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MULTI-QUASIELLIPTIC POLYNOMIALS

JÖRAN FRIBERG

0. Introduction.

The aim of this paper is to introduce a new relatively simple class of
hypoelliptic polynomials, including the quasi-elliptic polynomials studied

v

before by a number of authors (Hormander [10], Friberg [3], Grusin [8],
v

Volevic [L4]~...)y but also more complicated examples like polynomials
P (~1, ~2) of the form

v

considered by Gorcakov [6] and Pini [13].
In section 1 are recalled a couple of well-known algebraic necessary

and sufficient conditions for hypoellipticity, given by H6rmander [9] and
Gorin [7], and involving parameters b = (b1, ... , bn), or a = == 11 ... 7 219
respectively. It is shown how the parameters can be explicitly determined
for quasielliptic polynomials, i. e. for polynomials Q (8), $ which are,
in the sense of H6rmander, of the same strength as a function (E) =

n

== 2’ BU1k, 1nk positive integers. The results are then carried over to pro-
1

i

ducts II Qj of such polynomials, which are, consequently, of the same
1

strength as some function

Pervenuto alla Redazione il 3 Febbraio 1966 eel in forma definitiva il 15 Gingno 1966.
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In section 2 we consider the convex « Newton polyhedron » F (P ) of
a polynomial P (~) = ~ If n == 2, F (P) reduces to the Newton polygon
for P (~), commonly used to determine the Puiseux-expansions of the zeros
of P (~). (Cf. Friberg [5]). Generalizing what is a well-known fact for n = 2,
we show that all flat faces of r (P ) have strictly positive normals when
P (~) is hypoelliptic. Then we determine the general structure of the Newton
polyhedron for a product of polynomials with simple Newton polyhedrons
(as e. g. quasielliptic polynomials), and we investigate the connection between
the shape and the growth of P (~) in various directions.

In section 3 is given the definition of multi-quasiellipticity. Essentially
a hypoelliptic polynomial P (~) is multi-quasielliptic (mqe) if it is of the

N ,
same strength as a function o (E) _ y for a set of non-negative inte-

1

ger-valued vectors (ail (1).
Consequently, products of quasielliptic polynomials are mqe (Cf. (0.2)),

and we can prove that, conversely, a multi-quasielliptic polynomial is of

the same strength as such a product when n = 2, but not in general when
n &#x3E; 2. As an example of the more-dimensional case, we study a class of
hypoelliptic operators, introduced by Cattabriga [2], which are shown to be
mqe, of a strongly degenerate type (2). Finally we prove the hypoellipticity
of mqe polynomials, find estimates for their hypoellipticity parameters a
and b, and give a definition of a principal part for an arbitrary mqe po-
lynomial.

1. Hypoelliptieity of products of quasielliptic polynomials.

The notion of ( J 11)-hypoellipticity was introduced by Gorin [7]. Let

P (D), D = i-1 ... , 8/axn), be a differential operator with constant

coefficients, P (~) its characteristic polynomial, $ = (~1 ~ ... , $n). Let, for

(1) After submitting the note [4], I became aware that a similar criterion had been
v

used by Nikolskh [11], for definition of a class of differential operators connected with

certain boundary value problems.
(2) The present work originated in a discussion with L. Cattabriga and G. C. Barozzi

about some problems raised by their papers [1], [2].
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Then P (D) is G -hypoelliptic of type a~k &#x3E; 0, if and the cha-

racteristic polynomial P (~) satisfies the condition.

for all

If we assume that always then (1.1) is equivalent to the con-

dition ,

for all

If P (~) satisfies (1.1) for j =1, ... , rr, then every tempered elementary
solution .E for P (D) is infinitely differentiable outside every strip c,

v

and satisfies there locally an estimate of the type (see Grusin [8])

for all multi-indices a = ..., an). Here e = (1~... 1), ak = (alk, .·. , ank),
and ’ink = deg P (0, ... , ~k , ... , 0). It follows, in particular, that if l’ (l)) is

(k j)-hypoelliptic of type for then it is hypoelliptic in the

sense of Hormander [10], all solutions of jP(7))i==0 being infinitely dif
ferentiable and satisfying, locally, estimates of Gevrey type :

for all oc,

In other words P is then hypoelliptic of type a = (a1, ,.. , aj = max ajk.
k

Consequently, the estimate (1.2) can be extended to (Hörmander [10])

all

Here and It follows from

that

real ~, m --- deg P ($).

