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ABSTRACT. — This paper is devoted to a systematic study of the basic
properties of the so-called Jumping Markov Processes (JMP in short). By
this we mean a Markov process X = (X;):>¢ taking values in an arbitrary
measurable space (E, £), and which is piecewise-deterministic in the sense
that it follows a “deterministic” path X; = f (¢, Xo) up to some random
time 7;, at which time it “jumps” to some random value X, , then it
follows the path f (t — 71, X,,) up to another random time 75 > 71, and so
on... Such processes had already been studied by M. H. A. Davis [3] in a
particular case, but here the emphasis is on the characterization of JMPs, in
particular in terms of the structure of the martingales, and on the properties
of the basic objects (additive functionals, semimartingales, semimartingale
functions) usually associated with Markov processes.

We also introduce a class of Markov processes which we call “purely
discontinuous” and appear as suitable limits of JMP’s.

RESUME. — Cet article est consacré a 1’étude systématique des propriétés
d’une classe de processus de Markov, que nous appelons JMP (pour
“Jumping Markov Processes”) et qu’on peut décrire ainsi : un processus
de Markov X = (X;):>0 & valeurs dans un espace mesurable quelconque
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12 J. JACOD AND A. V. SKOROKHOD

(E, €) est un JMP s’il suit une trajectoire « déterministe» X, = f (¢, Xo)
jusqu’a un temps d’arrét 71; puis il «saute» a l'instant 7; en un point
aléatoire X ; puis il suit la trajectoire f (¢t — 71, X,,) jusqu'a un autre
temps d’arrét 7o > 711, etc. De tels processus ont déja été étudiés par
M. H. A. Davis [3] dans un cas particulier, mais ici nous mettons 1’accent
sur la structure de la filtration et d’une série d’objets habituellement associés
aux processus de Markov: martingales, semimartingales, fonctionnelles
additives, «fonctions semimartingales », etc.

Nous introduisons pour finir une classe plus vaste de processus de
Markov, obtenus comme limites convenables des JMP.

1. INTRODUCTION

1) We consider here the class of continuous-time E-valued homogeneous
Markov processes X which are piecewise-deterministic in the following
sense: there is a strictly increasing sequence (7,,) of stopping times such that
on each interval (7, 7,41) the process follows a deterministic curve in the
state space E. In order words we have a family of curves Ry 3¢ — f (z,t)
in £ such that

X; = f(Xo, t) forall t< 7. )

Then at the (random) time 7 it “jumps” to some (random) value X, ; then
it moves according to X, .+ = f (X, t) for t < 5 — 71 (with the same
function f), and so on.

The simplest and main example of such processes consists in step Markov
processes, where X is piecewise-constant (that is f(z, t) = ). The
structure of these processes is well known: the sequence (X, ) constitutes
a Markov chain in E, and conditionally on this sequence the variables
T — Tn—1 (with 79 = 0) are independent, exponentially distributed with a
parameter depending only on X, .

“Age” processes also fall within this scope, and have been considered
a long time ago. For instance if (Y,),>0 is an increasing random walk
(i.e. the variables Y, — Y, _; are ii.d. and (0, co)-valued) starting at
Yy, = 0, the R,-valued processes X and X' defined by X; =Y, — ¢
and X, =t —Y,1 if Y,_1 <t <Y, satisfy the property above, with
respectively f (z, t) = (x —¢)" and f'(z, t) =z 4+, and 7,, = Yy,.

Many other processes of this type have been described in the literature,
often in connection with renewal theory, Markov renewal theory, queueing
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JUMPING MARKOV PROCESSES 13

theory, models for dams and storage, etc. A large class of such processes
have been studied systematically by M. H. A. Davis [3] under the name of
piecewise-deterministic processes: namely those for which £ = R? and f

is the flow associated with a differential equation % (t) = g (¢ (¢)) and the
first jump time 7; has a distribution absolutely continuous w.r.t. Lebesgue
measure. In this paper we wish to achieve the greatest possible generality
(for instance the state space F has no topological structure): so in order to
distinguish them form the case studied by Davis we will call them Jumping
Markov Processes (JMP in short).

2) IMP’s have of course interest of their own, even in the “general” case
when no topological structure on E is used. But our main motivation lies
in the class of Markov processes that are “limits” in some sense of JMP’s:
we are thinking about measure-valued branching processes (see e.g. [7])
with infinite mass, obtained as limits of usual branching processes where
the particles follow deterministic curves between branching times, and also
about infinite-dimensional interaction processes.

