear that y’ ii; a parameter
with respect to T.) Therefore, if u = it 

Let us now show that the On satisfy the condition (i) of Proposition 1.2.1.

If not, there are sequences of numbers Ck -~ oo and integers -~ oo such

that but then if (cfr. pre-

liminaries) and T (u) ~ D’ (1’). In other words, we have proved that if k’ &#x3E; 2
a continuous map from D (1) to D’ (S) that commutes with rotations and

whose range is contained in C2 (f), is of the form (1.2.6) with f E D’ (f)
of the form (1.2.7).

Now we drop the condition T (D) c C2 (~), Let T : D (~’) -~ D’ (~) be
continuous and commuting with rotations. Let Vn be the inverse image
under T of the subspace generated by and let Tn be the linear

mapping that coincides with T on Vn and is zero outside. Tn commutes
with rotations and its image is contained in D (1) hence Tn (Ynm) == On =

= T ( Y~,~,), i.e., T is of the form (1.2.9). By the same reasoning’ used in the
case T (D (L:)) c: C2 (~), it foliows that the Cn satisfy (i). On the other hand,
if T is of the form (1.2.9), then T commutes with rotations. In fact, if

Yx (y) is a normalized zonal harmonic, i. e.,

we may write

Let ~O be a rotation ; for an arbitrary function u on Z we define e(u)(x) =
= u (e-1 (x)). It is clear that for every x’, y’ E and every e,

Hence

Thus
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Finally, if k == 2 and T commutes with rotations, we have shown that
d d2

T commutes with , and (0 === angle in 2:1). It follows by an elem-

entary calculation that

wh6re ac" and &#x26;y; satisfy the condition (i), i. e,, T (u) = u ~ f = T~ (u) wherc

, Reciprocally, if it is clear that
B ./1, / ,

u - u * f is invariant under rotations. The proof of the proposition is

complete.

EXAMPLE 1.2.4. (The Laplace-Beltrami operator 4), The formula

shows that d is an operator of the form T f associated to the distribution.

EXAMPLE 1.2.5. If fl is a complex number (n + k - 2) [it =
= 0,1~ 2, ... etc.], (fl -~- d) is invertible as a linear map from D (2:) to D (2).

Let .L &#x3E; 0 and 0, then if follows from the preceding example that
the operator @-a’2 f ~ - .L -~- is associated to the distribution

jo is an analytic family of distributions, i. e., for every u E D (I)

is analytic in the ,03B2 plane slit along the negative real axis. Our purpose
is to integrate the function

along the ath traversed from top to bottom and show that2
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is a distribution. Let then (1.2.11) implies that

Integrating 1.2.13 along the path Re, fl -2 and using the residue) g p 03B2= 2

theorem, we obtain

i. e., the form

is a distribution whose expansion in spherical harmonics is

The rotation invariant operator associated with this distribution on it is

denoted by J a and its explicit expression in terms of spherical harmonics is

The operators Ja were defined by Seeley (cfr. Seeley [1]). From the

expression (1.2.14) it is clear that Ja J~ = for every a and complex,
and also that Ja depends analytically on a. Thus, is an analytic
abelian group of operators on D (¿), and D’ (~).

REMARK 1.2.5. The Proposition 1.2.1 shows that a distribution f =
= .E anm defines in a unique way a harmonic function ~’ in I x~ ~ 1
given by

~I ~/ /

(The convergence of the series is a consequence of the condition (i).) Given
0  r  1, we may consider on ~ the function Fr given by

In the sense of distributions we have
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i. e., a distribution f on Z is the boundary value of a harmonic function

F in|x|1
Using Proposition 1.2.1 we may prove the existence of constants C

and .g such that for every 1 ] ~ ~ 0

and reciprocally if F (x) is harmonic in I 0153  1 and satisfies (1.2.17) for
some C and .g there is a distribution f such that (1.2.16) holds. Since we

will not use this result we omit the proof.

1.3. Fourier Transforms of Homogeneous Spherical Harmonicas.

If 0 E cS 0, x’ &#x3E;- 4S (rx’) (x’ is an element of D (~). If

f E .D’ (2:) we associate to f an analytic family of tempered distributions

for given by

rl f is analytic in the whole plane with exception of the points ~, = - k,
- k - 1 etc. rl f is regular at ~~ === 2013 ~ 2013 ~ (n* = integer ~ 0) if and only
if (cfr. Gel’faiad [1], p. 310)

for every mtilti-index cx with Z a~ = n*. Since a spherical harmonic is

orthogonal to all polynomials of degree  n and also to all homogeneous
polynomials of degree v such that v - n is odd, it follows that the condition

(1.3.1) can be written in terms of the components of f in the following
form

In particular, (x’) will be regular for all / ~ ~- n - k~ - n - k - 2, ... , y
etc.

