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ABSTRACT. — We study Hopf bifurcation for some fully nonlinear
evolution equations in Banach spaces.
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REsUME. — Nous étudions la bifurcation de Hopf pour des équations
totalement non linéaires dans les espaces de Banach.

INTRODUCTION

Hopf bifurcation has been widely studied in the last years; see for instance
the monographs [/] [5] [6] [/]] [13]. The infinite dimensional case has
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316 G. DA PRATO AND A. LUNARDI

been studied in [/] [2] [4] [5] [7] [8] [9] [12] for semilinear equations.
In this paper we study periodic solutions of the problem

0.1) w'(t) = f(4 u(t)

where f:]1—1,1[xD — X, (4L,x) » f(4,x) is a smooth function,
D and X are Banach spaces with D < X, the operator A = f£,(0, 0) generates
an analytic semigroup in X and satisfies the usual spectral properties
(see (1.7), (1.8) later). Then, as an application, we may study quasilinear
or fully nonlinear equations, such as

0.2) u(t, x) = (4, ult, x), ut, x), u(t, x))

Our main tool is a maximal regularity property for the linear problem

{ V(@) =Avt) + ft); 0<t<2=m
0) = o(2m)

We prove that if f is p-Holder continuous and periodic and v is any solution
of (0.3), then v and Av are y-Hoélder continuous (see section 1).

Using this result we may treat problem (0.1) by means of classical
arguments (see section 2). Our proof follows closely the one of Crandall
and Rabinowitz [2], the main difference being the use of maximal regularity
which enables us to get strict instead of mild solutions.

0.3)

1. THE LINEAR CASE

Let X, D be two Banach spaces with D continuously embedded in X.
We denote by X (resp D) the complexification of X (resp. D):

X={x+iy;x,yeX}; D={x+iy;x,yeD}.

If AcL(D,X), set A:D — X, A(x + iy) = Ax + iAy.

We assume that:

the resolvent set p(A) of A contains a sector
S={¢eC;¢+# w,|arg(( — w)| < 6} with

(1.1) weR and 0 € |n/2, n]; there exists M > 0
such that

(& = A) ey SM/[E—w| for £eS
From (1.1) it follows that A generates an analytic semigroup e (not
necessarily strongly continuous at 0), defined by means of the usual Dunford
integral
- 1 ) -
et =— |e¢E—A)dE >0
2ni Je
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HOPF BIFURCATION 317

where C is a suitable path joining coe™* and oce. It may be shown that
¢A(X) < X, so that the restriction of ¢** to X is an analitic semigroup &'
in X. Moreover, denoting by D the closure of D in X, e* is strongly conti-
nuous in D and eA(X) = D (see [/4]).

For 0 < y < 1, the interpolation space Da(y, ) is given by

Da(y, 0) = {xeX; [x], = sup t77|le’x — x|/ < + o0}
0o<t<1

and it is endowed with the norm

Ixil = lxll + [x]

It is easy to see that, in the case w = 0, our definition of D,(y, o) is equi-
valent to the one given in [I/0] and [I4].
We shall consider the linear problem

1.2) {“'(‘)=Au(t)+f(t); 0<t<2n

u(0) = u(2m)

with f e C%(X) (0 < y < 1), where C%(X) denotes the space of all y-Holder
continuous 27-periodic functions ¢ : R — X, endowed with the usual norm

Il o(t) — o(s
lollcye = sup llo@]l + sup lle® = #@1I
0<t<2n 0<s<t<2=n t — sy

We shall look for solutions of (1.2) belonging to CL"(X) n C%(D);
C%"(X) is the space of the differentiable functions ¢ : R — X such that
¢ and ¢’ belong to C%(X). C4"(X) is endowed with the norm

lollciron = sup [1e@ Il + 119" llcy )

0<t1<2n

We shall use the following inclusion property, whose proof will be given
in the appendix.

LeMMA 1.1.— Let 0<y<1,a<b and let veC*([a, b]; D)nC**([a, b]; X).
Then v'(t) € Da(y, ®©) for each te [a,b], and there exists K > O such that

1.3) @Iy < K(lvllevqasipy + v llctoqassx), @<t <b |

Now we are able to study problem (1.2). First we consider the non
resonance case 1€ p(e?™4).

