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A PRIORI ESTIMATES FOR HYPOELLIPTIO
DIFFERENTIAL EQUATIONS IN A HALF-SPACE

by LEIF ARKERYD

0. Introduction.

Our aim is to show that every distribution solution w of a formally
hypoelliptic partial differential equation

Au=f in R,
satisfying Dirichlet’s boundary conditions
Div=0,j=0,..,1 on R™!,

does belong to 0=, if f does. In analogy with the elliptic case (cf. Arkeryd
[1]), it is natural to try to obtain & priori estimates

(0.1) N{ (v) << GNg (9{") + Ns (w)

with suitable norms N,, N,, N3, with in particular N; « weaker » than N, .
These estimates are proved in two steps:

1°. The inequality (0.1) is established for operators with constant coef-
ficients.

29, For operators
A=A+ Za;Q;,

where 4 and ; have constant coefficients, ¢); is weaker that A and a;€ C=,
the inequality (0.1) can be obtained from the constant coefficient case 1° if

N, (a(b)j.u) < Csup|a|N,(u) 4+ C'Ny(u).

Pervenuto alla Redazione il 26 Marzo 196X,
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In Peetre [8] (see also Schechter [9] and Matsuzawa [7))
112
N, (u) = (f| u [? da:)
B}

is considered, but then (0.1) is not true for all formally hypoelliptic opera-
tors ; the second step does not always work. Here we use instead

—1>pe o |12
N2(1¢)=inf(f|A_. o] d:v) ,
F"'

if A= A, - A_ is the «canonical » decomposition of 4, with inf taken over
all wes ’(R"), satisfying %=uin R%. In the same way we take

. ~ 1/2
N, (v) = inf’(fl A ul? d.v) .

R®

Then step 1° is immediate (cf. [8), [11]) and the main difficulty is to prove
2%, This can be done by use of a commutator lemma analogous to Friedrich’s
lemma, which follows from the basic estimate

[0A_

GE|=elal i ser # =0
| »

Let us mention that Hormander [4] has proved a regularity theorem for
operators with constant coefficients and general boundary conditions. He
does not, however, use a priori estimates, but explicit formulas for the cor-
responding Green and Poisson kernels.

The plan of the paper is as follows. Section 1 contains some prelimi-
naries concerning the distribution spaces involved. Section 2 contains the
proof of the basic estimate of the Friedrich’s type mentioned above. In Sec-
" tion 3 and Section 4 the applications to differential equations are given.
Since they are rather routine, we have cut down the exposition to a minimum.

1. Spaces Hi . and HS , -

The Fourier transform of an element f in one of the Schwartz classes
8 or 8’ (see [10]) is denoted by Ff, the inverse transform by Ff, FFf = f-
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We take formally

Ewa=erﬂmm
R"
and use the notation
P (D) f= FPFY,

where P is a function on R". The following functions will often be used;

n 1/2
P = A4 =¢ +i(l +2z§;)> ,

n 12
Pe=4,6=(1+3g)

8 5
9T, " o,

A=AD)=AD,,D)y=Za, D*, D*=(31)"
we denote a hypoelliptic differential operator with constant coefficients and
write

m+ m__
(1L1) A@=A4¢,8=all &—of ENIE, — o (&) = ady A

1
with @ = a, ..., . Here m__ is' the number of roots g;*' with positive and m_
the number of roots g; with negative imaginary part. We require, that A

satisfies the root condition, i.e. that m, and m_ are independent of & for
| & | = M. It is no restriction to take a =1. We set

| A (@) i [ &= M,
(1.2) By =«
L mim®if & | < M,

where the value of M, == M will be defined in Section 2. The following
norms are used ;

1/2 ~
hll = ( freweaz)™ il = 2@l el = ine 3,

Rn
where inf is taken over all v €8”. whose restrictions to

Ry =|{z;2, > 0}
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are equal to », and such that
P(D)we L2,

The notation u is used below in this sense. Particular norms of this type are

+ +

P, o=l
+ +

i| v “1;:',a =|un “A: B
+ +

” % ”r, s ” % I A'-A': *

The corresponding spaces are denoted by

+

+ +
HB+'x, HB:l’x and H.-,..

The space corresponding to | - |lp is denoted by Hp. Paley-Wiener’s
theorem gives

1/2

(1.3) I u||;:+,.:(fAf'(|| Fou(, &5 e ) dE’) :

1/2
(1.4) uwku%[ﬁmnmumﬂm@mﬂ.

The local spaces (cf. 2.5 in [4])

+ loc + loc + loc
(HB+.-) y(Hp~t,) and (H,,)

correspond to the above spaces. About H,, we need the following fact,
which goes back to Hérmander and Lions [6].

TEMMA 1.1. Let ¢€ O (R%). Then
llev|de<<sup|e||[v]fs + K|l v [I§ oo

for all v€ Hof,, and with the constant K, independent of v.

