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Regularity of solutions for arbitrary order
variational inequalities with general convex sets
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Ann. Inst. Henri Poincaré,
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Department of Mathematics &#x26; Statistics, University of Edinburgh,
Edinburgh EH9 3JZ, UNITED KINGDOM

ABSTRACT. - We consider the regularity of solutions of a system for
nonlinear arbitrary order variational inequalities with some general concrete
closed convex sets. The maximal function method and the convergence
method are used, and a higher integrability of the derivatives is obtained.

RESUME. - Nous etudions la regularity des solutions d’un systeme
d’ inegalites variationnelles non lineaires d’ ordre arbitraire dans des
ensembles convexes fermes generaux qui peuvent etre representes sous
une forme concrete. On utilise la methode de la fonction maximale et la
methode de convergence pour obtenir un resultat d’ integrabilite sur les
derivees d’ ordre superieur.

1. INTRODUCTION

Variational inequalities are used in theoretical studies for many free

boundary problems. Such problems commonly occur in a variety of

disciplines, e.g. elasticity, crystal growth etc.. There are already a lot of
results about the existence and the regularity of solutions for second order
variational inequalities (see [5], [15], [27] for instance). There are also
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720 J. LIANG

some papers studying the existence of solutions for higher order variational
inequalities (e.g. [4]).
Some free boundary problems can be viewed as nonlinear higher order

variational inequality problems in specific closed convex sets. A practical
example of higher order variational inequalities can be found in [8], and
some practical examples of some convex sets, different from the one of
the obstacle problem, can be found, e.g., in elasto-plastic theory ([7],
[16]), capillarity problems with prescribed volume ([12]), restricted mean
curvature of horizontal plate problem ([8]) and others.
Among the different tools available to study the regularity of the solution

for a nonlinear problem (see [ 11 ], [ 17] for instance), the so called maximal
function method is frequently employed. It uses a quasiconformal map
to gain additional regularity (see Gehring, [11]). More precisely, it states

that, when a certain reversed maximal function inequality holds for a

function in L 1, the function is, in fact, in for some E > 0. Thus,
obtaining this additional regularity reduces the approach to proving a certain
reversed maximal function inequality. This method was applied to the many
second order nonlinear equation problem (e.g. see [6] and/or Chap. IV in
Giaquinta’s book [13], as well as references mentioned there). In [23],
the method was employed for a higher order nonlinear equation system
by Meyers and Elcrat (1975). In [14], Giaquinta and Modica adapted the
method to a higher order equation system in a more general form and with
a higher growth condition (1979). And in [19], Liang and Santos applied it
to study the regularity of solutions of a higher order variational inequality
system in a simple case with closed convex sets of obstacle type, i.e.

The regularity of the solution is obtained, for some c > 0

(1993).
The study of higher order variational inequalities can present closed

convex sets of many different types, and a crucial difficulty for the maximal
function method will be to find a test function which should be suitable

to the maximal function method, and at the same time should be in the
closed convex set of the problem. Extending the obstacle v > ~ to an

operator inequality in K brings more troubles in the choice of the test

function, which do not show up in equation or second order problems. As
the general structures of closed convex sets may be very complicated, it

is interesting to study a regularity result, in some more general structures
of closed convex sets.

In this paper, we give the first results concerning general arbitrary order
problems. The main results we have obtained here concern the 
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721REGULARITY OF SOLUTIONS

regularity of solutions for a system of nonlinear arbitrary order variational
inequalities in a class of general closed convex sets K of some concrete
types. We will take

and X is a closed convex set. The cases we consider are, roughly speaking,
the following: T may be a differential, integral, or integrodifferential
operator. In each of these situations, we need a structure assumption on X,
which should contain either a sufficiently large ball, or a cone with vertex
at the origin and nonempty interior. In all, there are six cases, which cannot
be reduced to a single situation, and in each we obtain higher integrability
of high order derivatives (Theorems 3.2, 3.8, 3.11, 3.12, 3.14, 3.16).

These results may be regarded as a considerable development of those
presented in [19]. We also use the convergence of closed convex sets results
obtained in [18] (see also [20]) to extend the regularity results to cover
many nonsmooth cases (Theorem 4.10-4.14).

Since this represents the beginning of the research on the structure of
closed convex sets for arbitrary order variational inequalities, there are still
many open problems left to be examined, especially the generalization to
convex sets K which do not fall within the cases studied here.

In detail, the problem considered in this paper is described as follows.

Let B be the vector-valued Banach space B = = 

where p > 1, SZ is a bounded domain in f~l~, M, N, L e N.
Consider the following problem

where K is a nonempty closed convex subset of B and

We assume that the operator A, with A~, , I = 1, ... ; L, ~y ~  M, being
Caratheodory functions, satisfies the following assumptions:

Vol. 14, n° 6-1997.



722 J. LIANG

where

where

The closed convex subset K, in the variational inequality problem (1.1)
considered in this paper, has the following structure

where v is the unit outward normal vector at the boundary of f2. The

following conditions in the definition of K are also required:
. (Cl) X is a closed convex set in V containing the origin at least,

where V is a Banach space;
. (C2) T : ~ -~ V is a continuous linear map;
. (C3) ~ E Wo ’p(S~).
With (Cl)-(C3), it is also easy to verify that K is closed and convex. In

addition, K is nonempty since ~ E K.

Remark 1.1. - If the boundary condition in the definition of K is not

homogeneous, but still sufficiently smooth, by a translation argument we can
reduce the problem to the homogeneous case (see also [19], Remark 4.6).D
We give now some examples of convex sets of (1.3) satisfying conditions

(Cl)-(C3):

Example
. Ex. a. If T = I, where I is the identity operator, X = V == lBi then

K = This is the case of an equation system;
. Ex. b. The closed convex set for the obstacle problem is

Annales de l’lnstitut Henri Poincaré - Analyse non linéaire



723REGULARITY OF SOLUTIONS

Here, T = I, V = B and X = {x E > ©~. This is just the case
discussed in [19];

. Ex. c. In [8], the closed convex set considered is II~ _ ~ v E I~2 ( SZ ) :
~v  

More examples of the closed convex sets of the form of (1.3) can also
be found in [18] and [20].

Remark 1.2. - The structures of the closed convex sets should be carefully
defined. If the condition for the closed convex set K is too strong, K may
reduce to ~0~, so that, the problem has only the trivial solution 0 (see
Remark 3.7 as well). D

. 

The outline of the paper is as follows. In Section 2, some lemmas, which
will be used later, are collected; In Section 3, we discuss the regularity of
the solution of problem (1.1) by using the maximal function method. Here,
the six different cases are discussed, for three different definitions of T’s
(differential operator, integral operator or integrodifferential operator) and
for two different image sets (containing a big ball or a cone). The key in
this section is to look for test functions which are in K and are suitable
for the maximal function method. In Section 4, we discuss the convergence
of the solutions with converging convex sets. Then applying these results
and the results in [18], we extend the regularity results of the solutions of
problem (1.1) of Section 3 to more general closed convex sets.

