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Introduction

We shall be, in our lecture, mainly concerned by some particular cases of the following
problem :
Let (X, F,u) be a measure space and T : X — X measurable. We denote by T'(u)

or o T ! the image of u by T :
T(u) (A) =poT ! (A)=pn(T7'A), VAEF.
When does T'(u) < p and how to compute the density?

Example 1 : Let X = R", u = A, (the Lebesgue measure) and T : X — X a diffeomor-
phism. Then from the formula

/ f(T())|det T'()\dz = / )y,

we conclude that T'()\,) is absolutely continuous with respect to A, and

T(Mn) (dy) = |det T'(T'y)| " dy = |det (T™1)'(y)|dy.

Example 2 : Let (Q,F, P) be the classical Wiener space, = Co([0,1]), F the Borel
o-field, P the Wiener measure. Let u : [0,1] x © — IR be a measurable and adapted

1

stochastic process such that / u?(w)dt < oo almost surely, and let T : @ —  be defined
0

by :

(Tw): = we + /tus(w) ds.
0

Girsanov has proven that
T(P)< P.

On the other hand, let

§= exp{—/ol ugdwy — % /01 u (w) dt}
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then, if IE(§) = 1. (Tw); is a Brownian motion with respect to (2, F, @), where %?5 =£.

Thatis Qo T ! =P.
(This fact was first proven by means of the It6-calculus, but as we shall see, we can obtain
this by analytic methods).

This has an application in Statistical Communication Theofy :

Suppose we are receiving a signal corrupted by noise, and we wish to determine if
there is indeed a signal or if we are just receiving noise.
If z(t) is the received signal, £(t) the noise and s(t) the emitted signal :

z(t) = s(t) + £(1) (4)

In general, we make an hypothesis on the noise : it is a white noise.
The “integrated” version of (A) is

X(t) = / s(w) dut W, = 5, + W, (4)
. 0

t
(W is the standard Wiener process, X (t) = / z(s) ds is the cumulative received signal).
0

Now we ask the question : is there a signal corrupted by noise, or is there just a noise
(s(t)=0, Vvt)?
The hypotheses are :
Hy: X, =W,
t
H,: X, =/c; s(u) du + W,

We consider the likelihood ratio

d“w — ! 1 ' 2
i, -exp( /Os(t) th—2L s(t) dt)

and we fix a threshold level for the type 1-error :

d
if ; “Hw (w) £ X wereject (Hp)
dpy

if : %’i‘l (w) > X we accept (Hp).

X
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Some general considerations and examples.
If P Q, then T(P)<KT(Q). (a)

Therefore, we do not lose very much if we suppose that P and @ are probabilities.

T(P)
dT(Q)

In the case where Q is a probability, we can have an expression of as conditional

mathematical expectation.
Remark : From (a) we see that, if there exists a probability @ such that

P<Q and T(Q)=P, then T(P)<P.

dT(P)
dP
the following properties are equivalent :

> 0. (The measures are equivalent). Therefore

The converse is true if moreover

(@) : T(P)~P
(%) : 3Q ~ P such that T(Q) =

Let us now consider an example which allows us to guess the situation in infinite
dimensional space.

Let Q = R™ and P = 7, the canonical Gaussian measure with density :

2
e (1)

and let T : IR®™ — IR" be a diffeomorphism, then

/ F@)T () (dy) = / F(Tz) 7(dz)
- )

(27r)n/2/ f(Tz) EXp( llz "2)
) (—27')_"75 /IR 22) e (=3 5 IT1Tz|?) do

= () 1 1 .
= G o Ty (3 W = 5 177 x50 )
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Therefore :

dl'(vm) , \ _
b V= e (T )]

Loz Loy o
exp (5 lvll? = 5 I77"I?)
= ldet (T @) exp (5 Il? ~ 3 IT511).
2 2
Now if we write :

T~! = (I + S) with S self adjoint,

then :
TN =1+5(®)

and we obtain :

d(I + )" (n)

72— (4) = fdet (I + S'0)| exp{~(Sv.v)me — 5 ISP} (B)

This can be written as :
, 1
|det (I + S"(y)| exp (—Trace §'(y)) exp {—(Sy, y)m~ + Trace §'(y) — 5 IIS(y)Ilz},

where | det (I + S’(y)| exp (— Trace S’(y)) is the Carleman determinant.

General remark : If T = Id(Q2), it is clear that TP = P for every P. The idea is to
perturb the identity operator.

The problem is :

“what does the word perturbation mean ?7”
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CHAPTER ONE

Anticipative stochastic integral

1 - Gaussian measures on Banach spaces

Let E be a (real) separable Banach space, E’ its dual. A (Borelian) probability y
on E is said to be “Gaussian centered” if for every 2’ € E’', (o,z)gp = 2'(s) is a
Gaussian centered (real) variable (eventually degenerated) under p. All what we shall say

is true whatever be the dimension of F (finite or infinite).

If 2’ € E' we define A: E' — FE by
Az’ =/<$,x,>E,E' z dﬂ(m))
E

(Bochner integral of a vector function). It is the barycenter of the measure (o, z')dp.

A is injective if Suppu =F.

Let ¢ € A(E') so z = A(u') and let y € A(E') so y = A(v') , we shall put on
A(E'’) C E the following scalar product :

@) = @)= [(W2) 0,2) dule)
(it does not depend on u’ and v').
A:E' — E is continuous. (Since / |lz||?du(z) < oo by Fernique’s theorem).
E

Therefore, if ¢ denotes the canonical injection of A(E’) into E :
i : (AE)), lolls) — (E,lls]) is continuous.
Actually :

lAz||5 = sup | / (@',2) (¢, ) du(z)|
ly'liI<1 E

sup ([ 12 auta)* ([ 107,20 dut)’

Ily <1

< ([ 1,27 du@)* ([ 117 dutorg)
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hence,
|Az'||e < C ||AZ'||, (where C is a constant).

Let H, be the completion of A(E’) with respect to ||+||,. We have i: H, — E. I say

that i is injective (it will allow us to consider H), as a subspace of E).
H, is called the “reproducing kernel Hilbert space” (rk.Hs.) of .

Example 1 : Finite dimension

E=R", Suppp=R":

Az’ = /E(:v, z') zdu(z),

or :

(Az' o) = /E (@, 7) (=, ¥') du(z).

A is the covariance, it is invertible and
@0 = [(475,2) (4719,2) dule) = (@ 47N),

and therefore :
H,=R".

Example 2 : Brownian motion, Wiener space.

Let T > 0 and Q = E = C([0,T],IR) be the space of real continuous functions on
[0,7).

There exists an unique centered measure p such that :
a) the support of y is Co([0, T}, IR), the space of the continuous functions vanishing at 0,
b)Vt € [0,T]: w ~» w; has the variance t,

c)let 0<t) <ty <..<tn <T,then: wy, wy —wyy, ..., W, —wy,_, are independent.

We shall call 1 the Wiener measure on C([0,7],IR) ; then E’ is the space of signed

measures v on [0, T]. We shall also denote :
Wy = B (t, W)

and call t ~ B(t,.) : the “Brownian motion” on [0, T).
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For vy,v; € E' let :
B(VI’VZ) =F [<V1 I} B) <V2 ) B)]

= /(ul,w) (v, w) du(w).
Q
We have for v € F’
T
(v, B) = / B(t,w) du(t) = / v ([, T])dB(t) (stochastic integral).
[0,1] 0

This fact can be verified as follows :

- it is true for v = é, (by definition of Brownian motion) ,
- by linearity this remains true if v = ) ;6 ,

- then we apply a continuity argument.

