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MANIFOLDS OF THE HOMOTOPY TYPE
OF A BOUQUET OF SPHERES

By D. D. J. HAooN

1. Introduction.

This note is concerned with manifolds homotopy equivalent to v S; (a
bouquet of spheres of varying dimensions). In this connection a useful con-
cept is that of thickening which is a homotopy generalization of the idea
of regular neighbourhood. The reader is referred to [7] for definitions in the
general case. Here we shall be concerned with the specific problem of
describing the set of -thickenings of v §; and it will be convenient to adopt
a definition of thickening that differs slightly from that to be found in [6]
(see § 2).

In [3] Haefliger classified thickenings of (simply-connected) bouquets
of spheres subject to certain dimensional restrictions. Our purpose here is
to improve on Haefliger’s result in the piecewise-linear case and deal with
the non-simply-connected case, reducing it to the problem of classifying
concordance classes of embeddings of a number of solid tori in a certain
manifold, as follows.

Denote by P the solid n-pretzel i.e. an n-ball with a finite number
of 1-handles attached orientably. Then the classification of thickenings is
reduced to the classification of concordance classes of embeddings of the
disjoint union of solid tori in §P, which is a simpler question. For istance,
if the bouquet in question is simply-connected then 6P is a sphere and
the problem is now to classify concordance classes of embeddings of solid
tori in a sphere. See [3]. If, on the other hand, the bouquet consists of a
circle and a sphere we need to look at knots of a solid torus in S'>< 87 (¢
being dim P — 2).

Suppose f:v 8;— W is a homotopy equivalence (and hence a simple
homotopy equivalence since the Whitehead group of a free group is trivial).
If f is homotopic to a piecewise linear embedding g:v S8;— W proceed as
follows. Take a regular neighbourhood N of gv §; in Int W, the interior of
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W (if g v S; meets 9 W isotop it into Int W ). N is homeomorphic to W, for
by the s-cobordism theorem [1], W-Int N is homeomorphic to éN < [0, 1].
We thus obtain a handlebody decomposition of W suffixed by the cell
structure of v §;.

In general, however, there exist homotopy equivalences f:v S;— W
which are nof homotopic to an embedding and consequently the above pro-
cedure cannot be followed. But a theorem of Stallings [5] allows us to
factor f:v8;— W up to homotopy through a simple homotopy equivalence
S’ :v8;— N where N is a p, - 1.dimensional polyhedron in W. We seek
a simple description of N in terms of v S; which will (as in the case when
f is an embedding) provide a handlebody decomposition of W suffixed by
the cell structure of v 8;. In fact it will be shown (§ 3) that, if f:v8;i— W
is a homotopy equivalence, W may be expressed as P plus handles of
index two or more and that handles of sufficiently large index are attached
disjointly i.e. after a certain point in the construction of W the order in
which handles are subsequently attached is immaterial.

2. The main theorem.

Throughout we restrict ourselves to the piecewise linear (PL) cate-
gory [7].

Write y §; for the disjoint union S, u, ..., U Sy of spheres §,,..., Sy of
dimensions p,,..,p, subject to the condition 1<p,<,..,<<p,. Let
* = (%,..,%) be a point of 8, ><,.., < Sy. Then v &= 8, v,..,v 8y is
the subpolyhedron

(8 >< [#} >< yerey X (K] Uy e y U (] <y ey XX {3} XX Sw) Of 8, <,.00y X Sy

Let m:y 8;— v 8; be the obvious identification map. If we write v .§; in
the form S'v,..,v8'v 8 v,..,v 8y it is understeod that p, = 2.

Now let M be a compact, connected, oriented manifold with nonempty
boundary M and such that

(1) dim M > Max (6, dim y S; 4 3)
(2) dMc M induces an isomorphism of fundamental groups.