2. PRELIMINARIES.

In this section we present some preliminary lemmas that will be used
in the sequel.

First of all, we introduce a symbol ",~". Let a(r) be a nonnegative
function of r, if

then, a(r)  c(r), and ~l~ > 0, ~ro > 0 such that Vr  ro, a(r) > kc(r).. 
°

We denote by the open ball of radius r and center xo in any space
’ 

the appropriate dimension, either O = N, or e = L, will always
be clear from the context.

LEMMA 2.1. - Assume that

Vol. 14, n° 6-1997.



724 J. LIANG

2° u E and ~W udx = 0, where cv C (r > 0) has a cone
property, = crn, for some c > 0 independent of r.
Then,

where C depends on N, p, q, c and the cone condition of cv, but does
not depend on r.

Proof - It is similar to the one of Proposition 1 in [23] when cv = Bxo,r.
Notice the proof there, which is also true for 1 /p > 1 /q - 1 /N, when

D

LEMMA 2.2. - Assume that

2° u E = 0, where c,~ C (r > 0) has a cone property,
measN(w) = r c > where mease(G)
means the 0398-dimensional Hausdorff measure of G, c and c’ are positive
constants which are independent of r.
Then,

where C depends on N, p, q, c, c’, and the cone condition of cv, but does
not depend on r.

Proof. - The proof is similar to the one of Lemma 2.1. The argument on
the boundary, using its smoothness, can be found in [10]. D

LEMMA 2.3. - Let u E where c~ C (r > 0) has a cone
property, meas(w) = where c > 0 is independent of r, 0  j  M - l,
then

for all constant ~ > 0, where C depends on M, N, p, c and the cone
condition of cv, but does not depend on r.

Proof. - The proof is similar to the one of Lemma 2.3 in [19], noticing
that Eo there can be any positive constant (see [1] ] 4.17). D

LEMMA 2.4. - If X is a closed convex set of V containing a cone C
vertexed at the origin with interior , then for any 03C9 E C, there

Annales de l’Institut Henri Poincaré - Analyse non linéaire



725REGULARITY OF SOLUTIONS

exists 80 > 0 such that for any 0  8  90, and any z with (.z ( ( V  l,
o

w + Bz E C. Moreover, for any 0  8  8o and any v E X, v + w + 0z E X,
o 

i. e., v + w E X .

Proof. - (See also [20]). Since X is a closed convex set of V, from
o

C C X, for any w E C, there exists a Bo > 0, such that ‘d8, 0  B  80,
o

and Vz,  l, we have w + 8z E C .
As C is a cone vertexed at the origin, a(w + 8,z) E C for all a > 0.

Then, from. X being a convex set and C C X , we have -

Letting a = 11 ~ , it is concluded that

And because X is closed, A going to 1 yields

o

that is, v + cv EX. D

LEMMA 2.5. - Suppose that is a cut off function of (i.e.
E C 1, - 1 on Suppose also that

is a differential operator with da E and do so large that

then

Moreover, ifK is a bounded set in (~N with boundary, xo E ~I~,
and E then,

Vol. 14, n 6-1997.
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by (2.3).
If xo E 8K, because E the integrals by parts as above

formula are still available in K n Bxo ;2,r., the argument is similar. D

LEMMA 2.6. - Assume that u E where w C (r > 0) has
a uniform cone property, xo E w, meas(w) = with c > 0 independent
of r. There exists a unique polynomial P(z), of degree  M - l, such that

where

and the depend only on M, N, a, ~c and c.

Moreover, when 0  ~  k, M - I~ - N/p > 0, for any given ~o > 0,
there exists ro > 0, such that if 0  r  ro, the differential ~~P has the
estimate

where ro M, N, L, k, p, c and Ao, but not on r.

Proof - A special case of the first part of this lemma, w = Bxo,r, can be
found in [23] and [19]. The proof of the first part of this lemma is similar
to the one of that special case.
Now we only need to prove (2.8), in fact, by Lemma 2.3 and imbedding

theorem, for any 0  r  ro, 0 and given Ao > 0, when

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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x E we have

if only taking

which can be done as M - k - Nip> 0. D

This lemma will be frequently used for the estimates in the sequel. With
this polynomial, from Lemma 2.1 and = 0, we have

where 0  ~  M, p > 1, C is independent of r.

LEMMA 2.7. - Assume that hand g are non-negative measurable functions
on RN such that

where g E Lv (Q), h E Ls (Q) for some s > v > 1; b > 1 and Q is a
compact cube, M(g) : ~0, oo~ is the maximal function for g, defined
as follows:

Then, there exists ~c > v such that

Vol . 14, nO ° 6-1997 .
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where C depends only on v, ~c and b.

Proof. - The proof of this lemma can be found in [11] (see also, e.g., in
[6],[14],[23]). 

~ 

D
The following theorem establishes sufficient conditions for existence of

solutions of the problem (1.1). The theorem requires more assumptions for
the operator A:

. (A3)

. (A4)

and

where co > MC + 1, being C and Co sufficiently large positive constants
depending only on L, M, N, Tj, ( j = 0 ;1, ... , M - 1)
and .

Remark 2.8. - If Tj, j = 0, 1, .... M - 1 satisfy (A4), then it is not
difficult to verify that they satisfy (A2). A special case is that they satisfy
the natural condition, Tj = 1, j = 0, 1, ~ ~ ~ , M - 1. D

THEOREM 2.9. - If the operator A verifies assumptions (Al)-(A4), then
problem ( 1.1 ) admits at least a solution belonging to ~.

Proof. - (See also [4]). From (Al)-(A3), we know that the operator A is
pseudo-monotone in a reflexive Banach space by [21] (the definition of the
pseudo-monotone can be found in Definition 4.1 later). Review the proof of
Theorem 3.1 in [19] (see also Remark 3.2 in [19]), the test function v := ~
used in [19] still belongs to K defined in (1.3). With (Al), (A2) and (A4),
we can obtain the a priori estimate. Then the existence result is a direct
consequence of a result of [21 ] (p245 Theorem 8.1).

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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In fact, from (A2), (A4) and Holder inequality, we have,

In the above estimate, we have used Nirenberg-Gagliardo inequality

for

where 1  p, q, r  oo (see [22], p69 and [26]).
And for our case, we take q = p/Tj, r = p/TO, 1 - B With

(2.12), (2.13), it is not difficult to verify that they satisfy (2.15).
So that, from (2.14), as Ti > 1 - 0, we have

Then, using (Al) and (A4) the a priori estimate can be obtained as

where C depends only on the given data.

Vol. 14, n° 6-1997.