Let , and be the positively homoge-

neous function of degree s that coincides with on Z. Let 0 be the

characteristic function of thc unit ball in 33k. . Then, 0 (r8 Ynm) E Z1 and

(1- 0) (r8 E L2 The Fourier transform of 0 (r8 Y,,,,,) is continuous

and bounded (theorcm of Riemann-Lebesgue) and [(1 - 0) rs E L2 (]Ek).
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It follows that the Fourier transform of rr Ynm is a homogeneous, lo-

cally integrable function that can be written in the form 
To find the expansion of g in terms of spherical harmonics we recall that
if Pn’mf is a homogeneous harmonic polynomial of degree n we have

(where ~° = ;’t ~.
From (1.3.2) it follows that the Fourier transform of a distribution

orthogonal to Pn’m’ e-r2/2 is also orthogonal to Thus, g must be
of the form CYnm , where C is a constant. Let us evaluate C. Using the
definition of the Fourier, transform of a distribution and (1.3.2) we obtain

from which we deduce that

Therefore,

It is clcar that if we have an analytic family of tempered distribn-

tions in a region .1 of the complex plane is also analytic in fur-

thermore, if fi can be extended to a larger region 12 also fA can be extended,
and the same relation between the two families holds in A2. Using this

, and our remarks on the points at which r8 Ynm is regular, we conclude
that (1.3.3) is valid in the whole s plane with exception of the points
-n-k, -n-k-2,..., y etc.

REMARK 1.3.1. By analytic continuation we deduce from (1.3.3)

for s = n + 21. In fact, the left hand side of (1.3.3) is (I,n+21 ===

= (r2l P,,," (x)) A.
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CHAPTER II

THE SPACES I~

Summary.
2.1. Definition and basic properties.
2.2. Characterization of 33’ and Ll 
2.3. Definition of the spaces L; (M), 1 -  oo where -ilI

compact manifold.

2.1. Definition of the L; in JEk.

2.1.1. Let ) be a positive infinitely differentiable function
such that for I x I &#x3E; 1 coincides . If s a complex number we
define an operator Is on ~5~’ by the relation (cfr. Calderon [1], p. 36)

When s is a real number the image of Zp (lek ) by 18 denoted by Zp 
On we define a norm by with this norm

L§ is a Banach space. If s is a positive integer .Lp (1 ; p  oo)
is the class of functions whose distribution derivatives of order  s belong
to ~L~ (J5k). If s is a positive integer the sum of the .~~ norms of the function
and its derivatives of order  s, is equivalent to the norm defined above
(cfr. Calder6n [2], p. 36, and Neri [1]). Furthermore, if 1 ---_p  oo the dual

of .Lp (E k) is for every jp all Lp are isomorphic,
for every s.

REMARK 2.1.2. The space Lp (1 [ p  oo) do not depend on the

particular choice of d ~ ~ I I ). In fact, if d, and d2 have the property stated
in 2.1.1 satisfies the conditions :



128

Hence by Miblin’s theorem (cf1°. H6rmander [1], p. 120) the linear mapping
defined by 

-

is continuous from Lp to Lp with norm Therefore, if If and I2 are
the operators associated by (2.1.1) to d1 and d2, the operator It I2 s is an

isomorphism from onto 

REMARK 2.1.3. If v is real (d satisfies (2.1.2) with A = (1 + v I)k.
Furthermore, if Re z &#x3E; 0, both d (x)-z and its derivative with respect to N

satisfy (2.1.2) so, for Re z ) 0, I z is an analytic family of operators from

Moreover, for any element defines an analytic family of
distributions. The following simplified version of a theorem of Calderon

will be useful to us (cfr. Calderon [2], p. 40).

LEMMA 2.1.4. Let A be a linear map defined in C§° with values

in S’. Let

0;~1,0~~~1, ~ == 1.2. If there are two constants = 0,1~
such that

then there is a logarithmically convex function Ct (0 -- t --- 1) such that

(2.1.3) holds in the whole interval [o,1~.

PROOF. We will use the following

LEMMA 2.1.5. be analytic in the strip 0 ~ Re (z) C 1~ and
suppose that 4S (z) is bounded there. Let Mt = . Then

.Lg lVlt is a convex fonction of t in [0, 1] (cfr. Stein [11, p. 422).
Let 1. and L1 be linear functions with real coefficients such that l1 (0)= ,

Z1 (1) _ ~i ~ Z2 (0) = - ~4, L2 (1) = - 81 . If 9 E Ildz) f E for

every p (1 ( ~ ( oo) and s. Using this and the continuity of A we may
define Alll(z).f and, by remark 2.1.3, f will be an analytic family
of distributions. Let
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F (z, f, g, n) has the following properties:
a) It is analytic in 0  Re z C 1 (for fixed n, f and g).
b) It is bounded there; iu fact, by remark (2.1.3), the numerator may

be estimated by and the denominator increases exponen-

tially when Im z --&#x3E;. ± oo.
Hence by Lemma 2.1.5 if z = t + iy, LgM given by LglYl (t, f, g, n) =

= lg sup convex. On the other hand, for arbitrary t,

the function

= Lg ill (t) AI12 (t) f ) is the limit of a sequence of convex functions,
hence it will be eonvex (cfr. Bourbaki [1], p. 46).

