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THE L, APPROACH TO THE DIRICHLET PROBLEM (*)

by SHMUEL AGMON

PART I
REGULARITY THEOREMS

1. Introduction.

In this paper we present a L, approach to the Dirichlet problem and
to related regularity problems for higher order elliptic equations. Although
this approach is not as simple as the well known Hilbert space approach
developed by Vishik [32] G;,rding [14], Browder [6; 7], Friedrichs [12], Mor-
rey [22], Nirenberg [23], Lions [18] and others, it has the advantage of a
greater generality. Thus, for example, we shall be able to treat the non-ho-
mogeneous Dirichlet problem in a much more general situation not restricted
to solutions having a finite Dirichlet integral (in this connection see Ma-
genes-Stampacchia [19, § 9] and the recent paper of Miranda [20]). The me-
thod is also applicable to elliptic operators which are not necessarily strongly
elliptic. We remark further that the same method could be used to solve
a general class of boundary value problems. This will be done in a subse-
quent paper where we shall also derive L, integral inequalities for a system
of differential operators acting on functions satisfying general boundary
conditions, simular to the « coercive » L, inequalities derived by Aronszajn
[4] Agmon [2] and Schechter [25].

Recently Schechter [26 ; 27] presented a Hilbert space approach to ge-
neral boundary value problems including the Dirichlet problem for non-stron-
gly elliptic equations. His method is based on the L, estimates of Agmon-

(*) Presented in part (for p = 2) at the international conference on partial differen-
tial equations organized by the C. I. M. E. in Pisa, September 1-10, 1958. Sponsored in
part by the Office of Scientific Research of the A. R. D. C., U. 8. Air Force, through its
European Office, under Contract No. AF 61 (052)-187.
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Douglis-Nirenberg (3] (see also [2;25]) and on known L, regularity theorems.
Our L, method which utilizes new regularity theorems is quite different
and the results we obtain are stronger in various respects (!). Other existence
Tesults utilizing the continuity method were given by Agmon-Douglis-Ni-
renberg [3].

The L, approach to the Dirichlet problem is based on a L, regularity
theory for very weak solutions of the Dirichlet problem. To obtain such a
regularity theory we use some of the ideas of a method originally devised
by Nirenberg-[23] with the following essential modification : instead of using
G;rding’s inequality we use the explicit solution of the Dirichlet problem
for elliptic operators with constant coefficients in a half-space, and the L,
estimates for such solutions derived in [3].

The paper is divided into two parts. In Part I we give the basic re-
gularity theory, both in the interior and at the boundary. This part has
an independent interest and entails most of the work. We remark that when
we consider the simpler problem of interior regularity we consider also weak
solutions of overdetermined elliptic systems and derive L, estimates for
such solutions. In Part II we shall combine the regularity theory with some
general results on Banach spaces (using in particular a result of Fichera
[10]) to develop the L, existence theory for the Dirichlet problem.

2. Notations and definitions.

Throughout the paper we denote by G a bounded domain in n dimen-

sional space with boundary 6G and closure @. We denote by T=(2; e y ®p)
1

the generic point in the space and put |»|= @ + ... + 22)%. We say that
@ is of clags (Y if with every point a® = (), ...,27) € 6G one can associate
a sphere S having its center in #° such that 9@ » § admits a represen-
tation of the form :

(2.1) Xy = ( (x, g ooy L1y L1y eon y orn)

for a suitable k; g being a function defined in some neighborhood U of
(@ 5 ooy Y5 @ p10 s x)) possessing there continuous derivatives up to the
order j.

(1) For instance, Schechter’s method is applicable only to such problems for which
the solution of the adjoint problem is unique, whereas we get the alternative in the ge-
neral case without any uniqueness assumption
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Similarly, G is said to be of classe (%! if around each of its points
the boundary §@G admits a local representation of the form (2.1) with a fun-
ction ¢ satisfying a Lipschitz Condition in the neighborhood U.

Finally, G is said to possess the cone property if every point in G is
a vertex of a closed right spherical cone of fixed opening and height which
belongs to @. It is readily seen that if @ is of classe (%! then it also has
the cone property.

We shall denote by C*(@) (resp. C*(@)) the class of complex valued
functions possessing continuous derivatives up to ther order k (0 << k << o)
in G (resp. 6). The class of infinitely differntiable functions with compaect
support in G will be denoted by C7 (G).

Let, now, j be a non-negative integer and p a real number = 1. For *
a function u (x) belonging to €7 (@) define the norm :

1/p
(2.2) o liz 0 = (fl I2<i| Deulp dw) ;
J 1=

where here and in fhe following a stands for the multi-index (e, , ..., &),
|| =a,; + ... + on, and D* is the partial derivative :

aa‘-l-...-i-an
= 897';1 v %0 ‘
‘We also put:
0 .
D;, = e t=1,..,n) and D= D,,..,D,).

The linear space €/ ((?) is clearly not complete under the norm (2.2).
Completing it we obtain a Banach space which we denote by H j,Lp(G). We
retain the notation || ||z, for the norm in Hjy, (&). The space H,z, (@)
is simply the space L, (@) and we shall usually write | ||z, for the norm
in this space.

The classes of functions Hj,Lp (@) were investigated by many authors
(Sobolev [30], Morrey [21], Friedrichs [11], Stampacchia [31], Deny and
Lions [9], Gagliardo |{13] and others). Some of the properties of these clas-
ses will be described in the next section. Here we limit ourselves to some
remarks. )

By the identification mapping we can consider Hj’Lp (@) as a linear sub-
set of L, (G). A function wué€ Hjz,(G) will possess generalized derivatives
up to the order j which we term strong L, derivatives. To define these let
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oo
2

{wi};_, be a sequence of functions in, ¢ (G) such that

lim || w; — w ||jz,@ =0

1—00

Then, there exist functions u*€ L, (@) (0 << |« |<j) such that

hm ” De w; — ue “LP(G) =0.

1—00

The functions #* are by definition the strong L, derivatives D*u of u in G.
They are uniquely defined.

We shall say that a function  belong locally to Hjz, in G — writing
uEHjlf}fI; (@) — if for every x € G there exists a sphere SC G with center
at # such that w € Hjp, (8). It is readily seen (using a partition of unity)
that if u € H}‘}fp (@) then uEHj,Lp (@,) for every domain G, such that (fl caq.

In connection with the Dirichlet problem we shall have to consider
the subclass of functions in Hjz, which together with some of their deri-
vatives, vanish at the boundary in a generalized sense. To make this more
precise suppose that G is of class C%1. Let u € HLLP(G). Then, as it is well
known, one can define for such w» its trace y(u) on the boundary. For in-
stance, one can use the following procedure. For u€ C! (@) y (u) is simply
the restriction of 4 on §@. In this case it is easily established that

/
(2.3) (/[y (w) |» do)lpg Const. || » ||1,Lp (@)
26

with a constant which is independent of w. Hence,  — y (u) is a bounded
linear transformation from C' (@) (considered as a subset in Hl,Lp(G)) into
L, (6G). Since (' (@) is dense in H, j, » (@) one can extend the transformation
in a unique manner by continuity to the whole of Hl,Lp(G). This defines
the trace on the boundary of a function w€ H;, L, (@) as an element of L, (3 @).

Let, now, m,j be positive integers such that m <j. We denote by
Hj 1, (G; {D)ja<m—1) the class of functions u € Hj 1, (@) which satisfy the
boundary conditions

(2.4) D'u=0 on 0G for 0<|a|<m—1,
where (2.4) is taken in the sense that

y (D*u) = 0 as an element of L, (§G).
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We observe that Hjr (G ; {D*}|qj<m—1) is a closed subspace of Hj 1, (@)
and that a function » belonging to Hj,Lp(G; [D*}|aj<m—1) N O™1 (@) satisfies
the boundary conditions (2.4) pointwise in the ordinary sense.

3. Calculus and properties of the classes Hjz, .

‘We have remarked already that a function belonging to Hj I, (@) posses-
ses strong L, derivates up to the order j in @&. Considering such a function
% as a distribution in @ (Schwartz [28]), it is readily seen that the strong
L, derivatives are also the distribution derivatives of w which are thus
functions belonging to L, (G). 1t is very convenient that under general con-
ditions on the domain G one can reverse this statement. We have:

THEOREM 3.1. Suppose that G is of class C%l. Let uw€ L, (G)(p =1) and
assume that the distribution derivatives of w of order <j are functions belon-
ging to L,(Q). I. e., assume that there ewist functions u®(x)€L, (@), 0 <|a|<j
(weak derivatives in the terminology of Friedrichs) such that

(3.1) qu“ @ de = (— 1)l fu“ pdx,

G G

Jor all p € OF (G). Then, we Hj, 1, (G) and its distribution derivatives u* coincide
with its strong L, derivatives Du (| o |< j).

The weaker conclusion that u€ ij‘}; (@) is well known and was esta-
blished by various authors (Friedrichs [11], Sobolev [30], Deny-Lions [9]). The
theorem as stated is due to Gagliardo (?) [13]. For more regular domains it
was established by Babich [5].

The following remarks are obvious. If € H,,LP(G) and a€ 01'(67), then
v = aw belongs to H;z, (G) and the strong derivatives of v are obtained by
the standard Leibniz rule. If, moreover, @ is of class (%! then the boundary
values y (D*v) (|| <j—1) are obtained by the same rules. The classes
Hjz, are preserved by homeomorphism of class (4. That is, let o* —« (2¥)
be a one to one mapping of G* onto G such that the mapping and its
inverse possess continuous derivatives up to the order j in the corresponding
closed domains. Then the mapping » — u*, u* (&*) = u (x («*)), is a homeo-

(®) It should be pointed out that Gagliardo is not using the notion of a weak deri-
vative but a different notion which is, however, equivalent to it. Also, the proof of the
main approximation theorem [13; p 112] could be repeated word by word for functions
possessing weak derivatives in the sense of (3.1).
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morphism between H;, (G) and Hjr, (G*). Also, to compute the strong
derivatives of «* one applies the usual chain rule. The same remark applies
to the trace at the boundary of derivatives of order < j — 1 when @ is of
class (001,

Most of the following lemmas are the L, modified versions of the ca-
leulus L, lemmas given in Nirenberg [23]. Unless otherwise stated we shall
agsume in these lemmas that G is of class C%1.