730 J. LIANG

Remark 2.10. - It can be seen that if the operator A satisfies the following
monotonicity condition as well,

then the solution of problem (1.1) is unique. D

Remark 2.11. - The closed convex set K ~ B in Theorem 2.9 can, in

fact, be more general than the one defined in (1.3) satisfying the conditions
(Cl)-(C3), since we only used that K is closed, convex and nonempty. D

° 

3. THE REGULARITY BY MAXIMAL FUNCTION METHOD

In this section we want to establish additional regularity for the solution
of problem (1.1) by maximal function method. This is more delicate than
proving existence.

Throughout, we denote

for x E f1, where u is the solution of problem (1.1). We intend to use the
maximal function method, already used in [23], [14] and [19] for higher
order problems. For this purpose, we need to choose carefully a suitable
test function in K. More specifically, we are looking for a test function
v = u (corresponding a test function ~) in equation) verifying the
following requests:

is a function independent of U;

for a (  M and 1 :S q  p, where h is a known function in for

some s > 1, C is a constant independent of r, 1 > 1 is some positive
constant depending on a (see [23], [19]);

4. v E 

Here, request 1. is set because we study the regularity, which is a

local property of the solution; request 2. is for obtaining an estimate, with

Annales de l’Institut Henri Poincaré - Analyse non linéaire



731REGULARITY OF SOLUTIONS

which we can have the desired positive term in the left hand side of our
estimate inequality; request 3. is required to use maximal function method
(it implies that the average integral of the differentials of 03C6 in Br should be
independent of r except the one which can be bounded by some maximal
functions); request 4. is an imposition of the variational inequality.
To meet request 1., it is natural to take some cut off function; it needs to

be treated carefully, since each differentiation will produce a To satisfy
request 2., u must appear somewhere in cp, (e.g. ~ = ~(-u + where

( is a cut off function, C is a constant). To verify request 3., a function
P, which is the polynomial defined in Lemma 2.6 (see also [14], [19] and
[23]), is introduced. This idea comes from the study of the regularity of
second order equation, when u - fBr udx, multiplied by some cut off
function (, is chosen to be a test function (see [13], Chap. IV); the function
u - L udx lets the raise of the differentiation under an integral in
Br become possible to kill the r-1 produced by the first differentials

of (. In our higher order case, corresponding to fBr udx, we have
the polynomial P. In the equation case, only requests 1.- 3. are needed.

Therefore, the main work in this section becomes to verify request 4.
However, in many cases, the general test functions used for equation

system will be failed for variational inequality system as they are no longer
in the given closed convex set. So we have to find new test functions for our
cases studied here. And because of the operators of K, we must overcome

particular difficulties which we have not met in the secound order problem.
As mentioned in Remark 1.2, not every case of K defined in (1.3) is

interesting and feasible. In this section, we study six particular cases of
three types of T and two types of X for closed convex set K.

For simplicity, we consider the case W = 0, noticing that the general
case can be treated similarly, replacing u by u - W, P by where P~
is . the unique polynomial of degree  M - 1 satisfying

for all M  M - 1.

3.1. T is a linear differential operator

In this subsection, we consider that the operator T in K is F defined

by (2.2), with E k  M - N/p.
Vol. 14, n° 6-1997.
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If the map T in (C2) is F defined in (2.2), it is easy to verify that T
satisfies (C2). In fact, V = T is continuous,

for £ E and T is a linear operator,

In order to study the regularity of the problem with such an operator T
in the definition of K, we seek a test function which is mapped by F into
X ; to do this, we need more properties on X, that is, we suppose as an
additional condition either of the following:

. (Cal) X contains a ball Bo,Ro with Ro > 

~~ ~ where do is defined in (2.2), u is the of

the problem (1.1) with closed convex set K defined in this case.
. (Ca2) k; defined in (2.2) equals zero, do in (2.2) is nonnegative, X

0

contains a cone C vertex at the origin, 0.

We discuss them separately.

3.1.1. case of (Cal)

THEOREM 3.1. - Suppose that K is defined by ( 1.3) satisfying (Cl) and
(Cal), T being a smooth di,ff’erential operator F of order k  M - N/p
defined in (2.2), ~ = 0; and that A is an operator satis, fying (Al)-(A2).
Then the solution u in B of problem ( 1.1 ) with the closed convex set K

belongs to (G) for some 0  ~  1 in any compact subset G of Q.

Proof. - If we have found a test function in K, the remain part of the

proof, using maximal function method, is similar to the one in the proof
of Theorem 2.1 in [14].

Let G be any compact subset contained in Q. Denote A = dist (G, 
Now choose ro such that ro satisfies (2.9), (3.3) and 0  2ro  ~~.

For any point Xo E G and any 0  r  ro, let be a cut off

function of set

where is defined in Lemma 2.6 with ~ = 

Now, let us check v e K. In fact, it is obvious that v ~ B and = 0,
/’ = 0,1,..., ~f 2014 1. To verify Tv G X, we need to present now some
calculations:

de Poincaré - Analyse non linéaire
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Here

From Lemma 2.6, as well as the definitions of T and by letting
~o == Ro - we have the estimate as follows when ro is

small enough

If we have Co, Co is independent of r, and ro is taken small

enough as 
’

Vol. 14, n° 6-1997.
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so that when 0  r  ro,

then we know that

Now, let us verify I  Co. In fact, by Lemma 2.1 and Lemma 2.6,
recalling that ~Bx0, 2 r ~03B3x(u - Px0,2r)dx = 0, |03B3|  M - 1, we have

where

Annales de l’Institut Henri Poiszcare - Analyse non linéaire
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where q is chosen such that p > q > max{l, ~ ~ ~ , which can be done
because k  M - N/p and p > 1; Co is chosen to satisfy the last inequality
of above formula and (3.4) below, which depends only on L, M, N, p,
L°°-norm of da, ]  k, it is independent of r. In the same reason

Therefore, Co, so that

Then, using this test function, we can obtain a Caccioppoli type reversed
inequality, by it, we can use maximal function method to obtain the maximal
function inequality. The steps are almost the same as in [14] .(see also [19]
and [23]). ~ Therefore, we can prove that the solution of problem (1.1)
belongs to (Bxo,r), for some constant 0  ~ ~ l. Since G can be
covered by a finite number of such balls, u belongs to with
norm depending on ro as well.

In fact, using v as a test function, we have

where

where ~ == (~i, ... , ~L) _ ~~o,r(u - having a support in 
Now let us estimate  M. First, we have

Vol. 14, n° 6-1997.
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where h is a function of known terms in for some s > 1,
which depends on given functions a, etc., 0  E  1,
max{1,  q  p, C depends on given data and E, it is independent
of r. Notice here, we utilise the same estimate of D ( ~~o ,.r. (u - 
as (2.10), so that for ~y ~ = M,

Next, for 0  M,

where h is a function of known terms in for some s > 1, which

depends on given functions aj , bj, etc., a j > aj max 1, ~T~ _ 1) N+(~e- j ) p ,
C is independent of r.
As u E e  1, there exists a ro > 0, which

depends only on = 0,1,..., M, such that
when 0  r  ro,

for any given 0  E  1.