Besides (1.2’) we also have the following necessary and sufficient con-
dition for bypoellipticity (Cf. Hormander [9]):

real,
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for all fl, and for some b - ... , &#x3E; 0 such that  b? ~ a C 1 when

P (X) (~) ~ 0, hence in particular 0 c 1/1nj, j = 1, .. 
For instance, if P is elliptic of order Pi, i. e. if

with for real

then (1.2’), (1.4) hold, with a= (a,,... 7 an) =--- I), b --. (1 /~r2, ...,1 ~mt}. Slightly
more general are the quasielliptic polynomials of 

defined as follows (H6rmander [10]) :
i) ) If P (~) = Z c4 + mixed or lower order terms, then q, ~ 

J ’J

with ~~2 = and P (

ii) Po (~) ~ 0 for real ~ =1= 0.
For such polynomials, due to the quasi-homogeneity of Po (e),

real

If follows that, if  q, a ) c ~n, then

real,

where s can be arbitrarily small when C q, a ) [ t. Hence (1.5) still holds

if Po is replaced by P. But

and it follows that, for

Hence P is hypoelliptic of type Ctjk = .--- = ~~, and bj = =

- llmj. That the derived values for the ajk are the best possible will be
v

shown in Theorem 4.1. (Cf. also Grusin [8]).
Next, consider .P a product of N quasielliptic polynomials Qi, of weight

qi, ~C 1~T. Then P is hypoelliptic. (A product of polynomials is hypoel-
liptic if and only if each factor is hypoelliptic). Moreover,

It follows that
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except when does not depend on i. But evidently 
if ~’ is quasielliptic. Hence we see that a product of quasielliptic
polynomials is quasielliptic (if and) only if all the factors are of proportional
weights. (Cf. Barozzi [1 D. In contrast to the quasielliptic polynomials, the

product P may very well have no Ujk  1, for j =~ k.
If P = Q~ -~- Rz quasielliptic, and if Po = then it follows

from (1.5) applied to each 0 that

real

Since

for some

as I ~ 1-+ 00, ~ real, it follows that Po (~) can be replaced by P (~) in (1.8)
for ] $ I big enough. (Thus the lower estimate (1.3) is best possible only if
P is quasielliptic). Let us put bi = ( 1 ... , 

= so that Qt == I 
with =1. Then

with

when a belongs to the index set (P) of P, and for every a E (Po) there is

at least one value of i for which C a ) == Hence, for all i~

real,

Now, the ratio pCa) (~)/P (~) is a sum of terms of the type where,
in view of (1.6) and (1.10),

for I real.

Consequently, y if we set min then

This follows from the estimate

which is valid because -Y oci = a for

every one of the terms in the expansion of P(,,’IP. In other words, in ge-
neral the estimate

~ real~ I can hold with optimal b only if we choose
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In view of (1.7), it follows that for P = 

or, finally, since that

In particular, because

with equality if and only if, for all k and j, we have ajz(Qk) = As

we have seen above, this is the case if and only if all the Qi have propor-
tional weights (so that P itself becomes quasielliptic).

2. The Newton polyhedron of a hypoelliptic polynomial.

Let be a given polynomial, with index-set 
Denote by (P )~ the convex hull in P~2 of by F=F(P)=UFi the
union of those (n -1)-dimensional flat faces Fi of the polyhedron (P)*
that are not contained in a coordinate (hyper-)-plane, and by ai, oci E (P),
the vertices of F. If n = 2, then F is a polygon with corners aa , 7 the upper
Newton polygon for P. So 3 we may call F the Newton polyhe
dron for P. We notice that always (PlP2) = (Pi) + (P2), so that

LEMMA 2.1. Let F (P) be the Newton polyhedron of a hypoelliptic po-
lynomial P. Then every face Fk of F has a normal Vk &#x3E; 0, i, e. with all

components strictly positive.