LeEmMMA 3.1. Let u€ L, (@), p > 1. Suppose that u is a weak limit in L,
of a sequence of functions {ui} which belong to Hj,Lp(G) and possess uniformly
bounded mnorms || ux|;r e . Then, w€ Hjr, (G) and its derivatives of order
<Jj are the weak L, limits of the corresponding derivatives of the functions wy.

Proof: From the weak compactess of the unit sphere in L, (p >1) it
follows that there there exists a subsequence u; such that D%, converges
weakly in L, to a function w*€ L,(@), |«|<j. Hence, for every function
€0y (G):

fqo u* de = lim fqo Druyr dx

k'—o0
v

= lim (— 1)|"‘|fD“<p-ukf do = (— 1)la jD“tp-u dx .
¢

k'—>oco
G

Thus, * is the distribution (weak) derivative D*u. But then, since u®€ L,(@),
it follows from Theorem 3.1 that uEHj,Lp(G) and that w* coincides with
the strong I, derivative D*wu. Moreover, from the uniqueness of the deri-
vatives it follows that the whole sequence D wu; converges weakly to D*wu
and not only a subsequence.

Using Theorem 3.1 one also obtains readily the following

LEMMA 3.2. Suppose that u belongs to Hjr, (G) and that its j' th order
derivatives belong to Hk,Lp(G), then uE]IHk,Lp(G).

NoTATION: Let h = (h; , ..., h,) be a real non-vanishing vector. We shall
use the symbol d, to denote the difference quotient operator :

w (% 4 k) — u ()

3.2 O U =

LeEMMA 3.3. Let u € Hj,Lp(G) (j=0,p > 1). Supposc that there exists
a constant O such that for every subdomain @,, G, C G:

(3.3) | 0n u [l5z60 < ©
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Jfor all .suﬁcently small vectors h. Then w€ Hji, 5, (G) and
(3.4) “ D;u ||j’LP(G) _<_ 0, =1 geee gy N

Proof : Consider first the case j = 0. From (3.3) and the weak com-
pactness of the unit sphere in L, it follows that there exists a sequence of
vectors (h™}>’_ in the direction of the x; axis, h™ -0, such that the se-
quence dym w (m sufficiently large) tends weakly in L, (@,) to a function u;;
and this in every fixed subdomain @,, G, c G. Since | u ||, < C for all
such subdomains, it follows further that wu;€ L, (@).

Now, from the definition of weak convergence we find that for all fun-
ctions ¢ € 05 (G):

fqouidx=lim @ Opm u do

m—»oo
G G

=lim | d_ym e - udr = — [D“p-udw.
m—»o0 é

This shows that u;is the distribution derivative D;u in G. Since D;u € L, (G)

(¢=1,..,n) we conclude from Theorem 3.1 thatyu € Hl,Lp (@). Clearly, we

also have
| Di e < 0.

Next, assume that j =1. Let again (k™ be a.sequence of vectors in
the direction of »; tending to zero. It is easily seen that 4,,, w converges to
D;u in L,(G,). Assuming without loss of generality that @, is of class C%1
and applying Lemma 3.1 to the sequence {6, u}, it follows that D;u€ H; 1, (Gy)

and that
” Diu “chp(Gl) S C (’L =1 g eeey n).

From this and from Lemma 3.2 we conclude that w € Hjiyz, (G,) for any
subdomain @, of class C*! (and consequently for any subdomain @, (71 c Q).
Since all the distribution derivatives of u of order <j -4 1 are functions
belonging to L, (@) it follows from Theorem 3.1 that u € HJ_,.LLP(G). That
(34) holds is obvious.

By the same argument used to prove Lemma 3.3 for j = 0 one obtains

LeEMMA 3.3'. Denote by Sg the hemisphere | x| < B, x, > 0. Let u
be a function belonging to L, (Zg), p > 1. Suppose that there exists a con-
stant C such that for every R' < R: )

Il 8" |z, < O,
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Sor all sufficiently small vectors h of the form h = (hy ,..., hy_y,0). Then the
distribution derivatives D;w for i=1,..,n —1 are functions belonging to
Ly (Zx) with || Diw ||z, < O

The following known lemma will be useful.

LEMMA 3.4. Suppose that G has the cone property. Then, for all functions
w€Hjr, (G)(j=1) and every ¢ > 0 the following inequality holds :

(3.5) ||“||:—1L(G><82 ||D““H 2@ T C |l vz

where C is a constant depending only on e ,j,p and G.

Lemma 3.4 for somewhat more regular domains was established by
Nirenberg [24] (3). The inequality for domains which have the cone property
was proved by Gagliardo (13].

Finally, we conclude this section with the well known mtegraJ inequa-
lities of Sobolev [30].

THEOREM 3.2. Suppose that G has the cone property. Then the functions
u belonging to Hjr, (@) (p>1) satisfy the following relations

n 1 ;
i If p < ]— then w€ L,(G) where q is defined by ? ——? — % Also,
(3.6) | ||z, @ < Const. || ||z,

with a constant depending only on n,j,p and G.
(i) If p _..J—_ then w€ Ly (@) for every 1 < g < co and (3.6) holds.

(iii) If p > l then w is a continuous jfunction (after correction on a
J
null set) such that
(3.6 Sup |u| < Const. %5z, 5

with the same constant dependence as above.

REMARK : If the boundary of the domain is somewhat more regular, e
g. if G is of class C%l, one can assert in case (iii) of the theorem that u
satisfies a Holder condition in G.

4. Some lemmas related to elliptic operators with constant coeflicients.

Let A (x, D) be a linear differential operator with complex coefficients
operating on functions « (¢) defined in a domain of E,. Denote by A’ the

(3) The analogous one dimensional case is due to Halperin and Pitt.
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leading part of A, i. e. the part of highest order terms. A is said to be
elliptic in the domain if for every point x in the domain the characteristic
form A’ (x,¢&) =k 0 for all real vectors & = (&, , ..., &) == 0. It is well known
that if » > 3 and A is elliptic then its order is even. This is not neces-
sarily true for n» = 2. .

In this section we shall consider an elliptic operator A of even order
2m with constant coefficients and with no lower order terms :

(4.1) ' AD)= 3 a,De.

|a]=2m

A being elliptic there exists a constant 4 > 1 such that
, 1
(4.1) TlEpr<[A@[<a]&pm

for all real vectors £. We term A the ellipticity constant of A.

We denote by &'= (x, , ... , #,—;) the generic point in E,_; and whenever
convenient write « in the form (', #,). We also put Dy = (Dy, .., Dny)
and D = (Dy , D,).

Write the operator (4.1) in the form A (D, , D,). For a fixed real vec-
tor & = (&, ,..,&—) & 0 consider the roots (in &) of the polynomial
A ,8&). If n >3 the ellipticity of A implies the exactly half the roots
possess a positive imaginary part (see [3]). This is not necessarily true for
n = 2 if the coefficients are not real. In general we shall say that A sati-
sfies the «roots condition » if for every fixed real vector & == 0 the poly-
nomial 4 (&', &,) has exactly m roots with a positive imaginary part.

The following two lemmas are basic for the proof of regularity in L,
of weak solutions of elliptic equations. The first rather known lemma will
be used to establish interior regularity (and L, estimates) of weak solutions
of elliptic equations and overdetermined elliptic systems. The second lemma
will be used to establish regularity at the boundary of weak solutions of
the Dirichlet problem. In both lemmas A will stand for the elliptic operator
(4.1) and p will denote a number > 1. In Lemma 4.2 we shall assume in
addition, if n = 2, that A satisfies the « roots condition » introduced above.
We shall denote by Sz the sphere |x|<CR and by Zr the half sphere
|z| <R, #,>0. _

LEMMA 4.1. Given a function f€ Oy (Sg) there exists a function ve C* (Sg)
such that

(4.2) Av=f in 8k
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and

(4.2 0 lem 250 < O NS llzyesp s

where C is some constant depending only on m,m,p, R and A (but not on

foor ).
LEMMA 4.2. Given a function f€ Oy (Zg) there exists a function ve O (Zg)
such that

Av=f in g

(4.3) ‘

Dyje=0 for 2, =0 (z|<R), j=0,..,m—1,
and
(4.3) | v HZWLp(ER) <clr ||Lp(21c37

where C is some constant depindig only on n,m,p, R and 1.
To establish Lemma 4.1 we simply define

(4.4) » (@) =/f<y> F@—y)dy

Sk

where F (v — y) is a suitable chosen fundamental solution of A with pole
at x = y. It is well known (e. g. F. John [16]) that there exists a funda-
mental solution having the form :

x

(£.5) Fla)= |afnry (| o

>—|— P (x) log | «|.

where P (x) is a polynomial of degree 2m — n if » is even, 2m > n, and
P (x) is zero otherwise; w (y) is an analytic function defined ion |y|=1.
From (4.5) it follows that

(4.6) | D« F (x) | < Const. | [pm—n—lal

for (i) |«|>0, in case n is odd or » is even and greater than 2m ; (ii)
|| >2m —n if » is even and not greater than 2m. If » is even and
0<|ax|<2m—mn, then

(4.6) |D* F (x) | < Const. | @ [Pn—n—l¢l (1 4 | log | @ |)).

Inspection of the explicit formulas for the fundamental solution (in [16])
shows that the constants in (4.6) and (4.6) depend only on m,n,Zi and
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| «|. Furthermore, it is easily established that D* F (x) for |a|=2m is a
homogeneous function of degree — » with a zero mean on the sphere
| @ | = 1.