THEOREM 1.2. — Assume (1.1) und let 1 belong to the resolvent set of
e*™ . Then for each [ € C.(X)problem (1.2) has a unique solution u given by

2n

(1.4) u(t)=e*(1 — )1 J

0o

2794 £(s5)ds + J eI f(s)ds, 0<t<2m
0

Vol. 3, n° 4-1986.



318 G. DA PRATO AND A. LUNARDI

Moreover, ue C%(D) n CL"(X) and there exists H > 0 such that

(1.5) lullcym + T licy o< HILS lley o
In other words, the mapping
(1.6) (D) N C¥X) » CL(X); u » v — Au

is an isomorphism.
Proof. — For xeD, consider the initial value problem
w(t) = Aut) + f(t); 0<t<2m
{ u(0) = x
whose unique solution is

T
ut) = erx + | ¥ 941 (s)ds; 0<t<2n
0

u is 2n-periodic if and only if
27

x = (1 _ eZnA)—IJ e(21:—-s)Af(S)dS

(4

In this case u is given by (1.4), and u(0) = x e D. To prove the regularity
properties of u, we set u = u; + u,, where u; and u, are respectively the
periodic solutions of the equations

u/(t) = Auy(0) + f(0); 0<r<2n
u)/(t) = Auy(t) + f(0) — f(0); 0<t<2n
By (1.4) we get

ul(t) — etA(l _ eZIA)_lf

0

2

t
294 £(0)ds + j 79 £(0)ds
0

thus
Au ()= — f0); 0<t<2xn

In particular, by the arbitrariness of f(0) in X, we find that 0 € p(A) and
u,(t) = — A~1£(0). Since (1.1) implies that the graph norm of A is equiva-
lent to the norm of D, we get u;, € C%(D) n C(X).

Using once again (1.4), we obtain

uy(t) = e*(1 — ™) Lo(2m) + o(1)
where

@) = j eCTI(f(s) — f(O)ds; 0<t<2nm
0

is the solution of the problem

{ ') =Ap() + f() — f0); 0<t<2n
»(0) =0
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HOPF BIFURCATION 319

and belongs to C%(D) n CL¥(X). Moreover there exists H; > 0 such that

Il @ llcrqo, 27109 + 1 @ llctvgo, 2% < Hill f llergo.2m:%)

(see [3] [14)).
From lemma 1.1, ¢’(2n) = A@p(2n) belongs to Dy(y, o), so that
A(l — ™) 1p(2n) belongs to Du(y, o0). This implies

u, € C'([0, 2n]; D) n C¥([0, 27]; X).

(1.5) follows now easily. [ |
Now we consider a resonance case. We assume:

a) i is a simple isolated eigenvalue of A

27A

(1.7) | b) 1 is a semi-simple isolated eigenvalue of e*™* with algebraic

multiplicity 2.
We remark that conditions (1.7) are satisfied if

a) (¢ — A)~! is a compact operator for £€ S
(1.8) b) i is a simple eigenvalue of A
) niep(/i), n=0,23,...

Hypotheses (1.8) coincide with assumptions HL iii), iv), v) in [2]. By
(1.7)-(a) there exist xq, yo € D such that

(1.9) A(xo + iyo) = + ixo + iyo)
that is

(1.10) Axog = — yo, Ayo = Xxo
Moreover

(1.11) eA(xo + iyo) = €'(xo + iyo)
and then

(1.12)  €®xo = xoc0st — yosint; €Ay, = xgsint + yo cost

_Let X, be the subspace of X spanned by x, and y, and let
Xo={x +1iy;x,yeX, }. Then a projection on X, is given by

1
- —2—U (& — A 1dE + j = A)“dé]
T | Jy(,e) V(= 1.)

where y(+ i,¢) is the curve { zeC;|z F i| = ¢}, oriented counterclock-
wise, and ¢ is sufficiently small.

Vol. 3, n° 4-1986.



