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Interface for one-dimensional random Kac potentials

Thierry BODINEAUv

DMI, Ecole Normale Superieure,
45, rue d’ IJIm, 75005 Paris, France.

Ann. Inst. Henri Poincaré,

Vol. 33, n° 5, 1997, p 590. Probabilités et Statistiques

ABSTRACT. - We consider a ferromagnetic Ising system with impurities
where interaction is given by a Kac potential of positive scaling parameter
~y. The random position of the magnetic atoms is described by a quenched
variable y. In the Lebowitz Penrose limit, as 03B3 goes to 0, we prove
that the quenched Gibbs measure obeys a large deviation principle with
rate function depending on y. We then show that for almost all y the
magnetization is locally approximately constant. However, interfaces occur
and magnetization change for almost all y at a distance of the order of

exp( ~ ), where ~ is a constant given by a variational formula.

Key words and phrases: Gibbs fields, interface, metastability, random interactions.

RESUME. - On considere un modele d’ Ising ferromagnetique unidimen-
sionnel dont les interactions aleatoires sont definies par un potentiel de Kac

Le systeme decrit un alliage contenant des atomes ferromagnetiques
et des particules non ferromagnetiques dont la repartition aleatoire est

representee par une variable y. Quand 1 tend vers 0, on prouve un principe
de grandes deviations pour la mesure de Gibbs dont la fonction de taux
depend de y. On en deduit que localement la magnetisation est proche
d’une constante. Cependant quand on observe le systeme sur des distances
exponentielles, la magnetisation change pour presque tout y. En particulier

. une interface apparait a une distance de l’ordre de exp(03A6 03B3), où 03A6 est une

constante obtenue par une formule variationnelle.
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1. INTRODUCTION

In the Statistical Mechanics formulation of van der Waals theory, the long
range attractive forces between molecules are described by Kac potentials
that depend on a positive scaling parameter 1 [13]. In dimension one,
Cassandro, Orlandi and Presutti [5] proved a metastability property for
Ising spin systems with ferromagnetic Kac potentials (see also Bodineau
[2]). In this paper we generalize their results to a disordered system
which describes an alloy of magnetic (eg Fe) and non-magnetic (eg Au)
materials. To investigate the behavior of magnetization, we prove large
deviations estimates for the quenched Gibbs measure. Large deviations for
conditionally independent identically distributed (iid) lattice systems were
introduced by Comets in [6] and a general overview of large deviations
methods is given by Seppalainen in [14]. Kac potentials have already been
introduced in the context of disordered systems by Bovier, Gayrard and
Picco [3] who proved for the Kac version of the Hopfield model a Lebowitz
Penrose theorem for the distribution of the overlap parameters.
The quenched variable Y is a sequence of random variables y = 

which take values in {0,1}. At site i, there will be a ferromagnetic particle
if the occupation number equals 1 and a non-ferromagnetic particle
otherwise. Therefore the Hamiltonian of such a system has the following
structure

We consider an infinite lattice and we study the behavior of the system
in the limit as the scaling parameter ~y goes to 0. Working with an infinite
volume is one of the major problems because we do not have an accurate
expression of the Gibbs measure as in the paper written by Eisele and Ellis
[8] which treats the case of a finite region. New problems arise in the non-
homogeneous case, for example the quenched Gibbs measure is no longer
shift invariant and the invariance of the measure by spin flip is also lost, so
that the symmetry of the system cannot be used as in the deterministic case.
In particular, compared to the deterministic case, here the critical values
depend on the dilution. To overtake the difficulty of the infinite volume in
this non-homogeneous case, we generalize the methods developed in [5],
[2]. This enables us to establish as ~y goes to 0 a large deviation principle
for the quenched Gibbs measure with a rate function depending on y.
As q goes to 0 the range of interactions goes to infinity and we recover

the mean field theory. We prove that, below the critical temperature, there
are two distinct equilibrium values denoted by which depend on
the temperature and on some parameter p which rules the distribution