Choosing a proper normalization of F, the function v defined by (4.4)
is infinitely differentiable and satisfies (4.2). Furthermore, from the proper-
ties of the fundamental solution mentioned above and from the well known
theorem of Calderon and Zygmund |8] on convolution transforms with sin-
gular kernels, it follows readily that

| v llem.zpisp < O f llzyisp

where C is a constant dependig only n,m ,p, R and 1. Hence, the function
v defined by (4.4) answers all the requirements of Lemma 4.1.

The proof Lemma 4.2 is more involved and depends on the solution
of the Dirichlet problem for A in a half space and related L, estimates.

‘We shall denote by Ef the half space x, > 0. In its simplest form
the Dirichlet problem for A4 in E is the following

PROBLEM : Given functions @, ('), ..., ou @), infinitely differentiable and
of compact support in E,_,, find an infinitely differentiable function w (x',x,)
n 177;1' such that

Au =0 in E,T,
(4.7) .
Ditu (@, 0) =g, @) for j=1,..,m.

This problem (a special case among a whole class of boundary value
problems) was solved in [3] (%), where it was shown that there exist kernels
K;(«',%,) (j=1,..,m), defined and infinitely differentiable in B except
for the origin, such that a solution of (4.7) is given by the formula:

ne
(4.8) w (%, ) =]_21 fqu W) Kj (2 — 9y, @) dy’.
n—1
We mention the following properties of the kernels K; also established

[3]. Let ¢ be a non-negative integer having the same parity as n — 1. The
kernel K; admits a representation of the form

1
(4.9) K] (wr’ wn) — sz’ ( 1+q>‘Kj,q (w’, wn)

(#) For n=2 and 4 real the selution was given in [1].
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n—1

where 4, is the Laplacean & D?, and K;, are certain kernels which are infinitely

i=1
differentiable in H; except for the origin which, moreover, satisty the fol-
lowing inequalities in Ef:

(4.10) | D Kjq () | < Const. | @ |i—1+e=lel (1 4 | log | |)
for |« |<j— 1+ ¢, and
(4.10) | D K;, (x) < Const. | & |/—1+e—lel
for |&| >j - q, where the constants in (4.10) and (4.10) depend only on
n,m,q,|«| and the ellipticity constant 1.
Let, now, w (2', ®,) be an infinitely differentiable function with compact

support in Ey . By the preceding a solution’ € ¢ (E‘,T ) of the Dirichlet
problem

(4.11) Au=0 in EF,
Ditu(@,0)=Di"w(@,0) for j=1,..,m,

is given by the formula

@iy u@m)=3 [ Dt e, 0) K@ —y,m) .
j=

n—1

Moreover, we have
LEMMA 4.3. The solution w satisfies the following inequality in L,,p >1:

(4.12) 3 || D*u “L,,(E;") Scowgzm” D= w ”LP(E,T) ’

a]=2m

where ¢, is a constant depending only on m ,n,p and A. If, in addition, the
support of w is contained in the halfsphere Xg then

(4.12) [ [lom, 2z < Co [l 0 [l2m, 22

where C, 'is a constant depending only on n,m,p,i and E.

Lemma 4.3. was proved (essentially) in [3] (compare also Koselev [17]
for the L, estimates involved). For the sake of completeness we shall pre-
sent a somewhat simplified version of the proof later on. It is with the aid
of this lemma that we shall now give the
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Proof of Lemma 4.2. Extend the function f(x)(f€ 05 (Z&)) as zero ou-
tside . Denote by (z some fixed infinitely differentiable function such
that {p=1 for |# | <R, {g=0 for |#|> 2R . Define:

(4.13) 0 (2) = £ () f F@)F@—y)ay,

where F is the fundamental solution of A introduced before. Clearly,  is
infinitely differentiable, w = 0 for |z |> 2R, and

Aw =f for |z|<R,
(4.14)
| 0 [lom, 2yzam < C1l fllzyzm 5

where O, is a constant depending only on n,m,p,i and R. Let, now, u
be the solution of the Dirichlet problem (4.11) given by (4.11) with w defi-
ned by (4.13). Put:

V=W —U.

Then, v has all the properties required by Lemma 4.2. Indeed, v€ C* (171;,")
By (4.14) and (4.11):

Av= Aw = f for wEZ_R,
Di'o=D"'w—D'u=0 for 4, =0,j=1,..,m.
Finally, using the estimate (4.12)" of Lemma 4.3 and (4.14), we get
2 llom 2z < [lomzyzp) 4 [ % [lom, 20
Sl llemzyzp + Co ll @ llomzyzm < C IS llnyep -

where C,, C are constants depending only on n,m,p,4 and RE. This esta-
blishes the lemma.

‘We shall conclude the section with a proof of Lemma 4.3 based on the
properties of the kernels K; mentioned before. We shall need first the
following

SUBLEMMA : Let G (x) = G («",x,) be a kernel, defined and measurable
in the half space E;F such that

(4.15) |G¢@)|<C|z|™,
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for some constant C. For v € L,(E}), p > 1, consider the transform

(4.16) u (@ n) = [ f V(Yy Ya) G (@ — Yy X+ Yn) AY Ay -
)

Then, u € L, (B;) and
, < s
(4.167) | w HLp(E;l—)— y Clfv ”Lp(bj;»

where y 18 a constant depending only on n and p.
Proof : Set
%M(x): |#|— for x,>0,

M(@x)=—|z|™ for x, <O0.
Extend » as zero for x,< 0. Then, for , > 0:

(4.17) |u(z)| < C’ff| oYy yu) | M (2" — ¥y 20 + ) Ay’ dy,

Bf
=0f[|v(?/’,—-yn)IM(w—y)d@/’dyn.
B,

Now, M(x) is an odd homogeneous kernel of degree — n bounded on |x|=1.
Hence, we are in a position to apply the Calderon-Zygmund theorem (8] to
the last integral (4.17), from which it follows readily that

|| » “Lp(E;f)S y Cllv ”Lp(En) =y Cllv “Lp(E,}Lw
y depending only on n and p. This proves the sublemma.

To prove Lemma 4.3 we shall first transform formula (4.11)’. To this
end note that (integrating by parts with respect to y,)

(4.18) fl),’fl w(y,0)- K, (s —y’,x,) dy’

Ep—

= — / f Diw (', ya)- Ky (2" — 'y @+ y.) dy’ dy, —
E+
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——ffDi—l w0 (Y’ Yn) - D Kj (2" — 3’ 20 + Yn) Ay’ Ay,
E+

where here and in the following all differential operators under the integral
gign act on the y variable unless otherwise indicated by a subscript. Sum-
ming (4.18) over j=1,..,m we obtain for the solution u of (4.11) the
I:epresentation :

m ; ~
(4.19)  u (2, xn)=2'0 ijL w (Y’ Yn) - K (@ — Y’y @0 1 Yn) Ay’ dyn
J=

By
where
(420) I(JZ_Ifi—DnKj+l7j=15"'7m—1,
K,=—D,K,, K,=K,.

Using (4.19) and (4.9) we observe that if ¢ is a non-negative integer having
the same parity as n — 1 then

1
4.21 ~ > —=149) ~,
( ) X (2, @) = A K;q (2, @),
where Em are kernels given by
Kjg=—Kjg— Dn K119, j=1,u,m—1,
(4.20)
Ko.q =—D, K],q ’ Km,q = Km,q-

From (4.20) it is readily seen that the inequalities (4.10)-(4.10), satisfied

by the kernels K;,, are also satisfied by the kernels f(},q.
Put:

(4.22) u, (2) = [fD,{ w (¥)- 12; @ —y,2n+y)dy (2, >0),

gt
n

so that by (4.19) u = Zu;. To establish the lemma it will suffice to show
0

that the inequalities (4.12) and (4.12)" hold for u;. We shall prove this for
j odd. The proof for j even is similar.
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Choose ¢ = 2m + n + 1. From (4.22) and (4.21) we obtain after ob-
vious integration by parts with respect to y’:

1
. — (n—1+9) .,

(4.23) uj () =ffD7]z w (y) - Ay2’ Ky (@ —ys 2+ yn) dy

mt

n

j m— gD mpUHD~
=ffDn Ay w (Y) - Ay Kjy @ — 'y wn + yn) dy
mt

=1

n—1 R a) nk g (3=1) oy
=—2/fD,~DﬁAgl w.D; 4, K, (' —y, 20+ yn) dy.
Ef

Differentiating (4.23) we thus obtain :

" (4.23Y — Doy (x) =

n—1 - () S e
=7 f D; D} A, w-D; 4, Dy Ko (2 — 'y 20+ yu) dy .
=1
2y

Suppose, first, that |« | = 2m. Using the estimates (4.10)-(4.10)" which,
as was pointed out before, are also satisfied by the kernels lﬁ(',-,q (g=2m-}n-+1),
we find that

wt 5 (7=1)

(4.24) DAl

DK@y m) | <cla|™

with a constant ¢ depending only on »,m and A. Thus, applying the Su-
blemma to a typical integral of (4.23)" it follows readily that

[| D= u, ”LI,(E;'[) < lcﬁ|=22m” DEw “LP(E,T)

where y, depends only on n and p. This yields (4.12).
Suppose, now, that 0<|a|<2m—1. From (4.10)(4.10)" one finds
readily that in this case

wt T U=

(4.25) | D; dur De K, (@', x,)| < Const, (| @ [==1 4 | & [2m)
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with a constsnt depen_t_iing only on n,m and A. If, furthermore, the support
of w is contained in Xy it follows easily from (4.23) and (4.25) that for
o] < 2m:

(4.26) || D= w; ”Lp(zR) < Ci|ﬂ£2m|‘ D8 w HLp(ER)

where C, is a constant depending only on n,m, 1, p and R. Since by the
preceding (4.26) (with a suitable constant) holds also for |« |= 2m we con-
clude that the functions w; (and consequently w) satisfy (4.12)’. This com-
pletes the proof of Lemma 4.3.