Proof. When = 2, it is sufficient to recall the convexity of F, and
the well-known property of hypoelliptic polynomials that if

then R?nk (~~) = constant. If 2t &#x3E; 2, we first observe that, due to the con-

vexity of F, it is sufficient to consider the normals of faces abutting
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on a coordinate plane Since P (~’, 0) is hypoelliptic if P ($’, ~k)
is so, we may take as our induction hypothesis that Fi has a normal

vi = (v’, Vk), &#x3E; 0. Now, if Rj is defined by (2.~1, then j !.
Rj (~’) = (~’, 0),P = P. Hence we have, for t &#x3E; 0, if we set

that

In view of the hypoellipticity condition (1.2’), it follows that

as real,

But if a’ E (Rj), i ~ 0, then v’a’ + c 1, and there is at least one jo &#x3E; 0
and one a’ E (Rj,) such that v’a’ + === 1. On the other hand, (2.4) implies
that v’a’  1 for all a E Hence we must have Vk &#x3E; 0, and then

also v = (v’, vk) &#x3E; 0.

In the two-dimensional case, if a°, ... , are the vertices of the

Newton polygon F ( P ), for P hypoelliptic, ~Te can find by recursion num-
bers &#x3E; 0, i = 0,1, ... , l, j = 1, 2, such that

With

and Fk the segment of F between a k-1 and ak, we find that

for all

LEMMA 2.2. Consider a hypoelliptic polynomial

and define ak, bk as above. Then, for

we have

with

with
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If b is between bk and then

Finally,

(R)nF(p)= 0.

Proof. The relations (2.7)-(2.9) are a direct consequence of the definition
of ~k as part of a line of support for the convex set (P)*. 2’o prove (2.10)
we notice that, as t - oo,

and

if

It follows that

witch and

-- (mi , This means, in view of (2.7), that cP and have iden-

tical coefficients for all $1 with which clearly implies (2.10)
and completes the proof of the lemma.

7 it&#x3E; 2, then Lemma 2.2 does not apply. Instead, if we call

F (Q) simple when it consists of a single flat face, then we have

LEMMA 2.3. Let a hypoelliptic polynomial .P (~), ~ E .~~2, be a product
II Qi of polynomials with simple Newton polyhedrons, and let bi = b (Qi) =

... , 
= (~-l7ni , ... ,11m;), i = 1, ... , l, with the bi non-proportional.

Suppose there is given a vector b &#x3E; 0, diagonal matrices EL with all ele-

ments = 0 or 1, and numbers 2i &#x3E; 0, such that

Then we have, as a generalization of (2.11)-(2.12),

as
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It follows that, except for degenerate cases, all tlie faces of are

« products » of faces of the F (Qi) of lower or the same dimension.
The proof of the lemma being immediate, we may omit it in favor of

some simple examples. If n = 2, then gi $ _ (E1 , 0) or (0, E2) or, for at most

one i, f}; =;, and so (2.13) implies either (2.7) or (2.9). If n = 3, then the
two dimensional faces of F (P) correspond to one of the two cases (after a

renumbering of the coordinate axes)

This means that, = 3, the Newton polyhedron F ~P) is built up of trian-

gles (translated copies of the F (Qi)) and parallelograms (whose sides are
translated copies of sides of the F ( Qi)). In particular, when P == Ql Q2,
then in a typical case F (P) consists of two triangular faces, given by

and of one parallelogram, corresponding to

(See Fig. 1). A degenerate case can appear if and F (Q2) have two
parallel sides. Then we find one face of F (P) in form of a parallel-trapeze
(a sum of a triangle and a parallelogram) given by, e. g.

(See Fig. 2).

Fig, I Fig. 2
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Next, if ?t = 21 Q2 Q3, then in the general case F (P) consists of
exactly three triangles and three parallelograms in any one of five essen-

tially different combinations.

3. Multi.quasielliptic polynomials,.

DEFINITION. A polynomial P (~) is called niulti-quasielliptic (mqe.), if

P has a Newton polyhedron F(P) with vertices (akj and normals such

that

all i

real ~.

Notice that i) is a necessary condition for hypoellipticity, (Lemma 2.1).
We have now

THEOREM 3.1. In the two-dimensional case, P (~) is multi-quasielliptic
if and only if it is (strictly) of the same strength, hence hypoelliptic with
the same parameters, as a product of quasielliptic polynomials. In more di-
mensions every product of quasielliptic polynomials is mqe., but there are

mqe. polynomials that are not of the same strength as any such product.