We will be considering pairs (M,f), M as above and f:uyS;— M
homotopic to g o = where g:v 8;— M is a homotopy equivalence. We call
such a pair (M, f) a thickening.
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REMARKS (1). Since M is assumed connected any map f:US;— M
factors up to homotopy through m:y 8;— v ;.

(2) Suppose f:uy S;— M factors up to homotopy through a homotopy
equivalence g:8;— M. Let ¢’ :v 8;— M be any other homotopy factoriza-
tion. Then ¢’ is also a homotopy equivalence.

(3) If 8,,..., Sy are all circles then all thickenings (M, f) are equiva-
lent in the sense below.
(M, f) and (M’,f’) are said to be equivalent if M M’ are homeomorphic
and the homeomorphism H can be chosen to preserve all the data i. e..
(¢) H is orientation-preserving
(b) the diagram homotopy commutes.

M

USi/ H
x

MI

REMARE. In the simply-connected case (p, = 2) these definitions coincide
with those of Haefliger [3].

Let P be the manifold defined in the introduction. That is a ball plus
1-handles. Let dim P =gq where ¢ =p, + 3 and p, = 2. Any inessential

N
orientation-preserving embedding h: U 84" < 4" Fi — §P determines an
1

oriented manifold of the homotopy type of a bouquet of spheres. The
manifold is P plus handles A% >< A?7% attached by means of the given em-
bedding. Since the embedding » was assumed inessential we obtain a well-
defined homotopy class of maps f:uy S;—> P + handles. It is easily seen
that this f is in fact a thickening.

REMARK. The restriction that h be inessential is only a restriction
if p, = 2, since #;(P)=0 for ¢ > 1.

Suppose h, k are concordant embeddings. It is an immediate consequence
of the concordance extension theorem [4] that the two thickenings defined
by k and k are equivalent.

Thus there is defined a function @ from the set of concordance classes
of embeddings of solid tori in 4P to the set of equivalence classes of
thickenings of VS§;.

Here is the main result of this note.

THEOREM. If, for the bouquet 8! v..v Slv 8, v..v Sy, dim P=¢>
= Max (6, p,, + 3) then
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(1) @ is surjective if 2p, —q -+ 1 <p,
(3) @ is injective if 2p, —q¢+2<p,.

The proof is deferred to section 3.

3. The factorization lemma.

In this section it will be shown that any thickening f:u Si— W
factors up to homotopy through a homotopy equivalence g :v 8;—> N where
N is a subpolyhedron of Int W with special properties. But first some
notation. Write X for v §; and filter X by x = X, c, ..., € Xy =X where
Xi=28,v,..,v 8 and » is the base point of X. Let f; = f|S;. Finally, de-
note by 3f the singular set of f i.e. the closure of the set {x € X |f~! fo== x|

LeMMA 1. (factorization lemma) Let f: X — Int W be a thickening (or
more accurately let f o n be one). Suppose that f is nondegenerate and that
for k=1,..,N, dim 3fn 8, <p, 4 p,—q. Then there exist polyhedra
Y,cY,c,..,cYyin Int W such that

1) S| Xx— Y, uf 8 is a homotopy equivalence
(2) Y11 collapses to Yru f8:

(3) dm Y, nf8, ., <p,+pyr—q (i>0)

4) Zrn8, cf~1Y, and the latter collapses to «.

REMARK 1. If the first few S; of X have small enough dimension then
f embeds them (by the general position hypotheses on f) and the first
few Y; are defined by Y;=f X; , satisfying conditions (1), ..., (4).

REMARK 2. Lemma 1 yields a minimal handlebody decomposition for
W as follows. Define inductively handlebodies H; in Int W(k=1,..,N)
by first triangulating f: X— W so that Y,,..., Yy appear as subcom-
plexes (to be denoted by the same symbols). Take the barycentric second-
derived suddivisions of X, W. f remains simplicial being non-degenerate.
Define Hy = N* (Y Uf8;; W), the simplicial neighbourhood of Y; ufS; in
the second-derived subdivision of W. Then Hjy, is H; plus a handle. For
(Y41 U fSpqr) — Int N2 (Yyy; W) = fSe41 — Int N2 (Y413 W) and the lat-
ter is a pyy; — disk in Int W that meets N? (X415 W) in its boundary.
This follows from condition (4).