Now Lg Ct will be the upper envelope of LgM* (t, f, g) when 11

, Hence log Dt is convex. 

2.2. The Spaces n F’ and Li n E’.

We will use the following extension of a theorem of Calderon (cfr.
Calderon [1], p. 36),

LEMMA 2.2.1. Let ~.a (a &#x3E; 0) be the operatar defined by (Am f )~ =

where 8 is an operator which commutes with translations and maps .Lp (Ek)
(1 ~" ool intc the snace 84’1 of fanctions in L, with derivatives of all

orders in Lr for

PROOF. Let ~~ and 1&#x3E;2 be two functions in Cp such that d (x)a ==

= x la (1- !p 1) + ø2. Let ~’i and P"2 be the inverse Fourier transform

of and ø2 respectively, and denote by S the convolution with

... -’ 

i) ’2 is the Fourier transform of an element in S (Ek), hence belongs
to Sq , 1 1 ~ q C oo. By Young’s convolution theorem and differentiation

under the integral sign, we deduce that Lp * P2C. Sp .
ii) We may write , where 0 ~ ~ ; 2 and

be the inverse Fouries transform of øi . Let 
be equal to 1 in a neighborhood of the origin. Let us assume if

9. Annali della Scuola Norrn Sup. di Pisa.
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but fJ * 1 then

and

The first term in the right hand side of (2.2.3) can be estimated by

(for some N)

because 0 x 1-k-P is a distribution of finite order with support in (r; Ixl [1 ).
Since tp (z) decreases faster than any rational function when I z ~ 1--+ oo it

follows that 1-k-P * belongs to cSq for 1 ~ q ~ oo,
The second term in (2.2.3) is the convolution of the function

C (1- W) 1 X I -k-P, that belongs to cSq (1 ~ q ~ oo), with ’iJ!1 E cj, using Young’s
convolution theorem we conclude that (

I. e., I Pi in this case ECSQ (1 c q  oc), and by the argument in (i) .Lp Pi c:c5p.
If k = 1 and ~ = 1, I x I (Pi = (sgn x) hence if we denote by gf’

the Hilbert transform of j, we obtain

Since the argument
dx 

e_l

in (i) proves that also in this case.

If ~ = 0, we use for 1J!f the argument (i). The proof of the lemma is

thus complete. I
COROLLARY 2.2.2. a) S maps L§ into

b) S maps ~’ into 

PROOF. a) In fact: I ~ V = V and c5pc: V, then 
c Is (c5q) IS (S (Lp)).

b) With the notations used in the proof of Lemma 2.2.1, we have

for It is readily seen that

~’2 ~ u and Pi. u belong to cS, and from the argument used in ii) it follows

that C I X 1-k-P (pi * U)C I X u) belongs to 
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2.2.3. Let K be a compact set, 03A9 a neighborhood of K, and u
a distribution with (supp u) c g. Then if and only if re-

stricted to 92, belongs to Lp (S~).

PROOF. The definition of L~ implies that the condition is necessary.
Let 8 &#x3E; 0. By Lemma 2.2.1, I w = A’ + S. By corollary 2.2.2 part b),
S (u) E S1, hence E Zp if and only if A’ u E Lp l  p ~ oo ). If s = 2l

is an even integer, then A8,u = C41 u will belong to Z/p if and only if its
restriction to 03A9 belongs to .Lr . If 8 is not an even iuteger let 03A6 E Or; ,
4S =1 near zero and (supp 4S) c I  6) where 26 = dist We

may write

The first term in the right hand side has support contained in Q and the

second belongs to S1. Hence A8 u E .Lp if and only if its restriction to S~

belongs to L, .
If 8  0, using the relation and what we have

already proved, the result follows.

COROLLARY 2.2.4. a) If u E E’ then u E -L’ c)o if and only if for every

p  00, u E Lp and II u is bounded independently of p.
b) If p an~

’ 

for :- k, then u E

PROOF. a) Let us first assume that Let 03A9 be a bounded

neighborhood of .~ and co be the characteristic function of J~. Then for

every p  implies that ess sup and

hence,, by Lemma 2.2.3, u E Z~ . Reciprocally, let us assume that it E 
and Q is as above. We have shown (cfr. proof of Lemma 2.3.3) that

(1- w) I-s u E S1. The convexity of the norms implies that there is a con-
stant H &#x3E; 0 such that, for every p, On the other

hand, since S~ is bounded and E Loa, it follows that there is a such

tbat, for all p, II (1-8 u) w lip  l~1. Consequently, u E Z~, for every 1 p  o0

and independently of p.
b) For s = 0, the result is well known (~. g., Hormander [1], p. 97).