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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of the occupation numbers {yi}i~Z. Furthermore, for almost all y, the

magnetization is close to one of the equilibrium values on blocks

of size ~-~y-~, ~y-~~, for any integer k. Difficulties occur when we want
to compute the magnetization on much longer spatial intervals, because
the dilution exhibits large deviations which will modify the behavior

of the system. By analogy with dynamical systems we will prove that
on exponential distances the local magnetization performs a transition

from one equilibrium value to the other. The location of this interface
could be interpreted in terms of exit time of a stochastic process from a
neighborhood of a stable equilibrium position. Many attempts have been
made in this direction and we refer the reader to Freidlin and Wentzell [ 10]
for the original theory and to Galves, Olivieri and Vares [11] for a precise
description of the phenomenon of metastability. The Markov property of
the Gibbs measure, which is peculiar to the one dimension, enables us to
adapt Freidlin-Wentzell theory.
From Erdos-Renyi law we observe at exponential distances some intervals

which contain a small percentage of magnetic atoms. Intuitively, we guess
that the interface occurs more easily in the dilute case because the strength
of interactions decreases at locations where the dilution is important. In
this paper, we prove that for almost all Y the first interface is located

at a distance of the order of exp(03A6 03B3). The computation of 03A6 leads us to

minimize the sum of two action functionals. The first one rules the presence
of non-magnetic particles and the other one could be interpreted as a cost
of a leap from one stable value to the other; so that the whole minimization
problem is the correct balance between these two rare events.

In section 2 we present the model and state the main results. We establish
in section 3 some asymptotic properties for product measures. In section 4
we state a large deviation principle for the Gibbs measure that will be used
in section 5 to estimate the location where the first interface occurs.

After this paper was completed, we were advised by A. Bovier, V.
Gayrard and P. Picco that they obtained independently results similar to
those proven here in the case of Kac-Hopfield model [4]. This model,
which has been defined in [3], has different properties than the one we
study, in particular they show that the magnetization jumps on a much
smaller scale (’)’ - 2).

2. NOTATION AND MAIN RESULTS

2.1. Description of the system

We consider a one-dimensional system such that at each site i E Z

there is either a spin (with values ±1) or a non-ferromagnetic particle. In

Vol. 33, n° 5-1997.
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order to describe the random position of the magnetic atoms in terms of
occupation numbers, we introduce random variables which take values
0 or 1. We suppose for simplicity that the variables are iid with law
given by a B ernoulli measure v = p81 + (1 - where p is a constant

in ]0,1]. The set of quenched variables is denoted by Y = {0,1}~ we
put on Y the product measure P = ~Z03BD. Let 0 = {-1,0,1}Z be the
space of configurations S = A configuration S is a sequence of iid
random variables whose distributions depend on the quenched variable ~/;
for each sequence Y in Y we introduce pY = ~Z03C1yi a product measure on
H, where pyz is defined by

The long range attractive forces between molecules are described by Kac
potentials [13] that depend on a positive scaling parameter q which controls
the strength and the range of the potential. Let J be a smooth, even and
non negative function supported by [20141,1] such that

DEFINITION 2.1. - A family of Kac potentials is a family of functions ~1,~
depending on the scaling parameter ~y. These functions are defined in terms
of J by the rule:

If A is a finite subset of Z, the energy of the configuration S. = i E

A} given the external condition ~ == {~; z G A~} is

The probability pyz (see (2.1.1)) can be regarded as the distribution of a
fictive particle at site z with spin Therefore, we recover interactions
of the form

which have been presented in the introduction.

Annales de l ’lnstitut Henri Poincaré - Probabilités et Statistiques
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For each 1, we define at the temperature * a Gibbs measure Q.

DEFINITION 2.2. - Let y be in Y. For each finite subset ð in 7L we introduce
a probabil ity measure on ~ - l, 0, 1}~

where is the normalization factor

The measure ~c~,~,,o (~’a lç) is called the Gibbs distribution in ~ with
boundary condition 03BE = {03BEi |i ~ 0394c}. In our case, there is a unique
measure Mø,-y on 0 which is defined by the conditional probabilities above
(Dobrushin-Landford-Ruelle equations).

Rescaling by a factor 1, we will define a continuous version of this
system.

DEFINITION 2.3. - We denote by E the space of magnetic profiles and
by y the space of environment profiles. The sets E and y are subsets of
£° (R, dr), the space of the bounded measurable functions

and

Henceforth, for any bounded interval I in R, we denote by EI (resp
Y I) the set which contains the restriction at the interval I of the profiles
in E (resp Y).