And Hipqy — Int N2 (Y5 W) is a ball meeting N? (Yxy1; W) in
N2(fSi41; W)N8N?(Yiy1; W) which is a solid torus. By regular neighbo-
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uhoods theory, H;y, is homeomorphic to
Nz(Yk_H; W) u AT 5 AP
L4

where y:94 X 4—> §N?(Ypyy; W) is an embedding. But by condition (2)
Yi41 collapses to Y UfS,and so N2(Yi4a1; W)and Hy = N2 (X, UfS,; W)
are homeomorphic. Therefore H;., is Hjplus a handle and we obtain a
handlebody decomposition of Hy (and hence of W) suffixed by the cell
structure of X. Furthermore, (1) implies that the thickening f: X — W is
fillered by a series of thickenings f|X; — N2(Yr ufSi; W).

As observed in the introduction, it is possible (under certain dimen-
sional restrictions) to find a handlebody decomposition of W in which
the handles are attached independently of one another after a certain stage.
To show this we need a modification of the factorization lemma.

LeMMA 2. Let f satisfy the hypothesis of lemma 1. Suppose, in ad-
dition, that py; =2py— q + 2 for some k(1 <<k < N), and that Y,,..
..., Y have been found satisfying conditions (1) through (4) of Lemma 1.
Then there exists a polyhedron Y in Int W such that

(@) Y collapses to Y U S,

b) f: X— YUfX is a homotopy equivalence
(0 Zfcf1Y

(&) fk_+1i Y collapses to = for all + > 0.

REMARK. As before we have a handlebody decomposition of W. Trian-
gulate f: X — W so that Y,,..,Y;, Y are subcomplexes of W. Define

Hj= N*(Y;Uf8; W 0<j<k
and
H=N*(YVUfX; W)

Then the handles N?(fS;; W) — Int N*(Y; W) are attached independently
to N2(Y; W) i.e. N2(fS;; W)n oN?(Y; W) are disjoint solid tori (¥ + 1 <<
< j<< N). For, by (¢) of Lemma 2, f embeds

N
j_l7cl+1ij—Int N2(Y; W), and S;— f~! Int N2(Y; W)

7
=S,-—IntN2(fj—1Y; W)
= §; minus the interior of a ball, by (d)

=aball, (j=k41,..,N);
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and the ball fS;— Int N?(Y; W) meets NZ?(Y; W) in its boundary only,
by (¢). Thus N2?(Y; W)UfX is N?(Y; W) plus balls f8;— Int N?(Y; W)
attached disjointly to §N?(Y; W). This completes the proof that H is H,
plus disjointly attached handles.

To prove Lemma 1 and 2 we will need some general position and
engulfing lemmas.

DEFiNITION. If Y, Y, Z are polyhedra in the manifold M and Y,c Y,
then Y — XY is said to be in general position with respect to Z if dim (¥ —
—Y)nZ<dim Y — Y,+ dim Z— dim M.

DEFINITION. If Y is a polyhedron and M a manifold, a map f: Y —> M
is in general position if

(1) f is non-degenerate °
(2) dim 3f<<2 dim Y — dim M.

CoroLLARY TO THEOREM 15 [7]. If ¥,,Y,A,,..., A, are polyhedra
in a manifold M with ¥Y)c Y and Y — Y,c int M, then there exists a
homeomorphism h: M — M such that

(1) k| Y,V 6 M = Identity
(2) h (Y — Y,) is in general position with respect to 4,,.., 4,.

Proor. By induction on dim 4, VY, ..,UA4,.