Proof. If P = II Qi, Qi quasielliptic, then, as we have seen in section

1, P is hypoelliptic (hence i) is satisfied) and has the lower estimate

for ~ real,

Since every ak BP) is of the form -Y Jn), , it follows that P satisfies ii).
i J ~

If n &#x3E; 2, let 1!1 (~’) be multi-quasielliptic, but not quasielliptic, with
real coefficients, ~’ E and set P (;) = P ($*7 $n) = JI ($’) + i $,i . Then

evidently P is also multi- quasielliptic , but it can be neither quasielliptic
nor a product of two or more quasielliptic polynomials.

Now let n = 2, so that we can use the notations and results of Lemma
2.2. We have

as
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Comparing with (2.7), we see that P can be mqe. only if Qk (E) is quasiel-
liptic, for every k. Finally, let 0  c  1 be chosen such that (R) c c (P)*, R
defined by (2.10). Then ] P ($) ] )C for all real $, and the

proof of Theorem 3.1 is complete.
v

As an example, for n = 2, consider the Gorcakov polynomial (0.1),

Here and

clearly quasielliptic, and hence

as real.

(Notice that
As a further example, for the case n &#x3E; 2, let us study a class of po-

lynomials introduced by Cattabriga [2]. Consider a polynomial

Suppose there are positive integers co,..., and a quasielliptic poly-
nomial Q (~), with b ( ~) = (1 /1n1 , .,. such that

Set let

and write

where llfio is the principal part of in the sense of quasielliptic polyno-
mials. We shall assnme, in addition to (3.2), that

for all k.

Then P (~, ~) is multi-quasielliptic if and only if, for every 1~,

for real,
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The necessity of the condition is trivial. To prove the sufficiency, we
observe, following Cattabriga, that the assumption implies that

for real all k.

Hence 1tljo is quasielliptic, of the same weight as (Qo)~~, if j = jk . Thus,
if 1" = 1"i (~), i = jk-1, ". , are the zeros of Nk (1", ~), then 1m ’ti (~) # 0 for
~ real~ ~ 0, and all i. Hence C ~ ~ Im T~ (~) ~ c &#x3E; 0, for ~ = ~ E Cn

with Q (~) =1, Q (q)  e, 8 small enough.
Suppose that e is so small that also Q (~) =1, 

and set Then we get, uniformly in E,

as real,

With t = Q (~) we then obtain the second of the following estimates

for all

for

while the first of the estimates is trivially true. Since E (jk - jk-l) = 1)1,
k

all zeros of are of this type. It follows that, ~) = 0,

where Q = max ok , o’ = max (11,-Ok)- In other if « = ~~, , then we have
k k

proved that P is hypoelliptic, with

for

Finally, writing

for ~ real, and using (3.4), we see that

for
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Hence P is in fact multi-quasielliptic. But in addition we have proved that,
if Q (E) is a real polynomial, then P (1:, E) is of the same strength, and (con-
sequently) hypoelliptic of the same type, as a polynomial Po (z, Q (~)), with

quasielliptic. So finally, using (3.5) or the two-dimensional part of Theorem
3.1, we see that P (1:,~) is of the same strength as a certain product

of quasielliptic polynomials, if Q is real. However, in contrast to the two-

dimensional case, P (T, ~) is not necessarily strictly of the same strength as
a product of quasielliptic operators. In f’act, repeating the proof of Theorem
3.1, we see that P is strictly of the same strength as such a product if

and only if, for every Mjk (~) is a factor in llg for j = -1.

The situation is exemplified in Fig. 2 of section 2.

As for the general mqe. polynomials, we have

THEOREM 3.2. Every multi-quasielliptic polynomial is hypoelliptic, but
the converse is not true.

Proof. The second half of the theorem follows from the existence of

counterexamples, given by Pini [12], who has studied non-quasielliptic po-
lynomials P (~), with simple (i, e. single-faced) Newton polyhedrons.

Suppose then that P (~) is mqe., and that the Newton polyhedron F(P)
consists of flat faces Fk (P), with normals vk &#x3E; 0, such that

for all k.