However, the aim of this paper is somewhat more modest: after defining
the class of JMP we study some “basic” properties of these processes,
and introduce a first notion of “limits” of JMP’s in what we call “purely
discontinuous” Markov processes. Because of the applications to branching
processes it is necessary to consider the non-homogeneous case. However
for the convenience of the reader, we have presented first all results in the
homogeneous case, and the non-homogeneous case is quickly considered
in Section 6.

3) Let us be more precise. The state space being possibly a non-
topological space, the “jump times” 7,, are not really times of jump for the
process X, but rather for the filtration (F;) generated by the process: that
is FuN {7 <t < 7py1} =F,, N {1 <t < Tpt1}, so the filtration
is “constant” on the intervals [7,,, T,41), and “jumps” at times 7, SO to
speak. Such filtrations have been called jumping filtrations and studied
in [10], and Section 2 is devoted to recalling and extending some of their
main properties.

Our definition of a JMP, at least in the quasi-left continuous case,
becomes the following: a strong Markov process having a quasi-left
continuous filtration is a JMP iff the filtration is jumping. In the non-
quasi-left continuous case the definition is a bit more complicated, due to
the intrinsic non-uniqueness of the stopping time 7; in (1). In Section 3
we draw consequences of this definition, then construct JMP’s starting
from the law Gx (dy, dt) of (X,,, 71) when Xy = z, and finally give
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14 J. JACOD AND A. V. SKOROKHOD

some simple criteria for a JMP to be regular, that is the explosion time
Too = lim 7, is a.s. infinite.
n

In Section 4 we exhibit the special form taken in the JMP case by
many usual objects in the theory of Markov processes: of particular interest
are additive functionals, martingales, semimartingales, and semimartingale
functions. A short subsection is devoted to infinitesimal generators.

In Section 5, after some preliminaries about various transformations of
Markov processes, we introduce one of the fundamental notions of this
paper, namely the so-called purely discontinuous Markov processes. This is
only a tentative approach of the question, and undoubtedly much more can
be said (and perhaps the definition given here is not “optimal” yet, in the
sense that it makes the lifetime play too big a rdle).

Finally, as said before, we restate the main results, mostly without proof,
in the non-homogeneous setting in Section 6.

2. JUMPING FILTRATIONS

We start with a probability space (2, F, P) endowed with a right-
continuous filtration (F;). We use the standard notation of the theory of
processes (see e.g. Dellacherie-Meyer [4]). In particular, the “stochastic
interval” [S, T7] is the set of all (w, t) such that S(w) <t < T (w) and
t < oo and [S] = [S, S].

We say that (F;) is an a.s. jumping filtration on R if there is an
increasing sequence (7,,) of stopping times with lim 7, = oo a.s. and
79 = 0, and if for all ¢ > 0, n € N the o-fields 35} and F, coincide
on {7, <t < Tpy1} up to P-null sets. Then (7,) is called a jumping
sequence. In [10], these filtrations were simply called “jumping filtrations”,
and the following was proved:

THEOREM 1. — a) (F;) is an a.s. jumping filtration on R iff all local
martingales are a.s. of locally finite variation.

b) If (F:) is a quasi-left continuous a.s. jumping filtration, there is a
Jjumping sequence (T,) such that

(i) 7, is totally inacessible for n > 1, and 1, < Ty41 if T, < 00;
(ii) every totally inacessible time T has [T] C U [7.] a.s.;
n>1
(iii) any other jumping sequence (7)) has U[7}] 2 U[r,] a.s.;
(iv) all local martingales are a.s. continuous outside U[T,].
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JUMPING MARKOV PROCESSES 15

¢) If (F;) is an a.s. jumping filtration with a jumping sequence satisfying
(i) above, it is quasi-left continuous.

In this paper we need to consider “exploding” jumping filtrations, for
which the jumping sequence increases to a stopping time which may be
finite.

Let us begin with some terminology. A predictable interval starting
at 0 is a random set of the form I = U[O, 7,], for some increasing
sequence (7,) of stopping times. If § = sup(t : t € I)), we write
]

I=1]0, 8[. A local martingale on I is a process M such that each stopped
process M[* := M;,., is a local martingale; this does not depend on the
particular representation of I as I = U[0, 7,]. The process M is a.s.
locally of finite variation on I if each M™ above has (a.s.) finite variation
on compact intervals, or equivalently if for almost all w, t — M, (w)
has finite variation on any compact subset of I (w). The filtration (F%)

is quasi-left continuous on I if for every predictable time 7" we have

Fr{T e€l} =Fr_n{T €I} up to null sets, or equivalently if all
martingales (or all local martingales on I) have totally inaccessible jumps

only on the set I Flnally a totally inacessible tlme on I is a stopping time

T such that S = {T 5 (ie S=TifT e I and S = oo otherwise)
€
is totally inacessible.