CorROLLARY TO THEOREM 18 [7]. Let f:Y —Int M be a map and
Y, a subpolyhedron of Y. Suppose f|Y, is in general position. Then f is
homotopic to g, a map in general position, by an arbitrarily small homo-
topy that keeps Y, fixed.

LEvmA 3. If f: X — M, X a sphere-bouquet, M a manifold, then f is
homotopic to g: X —> Int M where g is in general position and dim Sgn
N8 < dim S; 4+ dim X — dim M(k=1,..., N).

PRrOOF. First homotop fX into Int M and then use induction on N,
the number of spheres in the bouquet. If N =1 apply the second corol-
lary above. If not, the inductive step is proved by homotoping f|Sy into
general position keeping f+ fixed and then applying the first corollary to
minimize the dimension of fSyN fXy_, by putting f(Sy— %) into general
position with respect to fXy_, keeping f» fixed.

To state the engulfing lemmas we need



homotopy type of a bouquet of spheres 709

DEFINITION. A subpolyhedron C of a manifold M is called a k-spine
of M if the pair M, Cis k-connected.

DEFINITION. A polyhedron is called t-collapsible if it can be collopsed
to a polyhedron of dimension not greater than ¢. The following lemma is
a special case of Theorem 21 [7]

LEMMA 4 (Zeeman). Let € be an m-3-collapsible k-spine of the mani-
fold M (dim M being m), Y a polyhedron in M and

dim YNogM < dim Y <<k<m— 3.

Then Y may be engulfed from C relative to M i. e. there exists C+ in M
such that CUY c 0+, (CUY)N oM = C+tnoM, Ot collapses to C, and
dim ¢+ — 0<dim Y4 1.

ADDENDUM TO LEMMA 4. Suppose that 4,,.., A4, are polyhedra in
M. By the corollary to Theorem 15 we may insist that C+ — (0N Y) be
in general position with respect to A, ,..,4,.

LeMMA 5. Let O be an m-3-collapsible k-spine of M and D a g-3-col-
lapsible k -+ 1-spine of @ and let f:M, C— Q,D be non-degenerate and
proper (i.e. f~19Q = §f~1 Q). Suppose that dim (f!D — O)=or <<k <<m —
— 3 << q— 6 and that gM n(f—!'D — () is empty.

Then there exist polyhedra C+c M, Dt < @ such that

(4) O+ =f-1Dt (ie. dim f—1D+ — C+<C0)
(B) C*noM=0NoM; D+noQ =DnNaQ

(C) Ot collapses to C; Dt collapses to D

(D) dim O+ —C<x-+1; dim Dt —D<x -+ 2.

If, further, A4,,.., A, c @ are polyhedra in general position with re-
spect to fM, then Ct, D+ may be chosen to satisfy (4),..,(D) and the

extra condition
(B) D — D is in general position with respect to 4,,..., 4.

PROOF. The proof resembles that of Lemma 63 [7). We will define
inductively polyhedra C; c M, D; c @ such that

(@) fC;c D; and dim f1D;— Ci<x —1.
(b) O; collapses to C; D; collapses to D.
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() C:N oM =CnM; Din§Q =DnaeQ.
(d) dim 0¢——0,_1gw+2—@; dim D,—D,_lg.’lf—i—?)——-i.

(e) D;— D;_, is in general position with respect to 4,,.., 4,.

The induction starts with C;= C, D;=D (i<<0) and finishes with
i = + 1 because then dim f—!D;— C; << 0. Condition (E) will be satisfied
because D+ — D = '_lzjo (Diy1 — D;) and each D;,, — D; is in general position
with respect to A4, ,..., 4,.

The inductive step (i = ().

Assume that C;, D; have been chosen satisfying (a),...,(e) for j <.

By (¢) dim f!D;— C;<<ox — 1.

By () C; is an m — 3-collapsible k-spine of M (since C is).