5. Preliminary regularity lemmas.

In this section we begin with the discussion of the regularity problems
of weak solutions of elliptic equations in the framework of the L, theory.
‘We shall discuss both the problem of interior regularity (also for weak
solutions of overdetermined elliptic systems), and the problem of regularity
at the boundary for weak solutions of the Dirichlet problem,

‘We consider a linear elliptic differential operator A of order 2m (varia-
ble complex coefficients) defined in @ :

(5.1) A, D)= 2 a,(x) D*.

laj<2m

We denote by A’ the leading part of A and by A some constant =1 (el
lipticity constant) such that

(5.1 %l&lmslA’(m,E)!SMélm

for all real vectors & and x € G . We introduce the following
DEFINITION 5.1. The coefficients of A will be said to satisfy Condition
{j; K} (in @), j being a positive integer and K >0, if

(i) g € Clel+Hi=2m (@) for |a|>2m —j,

whereas the remaining coefficients are measurable bounded functions in G .
(ii) The following inequalities hold in G :

. | Db a,| <K for |a|>2m—j, |B|<|2|+ij—2m,
an

|ao | < K for |a|<<2m—j.

3 Annali della Scuola Norm. Sup. - Pisa
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We also introduce the scalar produet notation (f, g)¢ to be used from
now on throughout the paper :

(5.2) (f, e = /f?fdw-
&

Here f and ¢ are two functions defined in G such that the integral (5.2)
makes sense.

In this and in the following section the domains of definition @ will
be either the sphere Sk (|#|<< R) or the hemisphere Xz (|| <R, x, > 0),
We shall denote.by 9, Z» the part of the boundary 6 X situated on the
hyperplane x, =0, and by 0, Zr the part of §3p situated on |z|=R
(0 2r=20,2rU 8, Zg). We also recall that by 6, we denote the difference
quotient operator :

w(e -+ h) — u(x)

S 1T

h=(h,,.., hy,) being a real vector 5= 0.

‘We shall now state two basic regularity lemmas.

LEMMA 5.1. Let A be an elliptic differential operator of order 2m defi-
ned in Sg, with coefficients satisfying Condition {1 ;K}. Let, further, w .be
a function belonging to L, (Sg), p > 1, such that for all functions ¢ € O (Sg)
the following inequality holds :

(5.3) |, 4 @sp | < Ol @ llam—1,2008m »

1 1
where p’ s the exponent conjugate to p: ?+ ra =1, and C is a constant.

Then, there exists a positive number ry < R and a constant ¢, such that
(5.4) | 81 [|z,08,0 < €0 (C + || % [|ze8m) 5

Jor all sufficiently small vectors h. Both r, and ¢, depend only on n,m,p,
R, K and the ellipticity constant 4.

LEMMA 5.2. Let A (x, D) be an elliptic differential operator of order 2m
defined in Sg, with coefficients satisfying Condition {(1; K}. If n==2 as-
sume also that A’ (0, D) satisfies the «roots condition » introduced in § 4.
Let, further, w be a function belonging to L,(Zg), p > 1, such that

(5.5) |(w, A ¢) s, |< O Q’“zm—1,.Lp,(zR)
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for all functions @ € O (Z ) satisfying the boundary conditions :

Dip=0 on 9, 2 j=0,..,m—1.
(5.6) n @ 1 <R J y oy
=0 in a neighborhood of 0, 2x.

Then, there exist a positive nomber r, < R and a constant ¢, having the
same dependence as in Lemma 5.1, such that

(5.7) | 0n w llzycz,) < 0 (C + || ¥l =p)

Sor all sufficiently small vectors h parallel to the hyperplane x, = 0.

Proof of Lemma 5.1 and Lemma 5.2: We shall prove both lemmas at
the same time. In the sequel o, will denote the sphere 8, in the case of
Lemma 5.1, and the hemisphre 5, in the case of Lemma 5.2.

By our assumption the coefficients of A are measurable functions boun-
ded by K in or. Moreover, the highest order coefficients possess first order
derivatives also bounded by K. Without loss of generality we may assume
in the following that A contains no lower order terms. Indeed in the gene-
ral cagse let A = A’- A" where A’ is the leading part and A" contains
only terms of order << 2m — 1. By Holder’s inequality

[(uy A" @lop | < K || v |y - | @ llomn—1.2, 005 -

Consequently the operator A could be replaced by A’ which satisfies the
conditions of the lemmas with O replaced by

0"=C+ K||u|ry0p -
Let » be a positive number << B/6 to be fixed later on, and let {, be
a real (> function such that ,=1 for |#|<<r/3, {=0 for |x|2%'r Set :

(5.8) Uy = Cr 0, x€op,

and extend wu, as_zero outside _(—IR. Let, further, v be and arbitrary function
belonging to O (¢,) which in the case of Lemma 5.2 (o, = 2X,) also satisfies
the boundary conditions
(5.9) Div=0 for T, =0, j=0,.,m—1,

‘We have: '
(6.10)  (u, A ({rV)s, = (wy &y A V)5, + (wy B0)y, = (U, A 0)s, + (w, B)s,,
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where B is a linear differential operator of order 2m — 1 with coefficients
which are linear combinations in @, Df {,. Hence, making use of Holder’s
inequality, we obtain

(5'10)' l (u ) 4 (57' Iv))"r - (MT H 4 /v)"r l = 62 ” [ ”Lp("'r) ” v ”2""—111/1)’(‘77) ’

where here and in the following ¢, , ¢; , ..., denote constants depending only
onn,m,p, R, K,1, and 7.

Consider now the function ¢ = ¢,v extended as zero outside o, .
@ € 07 (Sg) in the case of Lemma 5.1, while @€ C® (Xr) and satisfies the
boundary conditions (5.6) in the case of Lemma 5.2. Hence, applying the
inequality (5.3) in the first case, and the inequality (5.5) in the second, we
conclude that

(5.11) | (w, A (¢ Q’))a, | <c¢ C || v “2m—1,Lpr(a,.) .
Combining (5.11) with (5.10)" we thus get :
(5.12) |y A0), | < v ”2m—1,Lpf(a,,-) (C4 || ”Lp(o,))

for all functions v € C* (g,) which in the case of Lemma 5.2 also satisfy the
boundary conditions (5.9).

Next, let & be an arbitrary vector such that 0 < |k |<7/6. In the
case of Lemma 5.2 % is restricted, in addition, to be of the form » =k, ,...,
hn—y, 0). Define the function

(5.13) Su (@) = | nu, [P~ sign (S5 u,) ().

Then, fj € Ly (og),

513y iyt =l e 7

and the support of f, is contained in "—R/S° Let, further, };L be a C= function
with support in ops such that

~ 1
(5.14) 172 = Sallzyom < 5 1 Fn oz -

z

l#]

(*) As usual: sign z = if 25=0, sign 0 =0.



the Dirichlet problem 425

We now make use of the lammas established in § 4. Thus, in the case
of Lemma 5.1 apply Lemma 4.1 to the elliptic operator A°= A (0, D),
function f =7h and exponent p’. There exists by the lemma a function
vy € C® (§R) such that

(5.15) Av=F in B,
and
(5.18Y || v Hzm,Lpl(SR) =7y H%L ||L,,,<SR) ’

where y is a constant depending only on n,m,p, R and 1.
Similarly, in the case of Lemma 5.2, applying Lemma 4.2 it follows
that there exists a function v, € C® (2g) such that

A0 Vp, =ﬁ in ZR

(5.16)

Div,=0 on 0, Zrj=0,..,m—1,
and
(5.16) || vn HZm,Lp!(ER) =7 l\ho ”Lp!(zm ’

where y is a constant having the same dependence as above.
Using (5.13)" and (5.14) we observe that in both cases

(5-17) ” Un ”2m,Lp1(aR) =2 4 “ 6h Uy I i;(‘l,R) .

Consider the function d6_jz v,. 1t is a well defined infinitely differentiable
function in o,. Moreover, in the case of Lemma 5.2 it also satisfies the
boundary conditions (5.9). Hence, applying (5.12) to v = d_; v, we have:

(5.18) | (ur y A (6—p vp))s, | < ¢4

| 01 v ||am—1,L0(0) (C + || % ||2,06,) -
Also, one checks easily that
(5.19) || 0—nvn “2m—1,Lp!(aT) <Nl o ”2m‘Lp;(aR) .

where N is a constant depending only on = (one can actually take N =n).
Combining (5.18), (5.19) and (5.17) we thus get

(5.20) |y A (O—n 0o, | << €5 || O tr ||£;;) (€ 4 || % ||z, -
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Put:

A(w—l—h,D)—A(x,D) - 3 aa(w"_h)_a/a(w)])a

A, =
g 4] oo R

Using the relation fé_pg=0_s(f9) — 6_1f.9 (x — k), and noting that the
support of u, is contained in osy; while |k | <Cr/6, we readily obtain :

(5.21) (wr y A (0—p V))s, = (tr 5 O—n (A V), — (Ury AV (¥ — h))s, =
= (80 sy A 00)o, — (Ur, Apv (& — B)),
Since the coefficients of A; are bounded by n K we have (using 5.17):
(5.22) [y A_pon (@ — Mo, | << cg || wr ||z, 00 || 08 [|2m, 2oy <
< & [ lzyion | Sr e 172,
Thus, combining (5.20), (5.21) and (5.22), we get

(5.23) | (ah U, 3 A ’Uh l < I ur, (a—h ’vh))or I + | (ur ’ A—h Un (.’E - h))dr l S

< | dnur ll§7i> O+ || %[y, -
Write

(5.24) (O %y 5 A V)s, = (01 Uy y A® Vn)s, 4 (On Ur 5 (A — A°) v3)s,
Using (5.15) (resp. (5.16)) we have:

(5.25) (8 Ur , A° 0h)s, = (8h Ur 5 Fido, = (On Ur  fido, & (On thr y J1 — Fi)ay
By (5.13):

(5'25)’ (671/ uT 7fh)07. = ” 6ﬁ ur ”-gp("r) .