DEFINITION 2.4. - Let ~’Y be the function from [2 to E which maps the
configuration S to the piecewise constant function in E defined by

We also introduce the mapping from Y to y such that

We equip these spaces with a weak topology.
Vol. 33, n° 5-1997.
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DEFINITION 2.5. - We consider the weak topology T on E which -

satisfies

Similarly, we define by T’ the weak topology on y.
The set EI (resp yI) is endowed with the restriction of the weak

topology on /~(7~r).
We say that W is a weak neighborhood of 0 in E (resp Y) defined by

the family of functions {fi}i~N (with supports included in a compact I)
and the parameter c if

where , >I denotes the duality bracket of ,C2 (I, dr). We say that a set of
E (resp y) has a compact basis C if it is defined by test functions with
supports included in C.

DEFINITION 2.6. - We denote by T the translation operator on E

We will use the same notation for the translation operator on y.

DEFINITION 2.7. - We denote by the image law on y of the measure
P under the mapping 
For each y in Y we define also by ~~ (resp ~c~,,~) the image law on E

of #Y (resp /~ ~) under the mapping 1i’Y’ 
’

The projection of ~ (resp ~c~,,~) on EI is denoted (resp ~c~,~,,I).
2.2. Main results

In [8] it is proven that in the limit 03B3 ~ 0+, below the critical temperature,
there are two distinct thermodynamic phases with different magnetizations.
The hypothesis made on P imply that the environment profiles are locally
close to p. So that the mean field equation is

When !3 is greater than !3c = ~ the above equation has two distinct
solutions denoted by Henceforth we fix /3 greater than /3c.

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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THEOREM 2.1. - Let V be a sufficiently small weak neighborhood of 0 in
E and (a~,) be a sequence which satisfies the rule

We introduce the open sets

As (3 is greater than (3c there is a subset Y of Y with P-probability one
such that

1

This Theorem tells us that P-a.s. local magnetization will stay close to
one of the equilibrium state We recover for the quenched Gibbs
measure properties already proved in the deterministic case [5]. Locally
the model behaves like a mean field model, however on larger distances
a new phenomenon appears. Indeed, magnetization performs jumps from
one equilibrium value to the other.

Let V be a weak neighborhood of 0 for the topology T (see definition 2.5)
which is a cylinder set with basis ~- l, 0] . We denote by /~ the function
from E into 03B3Z = {n03B3}n~Z which associates to each magnetic profile of E
the position of the first interface after 0. More explicitly /~ is defined by

DEFINITION 2.8.

First the profile enters in a neighborhood of the state 03BBmp and at location
,C,~ (~) the profile hits a neighborhood of 
THEOREM 2.2. - Let fl be greater than There is a constant ~ positive

and a subset Y of Y with P-probability one such that for each ~ positive

This statement gives an estimate P-a.s. of the location of the first interface.
The constant ~ will be computed in terms of a variational formula which

Vol. 33, n° 5-1997.
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depends on two action functionals. The proof of the previous Theorem
involves the following large deviations estimates.
We denote by K the log-Laplace transform of v = p03B41 + (1 - p)60

Well known arguments imply that the family of measures obeys a
large deviation principle (see for instance Baldi [ 1 ]) ,

THEOREM 2.3. - We define the action functional ~ by

where K* is the Legendre transform of K (2.2.4).
For any subset A of y with compact basis, we have

o -

where A is the interior of A and A its closure.
From this Theorem, we deduce that environment profiles are close to the

constant profile p on intervals of length for any integer k. However
when observed on intervals of exponential length dilution is not constant,
this causes a change of critical values which plays a key role in the proof
of Theorem 2.2. As it will become clear from the proofs of section 5, we
use only the hypothesis that obeys a large deviation principle. Thus we
can generalize the proofs to a wider class of measures on Y.
We will state now large deviations for the quenched Gibbs measure. Let

A be the log-Laplace transform of the measure ) (61 + 8_1) and A* be the
Legendre transform of A. We introduce the "entropy" which depends on
the dilution parameter q

By analogy with the Curie-Weiss model, we define for 6 > 0 and q
in ~0, 1]

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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Let q be an environment profile, we define an action functional depending
on q