320 G. DA PRATO AND A. LUNARDI

We have

2n -
Q= - 2/7:J (cos 0 + sin OA)e cos 0

® 41 +esinh) — A)"HecosO — i(l + esin 6) — A)"'d6
so that, as (¢ — A)"}E — A)"1(X) = X for &, Ee p(A), we get Q(X) = X.
Moreover, X, is the kernel of (1 — ¢2™*), and, setting

X;=1-QX), Aix=Ax for xeDnX,;

the restriction of ¢ to X, is given by
1 ~
eh = — J (e — Kyl
27 o
There exist ¢, 7o belonging to the dual space X* of X such that

(1.13) JL Qx =<{x,00> X0+ {X, 10> yo foreach xeX
(X0, 0> =< YosMo> =1, {xo,1M0) =< Vo, P> =0
and then
(1.14) { (e™)*po = @ocost + nosint; (e™)*no = @osint — 1o cost
A*@o =10, A*o = — @
We are able now to state an existence result for problem (1.2).

THEOREM 1.3. — Assume (1.1) and (1.7) and let f € C%(X). Then
problem (1.2) has a solution if and only if

2n
(1.15) QJ 27 =9A f(s)ds = 0

0

In this case all solutions are given by

2n
(1.16) u(t) = c1exo + creyo + A1 — ez"Al)_IJ 2" 94 f(s)ds +
)

t
+ j e'TIAf(s)ds; 0<t<2n
0

with ¢, ¢, € R. Moreover ue C%(D) n CL7(X).

Proof. — Setting uo = Qu, u; =(1 — Qu, fo=Qf, f1=(01- Q)
Ao = QA, problem (1.2) splits into the following problems:

(1.17) { ug'(t) = Aouo(t) + folt); 0<t<2n
uo(0) = uo(2m)

(1.18) { u'(t) = Ay + f1(0); 0<t<2nm
u1(0) = u,(2n)
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HOPF BIFURCATION 321

Due to (1.7). problem (1.18) has a unique solution u, given by

2n

(1.19) uy (t) = 21 — ez"A’)_‘j 2" =9 £ (5)ds + f eI £ (5)ds
0

0

Moreover. if uqy is a solution of (1.17), then

(1.20) uo(t) = e*ouy(0) + f elt=9%0 £ (5)ds
0
so that, for t = 2n s
(1.21) J e2=9%0 £ (5)ds = 0
0

which coincides with (1.15). If (1.21) holds, then (1.20) with
uo(0) = ¢1x9 + c2yo gives all solutions of (1.17). Now (1.16) follows

adding (1.19) and (1.20).
Finally, the regularity of u, follows arguing as in the proof of theorem 1.2,
and the regularity of u, follows easily from (1.12). [ ]

2. MAIN RESULTS

We are here concerned with periodic solutions of the nonlinear equation

(2.1) u'(t) = f(Lu(x); 7eR
where ‘
feC®(1-1,1[x D;X)
2.2) f(4,0=0 —1<i<l1
A = f(0,0) satisfies (1.1) and (1.7)

Since the linear problem u'(t) = Au(t) has 2zn-periodic solutions (see
section 1), we look for solutions to (2.1) with period 2np, p close to 1.
Setting t = t/p our problem becomes

{ W)= pf4ur)); teR

@3 u(0) = u(27)

As usual, to solve problem (2.3) we need some transversality condition
on the eigenvalues of the operator

2.4 A(4) = f(4,0)
To this aim, we state the following lemma.

Vol. 3, n° 4-1986.



322 G. DA PRATO AND A. LUNARDI

LemvMa 2.1. — If (2.2) holds, there exist ie 10,1[ and
o BeCe(]— 7, A [;R), x, yeC*(]1— 4, A[ D) such that
2.5) { A(A)x(2) = a(A)x(4) — B(A) W(A)

. AW y(A) = BA)x(2) + oA ¥ (A)

Proof. — Settmg A(i) D - X A(l)(x + iy) = A(l)x + iA(2)y, the
function 1 — A(4) belongs to C*(]— 1,1[; L(D X)) and there exists
Ao€]0,1[ such that for | A| < 4, the operator

1 ~
(2.6) P() =5 L )(é — AQ)"1d¢

is well defined and the function A — P(4) belongs to C*(] — 4¢, 40 [; L()~()).
Setting

U(4) = P(APO) + (1 — P(A))1 — P(0))

we have U e C=(] — Ao, 4o [; LX), UA)D) = D and U(H)P(0) = P()U(A),
so that, as U(0) = 1, there exists 4, € ]0, 4,] such that U(J) is invertible
for — A, <A< A; and
2.7 P(}) = U(H)PO)UL)~*
Recalling that P(O)(f() is the subspace of X spanned by w, and using 2.7,
it is easy to see that P(2)(X) is spanned by w(4) = U(4)wo. As A(2) maps
P(AYX) into itself, there exists z(A) e C such that A(A)w(d) = z(A)w(4), and
we have, for A sufficiently small

AW(A),
iy — SAGOWA, Lo

<W(A), Lo >

so that ze C®(] — FR [; C) for some ig 10,1[.