Also, from Holder’s inequality and (5.14) we get
(5'25)” I (5h U ?.?h _fh)ﬂ'r I = ” 6" Ur ”Lp("r) ”?"« —fh HLp’(qr) =

1 ?
=73 (| 65w ”Lp(a,.)
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Thus, combining (5.25), (5.25)" and (5.25)" we obtain

(5.26) | (On %y, A° vp)o, | =

~ 2
= (6h Uy )fh)ar - | (6h Uy 7fh —fh)a,. | = ? ” Op U ng(%) .

Now, it follows from our assumption that the coefficients of 4 — A° are
bounded by n Kr in o,. From this and from (5.17) we get, using once
more Holder’s inequality :

(5.27) ’ (O w0y, (A — AD) V1o, I < ” Op Uy ”Lp(%) “ (A — A% v, HLp’("r) =
< r En?™1 || 8wy ||y | 0 llam,1yiop < 27 7 KnP™ [ Sn ||, -

We shall fix now r choosing

. (R 1
(5.28) r = min (——6— y W) .

‘With this choice of r we obtain from (5.27) and (5.26):

(5.29) I (6h Uy A vh)"rl = | (6;, Uy o AO vh)"r | —_

‘ 1
— [ (@n e, (A — A% v)o, | = [ Br e [I7, -

Finally, from (5.23) and (5.29) we get

-

1 —
-l wlZ < el 25 €+ v ),
or,

(5.30) [l 8 e [|pto) < B €5 (0 =+ || || yio) «
If we now choose r =—T—, ¢, =3 ¢,, and note that 6&,u,= o,u for
0 g % 89
|w| <7y, |h|<7r,, we obtain from (5.30):
| 88 % || 2y00, < || 00 % (|0 << €6 (€ + ] ¥ ||yt -

for all h sufficiently small (- parallel to x, = 0 in the case of Lemma 5.2).
This establishes the lemmas.
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Lemma 5.1 and Lemma 5.2 yield (respectively) the following corollaries.
COROLLARY 5.1. Suppose that the conditions of Lemma 5.1 hold. Then,
we€H i°}, (Sg) . Moreover, for every R’ < R the following inequality holds :

(5.31) | (2,050 < €4 (C || % || L, 0sm)

where ¢, is a constant depending only on m,n,p,Ai, K, R and R’.

COROLLARY 5.2. Suppose that the conditions of Lemma 5.2. hold. Then,
Jor every R’ < R the distribution derivatives D;u, for i=1,..,n—1, are
SJunctions belonging to L, (Zr) such that

n—1
(5.32) 151 || Diu ”LP(ER/) < (04 |lv]|L Ly(Zp) s

where ¢, is a constant having the same dependence as above.

To prove Corollary 5.1 let d = R — R’ and denote by S, , the sphere
|2 —a%| <r. Apply Lemma 5.1 to  in —S—xo,d (after obvious translation of
variable), 2° € Sz . From the lemma, combined with Lemma 3.3, it follows
that there exist positive constants r, < d and ¢,, both r; and ¢, depend
only on n,m,p,4, K, R and d, such that € H, 1, (S»,) and

(5.33) 1Ds% |50 < €0 (O % llzyisg) s  i=1,u, .

Covering Sz by a finite number of spheres S0, (40 € gR’), using (5.33), we
conclude that uEHl,Lp (Sgr) and that, furthermore, the inequality (5.31)
holds.

Corollary 5.2 follows similarly from Lemma 5.2, Lemma 3.3’ and Co-
rollary 5.1. (5).

6. The basic regularity theorems.

We pass to the main regularity results in the framework of the I,
theory. The first theorem dealing with interior regularity is the following

THEOREM 6.1. Let A be an elliptic operator of order 2 m (") defined in
Sg, with coefficients satisfying Condition {j; K|, j being an integer such that

(6) It should be observed here that in the exceptional case » =2 the operator
A’ (x°, D) satisfies the «roots condition» for every x° EER . This follows by a simple con-
tinuity argument from our assumption that this is true for a®=0.

(") The theorem also holds for the elliptic operators in two variables of odd order.
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l<<j<<2m. Let, further, u oe a function such that w€ L]q“‘ (Sg) for some
q > 1 and such that for all functions @ € Oy (Sg) the following inequality holds :

(6.1) |y A@)sp| < Ol @ llomiLyisp »

where p' is some fixzed number > 1 and C is a constant.
Denote by p the exponent conjugate to p’: % —|—})1-,— = 1. Then,
w€ HiY, (Sg). Moreover, if 0 <R <R and E,= (R R')/2, then

(6.2) Il s zpspn < €4 (O + || |lLysgy) -

where ¢, is a constant depending only on n,m,p,i, K, R and R’.

Proof: Assume first that j =1 and that ¢ = p, so that we also have
uELE’c' (Sg). In this case the theorem follows from Corollary 5.1 applied to
u in Spg, . i

Next, let j =1 but 1 <q¢<p. To prove the theorem in this case it
will suffice to show that actually u € L},O‘f' (S8g), thus reducing the proof to
the case just established.

Now, let ¢' be the exponent conjugate to q. Since ¢’ >>p’ it follows

from (6.1) that we also have
| (w, A P)sp | < Const. || ¢ “2m—1,Lq/(SR) )

for all functions ¢ € Oy (Sg). Hence, by the result just established (p re-
loc.

placed by g) we conclude that we H l,Lq(SR)- Invoking Sobolev’s inequalities

(Theorem 3.2) it follows that wu € Lg’“’ (Sg) if either g=n or q <m but
¢, =4qn/m—q)=p. On the other hand if ¢ <= and g, <p Sobolev’s
inequalities give only that w€ Ly (Sp). In this case (noting that ¢, > ¢)
we repeat the same argument with ¢ replaced by ¢, ; either arriving at the
desired result w€ Ly* (Sg), or at least proving that u € Ly (Sg) with ¢, > g, .
Carrying on in this manner we obtain after a finite number of steps that
w€ Iy" (Sg). This yields the theorem for j = 1.

To prove the theorem for j =2 we use induction — supposing the
theorem is true for j —1 (1 <<j — 1 < 2m) we shall prove it for j.

We first observe that without loss of generality we may assume that
A contains no terms of order << 2m —j:

A= ) a, D*.

2m—y<|al<2m
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(In the general case one can omit from A all terms of order =< 2m —j,
the resulting operator will still satisfy an inequality of the form (6.1) in
Sg, with O replaced by C 4 || ”Lp(SR,>) . Put b,; = D;a, and define

B; = Py ba,i D, ‘

2m—j<|a|<2m

From the induction assumption it follows that we¢ H }"_ci,Lp (Sg), and in
particular that D;u€L " (Sp). Set R,=(R'+ R,)/2. For p€ 0;°(S5) we have:

(6.3) (Diu, A Qs =(u, Did @)sp =(u, A Dig)sy + (u, Big)sy, -
Now, from (6.1) we get
6.4) |, ADi@)sy | < Ol Di by rpisgy < Cll @ llom—ti-0,1,055) -

Also, since ‘

(u 9 B; 97)‘830 = 2 5 <2 (u ’ ba,i D ‘P)SRO = ("— 1)j_1 Z(Dﬂ (ba,i u) 9 Dr (p)sl\’o ’
m—jy<|a|<2m

where DA DY = D* with |f|=j—1, |7|<2m — (j — 1), we find readily that

(6.5) [, Bi sy | < p K| 0]l y—1,Ly0580 | @ llom—to—1), L5

where u is a constant depending only on # and m.
Combining (6.3), (6.4) and (6.5) we obtain the inequality

(6.6) | (Diwy A @)sy | < Ol @ llon——1.Lp085)
which holds for all functions € C7°(Sg), ¢=1,..,n, and where
(6.6") Oy =0+ pK|uljrmsg -

The inequality (6.6) shows that the derivatives .D;w satisfy the condi-
tions of the theorem in Sp, with j replaced by j — 1. Hence, using the
induction assumption, we conclude that D;w¢ H }‘fi,Lp (Sg,) (and consequently

loc.

D;uwe H =1L, (Sg)). Also, denoting by ¢, constants which depend only on
n,m,p,4, K, R and E’, we have:

(6.7) | Ds v || 1,285 < 02 (0 || w [ i—1.Ly5z,) -
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Thus (using Lemma 3.2) we infer that uEHJI-?}’;p (Sg) and

(6.8) o 15 zpsp0 < €3(0 4 || % [l j—1,1,088)) -
Finally, noting that by the induction assumption we also have:
(6.8)’ | |li—12p085) < €4 (0 + || @ ||zyes5)) 5

we derive from (6.8) and (6.8) the desired inequality (6.2). This establishes
the theorem.

‘We now pass to the more refined result yielding regularity at the
boundary. We shall first deal with functions defined in the hemisphere Xg,
and with the regularity of such functions near the flat part of the boundary.

THEOREM 6.2. Let A (x, D) be an elliptic operator of order 2m defined
in Sg. with coefficients satisfying Condition {j; K}, j being an integer such
that 1<j<2m. If n=2 assume in addition that A’ (x°, D) satisfies the
«roots condition» for every fized x°€ >r-

Let, further, w be a function belonging to L,(Zg) for some ¢ >1 such that

(6'9) i ("‘ 9 A (P)ER i S— ¢ ” % H2m—},bp/(23) ’
for all functions @ € O (E‘ R) satisfying the boundary conditions :

Dipg= on 8,3 for k=0,..,m—1,
(6.9)
@=0 in some neighborhood of §,2r,

where p’ is some fived number > 1 and C is a constant.
Denote by p the exponent conjugate to p’. Then, u EHj,Lp (Zr) for every
R’ < R. Moreover, setting R, = (R + R')/2, we have :

(6.10) w15 pzpy < e (O + || lzyzg))

where ¢, is a constant depending only on n,m,p,L,K, K and R'.

The proof of the theorem depends on Corollary 5.2 and the following
lemma.