DEFINITION 2.9. - For all b positive, the 03B4-rate function is

where

where mq is a function which will be defined in section 4.1.
The constant 8 has been introduced for technical reasons. We simply

write or Gq if 03B4 = 0. The quenched Gibbs measure obeys a large
deviation principle
THEOREM 2.4. - Let ~ be a positive constant and q be an environment

profile such that K(q) is finite. For any closed set F in E with compact
basis, there is W a neighborhood of q in y with compact basis depending
on q, F and ~ such that

THEOREM 2.5. - Let ~ be a positive constant and q be an environment
profile such that J’C(q) is finite. For any open O in E with compact basis,
there is W a weak neighborhood of q in Y with compact basis depending
on q, O and ~ such that 

’

Locally the dilution is almost constant and the action functional is P-a.s.
equal to On exponential distances different environment profiles appear,
so that we have to consider the functional gq for any q. We can now detail
the formula for Let S be the set of magnetic profiles which jump from
one equilibrium value to the other

We set

The constant 4J minimizes the cost of a leap over all the disordered

configurations.

Vol. 33,n° 5-1997.
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3. LARGE DEVIATION ESTIMATE
FOR THE INDEPENDENT CASE

In this section we give results to control the asymptotic of the measure
p~ as is localized in a subset of y. Throughout this section we fix I
a bounded interval in R, q a profile in yI and ~ a positive constant.

3.1. Preliminary result for 

THEOREM 3. l. - We denote by W a weak neighborhood of 0 in Y defined
by ~ and the family of functions (A(!i))i5:N. For any environment y in

+ q), we get as q goes to 0

where was introduced in definition 2. 7 and converges to 0 as ~y
goes to 0 and does not depend on y.

In the sequel, notation O(.) means that the function 0 vanishes as its

parameter goes to 0. 
’

Proof - Let f = f i . Noticing that for Yo in {0,1}, we get py° ( f ( S) ) =
2 ( S1 + b-1 ) ~.~ ( ~o S ) ~ ~ we get

where

Furthermore, we assume for the sake of simplicity that the parameter q
takes values in the set by slight modification of the proof
this condition can be dropped.
We note that is a piecewise constant function which takes only

values 0 or 1. As A(0) = 0 we deduce from (3.1.1) that

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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It is obvious to see that the sequence ( f.y) converges to f strongly in
dr). Therefore noticing that is bounded for the supremum norm

and A is Lipschitz continuous, we get for any y

Since y is in the set + q), the Theorem is complete. D

Before getting into the details, we introduce some notation

DEFINITION 3.1. - For any bounded set I, the Legendre transform of the
functional ~I A(f(r)) q(r) dr is

and more precisely

where h is defined in (2.2.6).
Later on we will use a truncation of For each 8 positive, we define

From now on, for any functional .~’ on E (resp Y) and any subset O of E
(resp Y) we denote by the infimum of .~’ over all the elements in O. 

,

3.2. Large deviation estimate for closed cylinders

THEOREM 3.2. - Let q be any environment profile in yI, then for any ~
positive and for all closed set F in EI, there is a weak neighborhood W of
q in yI depending on F and ~ such that

As we are working on the finite volume I, we do not need to impose
conditions on the behavior of q at infinity.

Proof. - We denote by A. Due to the definition for each

a in F there is a function f in ,~2 (I, dr) such that,

Vol. 33, n° 5-1997.
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The set EI is compact for the weak topology of £2(1, dr), therefore,
we cover the compact F with a finite family of open sets which
are defined by 

’

Noticing that p~, ~, ( F)  ~ N 1 p~,,~ ( OZ ) , we get

Let W be a weak neighborhood of q defined by e and From
Theorem 3.1 we deduce the upper bound

By taking the limit as q goes to’ 0, we derive (3.2.1). Cl

Now we must deal with the case of open sets.