Therefore

B(vi,v) = /[ (T vl T

)

Now let v; be a measure on [0, T]. We want to find the barycenter m,, of the random

variable on Q : w ~ (w,11). (my, is an element of Q& = C([0,T]). It is defined by

Y s (my, V) = /{m M, (8) v(dt) = B(v,11) = / (e T) e T) .

0,

By the generalized integration by parts this is equal to :

/ J)(t) du(t)
{(0,T]

where

J(n)(t) = /Ot vi([u,T)) du.

J(1v1) is then absolutely continuous. On the space

{J(ul), v € M([0, T])}
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we pﬁt the norm
T
J(1) ~ / n(t, T])%dt.
(i

Its completion is the space of functions from [0,77] into IR absolutely continuous, null at
zero, whose derivative belongs to L?([0, T}, dt). It is the Cameron-Martin space.

Then the Cameron-Martin space is the reproducing kernel Hilbert space of the Wiener
measure i.

Definition : We call an “abstract Wiener space” a triple (H, E, i) where :
- E is a separable Banach space, and p is a centered Gaussian measure on E, whose
topological support is E.
- H is the r.k.H.s. associated to .

Actually H is dense in E. This can be proven as follows :

Let i : H — E be the canonical injection and 4* : E’ — H its transpose (we identify H
to its dual).
Suppose that (z’,i(z))g g = 0 for every z € H. This is equivalent in saying that :

z|*(z"))y =0, forevery z € H.
(z]( y

Therefore
i*(z') = 0.

This means that

i (@)% = /E (&', 4) 5.2 duly) = 0.

Therefore
(z',y) =0 almost surely,

so this holds for all y € E since Supp . = E and z’ is continuous.
The transpose i* from i : H — FE is therefore injective and dense and we have :

-e

E'5% HS E (s the canonical injection) .
Every z’ € E', defines a Gaussian centered random variable on E’, whose variance is

Il (=) -
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Now we give without proof some properties of an abstract Wiener space :

1) H is separable, as a Hilbert space. Therefore it is a borelian subset of E,

2) p(H)=0or 1and p(H) =0 & dimH = +oo (therefore u(H) =1 & dimH < 00),

3) H is the intersection of the family of measurable subspaces of E, whose probability is
equal to one,

4) the canonical injection i : H — E is compact,

5) for every Hilbert space K and u : E — K linear continuous, uoi: H — K is
Hilbert-Schmidt,

6) for every Hilbert space K and v :K — E’ linear continuous, i*ov : K — H is
Hilbert-Schmidt.

As a consequence of 5) and 6) we have :
7) let K, K, two Hilbert spaces ; u; : K; — E’ and uy : E — K, linear continuous
then
K%Y ELS HLE BK,,

the composition ug 0% 0 i* o u; is nuclear (i.e. it possesses a trace).

2 - L?-functionals on an abstract Wiener space

Let (H, E, u) be an abstract Wiener space.
Suppose (e;);>1 is a sequence of elements of E such that (i*(e; ))j>1 is an orthonormal

basis in H. A function f : E — IR is said to be a polynomial in the (e;) if there exists

an integer n and a polynomial function P on IR™ such that
f(z) = P(ey (z),...,en(z)), VzZ €E.

We denote deg f := deg P (P is not defined uniquely but the degree of f is independent
of the choice of P).

We denote by P((e;)) the set of polynomials and by P"((e;)) the set of polynomials
of degree < . It is easy to see that P((e;)) is contained in each LP(E, ) 0 < p < oo (but
clearly not in L°(E, u)). Moreover, P((e;)) is dense in LP(E, u) for these p. Therefore,

P((e;))» is independent of the chosen orthonormal family (e;). The same is true for each

P ((e5))-
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Example : If n = 1, P!((e;)) is the family of affine continuous functions : an element of

P((e;)) is a linear continuous function on E plus a constant.

We have :

Plragu = H®R (see infra).

We call P72 the set of generalized polynomials of degree at most 7 ; Prieisa Hilbert
space.

Let us now introduce the “Wiener chaos decomposition” (or “Wiener-Ito de-
composition”). Let Cy = PP the vector space of (u-equivalence classes of) constants.
We define C,, inductively as follows :

Cn is the orthogonal complement in P72 of (Co @ ... ® Cp_1).

(In other words C, is the set of generalized polynomials of degree n, orthogonal to all
generalized polynomials of degree less than n).
It is clear that for every n :

ﬁLz =C®...0C,

and moreover

L¥(E, ) = é Cn .
=0

The C,, are called the “nth chaos” (or “chaos of order n”). C; is isomorphic to
H. We have a description of elements of C,, in term of Hermite polynomials.
We recall that the Hermite polynomials in one variable are defined by :

—1)" 2 2
H.(t) = ( 73') exp{%} :idt% (exp{-—%}), n € IN.

Then they satisfy :

) 2

. Z A" Ho(t) = exp{—i\— + At}
n=0 2
D Hot) = Hao(t

. dt n — dIn-1 )

1

2
. /m Hn(t) Hot) = exp{~5} dt = -

] bnm.-

oo [o ]
Let o = (a3, 02,...,) € IN™ such that la] := Z a; < 00. We set al := H a;!l.

i=1 i=1
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Now let (en)n>1 be a sequence of elements of E’ which is an orthonormal basis in H.

If a € NV let

Hy(z) := H Hy, (ei(z))
i=1

(This product is well defined). Then :

{Val Hy(z), a€IN" and |o| < +00} is an orthonormal basis in L*(E,p) and : -
{\/a Ha(z), |o|=n} is an orthonormal basis in Cn.

In the case of the Wiener measure associated to Brownian motion, we have the fol-
lowing characterization of C,, in terms of multiple stochastic integrals :

F:C([0,T),R) — IR belongs to L?(P) where P is the Wiener measure if and only if
for each n there exists f, € L2(An,dt) where A, = {t e R", 0<t; <t3<..<t, <T}
such that

F=Z/Aﬂ Falbry s tn) dB (81)-dB (ta) = 3 Fa.

Here

F():]E(F)GC()ananeCn.

3 - Measurable linear functionals
and linear measurable operators

Let (H, E, 1) be an abstract Wiener space. Without loss of generality, we shall identify
H as a subspace of E (i.e., i(z) = z).

A linear mapping f : E — IR is said to be a “linear measurable functional” if
there exists a sequence of linear continuous functionals on E, converging to f, u-almost
surely.

If z € H, it defines a linear measurable functional Z(.). Actually, if z,, is a sequence of
elements of E' C H such that z,, — z in H, then z,(s) converges to the random variable
7 defined by z, in L%(E, ). Therefore,there exists a subsequence converging almost surely

to Z. Moreover,
L E@I dutz) < 0.

The converse is true, shown by the following proposition .
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If h € H, the random variable h on E will be denoted by
z ~(z,h)y.