So by Lemma 4 there exists (i, ¢ M such that Ciy, collapses to C;,
f—ID,‘ c 0i+1; oMn C,;+1 = aMnf*lD,-, dim 0,'+1 — i<z + 1—4 and
Ciyqy — f1D; is in general position with respect to f—1A4,,..,f! A,. This
implies that dim fCi}; — Di<< dim f(Cipy — C;)<<x 4+ 1 —i; also that
oMn Ol'-l-l = aMﬂ O,U aMnf_lD;. But

oMNf—1D;=
=/ "1(0Q0 D) (f is proper)
=f"1(6Qn D) (by (e))

=oMNnf-1D

=8Mn O (by initial hypothesis).

By (b) D; is a q — 3-collapsible %k -} 1-spine of ¢. So by Lemma 4,
there exists D; ;< @ such that D;, collapses to D;, fCiy;c Dit1, dim Dyy; —
—Di<x+2—1,00N0 Dy =0QN(D;u fCiyq) and Diyy — (Dsu fCigq) is
in general position with respect to fM,A,,..,A,. This implies that
dim f_'l Di+1 — Uit < dim ff—l Di+1 - f0i+1 = dim an (D.'+1 — f0i+1) =
=dim fM N Dy — (fCGa D) <z + 2 —1i—3. Also we have that
89N Dy, =dQN D;udQn fC;yy. But QN fCiy = f(OMN Ciyy) = f(6MN C)c
céQn D.SodQ N Dy =0¢Nn D. We have thus defined Ciy,, Diy, satisfying
(@) ooy (d). TheLk also satisfk (e); for, D;y; — (f Ciyq u D)) is in general po-
sition with respect to A,,..,4,; and fCyy — Di=f(Ciy1 — f~1 D)) is in
general position with respect to 4,,..., 4, since 4,,..., A, are (by hypo-
thesis) in general position with respect to fM and C;y; — f~! D; was chosen
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to be in general position with respect to f—! A,,...,f! A,. This completes
the proof of the inductive step and hence of lemma 5.

PrROOF OF LEMMA 1. Let us write Zy = Y, Uf§,. Construct Y, (and
hence Z;) inductively starting with ¥, = Z, = fX, = f*. Suppose that we
have found Y,,..., ¥, satisfying conditions (1),...,(4). By lemma 4 and
the fact that dim X fN Spy; << pri1 — 3 there exists Cryyr in Spy, such that
21N 8kp1c Cryrs Crya collapses tox, and dim Gy <1 4 py + Pry1 — ¢.
Now Z; is a ppyy — 1-spine of Int W and 14 py 4 pry1 — ¢ < Prp1 — 2.
Therefore by lemma 4 there exists Diy; in Int W such that fCryic Dyyq,
_Dk+1 collapses to Zy, dim Dk_|_1 —_—L << 2 + PN +_pk+1 —9q and —ch+1 —
— (Z%x U fCr4a) is in general position with respect to fSyyi,..,fSy. This
and condition (3) imply that for ¢ > 1

PN+ Prp1 — Q@ =
= dim 8y 0 [Digy — (Z U fCry1) U Zi U fOrp]
= d1mek+. n D"+1 .

NOWfk_H : Sk+1, 0k+1 —> W, Dk+1 s 0k+1 is a Pr+1 — 2-spine of Slc-l—l y Dk+1 is a
Pr+1 — 1-8pine of Int W and dim f;:,_ll Diy1 — Crpa <pyv + Pry1—4q. So,
by lemma 5, there exists Yy, in Int W such that Y3, collapses to Dy,
fit1 Ya_s collapses toxand dim fSipi N (Yeqyy — Dir1) < pv -+ Prpr — ¢
(1, > 1). It follows that dim fSk_H n Yk+1 < Pwr +pk+1 -—q (’& > 1). Thus Yk+1
is defined and satisfies (2) (3) and (4).