Then there is a c, 0  c  1, such that (3 = c fl’,
#’ E Fk (P) for some or else # = 0. Now, if ..., 7 a,’ are the vertices of

r

F’, I then (3’ = ~ Ai I with Ai &#x3E; 0, ^ 1. It follows that
1

real,

if fl # 0, and the same estimate holds if Thus, if we set

when then where
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R (~) is strictly weaker than PF (~). Hence we may call PF the principal
part of 1’ (~),. when P (~) is mqe. (If not only P (~) but also Re P (~) is

multi-quasielliptic, then we may call P properly 1nqe. Generalizing an ob-
servation by Barozzi [1] about properly quasielliptic polynomials, we notice
that if is properly mqe., and if (ai) are the vertices of F (P ),
then all the Re c ai are of the same sign, and the components of the a~
are all even integers. Consequently, for P properly mqe., we may introduce

as a reduced principal part).
I 

a
t-

In particular, if fl E (P(a) ($)), 0, then

and it follows that

Since (3.8), together with the estimate _k c C (1 -- implies
that P is hypoelliptic, the proof of theorem 3.2 is complete.

A simple geometric rule for finding the values of the hypoellipticity
types of a mqe. polynomial is given by

THEOREM 3.3. Let F = U Fi be the Newton polyhedron of a multiqua-
sielliptic polynomial P, and denote by the coordinate of the inter-

section between the xk-axis and the hyperplane through F . Then

Proof, If ek is the k-th coordinate vector, then it follows from (3.8) that

which proves (3.9). To prove (3.10) recall that (P) is defined as the

smallest real number for which

real
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In other words, when P is multiquasielliptic, (P ) is the smallest real

number for which

for all with

This means that

But max ( ~  1 when a E (P ), = 1 when a E F z (P ~. Thus, for 
i

and for s = I ~ 2, ,.. , y

with equality It follows that (3.11) can be valid only if we
choose

a condition that is equivalent to (3.10). (Notice that we get the same value
for ajk if we keep 8 = 1 in (3.11)). That (3.9), (3.10) give the best possible
values for will be proved in Theorem 4.1.

The exceptional role played by the quasielliptic polynomials in the
class of all multiquasielliptic polynomials is clearly indicated by

COROLLARY 3.1. Let P be multiquasielliptic. Then, since obviously

it follows from Theorem 3.3, for j, lc = 1, ... , n, that

or, more generally, that

that

if

and that (Cf. (1.4))

when
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Moreover, in each of the relations (3.12) to (3.15), the inequalities can be
replaced by identities if and only if P is quasielliptic.

Proof. The inequalities are trivially true, so it only remains to prove
the last part of the corollary. But if (3.12) or (3.13) can be replaced by
identities, then we must have = for all k, which

i i

means that F (P ) consists of a single face Similarly equality in (3.14)
means that max (Xk (Fi)lxj (Fi)) = mill (Xk (Fi)lxj (Fi)), and the conclusion is

i i

the same, F = Fi. (It may be noted here that for a general hypoelliptic P,
v

as has been shown by Grusin [8], P is quasielliptic if (and only if) there are
v

numbers c~,..., cn ~ 0 such that ajk (P) for all j, k. Obviously Grusin’s
condition is stronger than the condition ajk c~,;~ c 1 for all j, lc). Finally, if

we set vi = (vi, ..., and recall that bk = (F i)]-I = min then
I it k 

; 
(F 

i 
k

we see that

with strict inequality if P is not quasielliptic.
In the case when a mqe. polynomial P is in fact a product IT QS of

quasielliptic polynomials, we have already, in section 1, proved a stronger
result than Theorem 3.3, namely that (3.9) and (3.10) are valid, with the
maximum in each taken only over the faces Fz of F (P) that are translates
of some (Cf. Fig. 1 of section 2).

It is also easy to prove again by use of Theorem 3.3 the formula (3.5)
derived before for (P), when P is a polynomial (3.1 ) of the type intro-
duced by Cattabriga. Furthermore, we can use (3.10) to compute for

such polynomials. But instead let us consider the related case of a poly-
nomial

where M(~) is real mqe. of type b (JII) = (bi (jll), ... , bn-1 (18I )), while Po (1’, a)
is mqe. of type (bo (Po)). Then obviously P is itself multiquasielliptic.
Let = U F where F ~ (M) is part of the hyperplane  0153’) = 1,
a’ E and let = (jPo)? where Fj (Po) is part of the line +
+ =1. Then F (P ) = where F i. ( P) is part of the hyperplane

Y) = yjyo +  y’ &#x3E; = 1, Î’ = (Yo’ Since xij(P) = 
it follows that

for
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while

4. Extrenial character of multiquasielliptic polynomials.

The purpose of this chapter is to find out to what extent Theorem 3.3

(and its corollary) can be generalized to the case of an arbitrary hypoelliptic
polynomial.