Next we state some lemmas in H ,, .
1+
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LemMA 1.2, €7 is dense in H ,, .
U+

PrOOF: We prove in Section 2, that (2.4)

| B —B_(¢+mn|<CA+ g |B-(®],

for all & n€ R*. Here and below constants are written C and K, sometimes
with index. As the same inequality holds for By, it follows that

|ByE+n|<< ¢ 1+ |n|f?|ByL@)],

and consequently

| AL + ) BrE+ <0+ 9" 47 BL@)].
But from this inequality follows that C* is dense in H ,, . See [5]
14

Remark p. 36 and Theorem 2.2.1).
We now use Lemma 1.2 to approximate elements of H ,, with sup-
17+

port in a half-space.

LeMmA 1.3. Let 1¢EHA:B+, supp uc Ei Then w'is the limit in HA;B

of a sequence (u].)‘f of functions
u;€ Oy (R"), supp u; c R} .
ProoOF. Denote by 7, translation by h along the x,-axis. Then
8 2 3 2 2 12
l|1hu—-"”AaB+= | A7 By | e — 1" | Fu| dé) <
1
oo 2 s\ ihy
<o [|By . Fu d§) o™ 1wl
oz -

which can be made arbitrarily small by a suitable choice of = and h. As
the statement of the lemma is already established implicitly for z, by
Lemma 1.2, this ends the proof.

REMARK. In Lemma 1.3, B, can be replaced by B_' and 1.735. by

I}z=§w;xig0].
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By definition, that a function w ¢ H ,;: , has the boundary values
(1.5) Dig,2)=0, j=0,..,mp—1,

means, that there is a weH with

$
A)lf+

w=0 for z, <0, w=u for z, > 0.
Finally we need

LeMMA 1.4. A funetion u satistying (1.5) is in Hj, . if and only if it
18 in H"t*_;l—l and

w(r,,a’ + ') — u(x,,z’)
[ 2]

is bounded in 111}"+,,_.1 independently of A’ = (h,, ..., hy)
PRroo¥ : The proof is immediate if we notice that with
# = u for x‘>0,;7=0 for », <0,

there i8 a characterization of B+;7 in EA, by the same kind of difference
1

quotients.

2. A version of Friedrich’s lemma.

The derivation of the a priori inequality mentioned in Section 0, is
for m_ > 0 based on a commutator lemma analogous to Iriedrich’s lemma
(see e. g. [2]), which is established in this section. The proof depends on
a number of lemmas, for which we need the following estimates of hypoel-
liptic polynomials ;

| A2 (€)/A (&) | < Ca| |72l if SeR || =M,

—A/A<§)f_<_0|§|—° it |Im& < €' |&], &R, |&| =M,

[ Im g; (&) | > C"| & | if |&|=M
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for some ¢ > 0 and with A< (£) = D* A (£) (see Hormander [5]).
LEMMA 2.1. If £ belongs to the cylinder | &’ | = M, then for all »

L eA_ (&)
X — K| & |—b,
o /A (E)]s &

Here C is independent of & and ¢ > 6 > 0.

PROOF. As the coefficients of A_ (&) are analytic in |& | =M (see [3]

A_
p. 289-290), the derivatives 68 E

exist. Cauchy’s formula gives

oco+tie

64— (&) 1 9 N S .
0é, /A’(E)_'zm' f+,35~A(§‘—”5)A(Ei—r,é’)r’llzgmlmef >e> 0.

Take ¢ and p such that
1 1
¢c>1,—+—=1.
q ' + »

Then by (2.1) and with e = C’|&’|° we obtain

(==}

dA_ (&) lf ' Cdo
A_ (&< — - =
| ‘E’I—zﬂ_mdei—o*+|s'|>vto+w'|e'|v|
<C ~ do i - do \u»
’-2i<__f(lé.—o|+l£">°Q) (/ |o+w’|£’|”i") =
< K|& |-,

!

The next lemma compares A_(£) with A_(£4v) for small real 4. For technical
reasons, we only make that comparison in a cylinder

=M = 2M,
with M, so large that

|& <208 +n'|<4|&] if [n|<[&)]

This is the comstant M, mentioned in formula (1.2).
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LEMMA 2.2, Take & with |£/|= M, and |5 |<|&|®. Then
(2.2) [A_E+n)|<K’'|A_®) |,
(2.3) |A_(E+n—A_§]| < C|n| |70 A-(&),
wich K’ and C independent of & and 7.
PROOF. We write

A_(&+ 1)

g =19

1
= [ZuaZermEfactma
0 ! I

The integrand can be estimated by Lemma 2.1. The restrictions on 5 and
M, then give

1
‘ fmAI’ ¢+ tn) %A—(E+tn)dt‘g
J
0

1
éKf|§’|"|$’+t17’|*"dth2",
0

and so
| A_E+n|<|A_@)|ex*=K"1A ()]

The inequality (2.3) follows from

1
IA—($+'7)—A_(§>|=UZ j A_(E+tpdt | <

0
0&;

< K|n|n[|A-+m||t+m[ra<

<K|y|-aK’'|A_&|2|&[=C y||&|"]| 4]

The estimate that corresponds to (2.3) for 5| >|¢&" |*, is much more easily
obtained.
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LEMMA 23. If |&|=M,, |& + 9 |= M, and || =|¢&|*, then

[A_ &) —A_E+p|<Cly|1E 48]

where d is independent of & and 7.