Then, we can obtain the following Caccioppoli type reversed inequality,
for and 0  r  ro such that C SZ, and ro is small enough
satisfying (2.9), (3.3), (3.5) etc.

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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where 0  S  1 is a constant, 1  q  p, h is a function of known
terms in for some s > 1, C and b depends only on the given data

°

Multiplying the both sides of (3.6) by r-N and using standard arguments,
we have

Then, by Lemma 2.7, we have proved the result of this theorem. D

THEOREM 3.2. - Suppose that K is defined by (1.3) satis, fying (Cl)
and (Cal), T being a smooth linear differential operator F of order
k  M - N/p defined in (2.2), and that the operator A verifies the

assumptions (Al)-(A2).
Then the solution u of problem ( 1.1 ) with the closed convex set K has

the estimate

where 0  ~  1 and C > 0 depend only on

for j  M.

Proof. - We only need to prove that the Caccioppoli type reversed
inequality (3.6) holds also on the boundary of SZ. That again reduces to
find a suitable test function on the boundary.
We extend u to by defining it to be valued 0 in For xo C c~SZ

and 0  r  ro, choose

as a test function in (1.1), where ro > 0 will be chosen later. (xo,r is a cut off
function of Bxo,2r. One can show that v E B, a~ = 0, i = 1,... M - 1.

If x E then

Let us see the image of Tv when x E H n Bxo,2r. Since ~03A9 E 
and u e we can verify = 0 on in distribution sense,

Vol. 14, nO 6-1997.
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so that T u = 0, on and is continuous, for any 0  j  /.’. as

M - k > N/p. That means, there exists ri > 0, such that in 13,,~~, ,,~, ,

and by Lemma 2.2, there exists r2 > 0, such that when 0  r  ~r~ .

Set

and let 0  r  ro, which depends only on the bounded norm of the
coefficients of F (i.e. L~-norm of da) and other given data, that is,

namely

Then, if we work in almost the same way as in the proof of Theorem 3.1,
we can obtain that the maximal function M(U) has the same estimate as
(3.7) in Theorem 3.1 on the boundary. By finite covering, the result of
this theorem follows.

Now, we see that c and 
([2) 

depends on the C and h in

Caccioppoli type inequality (3.6), and ro as well because of the finite

covering. Review all the conditions we set on C, h and we have the
estimate (3.8). D

COROLLARY 3.3. - Suppose that K defined in (1.3) verifies (Cl)-(C3)
and (Cal), T being a smooth linear differential operator F of order
k  M - N/ p defined in (2.2); 03A8 E with E > 0, and .4
is an operator satisfying (Al)-(A2). Then, there exists 0  ~’  E such that

the solution u of problem ( 1.1 ) with the closed convex set K satisfies

where ~’ Gild C depend only on ~03A8~WM,P+~ (03A9) 
and the constants Q defined

in Theorem 3.2. D

COF,OLLARY 3.4. - Suppose that (I~ defined in (1.3) verifies (Cl)-(C3)
and (Cal), T being a smooth linear differential operator F of order

Annales de l’Institut Henri Poincaré - Analyse non linéaire
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k  M - N~p defined in (2.2) ; ~ E with E > 0, and A
is an operator satisfying (Al)-(A2). Suppose also that (M - j )p = N for
some 0 ~ j  M. Then the solution u of problem ( I .1 ) with the closed
convex set K satisfies

where 0  b  1 , b and C depend only and the constants

Q defined in Theorem 3.2. 0

Remark 3.5. - If the coefficients da (x), I  l~, in the operator T only
belong to all steps of the proof still hold. So under this weaker
condition, the results of Theorem 3.2 and the corollaries above hold, too,
but we can obtain a similar result for some further weak conditions on T,
by using the convergence results of closed convex sets (see next section). D

Remark 3.6. - If we already have that the solution u of (1.1) belongs to
WM,p0(03A9), the assumption of ~03A9 E for the boundary of n can be
weakened to the following assumption,

where (A) is the Bessel capacity (see [2]) and = 

(the condition above is always satisfied for p > N). (See [2] and the proof
of Theorem 2 in [23]).

In the same way, in [19], with o~~ E the condition similar to

(3.11 ) in Theorem 4.3 is not necessary. D

3.1.2. case of (Ca2)

We also can consider the case when X does not necessarily contain
a large ball centered at the origin, but instead it contains a cone with

nonempty interior, and with vertex at the origin. The cone can pull the
other vectors into X as shown in Lemma 2.4. We can look for a function
in such that the image of F is in C, but

Remark 3.7. - In general, there exists no such function £ that £ E
and F~ E C when the order k of F is positive, except ~ - 0.

We show this remark by a counter-example in a very simple case. If
N = 1, S2 = ( 0,1 ) , M = 2, k = 1 we can not find a function ~ such that
~" > 0 and t;,(0) _ ~ ( 1 ) = ~’ ( 0 ) = ~’ ( 1 ) = 0, except - 0 by a simple
analysis. D
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However, if the order k of F is 0, we can have the same results as
the previous theorems and corollaries with this different condition on X.
That is,

THEOREM 3.8. - If T is the differential operator defined in (2.2) with
k = 0 and do (x) > 0 a. e. in SZ; M > N/p; X satisfies (Cl) and (Ca2);
then the results of Theorem 3.1, 3.2, Corollary 3.3, 3.4 still hold, with the

norm ~u~WM,p 1-~(03A9) 
estimated by (3.8) of C depending on C in addition

but independent of Ro.
Proof - We can use

as a test function in the interior point xo, where max{l, N M}  q  p,

03C9 E C, (xo,r is a cut off function of Bxo,2r, Co will be determined later;
and v defined in (3.9) for boundary point xo .
The regularity result for this problem can be obtained in the same way

as Theorem 3.2 etc. by these test functions.
Noticing that here, the constant term in the square bracket in (3.12),

different from previous case, has a factor with a maximal term, which
can kill the troublesome r-~, j  M, caused by the differentials of (xo, r
when we do the estimates for maximal function, so that this test function
is qualified for maximal function method (checking requests 1.- 3. in the

beginning of this section and reviewing the proof of Theorem 3.1).
So we only need to show that in both cases v E K. In fact, v E Wo r,p ( SZ )

is obvious. In Tv = Tu E X and in Bxo,2r,

by Lemma 2.4 (noticing do(x) > 0, a.e. and 0), if only
l, a.e., where 8o is defined in Lemma 2.4. But
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Co can be chosen big enough such that 1 by the estimate

which as we have done before in the proof of Theorem 3.1, provided
M > N/q.
On the boundary, as 0  1, we have, for v as (3.9),

for the convexity of X and 0 E X.
So that

Even though,

Remark 3.9. - the problem discussed in [19] is not included in

Theorem 3.8 above. When N is large enough, the condition M > N/p
might fail. However, if X is only a cone vertexed at the origin, the condition
M > N/p may be skipped too. With some technical transformation, the
proof is similar to the one in [19]. D

Remark 3.10. - Having a suitable test function, using the same method
as in [14], we also can discuss the almost everywhere regularity of the
solution for this problem in all the cases discussed in this paper. D

3.2. T is an integral operator

In this subsection, we consider the closed convex set K defined in (1.3)
when T is an integral operator

where K is any open subset of SZ with boundary belonging to r(x, y)
is the kernel of the integral.