Proposition : Every linear measurable functional, f, has a restriction to H which is
continuous (for the Hilbertian topology). If we denote by fy this restriction we have

I fllz2ce,m = Il foll -
The converse is true.
Proof : A
We have already noticed that the converse is true. Let (z,) C E’ C H such that
Tn(z) — f(z) Vz € A, where u(A) =1.
Take £ the linear subsﬁace generated by A, we see that the above convergence holds for
all z € £. Since p(€) =1, then H C £ and therefore
Zn(z) — f(z), Vze€ H.

Therefore the restriction of f to H is uniquely defined.
Now,

[ exp {ilen — 2m)@)} u(dz) = exp {~2llen ~ Iy} — 1.
E

Therefore, (z,,) converges in H, and

/E 10(2) = Tm (@) 1(d2) = [0 — Ty —— 0.

m,n—oo

Therefore (z,,(s)) converges in L?(y). The limit is equal to f almost surely, as we can see

immediately.

— Q.E.D.—

Now let K be a Hilbert space. As before we define a linear measurable function from
E to K, as the almost sure limit of a sequence of linear continuous functions from E to K.
And, as before, if A is a linear measurable function from E into K, its restriction to

H is well defined and continuous from H to K .
Let us remark that if A is a linear measurable function from E to K, we can define

its transpose as a linear function from K to H since, for every ¢ € K, z ~ (Az, )k is a
linear measurable functional on E therefore defined by an element of H. We have

(Az, o)k = (;f*clp)(z), almost surely

= (:L‘, A*(P)H

where A* is the conjugate of the restriction of A to H.
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Now we can prove the following result :

THEOREM : If A is a linear measurable function from E to K. such that
: / lAz||% du(z) < oo, then its restriction to H is a Hilbert-Schmidt mapping B from

H to K. Conversely if B is a Hilbert-Schmidt mapping from H to K, (we shall note

B € L2(H,K) or B € L3(H,K)), it possesses a linear measurable continuation on E,
denoted by A.
Moreover, we have :

/E Azl du(z) = |Bl.s -

Proof :

Let (¢;) be an orthonormal basis of K.
We have :

l|Az|l% = Z(AI ek ¥ Z(I A*SOJ)H

If we integrate term by term these equalities, we obtain :

[ sl dut@) = 3 [ (.47 dutz)
E 5 JE
=Y lA%0ilk =Y _IB*p;llk = I1B*[I}-s -
J J
Conversely let B € L2(H, K). We have for z € H :

Bz =Y (Bz,%;)k ¥j
J
=Y (2,B*0;)u ;.

J

Now each term in the right-hand member possesses a linear measurable continuation to
E, and the series converges in L2(E, u, K).
We have then defined a linear measurable extension of A to E.

— Q.E.D.—
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4 - Derivatives of functionals on a Wiener space

Let (E, H,u) be an abstract Wiener space and let K be another Hilbert space. Let
f: E — K be a function. ‘

We say that f possesses a Fréchet derivative in the direction of H, at the point
To € E if there exists an element denoted f’(zo) or Df(zo) or Vf(zo) € L(H, K) such
that f(zo + k) — f(zo) = f'(z0) ® h + o(||hl| ), VR € H.

Inductively we can define derivatives of all orders.

Example : Let zo € H \ i*(E’) and let f be a measurable continuation of h ~ (zq, h)y
to E. (f is not continuous).
Then f is derivable at every z, and f'(zo) € H.

This example shows that a discontinuous function may have Fréchet derivatives in the

direction of H.

Definition 1 : Let us denote by C*'(E, K) the set of functions f : E — K possessing
the following properties :

- f possesses H-derivatives at every point x € E and f'(z) is Hilbert-Schmidt for every z,
- f and f' are continuous from H to K and to Ly(H, K) respectively,

B = [ [LF @+ 17 s 0] wid) < o0,
Then C*!(E, K) is a vector space and |||s|||2,1 is a Hilbertian norm on this space.
Definition 2 : Let D*'(E, K) be the completion of C>(E, K) for the preceding norm;

D*!(E, K) is then a Hilbert space.

Clearly the elements of D*(E, K ) are p-equivalence classes of functions.
Convention : Often we shall write D?*(K) instead of D?*!(E, K). In the same manner
we shall write D*' instead of D*!(E, R) or D*!(IR).

Now the map f ~ f’ from C*!(E, K) into L%(E, u, L2(H, K)) is clearly continuous ;
therefore it possesses a unique continuous extension from ID?*(H, K) into L2 (E,n, L2(H, K)).
This extension is again denoted by f/, or Df, or Vf.

Example 1 : Let f be a polynomial function on F, with values in R :

f(@) = P((fi,2)e B, s (fr, D) E E)s  f1yee0r fn € E'.
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Then f € C*! and

:ZQ ({(f1,2) BB, s (frr 2) B, E) 0 (F5)-

=1 Y

The same result is true if P is a C(IR")-function such that P and the partial derivatives

i have polynomial growth.
9y;

In the same manner if f is defined (u-almost everywhere) as

F)=P(hi(s), .- ha(s)), hj€H

with P a polynomial function (or a C!(IR™)-function with polynomial growth together with

its derivatives),

(Ra(s)y <+ () B

Q’lw

Example 2 : Let u = 7, the canonical Gaussian measure on RR", D*! is the Sobolev
space W21(v,) of the distributions in IR™ such that :

= f € L2(]R'ny7n)a
- the distribution derivatives of f belong to L?(IR",~,). The norm of ID??! is the usual

Hilbertian norm :
n 1
f- (L @ +3 o=@ ) (o)

Example 3 : If f is a polynomial function with values in K :
m

f(z) Z ((f1,2) BBy s (frr ) B, E) s

(kj € K, fi,....,fn € E').

Vf(z) =ZZ %?‘ ((fr,2) BB+ -1 (fns D) Er E) [i © K-
i :

(Analogous assertion for generalized polynomials, or “moderate” regular functions P;).
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Example 4 : Characterization of the elements of ID?! in the case of the Wiener measure.

If E = Co([0,T],IR) and p is the Wiener measure, we have seen that an element of

L?(u) can be written as a series

[ o]
F=>" a! falt1,t2, s ts) dBy,, ..., dBy,
n=0 An

with

[o )
Y onllfalliza, < oo
=0

Then F belongs to ID*! if and only if

oo
1

n=

and in this case
oo

VF =" nJ(In_1(f.))

n=1
where f; is the function defined on A}, _; ={0<t; <ty <..<t,_y <t} by
fi(tla t21 sery t‘n—l) = f'rfYM(tli tz, ey t'n—la t) )
F3¥M being the symetrisation of f,, .

The formula needs an explanation :

In the right member
(t,w) ~ In-y (f2)(w) = g(t,w)
belongs to
L*([0,T] x Q,dt ® dP),

therefore for almost w,
t ~ g(t,w) is a L%([0, T}, dt) function .

J(In-1(f}))(w) is the indefinite integral null at zero of I,_y(f¢)(w) :

T(Inoa(f2)) = /0 In_1(f2) ds.

