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ABSTRACT. - We give some comparison results for solutions of Dirichlet
problems of elliptic equations and variational inequalities by means of
Schwarz symmetrization. @ Elsevier, Paris

Key words: Schwarz symmetrization, elliptic PDE, variational inequalities.

RESUME. - Nous donnons divers resultats de comparaison obtenus par
la symetrisation de Schwarz pour les solutions d’équations et inequations
elliptiques. © Elsevier, Paris

1. INTRODUCTION

If H is an open bounded subset of RN and cp E L1 (SZ), the distribution
function of cp is the function defined by

Classification A.M.S.: 35 J 25, 35 J 85.
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168 A. ALVINO et al.

For s E we set

cpT is tne decreasing rearrangement ot ~p.

Let SZ# denote the ball of RN centered at zero whose measure is 
we define

where cvN is the volume of unit ball in ~p# is known as the

decreasing, spherically symmetric rearrangement of cp. Finally we denote by
~p* (s) _ ~* ( ~ SZ ~ - s) and cp# (x) = respectively the increasing
rearrangement and the increasing spherically symmetric rearrangement
of cp.

We consider the linear elliptic differential operator

where the coefficients are measurable and bounded. Moreover it is assumed

that for almost all x E S2

where B, D are non negative constants. If u E is a weak solution

of the homogeneous Dirichlet problem

with f E L2(0), any LP or Orlicz norm of u can be regarded as a

functional of the data of problem (5); we fix some constraints on these data
(see conditions ( 1 )-(4)) and look for those for which a norm of u achieves

Annales de l’Institut Henri Poincaré - Analyse non linéaire



169COMPARISON RESULTS

its maximum. In order to describe the kind of result we have in mind we

recall what happens when the operator A has the following simple structure

In this case if v E is the weak solution of the problem

we can estimate the concentration of u by the concentration of v,

The result (7) may be improved when c - 0; in this case we have

The pointwise estimate (8) was first obtained by G. Talenti [14]; for
some extensions of this result and for a proof of the integral estimate (7)
see [2], [3], [4], [6L [8], [12], [15].

By means of (7) it is possible to estimate any LP norm of u by the same
norm of the solution v of (6)

so we can assert that any LP norm of the solution u of problem (5)
achieves its maximum when the data of the problem (coefficients, domain
and known term) are spherically symmetric.

This kind of problem becomes more involved when we take first order
terms into account in the structure of the operator A.

Namely if u E solves the following Dirichlet problem

and v E Ho (S2~) is the weak solution of

Vol. 16, n ° 2-1999.



170 A. ALVINO et al.

the following estimate holds for all s E [0, (see [2], [5])

Obviously, (12) implies that

however it is no use if we ask to estimate LP norms of u by the same norm
of v. In order to obtain (9) it is essential to prove the integral estimate (7)
which does not hold as shown in [2].
The aim of this paper is to show that we can estimate the concentration

of the solution u of (10) by the concentration of the solution of a suitable
spherically symmetric problem that is different from (11). More precisely
let q be a spherically symmetric function, increasing with respect to p = ,

such that

if z E Ho (S2.) is the weak solution of the problem

then we have (see Theorem 2.1)

In other words, the desired comparison holds provided we choose the zero
order term c(x) = in such a way that c(x) is spherically
symmetric, 0  c(x)  c~(x) on is increasing and 
is increasing. From this comparison result, via a duality argument, it is

possible to infer a similar result for the following problem

We also give a direct proof of this result in order to apply it to variational
inequalities (see [7], [13], [5] for related results).

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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2. MAIN RESULTS: ELLIPTIC EQUATIONS

Our first goal is the proof of the comparison result (7) for a solution
of problem (10).

THEOREM 2.1. - Let u E Ho ( SZ ) be the weak solution of (10) where
the coefficients satisfy conditions (1), (2), (14) and f E L2 ( SZ ); moreover
let z E be the weak solution of problem (15). Then, (16) holds.
Furthermore, if = 0 when ~x~ I  Ro, then

REMARK 2.1. - If the function exp( is increasing with respect
to ~x) we can set = In this case, the problem (15) is
exactly the problem ( 11 ): so, by means of Theorem 2. ~, we obtain the integral
estimate (16) instead of the weaker estimate (12). On the other hand if the
function does not satisfy this monotonicity property, we
compare u with the solution of ( 15) that is greater than the solution of ( 11 );
this implies that we could sharply estimate u by v rather than by z (see L°°
estimate (13)). However since (16) holds, we can estimate any LP norm of
u by the same norm of z too.
We begin by showing the following properties of the solution of (15):

LEMMA 2.1. - The solution z E of ( 15) is non negative, spherically
symmetric and decreasing with respect to 
We have to prove that z is decreasing with respect to x (, because the

other properties can be easily derived from the maximum principle. For
simplicity we assume that f# and 03B3 are sufficiently smooth.