It is easy to verify that T defined in (3.13) satisfies (C2). In fact,
V = 
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for £ E if only

is a linear operator.
For this problem, besides (Cl), (C2), we need more conditions for X

and T. That is, either of the following conditions is additionally required:
0

. (Cbl) X contains a cone C vertexed at the origin with 0;
M > satisfies

. (Cb2) X contains a ball r E and Ro >

~0393~L~(03A9,L03B8(03A9)) . ~u~03B8’, where 0 is defined in (3.14) and u is the 

solution of the problem (1.1) with closed convex set K defined in this
case.

3.2.1. case of (Cbl)

Here, the cone is used for pulling the test function into X.

As the discussion of Theorem 3.8, for the interior point, we can use the
same test function v as in (3.12).

It is obvious that this function v belongs to (SZ), and as we discussed
before, it works for maximal function method. Also,

where
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We have, similar as in the proof of Theorem 3.8, 1, if only Co is
chosen properly. That is, taking count of ~h F(x, y)u(y)dy E X, Tv e X,
then

Therefore, we have a local Caccioppoli type reversed inequality for

maximal function as (3.6) and a finite cover. As almost the same as we
have done before, we have the interior estimate.
On the boundary, we should consider it carefully in another way. Notice

here, the test function defined in (3.12) no longer satisfies the boundary
condition of K if xo is on the boundary of H.

Let .ro E Without any loss in generality we may suppose that the
boundary near xo = ~ ~ ~~ corresponds
to H. We choose

otherwise.

as a test function, where as before.

Then, v E and

if only G 1, where

otherwise.
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But,

where, by noticing

we have

with C being independent of r.
The inequality (3.17) comes from the imbedding theorem on the boundary

presented in p433, Corollary 2. of [22] (q can be chosen properly).
When Co in (3.16) is properly chosen, it leads to

Namely

Then we have a Caccioppoli type reversed inequality as (3.6) over S2,
by the finite covering, the regularity results run over the domain Q. The
estimate (3.8) then holds but depending on ro, which can be determined
by given data, as well.

Now, there comes

THEOREM 3.11. - If the operator A satisfies the assumptions (Al)-(A2); II~
is defined by ( 1.3) verifying (Cl) and (Cbl), T being an integral operator
defined in (3.13), where K is a subset of 03A9 with ~K E C0,1; 03A8 = 0;
then the solution u of problem ( 1.1 ) with the closed convex set ~, belongs
to (~~ for some 0  ~  1. More precisely, (3.8) holds with ~’

depending and the cone C in addition, but independent
of d~ and Ro.

Similarly, Corollaries 3.3, 3.4 also hold for this case. D
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3.2.2. case of (Cb2)

On the boundary, we can choose v as (3.9), while in the interior we can
choose v as (3.2) to be test functions, which work for maximal function
method and are in K.

On the boundary, we can use Lemma 2.2 and the fact = 0 for all

0  j  ~ - 1. The other discussion is similar to the one in the interior,
we only write the details about interior points here.

In fact,

if only 0  r  ro and ro is small enough such that

which can be done since M + N(1~B’ - > 0 and u E W’~l’T’(S2).
Therefore,

by (Cb2).
Then we have

THEOREM 3.12. - If the operator A satisfies the assumptions (Al)-(A2); K
is defined by (1.3) verifying (Cl) and (Cb2), T being an integral operator
defined in (3.13), where K is a subset o, f SZ with c~K E ~ = 0;
then the solution u of problem ( 1.1 ) with the closed convex set K, belongs
to W’~~~ 1 p ~ (SZ) , for some 0  ~  1. More precisely, (3.8) holds with C

depending on in addition, but independent 
Similarly, Corollaries 3.3, 3.4 also hold for this case. D
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3.3. T is an integrodifferential operator

Now let the operator T in K be defined as

where K is any open subset of Q with boundary belonging to C1’I-l,1; F
is a linear differential operator as (2.2), with E k  M;
and the kernel r satisfies

It is easy to verify that T defined in (3.19) satisfies (C2).
As in last subsection, for this problem, besides (Cl), (C2), we also need

more conditions for X and T. That is, one of the follows is additionally
required:

0

. (Ccl) X contains a cone C vertexed at the origin with ~;
y)=constant, F in (3.19) defined by (2.2) verifies (2.3), with k  M,

M > N/p; I~ = S~ or E 

. (Cc2) X contains a ball Bo,R,, F E and Ro >
, where T is defined in (3.20) and u is

’ 

the WM,p-solution of the problem (1.1) with closed convex set K defined
in this case.

Remark ~3.13. - Under (Ccl), if k = 0 and do = l, it is the case we

discussed in last subsection, when we need not require r to be a constant
but a C° (Q, Ll (K))-function. Also, the set K may be any subset of SZ with
C° ~ ~ boundary. D

3.3.1. case of (Ccl)

We do not lose any generality if we assume that r (x, y) = 1.
We denote

thus, by (2.3) we have
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As in previous subsections, the cone is used for pulling the test function
into X. It should be careful to deal with the point in H but on the boundary
of K.

Let G and A as before in subsection 3.1.1, 0  2ro  

Considering Xo E G and 0  r  ro, let us define a test function v in K

for maximal function method.

If K = H, take any G, there exists 0  r  ro small enough such
that C H, define a test function v as (3.12).

Let us show that v E K. In fact, it is obvious that v E B, and v satisfies

the boundary condition of K, and by Lemma 2.5,

where Bo is a constant chosen as in Lemma 2.4, and

otherwise.

Notice, the coefficient of the 03C9 + Oozo in the above formula is not negative,
and JK Fudx E X, so that by Lemma 2.4, JK Fvdx E X, as long as

1, which can be verified as before by choosing proper Co.
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That is, this test function v is the one we wanted.