LEMMA 6.1. Let uw€ L,(Zg), p >1. Suppose that the distribution deri-
vatives Dyu for i=1,...,n— 1 are functions belonging to Ly, (Zg). Suppose,
moreover, that there exist an integer 1> 0 and a constant C, such that

(6.11) |, D @)sp | < Oy || @ lli-1,L,0zp



432 SamurL AemoN : The L, approach to

oo 1 1 L .
Jor all functions @ € Oy (Zg) (?—}-? = 1) . Then, the (distribution) deri-

vative D, w is also a function belonging to L, (Zg/) for every R' < R, and

n=1
©12) ([ Daullyzm <o (042 1 Den iz + 14 )

where ¢ is a constant depending only on n,1l,p, R and R’.

The lemma in the special case p =2 is due to Lions (see [19]). For
general p (and also its analogue for Holder classes of functions) the lemma
is given (essentially) in Agmon-Douglis-Nirenberg [3] where, however, instead
of (6.11) it is assumed that

(6.13) Du= 3 Def,,

where f, are certain functions belonging to L, (Zg) and (6.13) is understood
in the weak (distribution) sense. Clearly, (6.13) implies an inequality of the
form (6.11). The converse implication is also true (see [19]). For the sake
of completeness we shall furnish in the sequel a variant proof of Lemma
6.1 which is not using the representation formula (6.13).

‘We shall now give the

Proof of Theorem 6.2. By the interior regularity result of Theorem 6.1
we know already that we H ;?Z‘p (Zg). In the following we shall assume that
the operator A contains no terms of order < 2m —j. This (as in the proof
of Theorem 6.1) entails no loss of generality. Given 0 < R' < R, we set
R, =(R' 4 R)/2 and R,= (R’ + R,)/2. We also denote by ¢, constants
which depended only on n,m,p, 1, K, R and R’.

To prove the theorem suppose first that j = 1 and that ¢ = p so that,
in particular, uw€ L,(Zg). Since in this case u satisfies the conditions of
Lemma 5.2 in Sg , applying Corollary 5.2, we conclude that

DquLp(ZRO) for t=1,..,n—1,
and that

N—

1
(6.14) | Diw |z, zp < 0o (C+ |l lnyzp)) -

=1

To complete the proof in this case we need only to show that D,u€ L,(Zg)
and that )

(6.14) | Dutt ||z, zp < €5 (0 + || # ||zy(zp)) -
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To this end write A in the form :

n—1
(6.15) A=aD"+ 5 3 a4 DD,

i=1 |aj=2m—1

where a,; is either a coefficient in A or zero. Let ¢¢ (o (Zr). We have:
(6.16) (@w, D" ¢)zp = (w, a D" @)z

n—1 —
=(u, 4 @)ERO + 2 2 (Di(agiu), D* ‘P)ERO .

i=1 |a|=2m—1

Combining (6.16), (6.14) and (6.9) we infer

(6.17) |(@u, D" @)zp | < 04 (C A4 || % [lyzp)) | @ lom—1,1,05,

for all functions @€ €y’ (Zg,). 3
Applying now Lemma 6.1 to the function a v in X we conclude that

D, (a w)€ Ly, (Zg/) and that

~

— n—1 —
(6.18) || Du(aw) [|ryzg) < 05 (O [ @ lyzgy + 2 || Di(aw) |nyzg) -

Combining (6.18) and (6.14) (using A1 <|a|<41, | D;ja|< K) we conclude
that D, u€ L, (Zg) and that (6.14)" holds. This yields the theorem in the
case considered.

Next, suppose that j =1 but that 1 <¢ <p. We shall reduce this
case to the preceding one by showing that actually we€ L,(Zg) for every
R’ < R. We proceed as in the proof of Theorem 6.1. By the above argu-
ment (p replaced by ¢) we have uEHl,Lq(ZR/). Hence, using Sobolev’s
inequalities we conclude that w € L,(2g) if ¢=mn, or if ¢<<n but
¢, =¢qnf/(n —q)=p. On the other hand, if ¢ < n and ¢ <g, <p we con-
clude that w€ Ly (Zg). Repeating in the last case the same argument with
q replaced by ¢, etc.,, we conclude after a finite number of steps that
w€ L, (Zg) for every R’ < E. This completes the proof of the theorem for
j=1.

Finally, for j =2 we use induction — assuming the theorem is true
for j—1 (1<j—1<C2m) we establish it for j. From the induction as-
sumption we note that w€ Hj_ 1, (Zr) so that in particular D;ue€ L, (Zr)
for every R’ < R.
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Consider a derivative D;u with ¢ = n. Let ¢ be a function belonging
to (> (Zg) with support in 3 , such that

(6.19) Dip=0 for 2, =0, k=0,..,m—1.

We now proceed to estimate (D;u, A ¢)sj, in exactly the same manner as
in the proof of Theorem 6.1. Using the fact that D; ¢, ¢ &= n, satisfies
(6.9)’, we need only to rewrite relations (6.3) to (6.6), replacing everywhere
the sphere Sg, by the hemisphere Xp . Rewriting the final inequality (6.6)
we thus conclude that

(6.20) | (Diuy, A @)zp | < Oy || @ |lom—()—102, (5

for i=,..,n — 1 and all functions ¢ € 07 (Zr) with support in > R,y Sati-
fying the boundary conditions (6.19). Here O, is the constant (6.6)".

Hence the derivatives D;u (¢ = n) satisfy the conditions of Theorem 6.2
in g, with j replaced by j — 1. Applying the induction, setting R’' =
= (R’ 4+ R,)/2, we infer that

n—1
(6.21) 21 | Diu ”%1,1; ) <06 (0 + ” i1z (Zm
i
<6 (C+ [ w]nyzg

From (6.21) and from the validity of the theorem for j — 1 it follows that
all derivatives D*w such that 0 < |a|<j, « 3= (0,...,0,) belong to L,(Zr’)
and satisfy

(6.22) | D ||z, zpn < €5 (O + [ % [|z,0zp))
To complete the proof of the theorem we need only to show that

Diu € L, (Zg) and satisfies (6.22). This we do again with the aid of Lemma
6.1. Write A in the form:

n—1
(6.23) A=aeD"+3 3 a,:D;D+ = a, D"

i=1 |a|=2m—1 2m—j<|a|<2m—1

Let g€ Cy (Zrv). Using integration by parts, we have:
(6.24) (— V7D (aw), DY gy, = (u, aDY" @)z,

(M A(p)zRu —l— 2 2 (D’b (—a’_a,i u) 9 -Da (p)Z‘R/r -

t=1 |a|]=2m—1

- 2 (a’auy-Da(p)ZRu-

2m—)=<|a|=2m—1
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Oonsider a typical term in the first sum on the right of (6.24). Wri-
ting D*= DF Dr, with |f|=j — 1 and |y|=2m —j, we find readily that

(6'24), l (-D@ (Ea,i u) ’ D ‘P)ER// | = | (Dﬂ -Di (a’a,i u)’ Dr (p)Z'Rrr |
< e (| Diw |1, 5,550 + | % lnyzpn) | @ llem—izpizpn -

Similarly, for a typical term in the last sum on the right of (6.24) we
find (integrating |« | — (2m — j) times by parts):

(6.24)” | (@, D* Q)5 | < eso || % |li—1,5,50 | @ oLy zpom -

Combining (6.24), (6.24)’, (6.24)’” and (6.21) we thus get for all functions
P €05 (Zri):

(6.25) | DI (aw) , DY )z |
n—1
<ey (0 ‘|‘i=21 | D u “j—l,Lp(ERN) 4w “j—l,Lp(ERu)) || ”2m—1,Lp/(2Rn) <
<o (C + || vy ) | @ llom—i Lyzgom -

Applying, now, Lemma 6.1 to the function Dt (au) in 3po with 1 =
= 2m —j 4+ 1, we conclude that D; (au)€ L, (Zg) and that

(6.26) || D7 (aw) lzpzp < 015 (C+ || |ln,zg)) -

Finally, from (6.26) and (6.22) it follows that Diuce L, (Xg) and that Diu
satisfies an inequality of the form (6.22). This completes the proof of the
theorem.

‘We shall conclude this section presenting a

Proof of Lemma 6.1. We first note that by an obvious approximation
argument the inequality

(6.27) | (w, DY @)sp | < Oyl @ e, pizp

holds not only for @€ (7 (Zg), but also for all functions ¢ € C' (Zg) with
compact support in 5. Moreover, we claim that (6.27) holds for all func-
tions @€ O'(Zg) satisying the boundary conditions :

Dig=0 on 8,3, j=0,..,1
(6.27) S @ 1<Rry J yeey by

( ¢ =0 in a neighborhood of g, k.



436 SamukL AGMON : The L, approach to

Indeed, if ¢ is such a function and ¢ > 0, define:

. () =¢@(x—¢ for €3, x=¢,

@: () =0 for €3, v<le.

If ¢ is sufficiently small then ¢, will be a C' function with compact support
in 2. Hence, by the previous remark, (6.27) holds for ¢.. Letting ¢— 0
we establish the same for ¢.

Now, define » as zero in u, >0, |x| = R. Then, extend » into the
half-space x, < 0, putting

2l+1 %,
(6.28) u (@, @) = 2 Liu (w’, — J_) for x,<<0,

J=1

®’ = (&, , .., xy—;), Where the constants 1, are chosen so that

2041 1\*
(6.28)" 2/1](—7,)=1 for k=—1,0,1,..,21—1.

j=1
Clearly u € L, (Sg) and
(6.29) o llzysm <74 % lyzp -
where here and in the following y,, ..., 75, denote constants depending only

on I, Also, the distribution derivatives D;u, for ¢ 3= n are functions belon
ging to L, (Sg) such that

(6.29y Il D lrysp <72 | Diwe ||y zp -

Let, now, y be an arbitrary function of Cj (Sg), extended as zero out-
side Sp. Write

(6.30) (w, DY s =]u1),2,’ 5 dow /uD?f x dw .
@p >0 xn.<0
Using (6.28) to transform the last integral in (6.30), we find that

(6.30)7 (w, D} p)sp = f uD y* dw,

2,>0
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where

% , , 2l+1 1 2l—1 , .
(6.31) 1@y 2n) = x (@7, @) +JZ; A ]_ 2 @'y — jon) .