3.3. Large deviation estimate for open sets

THEOREM 3.3. - Let q be any environment profile in then for any ~
positive and for each open set -0 in E~, there exists a weak neighborhood
W of q in depending on 0 and ~ such that

Proof - It is enough to suppose that is finite. Let ao be an element
in 0 such that ~(0) > 2~(cro) - c. We denote by U a neighborhood of
cTo included in O. ’

As IJ is strictly convex there is a function f such that for any 0" different
from c~o (in the sense of the Lebesgue measure),

To simplify the notation we write

Annales de l’Institut Henri Poincaré - Probabilités et Statistiques
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Combining definition 3.1 and the inequality above, we check that

We define a new probability measure by

where f03B3 has been introduced in (3.1.2). For simplicity we omit the

dependence on 03B3 in the notation above. Noticing that U is included in O
and using the definition of we get

this leads to

At this point, we intend to introduce some conditions on Wand U

and we suppose that

From the previous inequalities we derive

therefore for any y in 

, ’ /

It remains to prove tends to 0 as q goes to 0. We get

The Legendre transform A( f + g),q >1 -  A(f),q >7 is

From the definition of f we see that If(03C3) is positive as soon as a is
different from ao (in the sense of the Lebesgue measure). As U~ is compact
and If is lower semi-continuous, we check that is positive. We are

dealing here with a situation like the one discussed in Theorem 3.2. Thus
there is W a weak neighborhood in YI depending on c and U such that

By using (3.3.2) the statement follows. D

Vol. 33, n° 5-1997.
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4. LARGE DEVIATION PRINCIPLE FOR THE GIBBS MEASURE

In this section, we prove Theorems 2.4 and 2.5.

4.1. Preliminary results

First we compute for any environment profile q the magnetization profiles
which minimize the functional (see definition 2.9). We denote by mq the
non negative profile in E which minimizes for all r. More explicitly,
the profile mq satisfies the equation below

If q equals p we recover the mean field equation (2.2.1 ), however dilution
is not usually constant and there are not two constant equilibrium values as
in the classical mean field model (see Eisele and Ellis [8]). If 1,
we check that mq (r) equals 0 and in the other case, equation (4.1.1) has
two distinct solutions 

For any pair A = (A+, A’) in {-I, 1}2, we introduce the profile

We denote by ~I 0 ç the extension of the profile a by the profile ç
outside I.

DEFINITION 4.1. - Let 8 be a positive constant and q a profile in yz. For
any bounded interval I we define the functional on EI by

where has been introduced in (3.1.5).

LEMMA 4.1. - Let q be an environment profile such that q - p belongs to
then we have for each (,X-,,x+) and 8 smaller than 1

The proof is a straightforward computation and is left to the reader.

LEMMA 4.2. - Let q be an environment profile such that J’C(q) is finite
(see Theorem 2.3). For any positive ~, there is some constant a sufficiently
large such that

Annales de l ’lnstitut Henri Poincaré - Probabilités et Statistiques
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Proof. - We fix ao a profile in E such that + ~.
Noticing that we can suppose that 0. As lC (q)
is finite, we check that p - q belongs to £2(1R, dr). We introduce a such
that (p - > l. There is a constant d such that for any q which satisfies

p ~  a we have

where fq was defined in (2.2.7). The preceding inequality tells us that

ao - mq belongs to £2(1R, dr). This remark ensures that 
converges to as a goes to infinity. The Lemma follows. D

As a consequence of Theorems 3.2 and 3.3, we get

THEOREM 4.1. - Let I be a bounded interval in (~. We fix q in yI and
é a positive constant. For each closed subset F in EI, there is W a weak

neighborhood of q in yI such that

where W depends on q, F and c.

For each open subset O in EI, there exists W a weak neighborhood of
q in yI such that

where W depends on q, O and c.

The proof is similar to the one of Varadhan’s Theorem (see for instance
Deuschel and Stroock [7] Theorem 2.1.10).

4.2. Large deviation estimate for closed sets (proof of Theorem 2.4)

Before going on, we introduce a family of weak neighborhoods in E.
We note that ~-C I cr E E} is a subset in C ( ~0,1 ] ), bounded
for the uniform norm. Noticing that J is continuous and each 0- in E is

uniformly bounded, we check that ~l is uniformly equicontinuous. From
this and from the Ascoli"s theorem, there exists, for each c positive, a finite
set of continuous functions ~gi which satisfy the condition

Vol. 33, n° 5-1997.
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We introduce a class of subsets of E which depend on the functions

DEFINITION 4.2. - Let Ig be the weak neighborhood of 0 in E defined by

Throughout this section, we fix an environment profile q in Y such that
lC(q) is finite (see Theorem 2.3). -

DEFINITION 4.3. - For any (~+, ~- ) in ~ - l,1 ~2 and any pair of integers
(l+, l-) we introduce the closed set D~+’l~_ (~) which contains the profiles
close to around the location l + and close to 03BB-mq around the
location -l-

where E is the closure of E and m03BBq is defined in (4.1.2).