DeriNiTION 1. — a) We say that (F;) is a jumping filtration on I if
there is an increasing sequence (7, )nen Of stopping times with 79 = 0,
I = [J[o, 7] and

neN

Fi{rn <t <mpp1}=F, N{1n <t <7pp1} forall t >0,

n €N. 2)

b) (F:) is an a.s. jumping filtration on I if (2) holds up to P-null sets. W

The sequence (7,,) above is again called a jumping sequence. The usual
P-completion (i.e. adding to each F; all the null sets of the P-completion
of F.) of an a.s. jumping filtration on [ is a jumping filtration on I. If
I = R} we recover the notion of an a.s. jumping filtration as it appears in
Theorem 1, and this theorem takes the following form in the general case:

THEOREM 2. — Let I be a predictable interval starting at 0.

a) (F;) is an a.s. jumping filtration on I iff all local martingales on I
are a.s. of locally finite variation on I.

b) If (F) is an a.s. jumping filtration on I and is quasi-left continuous
e]

on I, there is a jumping sequence (1,,) such that with § = lim 1 7,,:

Vol. 32, n° 1-1996.



16 J. JACOD AND A. V. SKOROKHOD

[e]
(1) 7, is totally inaccessible on I and T, < Tpy1 if T, < 6;

(ii) every totally inaccessible time T on } has } N[T] C U[7.] as.;

(i) any other jumping sequence (7},) has U[r.] 2 U[r,] a.s.,

(iv) all local martingales on } are a.s. continuous outside U[,].

o) If (F:) is an a.s. jumping filtration on I with a jumping sequence
satisfying (i) above, it is quasi-left continuous on } .

(i) means that (7,) is the (unique) “minimal” jumping sequence for the
filtration (F;) on I, while (ii) means that it is the “maximal” sequence
of totally inaccessible times on } . When the filtration is jumping but not
quasi-left continuous on } , there is still a sequence (7,) satisfying (i) and
(i), but this is not a jumping sequence for (F).

Proof. — We have I = U[0, T,,] for some sequence of stopping times
T,. For each n let ;" = Fyar,,, and also § = lim T),.

If (F) is an as. jumping filtration on I with jumping sequence (7,),
then each (") is an a.s. jumping filtration on R, with jumping sequence
(T )nen given by 77" = (7,,)(r, <7,.}. Conversely if each (Fi™) is an a.s.
jumping filtration on R, with jumping sequence (77"),en, then (F;) is an
a.s. jumping filtration on I with jumping sequence (7,), where 7 = 0,
Tayr = SAE(t> 7, : t€ A),and A = | J{(J 2N Tonos, Tl }-

m>1 n>1

With these facts, it is now trivial to deduce (a) from Theorem 1. For (b)
and (c), it is enough to reproduce the proof of Theorem 2 of [19], upon

substituting 7 with the class of all totally inaccessible times on I, and ¢
in (3) of [10] with ¢ AT,. W

Suppose that (F;) is a jumping filtration on I, with jumping sequence
(Ta). (2) obviously implies
Fripim =Fr, V0 (Tay1) forall neN. 3)

A trivial adaptation of Lemma (3.2) and Proposition (3.3) of [8] shows
that if (7,,) is a jumping sequence for the jumping filtration (F;) on I,
then we have the following:

If T is a stopping time, for each n € N there is a nonnegative
F,-measurable random variable R,, with

TATpt1 = (Tn+ Ro) A Togr. (4)
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JUMPING MARKOV PROCESSES 17

A process H is optional on I iff for each n € N there is an
F,-measurable process H" with Hy = H' on {7, <t < 7,41 }
and if H,_ is F. - measurableon {7, < 0o }. 5)
A process H is predictable on I iff for each n € N there is an
F,-measurable process H" with H, = H] on {7, <t < 7,41 }. (6)

In the rest of the paper we will apply these results in the particular case
where the filtration (F3) is the (right-continuous) filtration generated by a
process X taking its values in a Blackwell measurable space (F, £), under
the following two assumptions:

X is (F;)-optional )

For any finite stopping time T, we have Fr = Fr_ Vo (Xr). (8)

Assume moreover that (F;) is a jumping filtration on I, with jumping
sequence (T,)nen. Introduce the integer-valued random measure u on
R+ x F:

u(w, dt X d.’L’) = Z E(rn (w), Xy, (w)) (dt X dm) )
n21, 7o (W)<Tni1 ()
(this is a “marked point process”), and the smallest complete filtration (G;)
for which 4 is optional and such that G, = F.