The proof of the induction step will be complete once it has been shown
that f| Xpq1 — Zp4, is a homotopy equivalence. First triangulate f: X — W
and pass to the barycentric second derived triangulations of X, W. f re-
mains simplicial.

We showed that fiy; Yiy, collapsed to x. Thus N2 (fiyy Yieps; Set1) =
= fit1 N2 (Yiy1; W) is a ball.

Further, Zf N Skt1 € fizh Yiqyr and 80 fiy; maps

Sig1 — Int N2 (fizh Yirs; Sita)

homeomorphically onto Zi; — Int N? (Y, ; W)
To prove that f| Xj41—> Zr4; is a homotopy equivalence, we show that
(*) f| Xrg1—> N2 (Yiq15; W)U fSk4:1 is a homotopy equivalence.
(%%) N? (Ygt13; W)U S8kt collapses to Yiy; U fSiq.
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Composing (**) with (*), we obtain a homotopy equivalence :

7l
Xip1 —— N? (Yieq15 W)U fSt1 D Yag1 USSktr

PROOF OF (x). f maps the pair Xit;, Xz U N2 (fiiy Yit1; Skty) into the
pair fSua U N2 (Yeyy; W), N2 (Yiyr; W)

S| Xx—> N?(Yiqq; W) is a homotopy equivalence because f| X, — Z; is
one and N?(Yiy1; W) collapses to Z; via Yiy;.

Let us write U( ) for «universal cover of ». All spaces to which
U( ) is applied will have isomorphic fundamental groups for [by Remark (1)
following Lemma 1] p;4; may be assumed to be greater than one. There-
fore the map f|Xzy; induces homology excision isomorphisms between
H, (U (Xep), U(X U N2 (figs Yiqr5 Seq)) and

Hy, (U(fSk41U N2 (Yiya; W), UN?(Yaqa; W)

So, by the 5-Lemma and Whitehead’s theorem, the map fX;11—N? (¥iy,; W)U
U f8k+1 induces isomorphisms of homotopy groups in all dimensions and is
thus a homotopy equivalence.

PROOF OF (#+). N2(Yry;; W) UfSey1 collapses to Yiy; UfSky1 because
we may factor the collapse from N2 (X413 W) to Xiyy through Y u
UN? (X410 fSkt1;/8+1). This proves (#x) and completes the proof of
Lemma 1.

PROOF OF LEMMA 2. Suppose polyhedra Y, ..., X¥; have been found
satisfying conditions (1),...,(4) of Lemma 1. Recall that for ¢>0 dim
Zf0 Sy < v+ Prri — ¢ and dim figs Zy <<py +pr—¢. So by Lemma 4
there exists € in S¢41 U ,...,U Sy such that (X fU f~1Z)n (Sk4+1U,...,U Sy) € O,
C collapses tosand dim 0N S <<pyv+pr4i— g+ 1. Now Z; is a
Pi+1 — 1-spine of Int W and by hypothesis 14 2py — q<<pry; — 1.
Therefore by Lemma 4 there exists D such that fC ¢ D, D collapses to
Zy dim D — Z, << 2+ 2py —q and D — (fCuy Z;) is in general position
with respect t0 fSit1, ..., Sn.

Then

dim f,,—.*,l.- D — (0N Siyi) = dim f Sy N (d — (f C U Z)

Sptit+2+20y—9—4¢
< Prt1— 3.
Now ON 8 i4: is a (collapsible) piy1 — 2-8pine of Spy; and D is a pry1 —
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— 1-spine of Int W and so there exists ¥ in Int W such that Y col-
lapses to Z, Sfcf 'Y, and fiji Y collapses tos(i > 0). The proof of
lemma 2 is completed by showing that (as in lemma 1) f:X—> YufJX is
a homotopy equivalence. '

It remains to prove the theorem of § 2.