If K c SZ but H, then, the following cases are considered separately:
0

a.) If Xo E K nG, we can discuss it in the same way as the case of K = SZ
above by choosing 0  r  ro small enough, such that C K.

b.) If xo E in a similar way of the case K = S~, we also can discuss
it, but by use of the second part of Lemma 2.5, and the fact da E C|03B1|0 ( K) .
c.) If Xo E GBK, then, when 0  r  ro small enough, there exists a cut
off function such that C GBK. Set

therefore

Hence, combining a.)-c.), as well as having the discussion on case K = Q,
we have,

holds in any case presented in the theorem for this operator.
Thus, we have a local Caccioppoli type reversed inequality for maximal

function as (3.6) and a finite cover in Q. By the same steps as we have
done before, we have the interior estimate.
As in the last subsection, without losing the generality, for xo E we

suppose that the boundary near xo is ~ (~ 1, ~ ~ ~ , x ~,r ) , x 1 = 0 ~, and > 0 ~
corresponds to SZ, we can choose the test function v as (3.15) for xo. It is
not difficult to see, this function is in (SZ) . Then using Lemma 2.2, in
a similar way as the discussion on the interior points, by noticing (3.17),
we also can have the same boundary estimate as the interior one.

So that

THEOREM 3.14. - If the operator A satisfies the assumptions (A1)-(A2); ~
is defined as ( 1.3) verifying (Cl) and (Ccl), T being an integrodifferential
operator defined as (3.19), where F is defined in (2.2) verifying (2.3) for
M > k, M > N/p, K = SZ or K is a subset of SZ with ~I~ E and

da E C|03B1|0 (K); 03A8 = 0; then the solution u of problem ( 1.1 ) with the closed
convex set ~, belongs to 1 p ~ (SZ) for some 0  ~ ~ l. More precisely,
(3.8) holds with C depending on C in addition, but independent of Ro.

Similarly, Corollaries 3.3, 3.4 also hold for this case. D
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Remark 3.15. - It is not difficult to see that, under (Ccl), if there is

a kernel not being a constant but a function smooth enough and

satisfying that

where F* is the adjoint of F defined in (2.2), .and F~ means the differentials
with respect to x, then the results obtained in this subsection can be

extended to the set K with the operator

3.3.2. case of (Cc2)

In this case, the discussion is almost the same as in (Cb2). So that,

THEOREM 3.16. - If the operator A satisfies the assumptions (A1)-(A2); 0~
is defined in ( 1.3) veri, fying (Cl) and (Cc2), T being an integrodifferential
operator defined as (3.19), where F is defined in (2.2) verifying M > k,
and K is a subset of SZ with 8K E --- 0; then the solution
u of problem ( 1.1 ) with the closed convex set K belongs to (SZ)
for some 0  ~  l. More precisely, (3.8) holds with C depending on

> in addition.

Similarly, Corollaries 3.3, 3.4 also hold for this case. 0

4. THE REGULARITY BY CONVERGENCE RESULTS

In this section, we use the results obtained in [18] to get some more

regularity results by a limit process.
In the discussions of the last section, we see that a certain smoothness

of K is necessary, but, in general, the regularity results do not depend so
strongly on this assumption on So that, there is an expectation to weaken
this smoothness assumption. The discussions on the convergence of closed
convex sets (see [18], [20]) make this expectation possible.
We give some applications of the convergence of the closed convex sets

here, thus we extend the regularity results obtained in the last section.
The convergence of the closed convex sets we discuss here is called the

convergence in Mosco sense and/or in local gap. It is stated in [24] and
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[25] that the convergence of the closed convex set in Mosco sense will

imply the convergence of the solutions of problem (1.1) if A is monotone
(so that the solution is unique). Also discussed there is the convergence of
the solutions for a sequence of 

To study our problem, first of all, we list some definitions and theorems
about the convergences we will use and we already have. More results
about Mosco convergences can also be found in [3] and its references, as
well as in [18].

DEFINITION 4.1 (see also [9], [21]). - An operator A : T~ --~ V’ is called

pseudo-monotone if for every 03C9n such that w weakly in V when
n ~ oo, and lim supnAwn, wn - w)  0, then

Remark 4.2. - We notice that when the operator A of problem (1.1)
satisfies the assumptions (Al)-(A3), A is an operator of the Calculus of
Variations (in the sense of Leray-Lions), so that it is pseudo-monotone by
a result of [21] (pp 182-183). ©

DEFINITION 4.3. - Let V be a Banach space, {Kn}n a sequence of closed
convex sets of Tl We say that Kn converges to (~~ in the Mosco sense, if

DEFINITION 4.4 (See Section 4 in [25~). - be a sequence

of nonempty closed convex sets of a Banach space V. We say that 
converges to in local gap in V, if there exists ko > 0 such that

where = with _ ~x e

X,  and a(X, Y) = sup~dist(x, D

Convergence in local gap results in the convergence in Mosco sense.
More discussions on these two convergences can be found in [18].

Set
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The following two theorems can be found in [18]:

THEOREM 4.5. - Suppose that (Cl)-(C3) are verified for defined in
(4.1), X also contains a small ball with Ro > 0; Tn = Fn is a

sequence of differential operator of order k  M - N/p defined by

such that dan E Vn, and d~n (x) -~ in L°° (SZ), as

n ~ ~, |03B1| ~ k. Then, converges to in Mosco sense, when

n ~ ~. D

THEOREM 4.6. - Suppose that (Cl)-(C3) are verified for defined
in (4.1 ), X also contains a small ball with Ro > 0; Tn is the

integrodifferential operator

where the integral area K C SZ with c~~ E ~’~’T -1,1, rn satisfies (3.20), Fn
is defined by (4.2) with k  M, and rn - r in L°° (SZ, where T is

defined in (3.20), dan (x) ~ d03B1~(x), in L~(03A9), |03B1| ~ k, as n ~ ~. Then
the result of Theorem 4.5 holds. 0

Remark 4.7. - The convergences discussed in Theorem 4.5, 4.6 are in
fact, in local gap. (See [18]). D

Now, let us see a theorem about a convergence of the solution of problem
( 1.1 ) with a converging sequence of closed convex sets as follows.

THEOREM 4.8. - Let {Kn }n, n ~ N ~ {~}, be closed convex sets of B such
that K~, in Mosco sense, when n ~ ~. IfA satisfies the assumptions
(Al)-(A4), let ~un ~n be any sequence of solutions of problem ( 1.1 ) with the
closed convex n E (~ . Then there exists at least a solution u ~

of the problem ( 1.1 ) with closed convex set which can be approximated
weakly by a subsequence of ~un ~n in Moreover, if A satisfies

where ~y ( ~ ) is a continuous strictly increasing function from [0, to

[0, -~-oo) with ~y(0) = 0 and -_ -f-oo, then the solutions are

unique and the sequence ~un ~n converges to u~ strongly in f~.

Proo,f: - (See also [24], [25]. Since the definition of A in our case here,
which is only pseudo-monotone but has a concrete structure, is different
from Mosco’s, the proof is different as well.)
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From Remark 4.2, A satisfies (Al)-(A3), then A is a pseudo-monotone
operator.