THEOREM 4.1. Let i be the Newton polyhedron of a hy-
poelliptic polynomial P, and define as in Theorem 3.3. Then for all k

while for all j, 7c

Thus, if there exists a multiquasielliptic polynomial P’ ~~) with
then

Pi-oof. Let and denote by P,~ the
polynomial Z c$«, a E Fi, where are the coefficients of P (E). Then

P (tv~ 8) = t (P ($) + o (I)), and &#x26; /8.~ P (tv" $)) = tl-v§ (&#x26; /&#x26;i~ P ($) + o (I )), as

Thus if we choose ERn such that it follows from

the definition (1.4) of b (P ) that for all i.

Set now $ = (~’, ~~z), say, and choose a real ~’ ‘ (~1, ... , with all

components # 0, and such that

10. Annali della Setiola Norm. Sup, - Pisa.
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Then, for each 0 (~’) and each real t big enough, P (~)~ ~ ~ on, has a zero

with 1p (~’, t) = ø (~1) + o (1) as t - oo. Clearly I = I ’j tvj for j  n,

while Im (,1 = 0 (1) tvn . It follows that Xj (F i) f’or j  n, all i.

Estimates for the other with j ~ )c, are proved in the same way.
It follows from Theorem 4.1 that for a general hypoelliptic P, the in-

equalities

of Corollary 3.1 are still valid. The second part of (3.14), however, 
for all j, is characteristic for the mqe. polynomials.

THEOREM 4.2. If P (e) is hypoelliptic, then ajj (P j =1 for all j if and

only if P is multi-quasielliptic.

Proof, Let ~(P)==U-FB and set as before P~)==~’~%(x 
Suppose that P~ (~) = 0 for a real $ with ~1’.’" ~~z ~ 0, and set _ (~’, ~n),
Then either PF (~’, sn) --- 0 for all sn , or we can write .P,~ as in (4.4), in
which case we can prove, via (4.5), that 1. Thus if ann =1, we must
have 1’F {~’, sn) = 0. We can now repeat the procedure, writing ~’ = (~", ~n-1),
~" E Rn-2, and concluding that either ~~_1 ) 1 or p; (~", sn_1, 09
etc. Since P;’ =1= 0, we can prove in this way that akk (P) &#x3E; 1 for at least one

k, if PF (~) = 0 for some i and some real $ with ~1’’’.’ ~~1 ~ 0.
Similarly, if is any one of the ,u-dimensional faces of F (P),

p. =1, 2, .,. , r~ -1, and if 
i 

is defined accordingly, we can prove that
1 for at least one k, if i (~) = 0 for some fl, i and some real

v

~ with ~1, .., , ~n ~ 0. (Cf. Grusin [8], Theorem 2.2, where it is proved, es-

sentially, that ajk (P) ~ Xk i) for at least one couple j, k with

j =F k, if P$’ ’ ($) = 0 for some a, i and some real ~ ~ (0, ..., 0)). The second
half of Theorem 4.1 is now a consequence of

THEOREM 4.3 (1). Let 1’ (~) be a given polynomial, and define 
i 
as

above. Then P is multiquasielliptic if (and only if)
i) every face Fj (P) of F(P) has a normal 0,
ii) 2 (~) ~ 0 for all fl, i and all real ~ _ (~1, ... , ~~b) ... , 

(~) For the case of a real polynomial P (~), a slightly more general result was re-
cently announced, without indication of the proof, by Mihailov in his note [15]. We include
a proof here for the sake of completeness.
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P~~oof. Let us first assume that P (~) is a real polynomial. Then the

sign of P (~) is constant, say positive, for ] $ ) I big enough. Consequently,
if are the vertices of F (P), the components of each aj must be even

integers ~ 0, and c j ~ 0. Let 7j = =1, 2, ... , N. Then all &#x3E; 0, and

with

Similarly, for every we let P~’ ~ (~) = ... , defille a function

B Y" (a~). Finally, we denote by D the set {1] E = (~al , ... , ~~N), ~ E 
Then if P satisfies condition ii) of Theorem 4.2, it follows that every
Bll, i (1)) is continuous, homogeneous of degree 1, and&#x3E; 0 on the closed subset D
of R+ . We want to show that ~al + ... + ~«N c (~)) for real,

in other words that for 7 E D, some C &#x3E; 0.