Proof of Theorem 2.4. - Let a be a positive constant, we suppose that
F has a basis included in 

Step 1 : For the moment, we fix two positive integers a and L (a  L).
Let ~+, /’ be in [~, L] and (A+, A’) be in {-1,1}~. Let D be a shorthand
ofD~;_(.).
We will follow the method used by Cassandro et al [5]. For any q the

uniqueness of the Gibbs measure implies that /~ is the limit of the Gibbs
distribution with free boundary conditions (see definition 2.2).

For any bounded interval I, we denote by SI the discrete configuration
11i E I~ and by cr~ the associated profile Let A be ~-l~, ~~~,

we can write a continuous version of the Hamiltonian 7f~ introduced in
(2.1.3) (where 1~ is the discrete set {i E E 0~)

Annales de l’Institut Henri Probabilites et Statistiques
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The difference between and is bounded

By using the continuous version of the energy, we get

Using the properties of D, we modify the external conditions with a
slight error

As a consequence of the finite range interactions we see that

configurations and do not interact. This implies
(4.2.4) -

where we denote D~~(c) by D~,+ , ~+ .
Therefore, combining (4.2.4) and (4.2.3) we get

this leads to

By taking the limit as I goes to R, we get

Vol. 33, n° 5-1997.
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Noticing that ~c~, ~, ( D~+ , ~+ )  1, we have reduced the problem to the
computation of 

~ 

.

Theorem 4.1 implies that there is a neighborhood W of q in y with basis
A such that

by applying Lemma 4.1, we see that

Step 2 : We define Ua, L by

We note that the profiles in Ua,L are not close to the profiles on

intervals [a, L] and [-L, -a]. By applying (4.2.6), we get for a suitable
constant C

where W is a neighborhood of q with basis [-L, L].

LEMMA 4.3. - When a is fixed and 1C(q) is finite, we get

The proof is analogous to the one given in [2].

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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Step 3 :

Collecting all the previous bounds we will derive the statement (2.2.9).

where

Combining the results of step 1 and step 2, we have

where WL is a neighborhood of q in y of basis [-L, L].
When the constant a is sufficiently large, we deduce from the equation

above and from Lemma 4.2 that

When a is fixed, Lemma 4.3 implies the existence of a suitable constant
Lo such that

Therefore, Theorem 2.4 follows. 0

4.3. Large deviation estimate for open sets (proof of Theorem 2.5)

Proof - In this section we exploit the same methods as the ones used
. before to prove the large deviation inequality for open sets. As in Theorem

2.4 we suppose that q is an environment profile such that 1C(q) is finite.

Vol. 33, n° 5-1997.
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Step 1 :
First we assume that 0 is a neighborhood of the profile m;

(R > 0). Let L be greater than R, we denote [-L, L] by A and 
by aR. Let D° be the interior of ( ~ ) (see definition 4.3). We proceed
as before and deduce from (4.2.5)

where ~.7~+,~+ is the interior of DJ~~(~).
We will prove now that there is W a neighborhood of q in y and a

positive constant c such that

In the deterministic case the above statement follows immediately from
the large deviation principle, whereas in the non deterministic case, it could
be that

if q equals 0 on some interval. We need to use FKG inequality to avoid
this difficulty (for an overview of moment inequalities see for instance Ellis
[9]). We introduce the subset V of E

We can assume without any restriction that D~+ x+ is included in the set

TRV n T_RV. 
’

Noticing that q - p belongs to we deduce from Theorem 2.4

that for R sufficiently large there is a positive constant c’ such that

where W is some neighborhood of q.