Therefore VF(w) is an element of the Cameron-Martin space.
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"We now give several useful properties of ID2’1(E', K):

o The set of polynomial functions on E, with values in K is dense in D> (K).
o Therefore the algebraic sum of chaos ) C, is dense in D21,

o The set of smooth functions on E is dense in C?! (a function is said to be
“smooth” if it has the form :

T ~ f((flvz)E',E, ceny (fn:x)E',E)

with f belonging to C°(IR"™) ; f and its derivatives are bounded).
e Let ¢ : R® — IR be a function in C}(IR") and let F',...,F* € ID*!. Then
@(F!,...,F™) is in D! and
1 n & a‘p
V(p(F',...F?) =Y Em

=1

(FY,..,F") VF'.

This result is false if the above hypothesis is not satisfied. For instance on IR,

f:g:BIEDzyl. butfog¢L2(an,’Yn)-

Remark : The operator V, called the “stochastic” gradient, or “stochastic?” derivative,
is very close to the ordinary gradient as we can see. The usual gradient at the point z¢
is an element of E’ (if the function takes its values in IR). The stochastic gradient is the
composite of the ordinary gradient by the application i* from E’ to H.

In an analogous manner if f : £ — K has an ordinary gradient, this gradient is a
linear mapping of E into K ; f': E — K.

The transpose ¢ f’ is a linear continuous mapping from K into E’. Then the stochastic
gradient is equal to i*(*f') € L(K, H).

In his lectures at the EIPES in 1989, D. Nualart, in the case of usual Wiener space
defined the stochastic derivative of the functional of the form :

F=f(W,...W¢,), fFeCP(R™) (or f polynomial)
by

n
OF
T LA

Jj=1



32 Albert Badrikian

This definition is actually equivalent to ours, up to the notations.

¢
Actually, let h;(t) = / ljo,¢;} (8) ds, h; belongs to the Cameron-Martin space and
0

-~

Wi, = hj = (hj,o)c-Mm

The stochastic derivate of F in our notations is therefore
n
oF ~ ~
> 2= (h1, o hn) By

There are actually equivalent since the Cameron-Martin space is isomorphic as Hilbert
space to L?([0,T7]. dt). We shall have to consider V as an operator (densely defined) from
L*(E, p, K) into L%(E, u, L2(H, K)). It is a closed operator, naturally not continuous.

5 - Anticipative stochastic integral

Definition : The transpose of the operator V is called the “Skorokhod integral”, or the
“divergence operator”.

The definition needs an explanation : on L?(E,u, K) (K : Hilbert space) we have
defined the scalar product

(1) ~ [ (7(@) gl du(o)
E
and on L?(E, u, £L,(H, K)) we have the pairing :
(R.6) ~ [ (F@),6@) ey rorduta)
E
:/E Trace (G*(z) o F(z))du(z).

Then G € L?(E, pu, L2(H, K)) belongs to dom(§) if and only if the linear form on D*!(K) :
F « / (DF,G) ,(n,k)(z) dp(z) is continuous for the topology induced by L*(E, u, K).
E

We denote 6 the Skorokhod integral and we have by definition, for every F' € D% (K),

/ (F, 6G)Kdﬂ =/ (VF, G)[}(H'K)dﬂ, if 5(G) is defined .
E E
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Example 1 : Let a € H, and ¢ € D*!(K). Then G := p®a is Skorokhod integrable and

§(a® ) =a(s) p— (Vp,a).
In particular, if G : E — H is such that G(z) = a,Vz :

5G = a(s).

Example 2: E=R",p=7v,, G:R" - R".
Then

0G;’

66 (@) = (2. Gemn - e @

j=1

= (z,G) — div G(z).
This formula can be written in another manner :

6G = (s, G) — Trace (VG).

Example 3 : If G € D> (E, u, L2(H, K)), then it is é-integrable, and § is continuous
from D> (Ly(H, K)) in L*(E, u, K).

Example 4 : Let F € L*(E, u, H) such that for every h € H : V ((F,h)y) exists. Then
for every linear continuous operator A : H — H with finite rank ,A(F) is Skorokhod
integrable.

More precisely, if A Z +,a;)g e; (with a; and e; in H, (e;) being orthonormal)

we have :

A(F) = Z (F,a;)H €j

8(A(F)) = i [ Fia;) € — V., ((F,a,-))] :

(see example 1).
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This can be written in another manner :
n

Let A* be the transpose of A : A* = Z(., ej)y a; and let A* defined as :

=1

Then

S(A(F)) = (F, A"y =Y Ve, ((Fra;)).

j=1
If we now suppose that DF exists, we have :
n

Z Ve, ((F,a;)) = Trace (Ao DF).

=1

Therefore, we have :

8(A(F)) = (F(s), A*(:)) — Trace (Ao DF).

Example 5 : The Skorokhod integral coincides with the ordinary It6-Integral for adapted
processes (see the above mentioned Nualart’s Lecture Notes for a precise statement of this
fact).

Now we give some properties of the Skorokhod integral :
a) Let A: K — K’ be a linear continuous operator (K and K’ Hilbert spaces) and let
F e L*(E, p, L2(H,K)). If F is Skorokhod-integrable so is A o F and we have

§(Ao F) = A(SF).

As a consequence we have :

- Let F € L*(E,pu,Lo(H, K )) such that 6(F) exists, then for every k in K we have
(8(F), k) = 6(F*(k)).
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_Let F e L? (E, . Ca (H, Lo(H, K))) such that §(F) exists, then

\
for every h € H, 6§ (F(s)(h)) exists

and

5 (F)(h) = 6 (F()(h)) .

v
If F e L*(H,L2(H,K)), F denotes the operator of L2(H , £2(H, K)) such that :

F(h)(K) = F(R)(R), hK €H.

b) Let ¢ € D*', F € L2(E,u, H) such that F is Skorokhod integrable. Suppose that
oF € L?(E, u, H) and that §(F)p — (F, Dy),, belongs to L?(E, ), then ¢F is Skorokhod
integrable and

6(¢F) = 6(F)¢ — (F, D) n -

c) Let A,: H — H a sequence of linear continuous operators such that A, — Id,, in
the simple convergence.

Let F € ]D?’l (L2(H,K)), then §(F @ A,) — 6(F) in L%(E, u, K). In particular, if

(en) is an orthonormal basis of H, the sequence
(Z E,' F(ei) - Ve,.F(ei))
=1
converges to §(F).
d) Let F,G in D*'(H) we have :
E(§(F)6(G)) = E{(F,G), } + E{(DF,(DG)") £, (ar,m}
=E{(F,G),} + E{Trace DG(s) o DF(.)}.

More generally, if F and G belong to ID*? (L2(H,K)) we have :

E{(6F,6G)k} = E{(F,G)2(n,k)} + E{(DF, DVG)[;;(H,C,(H,K)) }

e) The operator 8, as an operator densely defined from L?(E, i, £2(H, K)) into L*(Q, p, K)

is closed.
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We now briefly introduce the Ogawa integral.

Let P: H — H be an orthogonal projector with finite rank : P(h) = Z(h, ey €j-
Jj=1
We denote P the random variable with values in H :

P(e) =3 "&() ;.
J=1

Now let F € L°(E,u.H) be a random variable with values in H. We shall say that
F is “Ogawa integrable”, if there exists G € LO(E, 1) such that, for every increasing
sequence (P,) of orthogonal projectors converging simply to Id,,, the sequence of real

random variables ((F. }3,,) 4 ), converges to G in probability.