It is readily seen from (6.31) and (6.28) that x* is a (>~ function with
support in Sp such that

(6.31) Diy*=0 for =0, j=0,..,2l.

Putting ¢ = Dj, 4*, we write (6.30”) in the form :
(6.32) (w, Dil Dsp = (u, D; P)zg.

Since, now, ¢ € 0 () and satisfies the boundary conditions (6.27) it fol-
lows from the preceding that it satisfies (6.27). In terms of y (using (6.31),
(6.32)) we have

(6.33) | (w, DY 2sp| < 75 Oy |l 7 let—1.1,2p)-
Next, for ¢ 4=n, we have:

(, D 2)sp = — (Diw, D¥™" p)sp

from which, using (6.29)’, we obtain that
(6.33) |, DF psg| < 74ll Diw |lnyzp || 7 btz -

Let A = D} + .., + DZ. Combining (6.33) and (6.33)’ we conclude that

n—1
(6.34) [ (w, 4 2)sp | < 75 (0) + .§1 | Diw o) || 2 1.2, =)

for all functions y€ 05 (Sg) .
Since A is elliptic, the inequality (6.34) allows us to apply Theorem
6.1 (Corollary 5.1) to v in Sgp. We conclude that u€ Hll"I:D (Sg) and that for

every R’ < R (using (6.29))
n—1
I Dat [y < 0 (0 4 = 1 Dev gz + 1w Iryesm)

where ¢ is a constant depending only on = ,!,p, R and E’. This establishes
the lemma.

4 Annali della Scuola Norm. Sup. - Pisa
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7. The interior regularity in L, of weak solutions of elliptic equations
and overdetermined systems.

Let {A;{x, D)}N be a system of N linear differential operators of re-

=1

spective order m; :

(7.1) Ai(@, D)= =X a (x)De (l=1,..,N),
|la|<m;

defined in a closed bounded domain . We shall say that the system {4,

is elliptic in @ if there exists no real vector &£==0 and a point z€ @,

such that

(7.2) Za@é&=0 for i=1,. ,N (& =7E&.. E&n).

|a|=m;

If the leading coefficients of A4; are continuous in 5, ellipticity implies that
there exists a constant 1> 1 such that

1 _ X :
(7.2 5 <Z| I d @R,

2 =i fajmmy

for all real unit-vectors £ and #€ ¢. We term such a constant an ellipticity
constant of the system.

For an overdetermined system of operators having the same order the
above definition of ellipticity coincides with given by Schwartz [29] (see
also Hormander [15]). We point out, however, that we are not imposing
the restriction that the operators A; be of the same order.

In the following {Ai}fi , Will denote either an elliptic operator (N = 1)
or an elliptic overdetermined system (N > 2) defined in @ and given by
(7.1). The formally adjoint A¥ of A; is the operator

(7.3) A¥@, D)u =23 (— 1)l*l D* (at () u).

|a|.<_mi

It is a differential operator in the ordinary sense if ai€ C'" (G). Clearly
the system {A¥} will also be elliptic.
We shall consider a weak solution » of the adjoint system
(7.4) Atuw=f;, i=1,..,N,
in the sense that

(7.5) (“’.Ai‘P)G=(fi7‘p)07":=17'"7N7
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for all functions ¢ € 07 (G). Note that (7.5) has a sense when the coefficients
of A; are merely measurable bounded functions.

The main interior L, regularity result for such weak solutions is the
following .

THEOREM 7.1. Let w be a function belonging to Ly (@) for some q > 1.
Suppose that u satisfies (7.5) where f; (i =1,...,N) are given functions belon-
ging to L;:"" (@), p>1, and where {A"l?; (N >1) is the elliptic system in-
troduced above. Assume also that the coefficients of A; satisfy Condition {l; K}
in G, 1 being some positive integer (%), and putj = min (I, m, , ..., my). Then,
uEH;'Z’(G) . Moreover, if G,, G, are any two subdomains G,, G,, such that

G,c ¢,c G,C @, then

N
@6 Nullen<e| Zis

)

LyGy 1 Il w ||L,,<Gn) ;

where ¢ is a constant depending only on n, max m;, p,N, K, the ellipticity
constant A and the domains.

Proof: Put my= minm;, m = maxm;, and let d be the distance bet-
ween 0G, and G, . Denote by A; the differential operator with coefficients
complex conjugate to those of A4;. Given a point x°€ éo’ define :

Ap (4, D) = Zl'v A; (@, D) A; (20, D) Am—m;
=]
where A is the Laplacean. A, is a linear differential operator of order 2m
with coefficients satisfying Condition {I;¢, K} in @, ¢, being some constant
depending only on n,m, and N. Also, A, is elliptic at ° and consequently,
by continuity, is elliptic in some neighborhood of a°. More precisely, since
the coefficients of the leading part Aj possess first derivatives bounded by
¢, K, it is readily seen that there exists a positive number ¢ < d, ¢ depen-
ding only on n,m ,N,K,A and d, such that

1 , .
s EP < Adp(@, o] <22 | &

for | # —a® | <p and all real vectors {. Thus, denoting by Sy, the sphere
| e — a® | <<r, Aw is elliptic in S, and 24* can serve as its ellipticity
constant.

(8) Condition {l; K} for the coefficients of 4, is defined as in § 5 (Def. 5.1) except
that 2m should be replaced by the order m; of 4,.
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Now, let @€ 07 (8p,). By (7.5) we have:

(w, 4 (@, D) Ai(@®, D) 4" ™ g, = (fi, &; (@, D) 4" i),

which after summation yields:

N
(7.7) (U, A 9)s, = 3 (i, Ai(a®, D) A" " @),

=1

It follows from (7.7) that

N
(7.8) | () Ao Ps,, | < cZf (2580000 1| @ llzm—rmo, L (S50,

where C is a constant depending only on n,m ,N, and K.

The conclusion of the theorem follows now immediately from (7.8) and
Theorem 6.1 applied to u in 8w, (elliptic operator A.), using a finite co-
vering of G, by spheres Swi,g/z (xi€ éo).

The following is an easy consequence, and at the same time a genera-
lization, of Theorem 7.1.

THEOREM 7.17. Suppose that the conditions of Theorem 7.1 hold and that
in addition fi€ Heip, (@), k>0. Set k=min(l,k + m,, .., ky+ my).
Then uEHklf’Z;) (@), and for any two subdomains G,, @, such that G, C G, C
C G, C G the following inequality holds :

N
(1.9) I e <o (2 1 Do + 10 o)
2

where ¢ is a constant depending only on n, max(m; 4 k), N,p, K K,i and
the domains.

Proof : The special case k, =..=Zky =0 is Theorem 7.1. In the ge-
neral case put:

Aio (@, D)= A4;(®,D)D* and f;,=(— 1) D*f;,
for |« | = ki, t=1,..,N. Integrating by parts we deduce from (7.5) that
(7.10) (yAis @)a = (fia), Ple
for pe (@), |a | =k ,i=1,..,N.
The conclusion of the theorem follows now from (7.10) and Theorem

7.1 applied to the function wu, elliptic system {A4;,} and the corresponding
system of functions {fi.l.
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Suppose now that the conditions of Theorem 7.1’ hold with k;=m — m;
and | =m. It follows from the theorem that u € szp (@). Using integration
by parts it follows in a standard way from (7.5) that 4 is a strong solution
(in chi) of the adjoint system (7.4). If, moreover, the conditions of Theo-
rem 7.1 hold with & —m —m;~j, k=m-j, where j>n/p, then it
follows from Sobolev’s inequalities that u € C™ (@), f; € C (@) (after correction
on a null set) and that w satisfies (7.4) in the classical sense. Finally, if
the coefficients of the system and the f; are infinitely differentiable one ob-
tains the well known result that « is also infinitely differentiable (for over-
determined elliptic systems see, for instance, Schwartz [29]).

With the aid of Theorem 7.1 we establish now the following a priori
estimates for a system of differential operators.

THEOREM 7.2. Let {Ai}i\;l be an elliptic system of differential operators
of respective order m; defined in G. Set my = min m;, and suppose that the
coefficients of A; satisfy Condition {m;; K} in G. Let G, be a subdomain such
that @0 C G. Then, for all functions u€ Cy (G):

N
(7.11) | flmg Ly < € (:: Il Aiw ||zy@p + I llewO))

where ¢ is a constant independent of wu.
Proof : Put A;u=f;. Then, for every function ¢ € 0y (G):

(7.12) (w,Af Q)¢ = (fi, 9)¢, i=1,..,N,

where {A¥} is the formally adjoint system. The inequality (7.11) follows
now from (7.12) and from Theorem 7.1 applied to u in @, system {A}} and
l=j=m,.

The estimate (7.11) for a single elliptic operator was established by
various authors (see, for instance, Nirenberg [24]). For p =2 and m, =
= My = ... =My estimate follows from the more general G?u-ding’s inequality
[14]. For general p the estimate (7.11) was (essentially) established in Agmon-
Douglis-Nirenberg [3; Th. 15.1’/] by a different method.

In the special case of an elliptic system of operators having the same
order the smoothness assumptions imposed on the coefficients of 4; in Theo-
rem 7.2 could be relaxed considerably, namely, we have

THEOREM 7.2/, Let {4; (ac,l))}?r= , be an elliptic system of operators in G,
having the same order m. Suppose that the coefficients of highest order terms
in A; are continuous, whereas the remaining coefficients are measurable and
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bounded in G. Then, for all functions u€ Oy (G) we have :

N
(1.13) [l <o 2 1 4wl + [ # y)

where ¢ is a constant independent of wu.