Annales de l’lnstitut Henri Poincaré - Probabilités et Statistiques
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Noticing that J is a summable ferromagnetic interaction on 7L and that

the indicator functions of are non decreasing, the FKG inequality
leads to

This enables us to deal with the product of the probabilities of two
events which we can control with the large deviation principle. By applying
Theorem 2.4, we get

hence, we deduce the statement (4.3.2) from inequality (4.3.4).
We apply Theorem 4.1 to inequality (4.3.1 ) and we check that for some

neighborhood W of q, we have

this implies

Step 2 :
Let O be any cylinder set. Since J’C(q) is finite, we check the following

Lemma (see for instance [2])

LEMMA 4.4. - For any ~ positive there is a profile a in 0 such that a - mq
belongs to £2(1R, dr) for some ~ in ~ -1,1 ~ 2 and a satisfies

As in the first step, we introduce the profile aR (a is defined in the

above Lemma). Since R is sufficiently large (J’R belongs to 0 so we get
from (4.3.6)
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By taking the limit as R tends to infinity we have (because of Lemma 4.4)

The Theorem 2.5 follows. D

4.4. Shape of the profiles on small regions (Theorem 2.1)

Proof - We will check that at the scale a~, the environment profiles
are approximately constant and equal to p. This remark will imply that
locally the Gibbs measure ~c~,,~ obeys P-a.s. a large deviation principle
with rate function 

We denote (A) U by As the system is symmetric under spin
flip, it suffices to prove

We partition Ry into two subsets

First we treat the case of B~. We have

From Theorem 2.4, there is W a weak neighborhood of p with compact
basis such that

and + n (V - is positive.
On the other hand, we get from the shift invariance of the measure P~

recall that is the image law of the probability P on y.
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By applying Theorem 2.3 we check that

where co is a positive constant.

Combining (4.4.2) and (4.4.3) we check converges

exponentially fast to 0. 

Noticing that for each element a in B~ there is some constant r in

[-a03B3, a03B3] such that a is not in mp. we derive as in the previous case

Collecting the previous bounds we deduce that the event

occurs with exponential small P-probability. By applying Borel-Cantelli
lemma we get (4.4.1 ) from which the Theorem follows. D

5. LOCATION OF THE INTERFACE (THEOREM 2.2)

5.1. Notation

The location of the first interface is given by the function /~ (see
definition 2.8). We also define the location where a profile begins to leap

The change of phases begins at /~ and ends at /~. The functions /~
and /~ depend on V, but to keep the notation simple this dependence is
suppressed. We suppose that V is sufficiently small and henceforth we fix it.

DEFINITION 5.1. - Let A4 be the set of the profiles which begin to leap
at location 0
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and for each positive constant R we introduce the subset of J1~

We check that

where $ was defined in (2.2.12). Finally we introduce

noticing that J’C is a good rate function we deduce that A is a compact of y.

5.2. Estimate of 

Proof of Theorem 2.2.

Throughout this proof we fix a positive constant c.
Step 1 : The lower bound will be complete once we show that

First we will derive an estimate of a leap as the environment profile is
in a neighborhood of a profile in A~~ denoted by q. From the definition of
Am, we note that q - p belongs to £2(1R, dr). The profiles which are in
the set {’03B3 = 0, 03B3 > R} are far from ±mp on interval [0, R]. Therefore
combining Lemma 4.3 and inequality (4.2.7), there is a constant

R(q) sufficiently large and a neighborhood W( q) of q such that
(5.2.2)

For a given R(q), the set {~ == 0, L.:~  I~(q) ~ is a cylinder closed
set. Thus, we deduce from the large deviation principle that there exists

that
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Without any restriction, we choose the same constant and the

same set W (q) for the preceding inequalities. Noticing that 7C is lower

semi-continuous, we impose the condition

this implies that

We iterate the procedure for any profile in and we cover the compact
set with a finite number N of neighborhoods {Wi}i~N with compact
basis (where Wi = W (qi)). Set

Before going on, we want to estimate the probability of B§

because of Theorem 2.3, we have

As the set {’03B3 = l, 03B3  ~} is included in we derive

therefore
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This leads to

combining inequalities (5.2.2) and (5.2.3) we deduce for q sufficiently
small that

This could be interpreted by saying that "environment qi" appears
exp( times on interval [0, exp( ~-~ )~. As (5.2.4) holds, we
derive that there is a positive constant 1’0 such that

Hence for any 8 positive, the event

occurs with exponential small P-probability. By applying Borel-Cantelli
lemma, we prove the statement (5.2.1 ).
Step 2 :

Before going on to the estimate of the upper bound we need to state an
extension of the large deviation principle
LEMMA 5.1. - Let O be an open cylinder in E with compact basis in (~+.

We suppose in addition that O is symmetric i.e.