Now it is sufficient to set, for | 1] < A

w(d) = x(1) + iy(A)
2(4) = a(A) + iB(A)

with x(4), y(A)e X and o(A), B(A) e R. |
We are able now to state the main result of this paper.

THEOREM 2.2. — Let (2.2) hold and assume «’(0) # 0, where a is given
by lemma 2.1. Let ye 10,1 be fixed.

Then there exist o, >0 and C* functions A:]— 60,00 = R;
6 = No),p:l—00,00[ > R o — plo),u:]—00,00 [ = Ci(D)nCE(X),
o — u(o)-) such that

{;.(0):0, p0)=1, w0)=0 for teR

(2.8)
u(o)(-) is non constant for ¢ # 0

Annales de I’ Institut Henri Poincaré - Analyse non linéaire
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and, setting u(t, o) = u(o)t), we have
(2.9) { u(t, o) = pl(o) f(Mo), u(t,0)); teR
' u(2m, ) = u(0, o)

Moreover there existse, > Osuchthatif A€ R, pe Randue Ch(D) N CY'X)
verify

2.10) { ﬁ’_(t) = ﬁf(lﬁ(t))i teR )
(Al <eo |1 —Pl<éeon lullcymyncirx < €o
then there exist 8€ [0,2n[, 6 € | — 09, 0¢ [ such that
(2.11) A= MNo), Pp=plo), ut)=ulo)t+6)
Proof. — Set

{ F:1—1,1[x ]0,2[ x C4(D) n C¥'(X) - C4(X)
F(, p,u)=v" — pf(4u)

Then F is of class C* and

2.12) F4 p,u)v = v — pfdA, up

In particular
F, 0,1,00 = v — Av

By theorem 1.3 we have
Ker F(0,1,0) = { &*x;xe X, }; dim Ker F,0, 1, 0) = 2
2
(2.13) Range F,0,1,0) = { ze CL(X); QJ el2m =94 2(5)ds = 0} ;
(0]
codim Range F,(0, 1,0) = 2
Let V < C%(D) n CL¥*(X) be such that
%(D) N C¥'(X) = Ker F(0,1,0) ® V
Following [2], we set now
G:]-1L1[x]1-1,1[x]0,2[xV = CLX)
G(o. 7. p.v) { 1/6F(4, p, a(e"*xo + 1)), o # 0
G, 4 py0) = )
g Fi(40,0(%% + 1), 0=0
Then G is continuously differentiable and G(0,0, 1,0) = 0.
In order to find (by the Implicit Function Theorem) A = A(s), p = p(0),
v = v(o) such that G(o, i(0), p(0), () = 0, it is sufficient to show that the
mapping
{ ¢:R?2xV - CL(X)
(7%, P, D) = G40,0, 1,002 + G,(0,0,1,0)p + G,0,0,1,0)%

Vol. 3, n° 4-1986.



324 G. DA PRATO AND A. LUNARDI

is an isomorphism. By (2.12) and (2.4) we have, for | 1| < 1
@(7, p, D) = — A'(0)ex0 4 + €*yo p + F,(0,1,0)D

Let us show that ¢ is one to one: if ¢( 2, p, 9) = 0, then
2

2n n
- f 2T IAN(0)eAxods A + 2myo P + f @ IAF (0, 1, 0)D)(s)ds = 0

0 0
Applying ¢, and recalling (1.13) and (2.13) we get

2n
2.14) f 2" 9AAN0)e A xo, 9o > ds = 0
0

On the other hand, from (1.14) and from the equalities
{ AO)xo = — AX(0) + (000 — FO)y0 — ¥(0)
A’(0)yo = — AY'(0) + B'(0)xo + «'(0)yo + x'(0)
(which follow from (2.5)) we get