If un is the solution of problem (1.1) with then by (Al), (A2) and
(A4), reviewing (2.16), we have

where C depends on given data and is independent of n; To , co and C are

defined in (A4). i.e. there exists R > 0 independent of n, such that

Thus, there exists a subsequence of ~un ~ n converging weakly in B to uoo.
As Kn converges to K~ in Mosco sense, from 2] of Definition 4.3,

we have, 
Also, from 1] of Definition 4.3, we know that there exists Un E such

that u~ in B. Then for u n being a solution,

and

Now, we are going to show that this Moc is the solution of problem (1.1)
in i.e. one should be hold

In fact, for any from I], there exists vn E such that

vn --~ in ~. Since un is the solution in Kn , for these vn E Kn, one holds

Hence,
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because:

2° A is pseudo-monotone with uoo, weakly in B and

lim infn (Aun, un~ ~ 0 by (4.5), as n ~ ~, then from Definition 4.1

That is, u~ is a solution of problem (1.1) with K~.
Finally, if A also satisfies (4.3), then from Remark 2.10, the solution

un for problem (1.1) with closed convex set Kn is unique, n E N 
Thus, all subsequences of ~un ~n converges to Moo weakly in B, that means,
the sequence converge to u ~ weakly in B. Moreover, from (4.3) and
Definition 4.3, there exists un E and un -~ Moo in B. So

oo . That means

Therefore, we have proved the theorem. 0

From this theorem and Mazur Theorem (see [28] p 120), we immediately
have

COROLLARY 4.9. - n E f~ be closed convex sets of
B such that in Mosco sense, when n ~ ~. If A satisfies the
assumptions (Al)-(A4), ~un ~n be any solution sequence of the problem
( 1.1 ) with the closed convex n then there exists at least
a solution u~ of the problem (l.l) with closed convex set K~ which can
be approximated strongly by a convex combination of the sequence ~un~n
in i. e.
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Now, we give some applications of the convergences on the regularities.
In Subsection 3.1, we have considered the regularity of the solution of

problem ( 1.1 ) being ~ defined through a (in fact operator T defined
in (~1~’ . Since in the proof, we need T to be smooth over t O. However, the
regularity and the converging result only depend on the -norm of the
coefficients of T. Also, T definded on SZ is enough. This means we can
improve this result by supposing E ( S Z ) only. The discussion on the
convergence of the closed convex sets in Theorem 4.5 and Theorem 4.8
make it possible.

THEOREM 4.10. - Suppose that l4 ,satisfies (Al)-(A4); K is defined
in (1.3) verifying (Cl)-(C3), where X contains a ball T i,s

a differential operator F defined in (2.2) with Ro > max {lido 1100 .
d~~ E L°° (~) only,  k with M - k > N/p.

Then there exists a solution u of the problem ( 1.1 ) with closed convex set
(f~ such that the results of Theorem 3.1, 3.2, Corollary 3.3, 3.4 still hold

for this solution.

Proof. - Let

be the operator satisfying the assumptions of this theorem, is defined

!~!!L-(Q).
Then T~ = T on H. We can find a sequence of such that Tn is
defined as

with d03B1n ~ C~(RN), and

Then,

Letting defined as in (4.1) with operator Tn defined
in (4.7), by Theorem 4.5 and (4.8), we know that converges, in
Mosco sense, to where is the K considered in this theorem.
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Notice that in the converging process, the corresponding the solution

sequence depends only on which is bounded by
+ 1.

That is, by Theorem 4.8 and Corollary 4.9, there exists a solution Moo
of problem (1.1) with a closed convex set K~ and a convex combination
of the sequence of ~un ~n, - the solutions of problem ( 1.1 ) with the closed
convex set K.n, such that

By Theorems 3.1 and 3.2, there exists 0 ~ ~~  1, such that

Reviewing the proof of Theorem 3.1 and 3.2, we find out that the norm

~un~WM,p 1-en(03A9) 
and ~n depend uniformly on 

the L~-norms of dan, for

k, with respect to n, so are the norm ] ] M,p , where
W 

~n = ~~3 ~. Then taking co = which is positive by
the uniform argument, from Vitali theorem (see [27] p59), we have

for some 0  ~o  l. The other results then follow. ©

THEOREM 4.11. - Suppose that A satisfies (Al)-(A4); LI~ is defined in ( 1.3)
verifying (Cl)-(C3), where X contains a cone C vertexed at the origin with
o

C ~ ~ and a ball with Ro > 0, T is an integral operator defined
by (3.13), with K C SZ, ~~ E C°~1, r > 0 is only in L°°(SZ, L1 (k)),
M > N/p. Then there exists a solution u of the problem ( 1.1 ) with closed
convex set I~, such that the results of Theorem 3.11 and corresponding
Corollary 3.3, 3.4 still hold for this solution. ,

Proof. - By using Theorems 4.6 (when the order k of Fn equal 0),
choose Tn = ~~ y), with T~ E C°° (SZ x S~) converging to

r in L1 (K)), so that Tn converging to T = ~K dyr(x, y), in

~(WnT,p{~), L°°(SZ)).
Then noticing the uniform estimate (3.14), by Theorem 4.6 (when k = 0),

we have fl~ in Mosco sense, where f~n and (I~ defined by (4.1 ) and
( 1.3) respectively, with operator Tn and T defined above respectively. So, by
Corollary 4.9 there exists a solution u of problem ( 1.1 ) with closed convex

Vol. 14, nO 6-1997.



756 J. LIANG

set K and a convex combination of the sequence of ~un~n, - the solution
of problem (1.1) with closed convex set such that 

in B, but by Theorem 3.11, un E p 1-~n (SZ) uniformly with respect to
n, so are ~ ~ -1 Then by Vitali theorem, u E for some

0  ~°  1. Thus, the results follow. D

Similarly, we have

THEOREM 4.12. - Suppose that A satisfies (Al)-(A4); fl~ is defined
in (1.3) verifying (Cl)-(C3), where X contains a ball T is an

integral operator defined by (3.13), with K C Q, c~K E r being
only in B defined in (3.14); I~° > 

Then there exists a solution u of the problem ( 1.1 ) with
closed convex set such that the results of Theorem 3.12 and corresponding
Corollary 3.3, 3.4 still hold for this solution. 0

The following result is much more advanced in a certain sense than the
one obtained in Subsection 3.3. Review the proof, we can see that the
assumption on the coefficients of da in F is at least but the

regularity result does not depend on the but L °° ( K ) -norm (or
if SZ) of da. That is,

THEOREM 4.13. - Suppose that A satisfies (Al)-(A4); fl~ is defined in ( 1.3)
verifying (Cl)-(C3), where X contains a cone C vertexed at the origin with
0

C 7~ 0 and a ball with Ro > 0, T is an integrodifferential operator
defined in (3.19) satisfying

with r being a constant, K = SZ and da E L°° (K) only; or K c SZ,

Then there exists a solution u of the problem ( 1.1 ) with closed convex set
such that the results of Theorem 3.14 and corresponding Corollary 3.3,

3.4 still hold for this solution.