We shall denote by §(F) the Ogawa integral G of F.
If F € L*(E.p, H) is such that, for every a € H :

(F,a)p a(s) belongs to L*(E, p),
. we shall say that F is “2-Ogawa integrable” when there exists G € L?(E, ) such that

(F, }Sn>y — G in quadratic mean.

(The P, being as above).

Example : (E,p) = (R",v,). The Ogawa integral is equal to (s, F(s))R".
In this case , we have :

8(F) = §(F) + Trace (VF).

Remark : There exists elements of D%!(H) which do not possess an Ogawa integral
(Rosinski).
For instance, in the case of the Brownian motion, the function : w ~ J(B(T — +)(w))

where J denotes the indefinite integral null at zero, belongs to ID**(H) but is not Ogawa
integrable. :
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Next we give a necessary and sufficient condition for Ogawa integrability :

Let F € D*Y(H) ; F is Ogawa integrable if and only if, for almost every z :
DF € £Ly(H,H) (<= DF s nuclear)

and we have :

§(F) = 6(F) + Trace (DF).

Sketch of the proof :
Suppose P: H — H is an orthogonal projector with finite rank. We know that :
§(PF) = (F, P) — Trace (D(PF)).

Let P, 1 Id. We know that
§(PoF) — 8(F).

It is trivial that :
(F, Pa) — b(F)
(if E(F) exists) and
Trace(D(P,F)) — Trace (DF)
— Q.E.D.—

6 - Extensions and remarks - Localization

Now we shall consider the case where (E, H, p) is the Wiener space. If F € D*!, then
VF is a random variable with values in the Cameron-Martin space. Therefore, if t € [0, 7]
we can speak of the value of VF(w) at ¢, denoted V;F(w). Analogously, time derivative
of VF(w) at time t (defined for almost every t) makes sense. We shall denote it :

» 6t F(w). We have the equality :
t L
IVFO s =B(| 19, P)Pdr).

Lemma 1 : Let F € D*!. Then 1(p_o}V,F =0 almost everywhere on [0, T] x 2.

For the proof see Nualart-Pardoux.
This results in a localization theorem : if F' is null (almost everywhere) on a set, so is its
derivative. The derivation is a “local operator”.
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Definition 1 : A random variable F will be said to belong to D>} if there ezist

loc

» a sequence of measurable sets of E, E, 1 E
and
« a sequence (Fi) C ID*>! such that Fg, = Fyg, as VkelN.

Thanks to the preceding lemma we can define the derivation operator for an element
Of ]Dloc

Definition 2 : Let F € ]Dﬁ;}: localized by the sequencé (Ek, Fx). DF is the unique
equivalence class of dt x dP a.e equal processes such that

DFg, = DFyg,, forallkinIN.
This generalized derivative has the usual properties of composition :

let o : IR™ — IR of the class C*; suppose F = (F1,...,F™) is a random vector whose

components belong to IDlOc ; then
¢(F) € Djy,
and
™ Hp _
Vo(F) = ; o (F).DF".

In the same manner we define (Dom 6);,c as follows :
F :E — H belongs to (Dom 6)\oc if there ezists a sequence Ex T E, and a sequence
Fi:E — H such that F}. € (Dom é) for every k, such that

« F= Fk on Ek
. (5(Fk) = 5(Fg)|pk a.s 2fk <¢
we shall say that F is “localized” by (Ey, Fy,).

For sufficiently reasonable integrands on (Dom &) Nualart-Pardoux have shown that
6 is local.

Definition 3 : Let F € (Dom ). localized by (Ex, Fi), 6(F) is defined as the unique
equivalence class on random variables on E such that

6(F)|Ek = 6(Fk)|Ek1 forallkinIN.

( Note that §(F) may depend on the localizing sequence ).
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We shall need another notion of stochastic derivatives and
Skorokhod integrals for some functions not necessarily belonging to ID*!, nor
Skorokhod integrable, introduced by Buckdahn :

Let T : E — FE be a measurable mapping of the form :
z ~ £+ Fz where F € D*!(H).

Let £ € ID%! and suppose that for every sequence of smooth random variables (£,) € D!

converging to € in D!, the following limit exists and is independent of the approximating
sequence chosen :
lim V(& oT)
n— o0

where the limit is taken in probability.
Let us remark that &, o T belongs to ID?! since the &, are smooth.

The common limit of the above sequences is denoted by v (EoT).

Lemma 2 : Suppose that T(u) < p, then the limit exists and we have, p-almost surely :
V (£oT) = (In + (VF)") ((V€) o T) = (In + VF)*((V€) o T)
(where ( )* denotes the adjoint of the bounded operator).
Moreover, if o T € D?? : v (EoT)=V(£oT).
Proof :
We have, since the (£,) are smooth :
V(€n oT) = (In + VF)" (V&) o T).

Moreover, V&, converges in probability, and since T'(u) is absolutely continuous with
respect to p, (V&,) o T converges in probability, so does V (&, o T').

It now remains to prove that the limit does not depend upon the approximating
sequence (&) .

Let &, — £ and 7, — £ in D!, Since the operator V is closed we have :

limV(£,0oT) =1lmV(n, oT).

Therefore, V is well defined by what precedes. It is obvious that :
V=V if £oT e D>,
By duality, we can define a generalized Skorokhod integral of £ o T, for £ € D*!(H) :

— Lemma 2 is proven.—
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Definition : Let (e;)ien be a fized orthonormal basis of H. We define

8(€oT) = D (0T e & = Ve (o Trehn),

if the limit of the right member is taken in probability.

( €7ei denotes the generalized derivative in the e;-direction introduced just above).

Lemma 3 : Suppose T = I+ F as above is such that T(u) < p. Then 6~(§ oT) exists and
satisfies the following identity :

(8(€)) oT =8(EoT) + (€ o T, F) iy + Trace (V&) oT e VF) p-almost surely.

Proof :

N
Let €Y =) "(€,e:) e, then

1=1
SV oT) =Y (EoT,enei~ > Ve, (0T eln).
=1 =1

But
E,- oT = g,; + (F,e,-)H,
therefore :

N

66 oT) =" {(oT,eln [ioT — (el - ((In + VF)* (V((E, ew)) o T, e)n

1=1

( by the preceding lemma)

Il
NE

{(Egi?ei)H ol — (£ o T7 ei)H<F7 ei-)H - ((IH + VF)* (V(<£a €i>H)) OT’ ei)H

-
1l
—

(& e)n & — (Vek,e)m) o T — (€N o T, F) g — Trace (VF*, (VeN)oT).

It
.Mz

1

-
Il

Now &V — ¢in D>!(H) ; then the right member of this last equality converges in-
L°(E, p). Hence the sum is convergent in LO(E, ) and

(>}

Z(E oT,e;), € — 63‘. ((€oT, ei)r) is convergent in LO(E, un).

i=1

— Lemma 8 is proven.—



CHAPTER TWO

Transformation of a Gaussian measure

Given an abstract Wiener space (H,E,u) and T : E — E of the form :
Tr=z+ F(z), F:E— H.
We shall examine when T'(1) < . We shall consider the following cases :

- F is linear continuous from F into H,

- F is regular (i.e., possesses stochastic derivatives).