2n
(2.15) f { e OAN(0)eAx0, 9o Y ds = 2na’(0)
0

hence (2.14) implies 2 = 0 and then p =0, » = 0.
Let us prove now that ¢ is onto: it is sufficient to show that C%(X) is

spanned by Range F,(0, 1,0) and by the functions
Vi) = A’(0)e*xo; teR
Y1) = ey teR
¥, and ¥, are independent: in fact, if c;¥; + c,¥, = 0, then
2n
¢ f 2"~ AA(0)eAxods + 2mc, Yo = 0
0
and applying ¢, we get 2nc,a’(0) = 0, so that ¢; = ¢, = 0 and ¥4, Y, are
independent. Since ¥,; and ¥, do not belong to Range F,(0, 1,0) and
codim Range F,(0, 1,0) = 2 (see (2.13)), ¢ is an isomorphism.

By the Implicit Function Theorem there exist oo€ ]0,1[, o > 0, and
A:]l—00,00[ > R p:]— 00,00 > R v:]—0p00[ — V such that
2.16) { 0€] —00,00 [, [Al<ro, |p—1I<ro, llvllv=1vllcymyncirc0<To

G(o, 4, p,v) =0
if and only if 2 = A(g), p = p(0), v = (o).

For each g€ ] — 04,00 [ set
2.17) u(o)t) = a(exo + v(o)t)

Then u(o) is a solution of (2.3) for i = A(s), p = p(0).

Annales de IInstitut Henri Poincaré - Analyse non linéaire
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It remains to prove uniqueness. Also here we follow [2], choosing
V = P\(X), where Py is defined by

1 2n
(2.18)  (Pyu)t) = (t) — %J‘ { 2™ I%(s), o > ds e*x +
(0]
1 2n
+ P J (e Ty (s), o > dsePyysteR
<~ 0

Let ieR, peR, ue C%(D) n CL*(X) verify (2. 10) with &, to choose below.
There exist o; and o, such that

ﬁ(t) = O'lé’rA,\’O + JzetA_Vo + E(T). T = Pvﬁ
Choose 0 € [0, 2n [ such that u(t + ) = oe'*xo + (t + 6) for some o e R,
and set u(t) = u(t + 6), o(t) = v(t + 6) so that
i(t) = oe'*xy + T(1): teR

As easily checked, by (2.18) e V.
We have now to show that if g, is sufficiently small, then

_ 1 _
(2.19) lo| < a9, |A]<ro, m[l?llv<ro, 11 —p|<ro

where rq is defined in (2.16). Once (2.19) is proved, it follows 1 = A(g),

p = p(o), u = u(o). _
To find such an g, we first remark that, since

P p.t) = — A0)' xos + Mrvgp + 7 — Ar

is an isomorphism of R? x V onto C%(X), there exists a constant k > 0
such that

(2.20) |oZ| + (1 —p)a| + Il 2llv <
< k|| — A'(0)e'Axpio + €2yo(l — plo + V' — AD ey <
< k{ || A"(0)e"*x0 llcryy | @ | |71 + Il ey, lenoolollp — 1]+
+ 1ADllcxy | P — L+ llyolllallp — 1] +
+ |l f.oehxg + ) — Aloe™x0 + D)l }

Now. by the equalities

[ (2, o xo+ D)) — Aloe xo + 1)) =
= J: do L 1dn [fexl 4, Bn(e"*x0 + D)Ko X0 + U2), 06 2x0+ )N+
+ f:(76, 0 oer xo + N1))A]

Vol. 3, n° 4-1986.