Suppose first that, for some k, we have ~ (~~) = ~ r~~ c ( 1-~- E) r~k ~ and
let (n) = bk Then bk &#x3E; 0, and since rB = II re , 92 = 1, 8k  1 if

it follows that

if only s is small enough, - say. Now, if # (q) &#x3E; (I + EO) r¡k for all
then we suppose instead that ~8 (~) c ( 1-~- E) ~’’ k (r~), for some lc. (Let us

take, by definition, ~~’ k (r~) _ ~ r~~ , summed over all j with 
If 7j , it follows that (80- E)r¡i  (1 + ~) ~., 
 ( I -~ E) q ; . Thus, if 8  80’ we have n, c # (1]), in the sense that
the ratio of any two of (q) is bounded away from zero. But then

it follows from the mentioned properties of every Bit, (~) that

for all

Hence if 8 is small enough, then also

for

with co ~ el &#x3E; 0. It is now clear that we can prove, by induction, that

if



258

for some k. (The only trouble is to show that if n E D; fJ c (1 -p 8) 
with e small enough, then for some i or

for all i with Suppose for instance that 

= r~l + ... + r¡m’ + 1~ but that 
..., r¡j (~), j  p. Then

a1, ,.. , a ~ all belong to one of the faces i of ~’ ~~ k , and 
c (1-E- Øft-l, i for some i, if 8 c ~~ C Otherwise we would be

able to find 0 = (81 , ... , 0’ _ (91 , ... , 0m), with 0i , Os &#x3E; 0, 8 _ = 1,
and some O~ =i= 0, s ~ j, such that when and this would

lead to a contradiction. Finally if ~I , ... , 0:1 fJ (r¡), j &#x3E; fl, then we can

write in the form ’YJ°, 0 = (°1 , ... , =1, which

implies that for all i with 

Let now and

-1, ~, ,... Then, in view of (4.6), (4.7), we know there are constants

c, E ~ 0 such that P~, (~) ~ c o (~) when ~ is real, and

for some k.

But (4.8) is valid for any given e &#x3E; 0, if $ is real and ) $ ) I is big enough.
To prove this, let v E S+ = 0, I ’V I = 1}, and set h (v) = max  Y, ai ~,

F(P)
some P7 k, and

for all It is easy to see that, for given the

part where F (v) = ~ ~~~ k is a simply connected subset of the inter-
section of S+ with some linear manifold of dimension it -,a. In particular,
sn-l, k = v (Fk) --- vk (F). (Cf. Fig. 3, where the subdivision of S+ corresponds
to the case when F (P ) is given by Fig. 1 of section 2).

Fig. 3
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Let finally to every vk (F) correspond a neighborhood Sk on S+ given by
Sk=(y&#x3E;0; Then it follows, by a continuity

i

argument, that max [C v, a j )/1z (v) c  1 for all all li. Suppose
vESk

now that (E1 , ... , $71) E R’2, 1, ... , in &#x3E; 1. Then we can determine uni-

quely t &#x3E; 0 and v E S+ such that E _ (tvl ? ... , tvn) = tv e. If v E Sk, it follows

that oF (~) ~ max (tv = th(-,’) . On the other hand, there is a constant K,F 
Fk

depending only on F, such that OF(~) -  But h (v) is bounded

away from zero, and 6  1. Consequently (4.8) holds for $ = tv e, t ~:&#x3E; t~ .
The same type of argument can be used when $ = ± and

if  1 for some components of ~, we can argue in the same way, using
t, y as parameters on a ray parallel to some of the coordinate planes. Hence

(4.8) is valid, for given 8, if $ is big enough. We have then proved
that PF (~) ~ c e F (~) for such ~, and it follows that P is multiquasielliptic.

If P (~) is a polynomial satisfying the conditions of Theorem 4.2, but
not necessarily real, we observe that P($) )2 is a real polynomial, with

F ( ~ P ~2) = 2~’ (P ), and ( ~ P 12)~’ = ) I PF"’ ’ 12. Hence .P ~2 is multiquasielliptic,
and it follows that also P is multiquasielliptic.

From the proof of Theorem 4.3 it is easy to derive

M

COROLLARY 4.1. Let P (E) be multi-quasielliptic, Then
1

there is a constant C &#x3E; 0, and a division of the set &#x3E; C into simply
connected subsets V I 7 1 c i  JI such that

for

Univer8ity Sweden
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