Setting z(p) = z (x), f ( p) = f # (x), ~y( p) _ ~y(x), we have

where R is the radius of SZ# . Differentiating with respect to p and letting
w = z’, we deduce

Since is increasing, the right hand side in the equation (18) is
non positive; then by maximum principle w = z’  0.

Vol. 16, n° 2-1999.
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When f ~ and ’r are not smooth we can proceed by approximation;
however a direct proof could be given replacing in the above argument
derivatives by difference quotients.

Proof of Theorem 2.1. - We set

Let u(s) = u* (s) denote the rearrangement of the solution u(x) E H~ (S2)
of (10); then we have (see [5] and the Appendix)

and then, by (14),

Taking into account Lemma 2.1, a direct computation yields:

where z ( s ) denotes the rearrangement z * of the solution z E 

of (15).

Setting w = u - z, we obtain, from (20) and (21),

We claim that (22) implies that

Indeed, let us assume that (23) does not hold; since = 0, there
exists an interval [a, b] C such that

i) W(s) > 0, s b~,
ii) W (a) = W’(b) = 0.

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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In particular, we can deduce from (22) and i) that we have, for s E] a, b[:

integrating on [a, b] and taking into account the boundary conditions satisfied
by W (see ii)), since y* (b) > 0, we get

which contradicts i); hence (23) holds.
If 1* - 0 on [0, so], (23) becomes

from which we deduce as is well known,

This completes the proof of theorem 2.1, in the case so = 0.
If so > 0, (24) yields

on the other hand, (22) implies

and we obtain the pointwise estimate (17) which completes the proof.
Now, we consider the following Dirichlet problem

and the the symmetrized one

Vol. 16, nO 2-1999.
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We have that v is non negative, spherically symmetric and decreasing
with respect to p Indeed the function

satisfies the following equation

If we set V(p) = V(x), y(p) _ ~y(,z), f(p) = f~=(x)~ where p = lxi, we find

differentiating with respect to p and setting Z = V’ exp( -Bp), we obtain

where R is the radius of SZ~ . By the maximum principle we deduce that
Z  0 i.e. V’  0; so V and v are decreasing with respect to p.

REMARK 2.2. - We have

and thus

so we have the following inequality

We now recall some properties of rearrangements we shall use in the sequel:

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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~ if f and g are measurable functions defined on a set S2 then (Hardy
inequality (see [10])):

~ the following are equivalent (see [ 1 ] theorem 2.1 )
.. c. .. c.

for all convex, non negative, Lipschitz function F such that F(o) = 0.

THEOREM 2.2. - Suppose that (1), (2), (14) are satisfied, then we have
the inequality

where u and v are solutions, respectively, of (25) and (26).
We use a duality argument. If g E L2 ( SZ ) , let z E be the solution

of the equation Lz = g. Moreover, let w E be the solution of the

symmetrized equation Sw = g~ . We have

Then we have, since v = v~,

by property b) we get the result.

Vol. 16, n° 2-1999.
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3. MAIN RESULTS: VARIATIONAL INEQUALITIES

In this section we extend the results of section 2 to the case of variational
inequalities. The analogue of theorem 2.1 is proven in a very similar way
to the proof made in the case of equations. On the other hand, in order to
extend theorem 2.2, we need a somewhat different proof since we cannot
proceed by a duality argument.

Let f E L2(n), we consider the following problem

it is known (see [11] ] for example) that the variational inequality (29) has
a unique solution u E 

In addition let z E Ho (SZ~ ) be the solution of the following symmetrized
problem

where in this case we denote by f the signed rearrangement of f, that is

REMARK 3.1. - The solution z of (30) is spherically symmetric and
decreasing with respect to p = Moreover, it is the solution of the
following problem

for all p E p > 0.