326 G. DA PRATO AND A. LUNARDI

and
G, oeAx o+ (1) — A(ceAxo + ND) — f (R, &2 x0+ D(s))+ A(ge X0+ B(s)=

1 1 1
= f d9j drlf e [ fr2, BME(7€ 0+ (1)) +(1 — (o€ x0 + (s)))
0 0 0

(g€ x0+ 1), 068 x0 + D(t), On(ce®xo+ Nt)— oe**xo — Ns))+
+ fox(Z, On(ce™xo + D(s)N(0ePx0 + B(t), X0+ U(t))—
— (62 x0 + Ds), 62 x0+ 1(5))) + fr:(A0,0)(ge™x0 + Nt) — €™ x0 — N(s))]

it follows that there exists k; > 0 such that

| f(, oe™xo + B(t) — A(ce™xo + 1) llcs, %) )
<k(Z11Bllv + 1ol + || o]V + 1l + || 2V + 1 7o ])

and then, taking into account (2.20), there exists k, > 0 such that

(2.21) ||f’||v<k3(lﬁ—1||Ul+|m|0|+|ﬁ—1|“ Dy +
+ 1A Dlv+ 1P+ | DV + 1P+ D[V

Let now g, < ro be such that

(2.22) 11 = Py [lcrmyncirxpo < ol e*xo [l @) nctvx)
(2.23) ky(2e0 + |l Py llcrumynciroxngo + ” Py “f(cvg(mnc},»v(x»soz) <12
(2.29) 2k,(2 + 0o + 60°%) <o

Then we have || D ||y < || Pv || €0, and, from (2.22), | 6| < 0. From (2.23)
it follows 3
I Dllv < 2kx(15 = 1lla| + 2]l + o> +|a)

and now (2.24) implies

1
— I 2llv<ro

lol
and the proof is finished. [ ]
Remark. — The degenerate case «’(0) = 0 has been treated in [8] [9]
for semilinear equations in Hilbert space.
ExaMpLE 2.3. — Let us consider the equation
(2.25) ut, x) = @4, u(t, x), ux(t, x), uct, x))

where the function (4, p) — (4, p) belongs to C*(]— 1,1[ x R3; R). We
set

X=C4(R)
D=Ci(R)= {yeC*([0, 2n]; R); Y(0)=y(2n), Y'(0)=y’(2n), y"(0)=y"(2m) }
Thus the function f(4, u) = (4, u, u’, u”) belongs to C*(]— 1,1 [ x D; X).
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We assume:
(2.26) ®5,(0,0) >0
(2.27) ©,,(0,0) = k?¢,,(0,0), k¢,,(0,0) =1
(2.28) @40, 0) # K20,,,(0,0)

for some ke Z.
By (2.26) it follows that equation (2.25) is parabolic for A and u small.
Using the notations of section 2 we have:

Ay = @, (4,00 + @, (4, 00 + @,,(4, 00", veD
so that the eigenvalues of K(l) are given by
©p,(4,0) + ihe,,(4,0) — h*¢,(4,0), heZ

It can be seen easily that (2.26) implies that A = f£,(0, 0) satisfies (1.1).
Moreover, by assumption (2.27), A verifies (1.8); finally, the transversality
condition o’(0) # O is satisfied thanks to (2.28). Thus we can apply theo-
rem 2.2. [ | :
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APPENDIX

Proof of lemma I1.1. — Let B:D — X, Bx = Ax — wx, and let My, M; > 0 be such

that (see [14])
le®llLxy < Mo, [IBe®llx) < My/t, t>0

We have, for any s >0 and ¢, t + he [a,b]:
(A.1) II's*"7"BeBv'(t) || < s7"M || v llea,b: %0

(A.2) |Is*""BeBv (o)l <
<|Is* T Be B/ () —h ™ Mot + h) — v@)]] + |Is* T BeBh™ H(u(t +h) —u(r))|| =

1
=||s? "Be‘BJ (' (t)—v'(t+oh)da|| + [|s* ~"BeBh™ Y (v(z + h) — v(2))||
o

e g A== 1) By
M his™ e e ’([u.b]:“"’Mn-\ h I Bell- bl Xy

For s > (b — «);2, from (A.2) it follows

(A.3) II's*~"BeBo' (@) | < (b — @)7"2"My || V' llcqasy: x)
and for s < (b — a)/2, setting in (A.2) | h| = s, we find
(A.49 Il s ""BeBv’ (1) Il < Mo |l Bo llcvgapiixy + My 110 llcrga,erx)
For each r > 0 we have (see [/4]):
rt ) eBu(t) — v@) || =177 jrBéBv'(t)ds
o

and then, from (A.3) and (A.4), it follows that r ~?||e"Bv’(t) — v’(¢)|| is bounded independently
of r and t. Recalling that e"* = ¢'“¢'B, the conclusion follows easily. ]
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