We shall give some expressions for the Radon-Nikodym density fi_:z(_ﬂ
"

41

In the following chapter we shall study a family of flows : T, = I + F; where
F,: E — H, (t € [0,1]) and shall study the work of Cruzeiro, Buckdahn and Ustunel-
Zakai on this subject. We shall only give the statements of the results and from time to

time sketch of the proofs.

1 - Preliminary results on equivalence and orthogonality of

product measures

Let (Ex, Br)kemn~ be a sequence of measurable spaces and for every k, let uy and vy

d
be two probabilities on (Eg, Bi) such that up < vg . Let us set py = %
Vi

Let us consider the product measures :

=
!
—8
r
Ed

k=1
and
o0
v = H Vg
k=1
and let

ok =/ V ok (zk) vk (dzi).
Ex

These notations having been fixed we have the following result of Kakutani :



42 Albert Badrikian

THEOREM 1 : We have the dichotomy :

pLy or pluw

[= <]
a) pKLv <= H oy converges ; and in this case the density is equal to p(z) = H pr(zk)
1

(convergence in mean).
b) v L v & H o, diverges to zero. (We cannot have divergence to infinity

since a2 < 1).

Applications : E; = IR for every k

vi(dzy) = O'k\1/2_7? exp{— ( k;jgk) } dz
pr(dzy) = \1/-2—7? eXP{— (xkr,—/\zﬂk)z} dzy,
Then
pr(zi) = %’:— exP{_Ta,%/\—Z [(mk - B)? of — (zx — %)2)\2]}
and

a2
ak-—/ Vor(zE) dvi(zk) = ‘/Ai)\:a‘; exp{— %ﬁi)ﬁ}

We now give some particular cases :

- Same covariance (A; = oy for every k). 4 and v are equivalent if and only if

2
Z (ﬁka—z’hf) <
k

k

and the density is then equal to

exp {Z $k(ﬁk""7k) 6,3—7%}_

2
20%

Otherwise, we have orthogonality of measures.
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- Same mean [ = v = 0 for every k.
£ and v are equivalent if and only if :

Z ()\k —Uk)2 < oo

Y

and in this case the density is equal to :

n 2,2 )2
. g k T k g k - Ak
= lim ~— ex {——( )}
nvoo kgl M TP\ Tz
If this condition is not satisfied we have orthogonality.

2 - Affine transformations of Gaussian measures

Now let (E, H, 1) be an abstract Wiener space. If (e,,) is an orthonormal basis of H,
the random variables €, are independent Gaussian variables on E, with mean zero and

variance one. The law of the sequence (€,) is therefore a product measure on RY :

0
TN = ® Tn
n=0

where v, = v (Gaussian measure on IR) for every n.

Now we have a measurable (defined almost everywhere) map 8 of E into R™N :
T~ (€, (IE))n.

If the e, belong to E’, the €, are everywhere defined and 8 is continuous from E into R¥.
It is clear now that the image of 1 under 4 is equal to Y. We have 6(H) = 2 as we
can see immediately (the €,(z) are defined in a unique way on H).

Proposition 1 : Let a € E and 7,(n) be the translate of u by a. Then we have the
dichotomy-:
Ta(p) ~ p or To(u) L ps,

Ta(p) ~ p if and only if a € H and the density is equal to exp{a(s) — -;— lall3}-
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Proof :

7a(u) is a Gaussian (non centered if a # 0) measure with the same covariance than u.
Let (en) C E' (orthonormal in H). It suffices to prove the same result for 6(u) and
6(7a(p)). But 6(7a(u)) is the product of Gaussian measures on IR with variances one and

mean en(a). Therefore it suffices to apply the result of the previous paragraph.
— Q.E.D.—

Now let T' = I + F be a linear continuous transform of E into E. Let us suppose that
F(E) C H. In this case F is continuous for the topology of H by closed graph theorem.
Suppose moreover, that Ty = I dy+F|y is an invertible operator. ThenT : E — E

is also invertible and
T l1=71- (TlH)‘1 oF.

Proposition 2 : Suppose T = I + F with the above properties and that Fj,, is nuclear.
Then T~Y(u) and p are equivalent and

dT~(p)

—_ 1 2
5 @) =ep{~(Fz,a)n — 5 |Fal ] et 7).

Proof :
Let us explain what this formula means. Indeed, Fiy being nuclear, admits the

decomposition : Fiy(z) = An (z,en)H fn, (€n, fn orthonormal in H) and we can
|
n

define (F(z),z)y on E by Z An €n(T) ﬁ,(z), we set : det (I + F) = H (14 An). (This

has sense since Z |An] < 00).

n

o Let us suppose first that F is symmetrical :

F(@) =) An(z,en)n n

where e, is an orthonormal basis composed of eigenvectors of F'.

Let 6 : E — IR™ associated to these e,,. We have seen that : 0(1) = yw (product measure).
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Now 6((I + F)~'p) is the product of measures with densities :

—-\/—15—; 1T+ ) exp{—% 1+ )\n)zzi} .

We have
A +2) " eaw) 1
d(éa(p))) (zn) = (1 +An) exp{—-/\n 2 — 5 Aixi}
d(6((I + F~Y)(u))
( d6(p) ) @ =10+ e"p{“(Fz’I)H - ‘;‘ lIleﬁf}.

« Now let us consider the general case (F non necessarily symmetrical)

HL EX H L E
(I + F) o1 is an operator from H into H. There exists a unitary operator U : H — H
“diagonalizing” F o i, therefore (I + F)o1i. Let U its extension to E — E. We apply
the result for U(I + F) U~1.
— Q.E.D.—

Now we shall consider the case where Fy is not nuclear.
We know that in any case Fjy is Hilbert-Schmidt.

o Suppose at first that rank (F') is finite.

Then the formula of Proposition 2 gives :

[T 3 expf- 3 aat -3 222}
i=1 =1 =

n Y n n 1 .
=TI a+x) e exp{=(3_ Aa? =3 x5 IIFely}-
=1 i=1 =1
« Now suppose F Hilbert-Schmidt with infinite rank :

H (1 4+ \;) e~ converges since Z X < o0.
: i

The limit is called the “Carleman determinant”.
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Now we can prove that

n n

lim exp{—(Z Nzl - Z /\,-) - % ||Fa:||§,} exists in L!(p) if F is H-S.

n-—00
=1 =1

We denote it by :
“« » 1 2
exp{—[ (Fz,z)p — Trace F”] — 5 [lFx"H}.

Therefore we have the following theorem :

THEOREM 2: LetT : E — E linear continuous, such that Tx = z+Fz with F(E) C H.
Then F),, defines a Hilbert-Schmidt operator from H into H. Suppose that Tj is invertible

then T : E — E is invertible. Moreover, T~!(u) is absolutely continuous with respect to p
and we have

d(T~(u))

a0 (z)=A(I +F) exp{-—[“(F:p,x)H — Trace F”]—% ||F:z:|ﬁ,}

with

Aq+F) =] 1+x)e™,
1

the \; being the eigenvalues of F'.

We have seen the affine case.

Now we may give the result for the general case announced in the beginning.