With S~ and 0) as above and , hence

COROLLARY 2.2.5. Let u E .E’ and suppose that P E C°° vanishes on a

neignborhood of supp u and 1J! =1 outside a compact set. Then, for all

8&#x3E;0, 
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PROOF. Consider 0 E Co such that (P =1 near the origin and supp

4Y E x ~  6) where 6 = distance from supp u to supp P. Then the result

follows from expression (2.2.5) and the argument following it.

COROLLARY 2.2.6. Let u E E’ and s &#x3E; 0. Then if

and only if A-, u E Lp. In particular, Li fl .E’ and L~ do not depend on
the particular choice of d (x~.

PROOF. This is contained in the proof of Lemma 2.2.3.

COROLLARY 2.2.7. Let .g be a compact set, 03A9 a neighborhood of K, u
a distribution with support in K. 1°hen U E .L~ 1  p  oo, if and only
if restricted to S~ belong to Lp (Q), (v real).

PROOF. Using the fact that I iv is an isomorphism from Lp onto Lp,
the proof is the same as for Lemma 2.2.3.

2.3. hefinition of the 8p:u es Lps o~~ a Compact Manifold.

We recall that given two open sets Qi in 33k , and !F: £21 -+ £¿2 a

C°° diffeomorphism from ~1 onto S~2 ~ to each distribution u E 1)’ (~2) NN
associate a distribution on !J1 that we denote by u o Y and is given

and I denotes the Jacobian determinent of the mapping P -1.

PROPOSITION 2.3.1. With the notations above if u E E’ (f4) then u E L~ ,
1 c p c oo and - oo  s  + oo, if and only if u o ’If E LrIl -

PROOF. Let and be such that 

in a neighborhood of supp ti o Q and ~2 =1 in a neighborhood of supp u.
Let be the linear mapping from D’ (S22) to D’ (~1) defined by

Since T~ (u) -- u o Y, it will be enough to show that T~ is continuous from

into L;.. ,

If s h 0 is even, Corollary 2.2.6 shows that the image of ~ by T~ is
contained in L§ . The Closed Grap theorem proves the continuity. By dua-
lity it follovs that our statement holds for an arbitrary even integer.
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If n is an even integer, let Cp and C§l+" be such that

This is equivalent to:

Therefore by the convexity theorem of Riesz-Thorin (cfr. Zygmund [2],
p. 225) there exists a constant Ct , y independent of p, such that (2.3.3) and
(2.3.2) hold for every p with C’ = C8. Using this fact and Lemma 2.1.4 it

follows that for every t E [n, n + 2] there exist Ct such that, for every

By corollary 2.2.4 and the fact that in (2.3.4) the constant is independent

of p it follows that the image by T y, of a function in L:x, belongs to Lam;
the Closed Graph theorem then implies the continuity of Tp in the spaces
L’oo. To prove the continuity in the spaces E8 (JEk) we note first that by

This formula and what we proved above shows that tT y, is continuous from
Lo .0 to On the other and it is clear that TT is closed and

densely defined as an operator from LIs (JEk) into thus TT is con-
tinuous from into (cfr. S. Goldberg [1], p. 57).

The preceding proposition justifies the following :

DEFINITION. Let be a compact C°° manifold, C)1 = ( U;) a finite open
covering of M by coordinate neighborhoods, and I d5j) a C°° partition of
unity such that supp 4Y; c If 1 c  C oo and - oo  s  oo a distri-

bution u on M is said to beleng to if and only if Oi u expressed
in the coordinates of Ui belongs to 

PROPOSITION 2 3.2. Let u be a distribution on (x E §k). Let us
consider the following conditions :

b) For an arbitrary (cfr. 1.3 for
the definition of r° u).

c) There such that Js f = u.
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Then, for 1 c ~ c oo, - oo  + oo c~) and b) are equivalent, for
1  ~  oo and - a) and b) and c) are equivalent.

PROOF. If u E E’ we may extended u into a distribution xk 2~ in

D’ by means of the relation

Let us prove that if and only
if for every In fact if s is even &#x3E; 0, the re-

sult is easlly obtained from Corollary 2.2.6. An argument similar to the
one used in the proof 2.3.1 extends the result to the general case.

Let x = ~x1, x2 , ." ~ xh_1, tD) be such that 0   1, and let ~

be the diffeomorphism from a neighborhood ill of a, onto a neighborhood

If Q, and Q2 are small enough, P is one-to one and onto, and send tJ1 n
n (r ; xk = constant) onto Q 2 n I x I = constant) and the lines normal to
the hyperplane xk = 0 into the normals to the sphere = {~; ~ ~ I = 11,
hence a distribution in S~2 of the form ro,f if and only if o Q is of

the form xk u (u E D’ n f.r ; Xk === Oj).
The equivalence between a) and b) is thus a consequence of Proposition

2.3.1 and what we proved above. The equivalence between a) and c) fol-

lows from the fact that J8 is a psuedo- differential operator of order s, and
is invertible (cfr. example 1.2.5 and Seeley [2]).