PROOF OF THEOREM. (1) Surjectivity of @. If f: X — W is a thickening,
homotop f into general position in the sense of lemma 3 and use lemma 2
to obtain a manifold W, in Int W such that fX cInt W and f: X — W,
is a thickening representing an element in the image of &. See Remark
after lemma 2. The 8 cobordism theorem provides us with an equivalence
between the thickenings f: X— W, and f: X— W and so @ is surjective.

(2) Injectivity of &@. Consider the special case X = S'v,..,v 8!v §7;
the proof for more spheres is similar.

Let » be the barycenter of the simplex 4. Let h,, k, be two embeddings
of the solid torus ¢ 4 < 4 in §P(diméAd=p —1 and dimg 4 <X 4=dimoP).
Let the handlebody corresponding to h; be H (k) = PH A< A4(t=0,1). Let

6;: 44— H (k) and p;: P— H(h;) be the associated embeddings (thus
p7loi=hie. Mx€Ed 43X 4, 8 =p;h;x). Suppose that hyh, determine
equivalent thickenings (the equivalence being a homeomorphism & : H (k) —
—> H (hy). Then a relative version of the proof of surjectivity shows thatb
there exist embeddings

o: 4 4><[01]— H(hy) < [01]
f:P < [01]— H(hy) ><[01] such that
1) o (@, 0) = (8, x, 0)
a(x,1)= (G, 1)
B (x, 0) = (p, «, 0)
and
BPx {1} =@Gp, Px< {1}

2) o 1Im B =248d4x4>[0,1].

Thus we have a concordance a—1 o f| 9 4 < 4 < [01]— g P < [0,1] between
hy and 1o h, where 1: P—> P is a gelf equivalence (i. e. an orientation —
preserving homeomorphism homotopic to the identity). We need to show
that A o b, and h, are concordant.

9. Annali della Scuola Norm. Sup. - Pisa.
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First we choose A of a special type. Let I' =[—1, 4+ 1] and I* = I'
X< o X It <« R*. Then if ¢ =3 we take P?== P3 > J9-3. P = BUH is the
union of a 3-ball B and disjointly-attached 1-handles.

Let C be the union of the set of cores of these handles. Then the
reader may verify the following.

PROPOSITION. Any self-equivalence A: P3 < I* —s P3 >< I* ig concordant
to one of the form x < Id, where u|BU ¢ =1Id. As for h,, we may clearly
assume that Im h, lies in Int P? < {— 1} ¢ 8 (P2 < I'!). It will suffice then
to prove the following.

LeEMMA. If 1: P?2— P? is a self-equivalence and 37 c Int P a sphere
(p << q— 3) then 4 is concordant to A where A’ fixes (pointwise) a neighbour-
hood of 2 in P.

PRrooO¥. By the proposition above choose 4 = > Id, with x| By C = Id.
Thus 4| B <X I8y O < I3 =1d. The result of [2] is easily generalized
to show that X can be compressed (by an ambient isotopy) into B < I1—3 y
U 0 < I7—3 [the intersection of X with C >< I?~® being a set of disjoint
cylinders (= homeomorphs of 8§71 [01]). Thus 1 fixes 3. It remains to
show that after an isotopy 1 fixes not only X but some neighbourhood of
2 in P.

Let P be the universal cover of P with covering projection n:P— P
Since 3 is inessential in P choose a connected component 3 of a1 3 ; thus
z, 3 are homeomorphic via n. Furthermore, in a neighbourhood of ZA", 7 is
(1-1). Let 71: P—s P be the lift of 1 that fixes 3 pointwise i.e. = od=1hon
and 7 | S=1Id.

Since A|B < I?3=1d there is a ¢-ball B in P with TR=R and
S cntR.

It follows from Lemma 59 of [7] that 1 is isotopic (fixing 5 to A: P —
—> P that fixes R pointwise. Projecting down by s we see that there is an
ambient isotopy of P that takes A to A’ where A’ is the inclusion in a
neighbourhood of 3. This completes the proof of the lemma and hence of
the theorem.
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