We sketch the proof. Using Lemma 3.4 we may assume without loss
of generality that A4;(x,D) contains no terms of order < m. Let 2° be an
arbitrary point of G and put Ay = 4;(=*, D). By Theorem 7.2 the inequality
(7.13) holds for the elliptic system with constant coefficients {A? }. Hence,
there exists a constant ¢, > 0 such that for all w€ Cy (@) we can write

N
(114 [l < o 2 142 o + I i)
=1

N N
<e (5_1” Aiu||pe + [ v HLp(m) + c°£1“ (A7 — A w |-

Using the continuity of the coefficients of A4; it is readily seen that there
exists a number ¢ > 0 (independent of x°) such that if the support of u is
contained in the sphere |z —2°| <o, then the last term on the right of

1
(7.14) is less than > It % ||m,z. (6) * From this and (7.14) it follows that there

exists a number 8 > 0 such that (7.13) holds for all functions wu€ 07 (@)
which in addition possess support of diameter < é. Finally, one drops the
restriction on the support of w in a standard way by using a suitable par-
tition of unity and using once more Lemma 3.4.

8. Regularity at the boundary.

We pass to the problem of regularity at the boundary in L, of weak
solutions of the Dirichlet problem. We consider an elliptic operator A of
order 2m defined in @ :

(8.1) A@,Dy= 2 aq(x) D*.

|a|=2m
If n =2 we assume in addition that A satisfies the roots condition in G
(i. e. for every 2°€ G the principal part A’ (x°, D) _satisfies the condition on
the roots introduced in § 4). We denote by ¢ (@ ; {D%|a)<m—1) (m < 1) the
subclass of function v€ ¢ (@) satisfying the boundary conditions :

(8.2) Div=0 on 9G for 0<|a|<m—1.
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We also recall that Hl,Lp (G’_ ; {D%)|aj<m—1) denotes the subclass of functions
@EHz,Lp(G) satisying (8.2) in the generalized (trace) sense (see § 2).

We now state the basic

THEOREM 8.1. Let w be a function belonging to Lg (G) for some q > 1.
Suppose that for all functions ve O™ (@ {D*1gj<m—1) the following inequality
holds :

(8.3) | (u, Av)g | < O} v |lam— Ly,

where A is the elliptic operator (8.1), j i8 a positive integer < 2m, p’ >1
and C a constant. Suppose also that the coefficients of A satisfy condition

— 1 1
{j, K} in G and that G is of class C*™. Then, w€ H, 1, (@) (?4—? = 1) and

(8-4) % |52y < €4 (04 || lLy6) 5

where ¢, is a constant depending only on n,m,p, K, (the ellipticity con-
stant), and the domain.

Proof : By an obvious covering argument it suffices to show that for
every #°€ G there exists a neighborhood £ in the relative topology of @
such that we H,p, (£2°), and such that | u || iLye i8S majorized by the right
side of (8.4) with a constant ¢, depending in addition on £2°. For a point
2° in the interior this follows from Theorem 7.1, taking for £° a sufficiently
small sphere with center at °. Suppose that 2°€ 3@ . In this case there
exists a sufficiently small neighborhood £ of «° in é, and a measure pre-
serving homeomorphism (?) of class CZ’": x ~x which takes 2 onto the he-
misphere X, : |;| <1, 2,>0. Let A be the transformed elliptic operator *
under the mapping and put u (5=u(w (a':"’)) (AV and u defined in 271). Let,
further, » be an arbitrary function belonging to (2™ (2 {D*}aj<m—1) and
vanishing in some neighborhood of 4,5, (the curved part of §2,). Put
fv(x)=17(w~ (x)) and extend v as zero in G—Q. Tt is readily seen that
VE O™ (G ; [D%jq=m—). Using (8.3) we have:

(8.5) |, A o)z, | =] (w, A v)g |

L O lem—jitgiar < €6 €| llams, 1z

(®) One can take a mapping of the form : 'ar\;; =%, ..,

~

wn—l

~

~
Tp—y = Bp—1r T = Fpppr s =T

~
xn=xk—f(wl,...,xk_1,avk+1,...,xn).
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where ¢, depends only on the mapping. Applying now Theorem 6.2 to the
function w in 2, we conclude that weH JLy (>, for every r << 1 and con-
sequently that w€ Hjp, (2%, £° being the image of 3, under the mapping.
We also obtain by the same theorem the desired estimate. This establishes
Theorem 8.1.
From Theorem 8.1 one deduces easily the regularity up to the boundary

of weak solutions of the Dirichlet problem :

A*y=f in @,
(8.6)

D'u=0 on 9G¢, 0<|a|<m—1.

THEOREM 8.2. Let u be a function belonging to L, (G) for some ¢ >1.
Suppose that u is a weak solution of (8.6) in the sense that

(8.7) (w, A v)e =(f,v)a

for all functions v€ O™ (G ; {D%)y<m—1), where A is the elliptic operator (8.1)
and f is a function belonging to L,(G), p > 1. Suppose, moreover, that the
coefficients of A werify condition {j; K}, 1<j<2m, and that G is of class
¢ . Then, w€ Hj 1, (G) and

(8.8) | llizye < e (| fllzye + 1% l|zy@) s

where ¢ is a constant depending only on n,m ,p,K,A and the domain.
Proof : From (8.7) we obtain the inequality

(8.9) [y A v)a | < fllzye 12 llzne
for all functions v€ 0" (@; {D%)jq<m—1), and the result follows by Theo-
rem 8.1.

A case of special interest is

THEOREM 8.2'. If the conditions of Theorem 8.2 hold with j = 2m (i. e.
if ag€ Cl°l(@) for |a|> 0, a, .., o being bounded) then uEHm,Lp (G5 { Do) <m—1)
and satisfies (8.6) in the strong L, sense.

Proof: We know already that uEHm,Lp(G) and consequently that
A*uy ==f in the strong L, sense. To complete the proof we need only show
that the trace of D*u on the boundary (considered as an element of L, (0@))
is zero for 0 <|a«|<m — 1. For functions w which are sufficiently smooth
this follows in a well known manner from (8.7). With some precautions
the proof for functions of class Hzm,Lp(G) is similar. For the sake of com-
pleteness we present a formal proof.
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It suffices to show that given «°€ 9@ there exists a neighborhood = of
a® on §@G such that the traces y (D*w) (| a|<m — 1) are zero when restri-
cted to m. Since the last property remains invariant under a domain ho-
meomorphism of class C?™ we may assume without loss of generality that
n is the n — 1 dimensional sphere #, =0, |&'| <7 (@ = (#; ..., Tu—y). We
may also assume that the cylinder: ' €n, 0 <lx, < d, for some 6 >0,
belongs to G . Furthermore, noting that the trace 7(D,’; w) € Hop—y—j L, On 7
(this follows from the estimate (2.3)), and that

(8.10) 7 (D% Diu)y= D%y (Dju) on =x

for all derivatives Dz of order |a|<2m — 1—j not involving w,, we
conclude that it will suffice to show that 'y(D,{ u) is a null-function on =
(Jj=0,u,m—1)

Let 0 <j<m — 1 and assume that y(D,'i w) is a nullfunction on = for
every k<j—1 (there is no assumption for j=0). We shall show that 7(D,{ u)
is also a nullfunction on = and the result will follow by induction. Let
¥ (¢')€ Oy () and let {(w,) be a C” function on x,> 0 such that =0 for
Xn >0, L (Hn) = (— @™ /(2m — 1 —j)! for 0 <z, <d/2. Put:

w (2, ) = @ (¢') (%) .

Since u € Hyyp, L, (G) we can integrate (u, A w)e¢ by parts to obtain the usual
Green’s formula with boundary values taken in the generalized trace sense.
A gimple calculation shows that

(8.11) (w, A w)e= (A%, w)qe -+ fy (D] (0 w) @ () da’

where a is the coefficient of D" in A. Since A*uw = f and (u, A w)g = (f,w)e;
we conclude from (8.11) that

f?’ (D] (au)) g (¢')de’ =0

T

for all ¢ € 05 (7). This implies that y (D} (e¢w)) and consequently 7(1),{ w)
are null functions on n (since a == 0), and completes the proof.

Suppose that the function j in Theorem 8.2’ belongs to L (G). Then,
by the theorem, w € Hom,p,, (G) for every p so that, using Sobolev’s inequa-
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lities, € O2"=1(G; (D%q<m—y) (1*. If, moreover, f€ 0! (@) and a, € Ol<+1(@)
then, by Theorem 7.1', » also belongs to C*#(@)('!). Thus, in this case u
is an ordinary solution of (8.6).
As a side application of Theorem 8.2 we mention
THEOREM 8.3. Let w be a function belonging to C*"(G)n C™1 (ﬁ), such
that :
Au=0 in @,
(8.12)
Du=0 on 0G, |a|<m—1,

where A s the elliptic operator (8.1). If G is of class (O*™ and the coefficients
a, € Ol°l (@), then w € Hym, 1, (@) for every p.
To prove Theorem 8.3 it suffices to show that

(w, A*v)g =0

for all functions v € C*™ (G ; {D“}|a|5m—1), the result will then follow from
Theorem 8.2'. This, however, follows from (8.12) by Green’s formula applied
to w and v in G (using a suitable approximation procedure).

Theorem 8.3 is useful in connection with uniqueness theorems for the
Dirichlet problem (for strongly elliptic equations) where it is necessary to
assume in general that w¢€ H, ;,(G). The theorem shows that this extra
condition is really superfluous ().

The main applications of the regularity theorems will be given in Part
II. In conclusion we add only the following - N

REMARK : Combining Theorem 8.2 with the a priori L, estimates up
to the boundary given in Agmon-Douglis-Nirenberg [3] one can show (with
suitable regularity assuptions on the domain and the coefficients of A) that
if in Theorem 8.2 f¢€ Hk,Lp(G), then uEHQm_l_k,Lp(G). Similarly, using the
Schauder estimates in integral form of [3] one can show that if f belongs
to the Holder class C*+# (@) (k a non-negative integer and ¢ < u < 1), then
u € C2tite (@),

(4% More precisely, u belongs to the Holder class C*™ 1% (@) for every u <1.

(1) We note that the same conclusion holds with the following weaker assumptions :
fand a 0, ..., 0) 3T® continuous functions satisfying locally a Holder condition a € colal (@) for
|| > 0. For a proof see Agmon-Douglis-Nirenberg [3; Appendix 5].

(1?) In this connection see also Miranda [20] Lemma 11.1.
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