REMARK 2.3.3. For we shall use the norms||f||ps 
if 1  p  oo. For p =1 or oo if Oi) is any finite C°° partition of the

unity, subordinate to a covering we define the Ls. norms by
By Proposition 2.3.1 the norms corresponding to dif-

ferent coverings and different partitions are equivalent.
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CHAPTER III

FOURIER TRANSFORMS OF HOMOGENEOUS DISTRIBUTIONS

Summary.

3.1. Structure and integral representation of homogeneous distributions.

3.2. Relations of regularity in L" 2 between a homogeneous distribution and
its Fourier transform.

3.3. Relationr of regnlarity of the homogeneous distributions and their

Fourier transforms in 

3.4. A counterexample.

2.1. Structure of Homogeneous Distributions.

Given a distribution z E c5’ and a complex number A we say that

1: is homogeneous of degree A if for and any a &#x3E; 0

EXAMPLE 3.1.0. and rl f is a distribution, it is homoge-
neous of degree A (cfr. 1.3 for the definition of r~ f ), If Pn is a homogeneous
polynomial of degree n JP~ (D) 8 is homogeneous of degree - n - k.

From now on we will assume that k &#x3E; 2.
Our aim in this section is the following :

THEOREM 3.1.1. Let A be a complex number and « a homogeneous di-
stribution of degree A. Then,

a) If A is not an there exists an f E D’ (2:) such that

b) If A === 2013 ~ -1~ - 1, ... , etc. There are f E D’ (Z) and a polinomial
P-1-k homogeneous of degree - I - k such that

(b = Dirac measure‘.

To prove this theorem we will use some lemmas
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LEMMA 3.1.2. If A is a complex number such that Re À &#x3E; - k the
linear map LA from D’ (2:) to ~’ defined by

is continuous for the weak and strong topologies on D’ (.2:) and S’ (§k).

PROOF. Since the continuity for the strong topologies is a consequence
of the weak continuity, it suffices to prove (cfr. HorvAth [2], p. 224) that
for every 0’ E S there is a ~ E D (2) such that

If it is readily seen that dt is homo-

geneous of degree - (A -’- )c) and infinitely differentiable : in x ( ~ 0. Let 4S
be the restriction to Z of 0 ; then, 4Y E D (-Y,). On the other hand, from
the continuity of f we have

LEMMA 3.1.3. If 7: is a homogenccus distribution of degree A and Re

A &#x3E; - k, or A is not an integer, t can be expressed in the form (3.1.1).

PROOF. We recall that in R+ there is, up to constant factors, one

and only one homogeneous distribution of degree A, i. e., r+ (Gollfand and

Shilov 1 ], p. 80). Given u E D (R+) and k E D (R+) we define on §k an
element k Q9 u of D (r- k) by

Consequently, the linear form

is a homogeneous distribution on R+ that can be written in the form

where C,u is a constant. If lc (t) E D (R+) satisfies
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(i) snpp k (t) is contained in 1  I x ~ I  2 and

we define a distribution i by

We claim that, for any test function of the and

In fact, using (3.1.2), the left hand side of (3.1.3) becomes

by condition (ii) for k.

We now prove that rÃf = z also in U = (z ; I x I &#x3E; 1/2). To do so, we
only need to show that if Y is the limit of functions of the form

Using a partition of unity, we may assume that

In u n V we may take a system of coordinates (r, x2 , x’) where (x2, ... , x’)
is a system of coordinates valid on i f1 ~ and r is the distance from the

origin. is the limit in D of functions of the form

(3.1.5) (cfr. Horvath [2], p. 369).
From (3.1.3) and the preceding argument we conclude that rl f - ’t is

a homogeneous distribution of degree A with support at the origin. But

any such distribution must be of the form P~, (Dj (b) and hence it cannot
be homogeneous of degree A (cfr. examples 3.1.0) unless it be zero.’

REMARK 3.1.4. A distribution z defined in an open convex cone S~ will 
°

be called homogeneous of degree A if (3.1.0) holds for every 1Jf E D (S~).



138

The proof of Lemma 3.1.3 shows that, if 03A9 =t= 33k is an open convex

cone and 03A9n~ = 1*, any homogeneous distribution i in 03A9 ean be written

in the form 7: where f E 17’ (1*).

PROOF OF THEOREM 3.1.1. Lemma 3.1.3 took care of the case 11 ~ -- k,
-7c -1, ... , I etc. Suppose now that r is homogeneous of degree - n*

-

(n* = 0,1, 2 ...). Then r will be homogeneous of degree it* (cfr. Neri [1]).

Consequently, by Lemma 3.1.3, we where hE D’ (I). Let us
expand h in spherical harmonic (Proposition 1.2.1).

By remark 1.3.1, we obtain

where is a, homogeneous polynomial of degree n*.
The Fourier inversion formula, the continuity and linearity of h ---)- rn7f h

(Lemma 3.1.2), and of the Fourier transform, together with (1.3.3) and (3.1.6)
imply that

where the expression in parenthesis is a distribution f on The proof
of Theorem 3.1.1 is thus complete.