Proof. - The proof is almost the same as the one of Theorem 4.10. By
using Theorems 4.6, we can choose

with dan E converges to da in (or in 

if K ~ 03A9 and so that, by (4.9), when n is big enough, F7z
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verifies (2.3). Therefore Tn converges to

in ,C(W~~’p (SZ), L°° (SZ) ), and Tn satisfies the conditions of Theorem 3.14.
By Theorem 4.6, Kn with operator Tn converges to K with operator T in
Mosco sense. Then by Corollary 4.9, there exists a solution u of problem
( 1.1 ) with closed convex set fl~ and a convex combination of the sequence
of ~un~n, - the solution of problem (1.1) with closed convex set 

such that u, in ~, but by Theorem 3.14, un E (SZ)
uniformly with respect to n, so are ~~-1 Then by Vitali theorem,

u E WM, p 1-~0 (SZ), for some 0  co  1. Thus, the results follow. 0

Similarly, consider also r~-,, -~ r in L°°(SZ, LT(K)) and d~ in
we have

THEOREM 4.14. - Suppose that A satisfies (Al)-(A4); fl~ is defined in

( 1.3) verifying (Cl)-(C3), where X also containing a ball T is an

integrodifferential operator defined in (3.19) with order of F, 1~  M,
and K C S2, ~I~ E C~’s-1~1, T E L°°(SZ, LT(K)), d~ E -L°°(SZ) only, for

k; R0 > maxsolution ~Fu~03C4’. Then there exists a
solution u of the problem ( 1.1 ) with closed convex set such that the

results of Theorem 3.16 and corresponding Corollary 3.3, 3.4 still hold for
this solution. D

At last, the author would like to thank Dr. L. Santos for some helpful
discussions on this paper.

[1] R. A. ADAMS, Sobolev Spaces, Academic Press, 1975.
[2] D. R. ADAMS and N. G. MEYERS, Bessel Potentials, Inclusion Relations among Classes of

Exceptional Sets, Indiana Univ. Math. J., Vol. 22, 1973, pp. 873-905.
[3] H. ATTOUCH, Variational Convergence for Functions and Operators, Pitman Publishing,

1984.

[4] M. F. BIDAUT-VERON, Variational Inequalities of Order 2m in Unbounded Domains,
Nonlinear Anal., Th. Meth. and Appl., Vol. 6, 1982, pp. 253-269.

[5] M. BIROLI, H2,p-Regularity for the Solution of Systems of Elliptic Variational Inequalities,
Riv. Mat. Univ. Parma, Vol. 8, (4), 1982, pp. 539-547.

[6] L. BOCCARDO, An Ls -Estimate for the Gradient of Solutions of Some Nonlinear Unilateral

Problems, Annali Mat. Pura ed Appl., Vol. 141, 1985, pp. 277-287.
[7] H. BRÉZIS, Multiplicateur de Lagrange en Torsion Elasto-Plastique, Arch. Rat. Mech.

Analysis, Vol. 49, 1972, pp. 32-40.
[8] L. CAFFARELLI, A. FRIEDMAN and A. TORELLI, The Free Boundary for Fourth Order

Variational Inequality, Illinois J. of Math., Vol. 25, 1981, pp. 402-422.

Vol. 14, n° 6-1997.



[9] J. I. DÍAZ, Nonlinear Partial Differential Equations and Free Boundaries (Volume I), Elliptic
Equations, Research Notes in Mathematics, Vol. 106, Pitman Advanced Publishing
Program, 1985.

[10] A. FRIEDMAN, Variational Principles and Free Boundary Problems, Wiley-Interscience,
1982.

[11] F. W. GEHRING, The Lp-integrability of the Partial Derivatives of a Quasiconformal
Mapping, Acta Math., Vol. 130, 1973, pp. 265-277.

[12] C. GERHARDT, On the Capillarity Problem with Constant Volume, Ann. Sc. Norm. Sup.
Pisa, Vol. 2, 1975, pp. 303-320.

[13] M. GIAQUINTA, Multiple Integrals in the Calculus of Variations and Nonlinear Elliptic
Systems, Princeton University Press, 1983.

[14] M. GIAQUINTA and G. MODICA, Regularity Results for Some Classes of Higher Order
Nonlinear Elliptic Systems, J. Reine Angew. Math., Vol. 311/312, 1979, pp. 145-169.

[15] S. HILDEBRANDT and K.-O. WIDMAN, Variational Inequalities for Vectorvalued Functions,
J. Reine. Ange. Math., Vol. 309, 1979, pp. 191-219.

[16] R. JENSEN, Regularity for Elasto-Plastic Type Variational Inequalities, Indiana Univ.

Math. J., Vol. 32, 1983, pp. 407-423.
[17] J. LIANG, Regularity of Elliptic Systems by Blow - up method, Bollettino U.M.I., Vol. 6,

5-A, 1986, pp. 443-448.
[18] J. LIANG, Convergence of a Sequence of Closed Convex Sets with Parameters and Some

Concrete Cases of Structures, to appear.
[19] J. LIANG and L. SANTOS, On a Kind of Nonlinear High Order Variational Inequality System,

Differential and Integral Equations, Vol. 6, 1993, pp. 1519-1530.
[20] J. LIANG and L. SANTOS, Convergence in Mosco Sense for Sequences of Some General

Concrete Convex Sets, preprint.
[21] J. L. LIONS, Quelques Méthodes de Résolution des Problèmes aux Limites non Linéaires,

Dunod, Paris, 1969.

[22] V. G. MAZ’JA, Sobolev Spaces, Springer-Verlag, 1985.

[23] N. G. MEYERS and A. ELCRAT, Some Results on Regularity for Solutions of Non-linear
Elliptic Systems and Quasi-Regular Functions, Duke Math. J., Vol. 42, 1975, pp. 121-136.

[24] U. Mosco, Approximations of the Solutions of Some Variational Inequalities, Ann. Sc.
Norm. Sup. Pisa, Vol. 21, 1967, pp. 373-394.

[25] U. Mosco, Convergence of Convex Sets and of Solutions of Quasi-Variational Inequalities,
Adv. Math., Vol. 3, 1969, pp. 510-585.

[26] L. NIRENBERG, An Extended Interpolation Inequality, Ann. Sc. Norm. Sup. Pisa, Vol. 20,
1966, pp. 733-737.

[27] J. F. RODRIGUES, Obstacle Problems in Mathematical Physics, Elsevier Science Publishers
B.V., 1987.

[28] K. YOSIDA, Functional Analysis, Springer-Verlag, 1965.

(Manuscript received September 1, 1995;
Revised May 9, 1996. )

Annales de l’Institut Henri Poincaré - Analyse non linéaire