THEOREM 3.1. - Let us assume that the coefficients of L satisfy ( 1 ), (2),
( 14); let u and v be the solutions respectively of (29) and (30). We have

and, if = 0 for  Ro,

Annales de l’lnstitut Henri Poincaré - Analyse non linéaire
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Proof. - As in the proof of theorem 2.1, writing u ( s ) = u * ( s ) , we have

where f * ( s ) _ ( f + ) * - ( f - ) * ; moreover if z ( s ) = z * ( s ) , we have

We remark that if Iz > 01  then (f-)* ~ 0 on ~0, ~z > 0~(: indeed,
since z E we have > 0 ~ ) = 0. Hence, we deduce
from (34)

and the assertion follows from the maximum principle.
From (33B (34) we obtain

where w = ~~ - z. The above inequality is obvious if s E min{lu > 0~,
Iz > 0|}. When |z > 0|  |u > 0|, we set

so we can replace (34) by the equation

From (33), (36) we obtain

since f*(s)  0 if s > 01 we get (35). From now on we can proceed
as in the proof of theorem 2.1.
A comparison result may also be obtained when we consider the dual

operator

Vol. 16, n° 2-1999.
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and the related problem for u E 

where f E L2(f!) and conditions (1), (2), (14) are fullfilled.

LEMMA 3.1. - The problem (39) has a unique solution.
Several proofs are possible. We present a direct one. Let us fix A > 0

such that

is coercive on Ho (S2). By an iterative procedure we can define the following
sequence: uo = 0 and u,~+1 > 0 is the solution of

By the maximum principle is increasing. Since

we have  f+; then un+1  U where U E is the weak

solution of L* U = f + . Hence we deduce that {un} converges in L2 to
u E obviously u is solution of (39).

Next, let u, u be two solutions of (39); proceeding as in [11] we obtain

where V E is solution of L*V + AV = ~ ~ ~c - If pi > 0 is the

first eigenfunction of L, i.e.

we have

from which we deduce = 0.

Annales de l’Institut Henri Poincaré - Analyse non linéaire



179COMPARISON RESULTS

We now consider the following problem

The problem (40) has a unique solution v G ~(f~). Moreover, v is

spherically symmetric and decreasing with respect to p and the

inequality (28) holds for all x such that 0  ~  ( ’~-~ ) 
l/N

THEOREM 3.2. - Let u and v be the solutions of problems (39) and (40)
respectively. Then we have

Furthermore, 0 for ~x~  Ro, then

First step. - In this step we provide a differential inequality satisfied by
the rearrangement u* (s) = u(s) of the solution of (39). The procedure is
largely standard (see [2], [5] for example); therefore, we only sketch the
argument. For t, h > 0 fixed, we set

If we use 16 d= 8h as test function in (39), letting h go to zero, we find

Proceeding as in [2], we obtain the following inequalities, for a.e.

t E ~0, sup ~c [:

Vol. 16, n 2-1999.
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where in the last inequality we used Hardy inequality and condition (14).
Hence we deduce from- (44)-(47)

where

It is useful to remark that (44) yields

We next recall the following inequality that is a consequence of the classical
isoperimetric inequality (see [9], [14])

And we obtain using (48)

and then by (50)

The above inequality can be rewritten in terms of the rearrangement u ( s )
of the solution of (39) in the following way

Second step. - An easy computation shows that the rearrangement

v * ( s ) = v ( s ) of the solution of problem (40) satisfies the following
equation: 

.

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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Since 0 (see (28)), we can write

REMARK 3.2. - Setting f = f + - f -, assume f +, f - ~ 0. Then we have

Indeed, if we set V(s) = e ( s ) v ( s ), (5 3 ) becomes

Since v > 0 ~ ) = 0, V satisfies the following boundary conditions

Hence, by the maximum principle, we deduce that f* cannot be non negative
on ~0, ~ v > 0 ~ ~.

Third step. - We set so = I{s E ~y*(s~ = 
We consider several cases.

i) ~~c > 01  so.

We thus have lu > 0 ~ > 01. Indeed, let us assume that

Iv > 0 ~ > 0 ~ . Since > 0 ~  so, we deduce from (49)

on the other side (see (53)) we have

Since Iv > 01 > ~~, we obtain using Remark 3.2

and this leads to a contradiction.

The above arguments imply also that

Vol. 16, n° 2-1999.
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hence we can easily deduce that u satisfies the following differential
inequality

From (55) and (53), setting w = u - v we find

and then

integrating from s to |u > 0|, we get v(s) > u(s).
ii) so  ~u > 01 G yv > 01.
Letting

we show first that

If (56) is not true there exist s > 01] ~ and 8 > 0 such that

We remark that S > Namely if

since W(s) > 0, we have

that contradicts (49); if s = ~ z.c > 0 ~  ~ v > 0 ~, we have

that contradicts the condition W’ ( s ) > 0.