DEFINITION 3.1.5. The distribution f on associated tor by formula
(3.1.1) or (3.1.1’) will be called the characteristic of T. (This agrees with the
usual terminology employed in the theory of singular integral equations).

DEFINITION 3.1.6. If f E D’ (~), a homogeneous distribution of the form
rlf will be called 

3.2. Fourier Transforin of Hoinogeneous Distributions Locally in .L~ .

We introduce first some notation. If n* is a real number D’ (n*) will
denote the set of all distributions f ED’ (Z) whose expansion in spherical
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harmonica is of the form (cfr. (1.3.1’))

In other words, f E D’ (n-) if the homogeneous distribution rl f is regular
at 1 = - k - n*. We will write also and .

, It is clear that if , etc.

D’ (n*) is a closed subspace of .D’ (Z) with finite codimension. If s and
t are arbitrary reals it follows by (1.2.14) and by Proposition 2.3.2 that

Moreover, if h is a distribution on ~ the associated linear mapping
Th, (cfr. (1.2.6)), from .D’ (~) to D’ (.2"’) maps D’ (~n*) into D’ (n-) for every n*.

We give now an improvement of Lemma 3.1.2.

LEMMA 3.2.1. Let be the space of functions analytic in the complex
A plane with exception of the points - k - n~‘ ----1, - k - n* - 2, etc.

Let us provide Hnlf with the topology of uniform convergence on compact
sets and D’ (n*) with the topology of a closed subspace of the strong dual
of D (2’). Then if 0 E c5 (§k) the linear mapping

of D’ (n*) into Hn. is continuous.

PROOF. By Lemma 3.1.2 if f" -)0- J’o in D’ (2:) and Re~&#x3E;2013~ then
4$ ) -+ ( r~ fo , ~ ) . Hence, if f,, - 0 and  ~r~ fv , ~ 5 is convergent

we deduce that -+ 0, i. e., the linear mapping has a closed graph. The
result follows then by the Closed Graph theorem.

COROLLARY 3.2.2. The linear mapping f- r-k-"*f is continuous from
D (n*) into cS’ for the weak and strong topologies.

PROOF. In this case the weak and strong continuities are equivalent,
hence it suffices to consider the strong topology. strongly in
D (n*), then if 4$ E cS, the analytic function A 2013~ y ~ &#x3E; converges to
)" -)0-  rh f0 , 03A6 ) uniformly on compact set of the À-plane slit along the reals

1 (Lemma 3. 2.1 ~. In particular, for ~ = - k - n~‘, ( ~ ~ -~

2013~ ~ ~-~2013~j~ ~ ~ and the corollary again follows from the Closed Graph
theorem.
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LEMMA 3.2.2. Let be the components of a distribution h E D’ (~)
and let Th be the linear map from D’ (n*) into D’ (n*) associated to it (cfr.
§ 1.2). Then Th, restricted to LZ (n*), is continuous from L" (n*) into (n*)
if and only if: = 0 

PROOF. If = 0 (&#x3E;1-t) then Hence,
the map Th o J-1, given by

is bounded from This implies that

is bounded from

Conversely, if Th is continuous from L](Z) to (~) for every s real,
then Th J-t is continuous from .L2 (~) to Z2 (~). Consequently,

and so

THEOREM 3.2.4. Let F be a homogeneous distribution on Ek of degree
À. and let G == F. Then, if the characteristic f of F belongs to Z~~ the
characteristic g of G belongs to .

PROOF. Suppose that A is not an integer, hence F = rA f and G = 
(Theorem 3.1.1). Let us expand f in spherical harmonics (Proposition 1.2.1),

The continuity of f -~ rlf (Corollary 3.2.2) and of the Fourier transform,
together with formula (1.3.3), imply that

The asymptotic expansion of the r function (i.e., Stirling’s formula) (cfr.
Bourbaki [2], p. 181) implies that, as n -+ oo,
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Hence, by Lemma (3-2-3), the map f - g transforms L2 (n*) continuously
into (n*) which is what we wanted to prove.

If A is an integer we note that the linear mapping

is well defined from D’ ( ~ r~~‘ ~ ), into D’ ( n~ )~ and, by formula (3.2.2),
maps .Lz ) continuously into 

A moment of reflection shows that there are two functions f1 and 91
in D (2:) such that , and

Consequently, if, then 6 , and the proof is complete.

DEFINITION 3.2.5. A homogeneous distributions is said to be locally
in L; if for arbitrary

COROLLARY 3.2.6. The Fourier transform of a homogeneous distribution
F of degree 2 that is locally in .L2 is a homogeneous distribution G of degree
2013 ~ - ~ locally in .

PROOF. By Proposition 2.3.2 F is locally in L: if and only if its cha-

racteristic f E L2 (.1:). By Theorem 3.2.4, the characteristic g of G belongs to
Hence, G is locally in .L2 Re ~-k~2 if F is locally in L8 2.