ProoF. Under the given restrictions on & and %, for some a > 0 the
following inequalities hold ;

loi(& + )| <

E+ Iascln‘a’b
[ Im g; (&) | = C| & [

0i{&)— o, (& +7) L4 Ty el
& — 0i(&) = & 7

Hence

whicl gives the desired estimate, when inserted into

m m__

_“i—: /5) - mo_ : -
\ I (¢, — 0; (&)

1

m

=z_""/1 91(¢)+975 +’7)u~1“r"71—0~(5 +"l)
j=1 5]_97(5’ >j5 51_99' t,)

Recalling from (1.2) that
| 418 |& =M,
I e,

?)m- |$’ < J‘V[,,

and using Lemmas 2.2 and 2.3, the main step in the proof of our com-
mutator lemma easily follows.

LeMvA 2.4, There are constants ¥ and C independent of &, 5 € R",
such that
B_(§) —B_({+ 1) 1+ | 942
2.4 =0 . .
(2:4) B_(® =CUH1E+v P

ProoF. The points & and £ + 5 can be situated inside or outside the
cylinder | & | = M,. This gives four cases, which are treated separately.
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1° By Lemmas 2.2 and 2.3, the inequality (2.4) is fulfilled for
| & | = M, and |& 4+ |=M,.

20, For | & |= M, and |& + ' | < M,, write the left-hand side of
(2.4) as in the proof of Lemma 2.3.

B_®—B_(¢+n_"v —m—eE)—ip&tnti
B_ (E) j=1 51 - Q}'\E,) v>j 51 — Oy (5,)

Each factor can be estimated by

o (L InPF
(18 + 9 P

for some %’ and C’, which obviously implies (2.4).
3%, The case |&'|< M,, |& + 7 | > M, is treated analogously.
49, If |& | < M, and | & + o’ | < M, the inequality is well-known.
When Q is weaker than 4, we have

|| BZ' 41 a Quil <

g“ B~' Al(aB_ — B_a) ‘I" Byu

\—{—‘I A u% Byul.
Because A is hypoelliptic, we have

m . e "
13(5)1SC for £€R

(see [5] p. 102). Then the first term on the 'right gide can be estimated by
Lemma 2.4 as follows;

'EB:I A (a,B_—B_a)% Biu:

_ s ’ QE—
- ” BZ! (&) 45 (&) / Fa (n) (B— (E—n)— B—(&) Iﬁg_z;1:+(s—-n>m<a—n>«1n ”
..
<co|a@ [Fa i 2D B e ) Pus — ) an ” =
_ L)

<cC ‘]‘ } Fa(n) A* (q) A" () 477" @ — 9") By — ) Fu(é — ) dy H <

< Cf|FaA"A'1""b‘| dn || A7 Byl



differential cquations in a half-space 419

This estimate, together with the inequality

lwll, oo <<e ||k + Cllull,, e

of Ehrling-Nirenberg type, gives

THEOREM 2.1. Let a€ ¢y (RY). Then for ¢ > 0,

> —1 + +
| («B_ — B_a) QBZ u||::,‘s <ellu |JB+" + C.|lw “B+.,_1’

with O, independent of u€ Hjf, e

3. A priori inequalities for hypoelliptic operators.
THEOREM 3.1. Let
(@, D)= AD)+ 2 a;(x) @;(D),
1
where A (D) is hypoelliptic and Q, (D), ooy Qum (D) are weaker than A (D). If
Ay (Z) 5 ooy g (2) € CF (RY) and

S sup |aj(n) | < e
i

Sfor some sufficiently small ¢ > 0, then

(3.1) | H:‘r+-*£ C (|| slu “;::‘,x + |l ”;,8_,)

Jor all ue H}'}+,,, satisfying the boundary conditions (1.5).