For any profile. q in A03A6 and for all ~ positive there is a weak neighborhood
W of q with compact basis such that

where is the ~- field generated by the profiles in 
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In the notation above and in the following we adopt the convention that
the infimum is taken over configurations. Assumption (5.2.7) on
O is relevant; in fact, a mixing property for general sets will never hold
on finite distance. Before proving Lemma 5.1 we show how to conclude

step 2. We have to check that

From (5.1.3), we deduce that there exists an integer N, a magnetic profile
a and an environment profile q which satisfy the property below

The environment profiles which satisfies the condition above are the

typical environment patterns in the region connecting the two phases.
Although a and q are not unique, from now on we fix them to satisfy
the property above.

We introduce 0 = O(a) U O(-a), where is a neighborhood of
a defined by

From the definition of (7 we can suppose without any restriction that

Hence, by the symmetry of 0 and Lemma 5.1, there exists an integer R
and a neighborhood W of q with compact basis of length L which satisfy

Intuitively, one is led to predict that a magnetic profile will perform
more easily a jump from one equilibrium position to another when the
environment is close to q. Moreover, Equation (5.2.11 ) tells us that

the probability of leaping is always greater than a constant c-y. If the

"environment q" appears 7~ times on the interval [0, exp ( ~,~ ~ ) ~ we deduce
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that the probability of leaping will be greater than n,c,. We just have to
check that n~, is large enough.
To make this heuristic argument more explicit we introduce

where [xJ denotes the closest integer to x. We drop the dependence on 03B3
and we write simply n and r.

Let C be a subset of y defined by

The profiles in C are close to q at least once on each interval [ir, (i -I-1 ) r~ .
We have

First we want to get rid of (~~, ( ~’~ ) . By using the translation invariance
of the measure it is enough to prove that

As the random variables are independent and identically distributed,
we have

The large deviation principle for the measures tells us that for 03B3
sufficiently small

"’ . i

Combining the preceding equations we derive (5.2.12). It remams to

check that
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We note that

where k belongs to the set K defined by

This remark leads to

Because of the Markov property of the Gibbs measure, we have

We derive from (5.2.11 )

we iterate the procedure to get

and more precisely

By taking the limit as 03B3 goes to 0, we then derive (5.2.13). In the same
way as in the first step, the Borel-Cantelli lemma enables us to complete
(5.2.9). D 

’

We end this section by proving Lemma 5.1. ..
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Proof - We fix c positive. We recall that the conditional probability
( A I a, a’) with boundary conditions 03C3 on ] - oo , 0[ and 03C3’ on

]k, ~[ was introduced in definition 2.2. Let w and w’ be two block spins
which are deduced from configurations in 03A9 by the mapping 03BA03B3 (see
definition 2.4). We suppose that w’ is in the set w + (with ~ as in
definition 4.2), we check for any cylinder set A of basis included in R+
that for any k, the following holds -a.s.

where do not depend on and (J". By taking the limit as k goes
to infinity, we get
, .. ~ _ -’III _’B

For any profile ~ in E, we define Gw by cv + (see definition
4.2). Let cv be given and denote Gw by G. Since (G) is finite we check
that the set G is regular, i. e., it satisfies the property

where G is the closure of G.

We suppose that G satisfies the hypothesis below

then, we will prove that

where the constant R and the set W will be fixed later.

Noticing that

by equation (5.2.15), we have for any subset W of y
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Since G satisfies (5.2.17) then T_RG is regular and we derive from the

large deviation Theorem and (5.2.19)

where W is a weak neighborhood of q with compact basis.
As is finite we can choose ~ sufficiently small in order

to replace by The proof will be complete once we show that

Fq(T_RG n 0) is almost equal to Fq(T_RG) + for a suitable

constant R.

We supposed that q belongs to thus for any A the

symmetry of 0 enables us to find 03C3 in 0 and a constant d such that

We shift G in order to find an element ~’ in T_ R G which satisfies

the property

where A is depending on a’.
Therefore the profile a’ Q9 mp ~ a belongs to T-RG n 0 and we get

This implies (5.2.18).
The compactness of E enables us to cover E with the finite family

{G~},~. Furthermore, iterating the previous argument, we check that
there is a suitable family such that (5.2.18) holds with the same constant
R for any set Gi and that UT-RGi covers E. D

~ 
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