In particular, the Fourier transform of a homogeneous distribution

that is C°° in the complement of the origin is a homogeneous distribution

C°° in the complement of the origin (i. e., with singular support at the

origin). For Â = - k this is a well-known result of Calderon and Zygmund
(cf. [I], p. 314).

COROLLARY 3.2.7. With the notations above, if Â _ - k/2 and f is
given by

Thus, g is given by

and, (due to Hormander and Calderon for s = 0 (cfr. Preface)),
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Proof. The expression for g is a consequence of (1.3.3) and the conti-

nuity of f- r-k’2 f. Formula (3.2.4) is a consequence of the definition of

the norms in L" 2 (1) and of the expression (1.2.14) for the 

3.3. Fourier Transform of Homogeneous Distributions Locally in Lp. e

In this section we study the action of the operator A on homogeiieus
distributions. As a consequence we derive a necessary and sunicient con-

dition for a homogeneous distribution F to have its Fourier transform G

locally in 

If f E D’ (~) then the analytic family rfl f will be regular at t - À. - k
if and only if :

a) t 2013 ~ is not an integer ~ 0,
or

b) À - t = n* ¿ 0 and f E D’ (n*).
If one of the condition a) or b) holds and rl f is a distribution we

may define

In other words, At is defined when f E D’ (- À - lc) n D’ (2 - t).
If we want the distribution to be simple we must assume

in addition that f E D’ (- ~, - k + t).
We introduce the notation D’ (2, t) for the space of distributions f E 

such that A t (rl f ) and A -t (rl-t f ) are simple homogeneous distributions.

We will also use the notations: L~ (~, t) = L~ (~) ~ D’ (~,, t), and

THEOREM 3.3.1. The operator Tl, given by (3.3.1), has the following
properties :

a) ’1’£ is an isomorphism from L; (I, t) onto.
and -  00.

b) If t is real, T~ is an isomorphism from 49 (2, t) onto .

NOTE : The theorem, roughly speaking, says that if the characteristic

f of a homogeneous distribution F belongs to then the characteristic

of belongs to L;-Ret .
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PROOF. The definition of I" and of D’ shows that T~ t is conti-

nuous, one to-one and onto from D’ (Ã., t) to D’ (I, t), and also that its inverse
is 

(i) Let us assume t = 2l (l = 0, 1, 2, ... , etc.). In this case At = - d~
is a derivation so the values of At (rl f) in an arbitray open set Q depend
only on the values of rlf in D. Hence we need only to show (by Proposi-
position 1.3.2) that, if belongs to 

if and only if belongs to Zp. But this was proved in Corollary 2.3.6.
So we have proved that T~ i is an isomorphism from L§ (1, 2~) onto 2l).
This implies that the inverse is also an isomorphism from Z~(~2~)
onto Z~(~2~).

(ii) Let us assume that 0, Re t ~ 0, s &#x3E; k, and 1  p  rxJ.

and P _--_ 1 in a neighborhood of Zk-1 - We consi-

der a partition of unity by positive C°° radial functions ø 1 , such

that

1) ~2 ~x~ = 1 on and vanishes in and

II) 03 (x) == 0 in a neighborhood of I x  1 1 and =1 in |x| &#x3E;4

&#x3E; 1 1 and 0 3 = k2 where k satisfies the same conditions of p 3 y2 3

Let where i ==== 1~ 3. We want to show that 
=1, 2, 3) belongs to 

r: 
if and only if belongs to L~, ,

has support contained in I x I 1 , 2 hence, ~ by Corollary 2.2.5
it follows that = ~1 belongs to C7.

belongs to if and only if . In

fact we may write where S* is the convolution whith a

bounded C°° function. Hence

if and only if and this, by Corollary 2.2.7, is equi-
I ~

valent to the condition in a neighborhood of
locally.

c) We will finally prove that, under our hypothesis, 
belongs to C7 . To do so, we consider an arbitrary distribution T with sup-

port in . Then,
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(since ~3 = k2). By Corollary ~.2.õ Ie At P 7: E cS1 and, by Corollary 2.2.4 b),
k r~ f belongs to Loo. Hence (3.3.2) is bounded, 7 so ’belongs to

the dual of C’ i. e., it is a C°° function in

It follows that T/ is an isomorphism from onto if

Re 1  07 s j k and t ] 0 (1  p  oo), Hence its inverse T~ tt will also

be an isomorphisme.
By the same reasoning, if t is real, we obtain the same conclusion also

for p = 1 and p = oo. Summing up our results, we have proved that the
theorem holds if Re 1  0 and t is arbitrary (t real if p == 1 or oo), or if

t is an even integer and I is arbitrary.