Proor. We prove the theorem for m_ > 0. The modifications in the
simpler case m_ = 0 are obvious. As Lemma 1.3 shows, it is sufficient to
prove the theorem for u € Cg (RZ.). According to a theorem by Peetre ([8],
Lemma 4)

(3.2) | Far (0 8) [ipe) << | A &) Foru (- 80|12

5

5 Annalt della Scuola Norm  Sup. Pusa
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it |&|=M and if u€ C7 (RY). The proof is based on the Paley-Wiener
theorem. We multiply (3.2) by A} and integrate in &’ (cf. (1.3), (1.4)) getting

+ + T | u|t
Il , <l Avlis +AFHulf

It follows that
m
(3.3) iy o< (4 + Z00) o

!+
I.B_l s+

- + +
+ 3 oy Qs+ Ol o
But
LY ””1-::1. | B_a; @B ull} ., ,+

+ Il (@ B — B_a) @ BZ ([ ,.-

The last term can be estimated by use of Theorem 2.1, and in view of
Lemma 1.1, we can estimate the first term in the following way;

| B-a;Q;B= u H;:x,, <llaQ B u|f,<

sup | o] || @B [l + K || @ BZ u [fan <
< Cj(sup | & || wlE, s 4 K || |[E,, ).
Here C; is independent of » and a;. We have now proved that
las Q5w 3=, , < (Grsup | @ | o) | w|By0+ Cllullfy. o,

which together with (3.3) gives the desired estimate (3.1), if we assume for

m
instance, that me + X C;jsup | a;| << 1/2.
=1

4. Regularity.
In this section
A=A+ Za;Q;

is formally hypeelliptic. Before the main regularity theorem we formulate
a result on regularity in the z'-directions.
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THEOREM 4.1. Let u¢ Hy, 'y, + Jor some r and let u satisfy (1.5). Define
A (x, D) as in Theorem 3.1 Then

10EH3'+,8 if .oquH;'__,‘,.

Proor. It is always possible to choose r, so that »r = s — » for some
integer ». If r << 8 — 1 then the quotient

w(®,x +h)—u,z)
]

is bounded in H;';*'+_, by Theorem 3.1. Then by Lemma 1.4, uEH;';"+, r41. BY

iteration, this proves the theorem.

THEOREM 4.2. Let u€lD’ (_ﬁ) and satisfy (1.5) Then
uE(H,tr,,)loc if gfug(H;:“)lw.

PROOF. The theorem means that vy w€ HF L. if pE Cy (R}). It is no
restriction to take all ¢); hypoelliptic and  with «small » support. For
each such function y, we take another @ of the same type with & =1
in a neighbourhood of supp y. We first show that @ we HY T for some 7,
when supp @ is small enough for o to fulfil the conditions of Theorem
3.1 in some open set w> supp ®. From the fact that

lB— I S KAm_ ;nu
for some m,, it follows

Aue (Hi',,._, g

Awe (HE, )™

Bl
As the @;’s are hypoelliptic, there is a d > 0 such that for large &’

| Q@5 << | &1 a%a | < e
Take

b, € CF (RY)
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with @, =1 in a neighbourhood of supp @ and supp &, € w. As u€ D’ we
have
D, uc H,

for some integer ¢ and real z. If o <my we construct a sequence of
Cy (RY) - functions

By, Dy ey Dy=D, p=my — o

with @;_; =1 in a neighbourhood of supp ¥;. Let m, = m4 + m_ be the
order of the derivative D, in ¢ and m’ the total order. As

(D D,)(A° + 5 a,0f) Byue HE o1 c—mys When a==0
and
@1 (A + 2z (7] Q]) ue H—_-*;n_, s—miy

Leibniz’ formula shows that

¢ (A+ ZajQ)u—+ ;..75‘;.,])“ D, (A" + 2 a; Q) Dy u =

= (A 4 2 a; @) ¢1 uE Hutm,-f-l, min (z—m’+1, s—mg) «
Then by partial regularity (see e.g. |5]), for some 1’
¢l u € H,;{_;.)’ I3
and so, by iteration, for some 7’

d)“EH,;:_“”rh

For some » this will give

(4.1) PueHE, ..

Take + so that with ¢ = ¢/b

is an integer. Let (y;); be a sequence analogous to (®))f, and with

Yo=P, vy, =y.
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The terms in

A+ZaQyu=y, (4 + ZaqQu +| ‘2;01)" ¥ (A% 4+ a5 Q7)) y, v

423

can be estimated as in the proof of Theorem 2.1 and Theorem 3.1. With

our choice of d this gives

It a5 D* v, Qf wou ”;_:l rdlg = Kfwyu ”1—;’.,79

| D%y, A" wou ”;;:1,"+d/q <K|yyu ||§+,n
and so ' :
(A4 5 a;Q)y, ue H,j:,‘rwq.
Then by Theorem 4.1
- v, uEHI;,:_"M/q.
Repeating this » times gives
PueHf .,
and so
we (Hf, )"

Corn. 4.1. If «{u€C®(RY) and u€Q’ (R:) satisfies (1.5), then
€ C°(RY).

PProoF. This follows Ly partial regularity from Theorem 4.2.

% €
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