THEOREM 3 : Let F € D%} (H). Suppose that (I + F) is invertible and that for every
z € E, the operator Iy +VF(x) from H to H is invertible, then (I + F)~(p) is absolutely
continuous with respect to u and we have :

d((I+F) p)

(@) = & (1 + VF@) exp{~8(F)(z) - 5 IFals }
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CHAPTER THREE

Transformation of Gaussian measures
under anticipative flows

Let (Q, H, P) be an abstract Wiener space and let T be an invertible transformation
of Q into Q (the only interesting case will be of the form : T := Id+ F with F € D>'(H ).

Definition : A family of tranformations (Ti)co,1) from Q to Q will be called an
“interpolation” of the invertible transformation T if

a) To=Id, Th=T,

b) each Ty is invertible,

¢) foreachw, t~ Tw andt ~ T; 'w are strongly continuous.
Moreover, if

d) for eachw, t~ Tyw andt ~ Tt"lw are strongly continuously differentiable, the
interpolation will be said to be “smooth”.

Example 1 : Ti(w) = w + tA(w) where A is a function from Q to H, such that

w ~ w + tA(w) is invertible for every ¢.

Example 2 : Suppose A :  — H is continuous and suppose that we have defined a
family of transformations (7;) from Q into Q by :

t
Tw=w+ / A(T,w) ds (time homogeneous case)
0

dT;
ie. | ¢ @) =ATw)
THlw) =w
we have then :
ar,

(17 W) = Aw).
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Example 3 : T;(w) =w + /t (s, Ts(w)) ds.
0

If ) (r,w) is continuous on [0, 1] x  into 2 or into H and satisfies a global Lipschitz

condition :

132(8w1) = 38 w)| < Lfjwr - walla

We can consider T;(w) as the solution of the ordinary differential equation

{%(w) = ¥ 6Tw)
To (w) w

on the Banach space ).

If for every t € [0,1], > (t,s) is Fréchet differentiable, with Fréchet differential
denoted by 8 ) (t,w), and if we assume that @), (¢,w) is bounded continuous on [0, 1] x 2,
then the equation

Tiw =w+/0t > (r,Tr(w)) dr

has a unique solution.
Moreover, w ~ Ty(w) is Fréchet differentiable and 0T;(w) is continuous, invertible on

[0,1] x £, and satisfies the differential equation :
2 (0Tw) = (03 (t,+) 0 Tu(w)) * OT(w).
Its inverse 0~ 1T w satisfies :
4 (07 Tw) = -0 Tiw) o (9 Y] (t,4) 0 Tulw)

Consequently, by the global inverse theorem, T;(w) is a C)-diffeomorphism. Therefore, we
have an interpolation of T defined by ’

Tw)=w+ /1 3 (r, Trw) dr.
0

Later on we shall come back to this example. Now let us return to the general situation.
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THEOREM 1 : Let T be a transformation from Q to Q and (T3, t € [0,1]) be an inter-
polation of T. Let us assume moreover that

th(P)

(a) Ty (P)< P, Vte|[0,1] and let X;(w) = (w),

) G, =T, '-T1eD*(H) and di‘t €H,

th“
©) —
(for dt ® dP) and VT, }(w) will be assumed to possess a continuous extension [0,1] x €,

dT; !
@ =

as a function from [0,1] x Q into H is almost surely continuous in (t,w)

oT € ]D2’1(H).

Then

w)—exp{ / dT : ]) o T (w) ds} (1)

This implies that the measures Ty(P),T, ' (P) and P are equivalent.

Moreover

t. dG,
thexp{—‘/oé[ds]ds
e Ne!
_5( ty t)H

_/OtTrace [(v[df 0T ) oVGs] ds} 2)

where & was defined precedently by :

6 (EoT)=(86)oT — (€oT,F)y — Trace ((V€) o T o VF).

Moreover, if a6, and G, are in D> (H),then the formula (2) becomes :

ds

1
Xt = exp{ - 5(Gt) - ‘2‘<Gg,Gt)H

- ‘/: Trace [(V[dzs oT,] OT,—1> . VG..,] ds}. (3)
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Proof of (1) :

We have :
0=: [Tito Tiye— T o]

M = ]

_ _ 17 _
[T‘+lf°n+€*n+ls°]}] ts [Tt+ls°Tt*Tt 1°Tt]'

Therefore by (c)

dT, 4T,
[(VT;I) 0 Tt(w)] W)+ o Tw=0 (4)

Let now a : @ — IR smooth and let A € H. By (d) we have :

((Va) o Ty(w), h),, = Jim (—% a (Tw +¢€h)
= Jim 2 [(@oTy) (17 (Tw + b))

= lim % [(aon) (w+s(VT;1)o(1}w).h+o(e)]

e—0

(V(aoT,), (VI; ') o Ty(w) - h)u -
. d . . .
Now if we set h = pr T;(w), comparing with (4), we obtain :

dT; !
dt

(Y 0) o Tuo, & Tus)y = ~(V (a0 T)w), Lm0 Ty ()

But the left-hand member of this equality is equal to -:ii—t (aoTi)(w). Therefore we obtain :

E{aoTw —a(w)} =E (/Ot % (a0 Tyw) ds)

dT; !
ds

= ——]E'(/ot (V (aoTs) (w), o Tsw) ds).

-1

dT,
But from condition (d) , (_d;— oTs € D>(H )) , and integrating by parts we obtain :

ar;
ds

E{aoTi(w) — a(w)} = —/Ot ]E{(aoTsw) 6 i o Ty] (w)} ds
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and

T

B a0, 060) - 10} =B ( [ alo) Xu) (125 0 T) o 75w ds).

Since this last inequality is true for smooth functions we have :

Xy(w)=1- /Ot X,(@) (5[ o)) o 7w ds.

Finally, since X, is P-almost surely positive, T3P and P are equivalent.
On the other hand, if a : 2 — R is smooth, then :

E {aoT; ! X;} = Ea.

Hence if B is a Borelian subset of 2, then
P(B)=0<=E{lpoT;' X;} =0<= 10T ' =0, as.

Therefore, ;"' (P) and P are equivalent.

Proof of (2) :

We start from

(8€)oT =& (€0 T) + (€0 T, F),, + Trace ((VE)o T o VF)

51

with
ar;?!
= dss oT,, T=T;', F=T-1d=G,

~and

dG, _ dT:

ds ~ ds
Then

de—l . -1 _ & dGs dGs . dGs -1
5( - oTs] oT, —6(—‘5)+(—£—-,Gs)+'1'race ((V[ds oTs])oTs OVGs)

and we integrate from 0 to t.



52 Albert Badrikian

Proof of (3) :
It is immediate from (2) since = & under this hypothesis.

~1
s

dt

We have expressed the density X, in terms of . (The next result will give an

dT,
expression of X in terms of Ti;s)

— QED.—

Corollary : Under the assumptions and conditions of the theorem 1 let us replace T, T;, T

—1
and X by T, 7 77 TPy mhen we have -
dT (P

x,(0) = Z4B) ()

= exp{/ot (5[61(;-’;3 o Ts—l(.)]) o T, T; Y (w) ds}
and

Xu(w) = exp{ = 8(G)w) - 5 (o, Chu(w)

+ /0 Trace [(v[‘f;s oI o T w)) 0 V(Gi - G, (TI7Y)) )] ds).