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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The function W(s) has right and left derivatives for all s. The above

derivatives cannot be non positive on (s - 6, s~. Hence there exists an

interval ~a, ~~C~s - 8,8[ such that

From (57) we deduce that there exists a sequence sn / j3 such that

Moreover, we have -oo  lu  lv  0, (see (57)).
Then we obtain using (52)

while (54) implies

Since u({3) = 0  -lv  -lu and

(58) and (59) yield a contradiction.

Hence,

as in the previous case we then deduce that

iii) ~v > 0~  ~~c > ~~.
The function W(s) is increasing on [max{lv > 0] , so), !~ > 0 ~ ~ , hence

either !~ > 0 ~ or so = !~ > 0 ~ . The case so == Iv > 0 ~ can be

analyzed as the previous one. Let so be lu > 0 ~ ; from (54) we deduce that

Vol. 16, n° 2-1999.
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Fv(lv > 0~) = 0. Since f(s)  0 when s E 0), lu > 0~~, ( see Remark
2.1), we get F~,(.s)  0 for s > 01. As > 0~) > 0 it follows

a contradiction since Fu(lu > 0 ~ ) > 0.

Arguing as in the previous case we obtain (41). Moreover we deduce
from (52), (53) that we have for s E [0, so[,

Since u(so)  v(so), proceeding as in the case i) we obtain the esti-

mate (42).

REMARK 3.3. - As a consequence of theorem (3.2) we have

Since 0 we have Fu ( s ) > 0 so u* (s) = u ( s ) verifies the following
diff’erential inequality

4. APPENDIX

We prove here the differential inequality stated in the previous sections.
For the sake of simplicity we consider the case of an elliptic equation and
we assume f (and then u) to be non negative.

REMARK 4.1. - Let  denote the distribution function of a non negative
function u E Ho (SZ); we have

~ ~ : [0, sup u~ --~ [0, is strictly decreasing;
. = t, ~lt 
. u* is absolutely continuous on every compact subset of ]0, ~.
LEMMA 4.1. - Let u ( s ) = u* ( s ) denote the decreasing rearrangement of

a function u E if

Annales de l’Institut Henri Poinccare - Analyse non linéaire
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and J sup u[ has measure zero, we have

Indeed, if J = nnIn where (In) is a decreasing sequence of open sets,
we have

As limn I = 0 it is

so we get (60) because ~(~) > 0 when 5 ~ ~ ~(~) - ~o. The general case
can be obtained because every set J such that ~ = 0 is a subset of G$
set whose measure is zero.

LEMMA 4.2. - If F(s) = ~ f with f E L1, we have for a,e, t

Obviously  is a.e. differentiable; moreover

with I So ] = 0. The set of values t where ~c is differentiable and ~c(t) E So
has measure zero in view of Lemma 4.1. And we conclude.

We can now prove the following differential inequality, satisfied by the
solution U E of problem (10):

The first part of the proof uses standard arguments (see [2]). By using
appropriate test functions we obtain, a.e. on ] 0, sup u ~, the following
inequality :

Vol . 16, n° 2-1999.
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Using the isoperimetric inequalities and Hardy inequality we deduce

for a.e. t. We denote by

and we write

where t and ~ J ~ = 0. We extend ~ on 0, sup u ~ setting
= 0 on J: we denote by cp this extension.

REMARK 4.2. - The function ( u ( s ) ) is bounded. Indeed, we can assume
that u(Io) C J, because = 0; so p(u(r)) = 0 if r E 10. When
r ~ Io, by Lemma (4.1), we have for a.e. ~0, ~SZ~~-Io, cp(u(r)) _ 
hence from (62) we get

REMARK 4.3. - If g E L1 a non negative function; then

Indeed, we deduce from Lemma (4.2)

We write (63) in terms of p

hence by Remark 4.3 we get

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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Setting

we have

The above inequality holds a.e. ]0, |03A9|[-I0 since (66) becomes (65) for

s = (t).
If S E Io either s is a point of accumulation of the set ]0, |03A9|[-I0 or s

belongs to the interior of In the first case there exists a sequence 

with sn such that G(.s,t) > 0. Since G is continuous, we deduce

In the second case, we can easily prove that s s2 [c Io and s 1, s2
satisfies (66). Since u is constant on s2~, we see that cp(u(s)) and H(s)
are constant on s2 ~. Moreover ,

hence F is concave on s2~. Since G(sl), 0, we have G(s) > 0
on [ and then (66) is proved.
From (66), by Gronwall inequality, we get

On the other side we have a.e. on ]0, 

Therefore we have

Finally, the previous inequality holds on since the left hand side is non

negative. And (61) is proved.

Vol. 16, n° 2-1999.
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