Taking n such that 1 = 2 n (Re fl  0) and subtracting, if neces-

sary, a finite number of terms from the expansion of f in spherical harmonics
to make sure that the expressions are defined, we may write

and the theorem follows.
THEOREM: 3.3.2. a complex number

# 0,1, 2, ..., etc. If 1  p ~ 00 and

then

a) g E (2’) if and only if f* == ~ (2013 ~ anm Yn1n belongs to L~.
b~ If À. = 0, 1, ..., n, ... conclusion a) is still true but with g given by

where P_i-k(D) is a homogeneous polynomial of degree - 2 -k (cfr. Theo-
rem (3.1,1).

c) If p = 1 or p = oo a) and b) hold provided that I is real.

PROOF. Clearly it is enough to prove the relations for the inverse Fou.
rier transform - instead of the Fourier transform ^. By (3.2.3),

Dropping, if necessary, a finite number of terms in the expansion off,
we may assume that f E D’ (- 1 -i- ~/2). Then,

From this and Theorem 3.3.1 the conclusions follow.
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In the case k = 2, Theorem 3.3.2 can be improved in the following way.

THEOREM 3.3.3. If lc = 2 and f and g are related by (3.3.3) or (3.3.3’),
then

if and only if.)
b) If A is real and f is even, conclusion a) holds also for p = 1

or 

We begin with the following lemmas.

LEMMA 3.3.4. If k = 2 and f is an even function in .
the J’* also belongs to Zp .

PROOF. Let cos 2nO + b2,1 sin 2nO,). It is clear that f defined by

belongs to .Lp, 1 i. e., f = ~ cos nO + b2n sin nO) E Lp .
The the odd and the even part o f belongs to Zp . So,

and

belong to L, , y and hence ,

LEMMA 3.3.5. If k = 2 and f is odd, let g be given by

Then, E L8 if and only if d gEL; .’f p y d8g

PROOF. It is known (cfr. Neri [2], p. 110) that if f is continuous g
is given by

+2+e
g 1°) ni -f t dt.2

Consequently, From

the continuity of the Fourier transform and the derivative the lemma

follows.

1U. Annali dedia Scuola Norm Sup. di Pisa.
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In particular,

PROOF OF THEOREM 3.3.3. We first remark that the following rela-
tions are equivalent.

Assume first that is even. Dropping, if necessary, a fillite number
of terms of the expansion of f, we may assume that s). By
Theorem 3.3.1, there is an such that:

By Lemma 3.3.4, and then, by (3.3.4) and (3.3.5),

Using Theorem 3.3.1 we see that , Theorem 3.3.2 if g is given
by (3.3.3) on (3.3.3’), then g E 

If f is odd, we will prove the relation for the inverse Fourier transform
N 

instead of the Fourier transform ^. We have,

By Lemma 3.3.5 and Theorem 3.3.1, the characteristic of d~+2 (r-2,~’ ) ^ will

belong to 1 p  00. 11

REMARK 3 3.5. We may now give a different proof Theorem 3.24. In

fact in fact if f E L2 (~) dropping a finite number of terms in the expansion
off in spherical harmonics (if necessary) we may assume the existence

of h E L2 (~) such that

If h E L (Z) it is obvious that h~‘ E L2 (~). From (3.3.7) we obtain

but then Theorem 3.3.1 implies and the conclusion follows by
Theorem 3.3.2. ’
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3.4. A Counterexample. 
’

We prove in this section that we cannot give necessary and sufficient
conditions in terms of the space Lp for the singular convolution

to be continuous on L2 (§k).
In facf (3.4.1) is continuous in L 2 if and only if (r-k f) A 

Let L be the space of such that (3.4.1) is L2 continuous, and

suppose that for some p and some s. By Theorem 3.3.2 the linear

mapping T ~ : f --~ f ~ defines un isomorphism from g onto .L~k~2. This im-

plies that g cannot be reflexive and cannot be separable, i. e., ~I = 

The proof of Thearem 3.3.3 shows that T* should define an isomorphism
from Lm onto Lco. However, the following example shows that T* is not

such an isomorphism.
Let us consider on ~2 the function defined by :

where we take the principal branch of Lg. It is clear that in z ~ 0, f is

continuous. Furthermore f (x, y, z) depends only on z, if x2 + y2 + z2 ---1.
In fact, if = y, y sin 0 -~- x cos 0 = Vx2 + y2 cos (0 - arc tg a).

Our goal now is to show that lim f (,x, y, z) exists. Since we have ob-

served that f is indipendent of y we assume y = 0, i. e.,

When z --~ 0, y the integrand tends uniformy on compact subsets of

] 0, a [ , ~ ~, 2~ [ to .Lg (1- cos 0) whose integral is 2 n lg (1/2) (cfr. Handbook’
of Mathematical Tables and Formulas, Buriogtan integral # 403). 

We recall that if and are given by:
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then Pnj (x, y, z) Qnj (x, y, z) form a base of the space of the spherical
harmonics of degree n (cfr. HorvAth [l~).

From this and the expansion

we obtain

and

It is clear from (3.4-4) that when z - -- 1, , j’* is not bounded.
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