Proof :

By Theorem 1:

Yi(w) = exp{ - /ot (s [% oT;1]) 0 Ty(w) ds}. (4)
On the other hand, if a is a smooth functional :
E{a() Y (T7'0)} = B{a(TiT, ) Y (371 w)))
= B{a(Tiw)) ¥\ (w) %)}
= E{a(w) X;(w)}.

Therefore :
Xe(w) =Y (T (W) = exp{/ot (6[ % °Ts_1(°)]> 0T, 0T, Hw) ds} ,

— which proves the first formula. —
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To prove the second formula let us start from
Tw =w+ Fy(w)

which implies

T.7 v =T, 'w + F, (T 'w),

andifs=t
w=T"tw+F (T7'w).
Therefore
T.T 'w=w+F, (T]'w) - F, (T 'w).
Now
Gt(w) = Tt—l(w) ~—w=-F (Tt_lw)'
Therefore :

T.T 'w = w + Gi(w) — G, (T.T, 'w).

In the formula

t/ . dT. _ —
Xi(w) = exp{/(; (6[ d; oT, 1]) o T, T, 'w ds},
let us apply the formula given & in terms of 6. We obtain :

Xi(w) =éxp{/0t (5 [‘31;5 o T, (w)

dT,
ds

+ ( o Tt_l(w)a Gt(w) - Gs(TsTt_lw))H

+ Trace [(V[‘fz;s o Ts'l] o TsTt—l(w)) 'V(Gt - Gs(TsTt‘l)) (w)]) ds}

Now we integrate with respect to s, by using :

d
ds

_ d
(Ts oT; l(w)) = T ds

| s

(Gs(T T 'w)) = — (Ge(w) — Gs(T Ty 'w)).

Q

S

— We obtain the second formula.—
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Now we give an integral equation satisfied by X;.

THEOREM 2 : Let T : Q2 - Q and T; : Q — Q (¢t € [0,1]) be an interpolation of T.

Assume that for each t € [0,1], T(P) < P and that X, [%7;—3

oT; '] e DAL (H) (this

loc

dT. L '
condition is satisfied if dss oT; ' € D*!(H) and X, € D2}), then X, satisfies :

dT. _
d; oT, 1] ds.

t
Xt=1+/ §[Xs
0

Proof :

Let a be a smooth functional. Then

E{X;(w)a(w)} = ]E{a(Tt(w))}

= ]E{a(w) +/ot fif_(dl;&t’l ds}

= ]E{a(w) + /Ot((Va) o Tsw, dis Ts(w)) ds}

=Ela@}+ [ B{XTew), [T @)} d

- E{a()} + /0 t E{a(w) 5[X, d;j 0T (w)} ds

— Q.E.D.—

Applications of these formulas.

o In the example (1) : Ti(w) =w +t A(w),

Xi(w) = exp{/ot (6[A(T;1(.))]) o T T, Y (w) ds}

(this result was obtained by Bell).

o In the example (2) : T}(w) =w + ]t A(Ty(w)) ds
0

dT,
ds

(Ts-l (w)) = A(w)
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and
t
X:(w) =exp / 8(A)) o T, Ty Y (w) ds }.
W) =ep{ | (8(4)) 0TI ) ds}
« We shall now study the example three :

Ty (w) =w—!f/0 S (r, Tr(w)) dr. (B)

We have given some hypotheses insuring that Tiw is a solution of the ODE with values in
the Banach space 2

) =6 Tw)
Tolw) =w

and that w ~ T(w) and w ~ T, }(w) are Fréchet differentiable (in w). Then :

t
I,+V / 3 (s, Tow) ds
0

is invertible and satisfies the hypotheses of Ramer’s theorem
As a consequence the probabilities

T,P, P and T, 'P are equivalent.

Now in (B) we replace w by T, 'w :
t
T, T, Y(w) = T; Y (w) +/ (T T, (w)) dr.
0

Setting : T}T; }(w) = @s.t(w) and T T, (w) = 5 4(w), t > s, we have :
'ws,t OPs,t = Ps,t © 1/).s,t =1Id

and :
Pst(w) =w +/ (7, 05,0 (w)) dr
Ysp(w) =w —/ S (r, ¥re(w)) dr.

Note that ¢_s)¢e, 8 € [0,1] is, for t fixed, an interpolation of T; and naturally

(Tt)tejo,1 is an interpolation of T : s is a “two-parameter” interpolation of T
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» Now we shall specialize the example in the case Q = ([0, 1], with the Wiener
measure and we shall use the following notations in this case :

If U, U, and U; are random functions with values in H ; if H is the Cameron-Martin
space, then

Uw) () = /0 " w6.w) db
1
5(U) = /0 % (8,w) 8o(W)

(UL, Us),, =/01 2 (6,w) 4 (8.w) db.
But if H is the L2[0, 1] space
Uw) (+) = u(s,w)
8U = /0 " 4(6,) So(W)

1
(Ul,Uz)H=/O w1(8,w) us(6,w) dB

t

amo«)=worg4pvﬂ)dnnw>w ©)

where p is a smooth function on [0,1]? and ¢ : [0,1] x @ — TR is assumed to satisfy
Lipschitzian and differentiability conditions.

In terms of ¢, ; and 5, (s <t) we have :

wmwno=mo+/pmoa@wmw»m

PYs,t(w) (o) = w(s) ~—/ p(r,¢) o (7, Yre(w)) dr.

We consider these equations as ODE in Banach space (the first in ¢ with s fixed ; the second

in s for t fixed), we have existence and unicity of solutions with
@s,s(W) =w, Yre(w)=w and @0 Vst (w) = w.

Then 1, ¢(w) and @, ¢(w) are Fréchet differentiable in w € Co([0,1]).
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Consequently, O9ps; and 0v;; restricted to H are invertible, and by Ramer’s
theorem: ¢, +(P), ¥s+(P) and P are equivalent.

Set
Lst(w) = dg’;‘;gp)
and
= 2520

Now let us fix ¢ in the equation :

Tiw (») = w(s) +/(; p(rye) o(r, Trw) dr.

Let s =t — X and A € [0,t] be the interpolation parameters.
Now let us recall that (cf (3))

1
X, = exp{ - 8(Gy) - 3 (Gt,Ge)

_ /Ot’IYa;ce (V[dgs oT,]oT;? oVGs) ds} (D)

where G; = Tt‘1 — Id, and apply the result for T; satisfying the relation :
¢
Tiw (o) = w(s) +/O p(rys) o(r, Trw) dr.
Then we obtain an expression for X, :
1ot 9,
X = exp{/0 [/0 2 (r,8) ofr, wo,,)dr] 8p(W)

1 11 [t 8p(r,06) 2
—5]1; [0 '—_BT—G(T,’IIJO’T) d'l‘] de

B /Ot /()t [: [./o)‘ ?—’%:-;_nl Dy o(r,v0,r) dr} ) ap(a); 6)

We can obtain another formula for the Radon-Nikodym density using the relation :

(Dy o(A, +)) o %o, dX db dn} .

6(aU) = abU — (Va,U)y
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in the expression :

Xi(w) = exp {./ot(‘s[(fiTss o Ts—l]) o T, T Y (w) ds}.

We then obtain :
t T
Ly, = exp{/ o(r,rt) [6p(r, .) —/ o(u, Yuye) (p(r,4), p(u, )y du] dr

- (Vo) ), plrs D dr} .
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