LemMA 1. — We have G, = F, in restriction to the set {t € I }.

Proof. — Recall first that 7, is a (G;)-stopping time, and that G, =
GoVo ((1p, X7, L{r,<s}) : p < n), and also that (G;) satisfies (2). Now (3)
and (8) yield 7, = F, _, Vo (1., X,,), hence the property that G, = F,
on Up {7, <t < 741 } readily follows from (2) applied to (F:) and (G;)
and we have the result. W

Then we can apply the results of [9] for the structure of martingales.
In order to simplify the statements, we set X, = x, where z, is some
arbitrary point in E. If G, (w; dx, dt) denotes the distribution of (X, , 7,,),
conditional on ¥, _,, the compensator of u is the measure

G (dz xdt)
dt .
V( X d:E n; G E % [t OO]) 1(7'n—177'n] (t) (10)

Further, any local martingale M on I is of the following form for some
predictable function U on  x R, x E:

MtzMo—i-/ U (s, z)(u(ds x dz) — v (ds x dx)),
0,t]xE E an
tel,
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18 J. JACOD AND A. V. SKOROKHOD

where outside a null set |U (s, x)|ljo,¢xp (s, ) is integrable w.r.t.
| — v| for all ¢ € I. Finally, if M above is locally square-integrable,

its predictable bracket is, with the notation U, = / U(t, z)v({t}, dz)
and a;, = v({t} x E):

(M, M), = / (U (s, &) — U,)2 v (ds, dx)

[0,t]xE
a2, 12
s<t
tel

3. JUMPING MARKOV PROCESSES:
DEFINITION AND CHARACTERIZATION

As said in the introduction, our definition of a JMP (Jumping Markov
Process) is not a “constructive” one (starting with (1)), but is in terms of
the filtration of the process.

So, unless otherwise stated, we start with a normal strong Markov process
X =(Q, F, F, Xi, ¢, P.) (in the setting of Blumenthal-Getoor [1]) with
values in a Blackwell space (E, £). Possibly there is a finite lifetime ¢
and a cimetary point A, and in all cases Xo. = A by convention. (Fy );>o
is the filtration generated by X, and (F;) is the usual Markov completion
of (F7,). The transition semi-group of X is (P;);>o. We also assume that
(7) holds (this is not automatically satisfied, because E is not a topological
space and so there is no regularity of the paths ¢ — X; note also that the
o-fields F} are not separable here, although £ is separable).

Now, loosely speaking, the process X is a JMP if (F;) is a jumping
filtration on I = N[0, 7,,] for a jumping sequence (7,,). The difficulties in
formulating a proper definition for a JMP come from the following facts:

1) We do not want to impose ( = oo, because we want to accomodate
“minimal” JMP’s which are killed at the explosion time 7., = 1171111 T Tn.

2) As seen in Section 2, the jumping sequence is not unique, and even
the set I on which (F;) is a jumping filtration is not unique, while we
obviously wish to have I as large as possible.

3) We are mainly interested in the case where (F;) is quasi-left continuous

on } , a property that is difficult to state when the set I is not known
beforehand! (we could assume that it is quasi-left continuous on the whole
R, but this is a rather serious restriction, since in general the explosion
time 7, will be predictable with F,_ # }"T; if 7o < 00).

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



JUMPING MARKOV PROCESSES 19

Before proceeding, we recall some usual terminology for Markov
processes: a stopping time is w.r.t. (F;), and it is totally inaccessible
if it is P,-totally inaccessible for all x € E; a process is a martingale
(semimartingale, etc.) if it is a martingale (semimartingale, etc.) relatively
to each measure P,; a set A is null if P, (A) = 0 for all z;

3.1. Quasi-Hunt jumping Markov processes

Among all equivalent formulations we pick the most intuitive on for
a definition:

DerFINITION 2. — The process X is called a quasi-Hunt jumping Markov
process if (F;) is a jumping filtration on a set I = U[0, 7,,], with the
jumping sequence (7,,) having the following properties:

(1) 7, is totally inaccessible (hence 7,, > 0 a.s.) if n > 1;

(i) 7, < ¢ and 7, < 7,41 a.s. on the set {7, < ¢ }.

Further, X is called regular if 7. := lim | 7, = oo P,-a.s. for all
z e FE. N 5

called the canonical jumping sequence of X. The terminology “quasi-Hunt”
refers to the usual definition of a Hunt process, as it is apparent in the
following theorem:

THEOREM 3. — Assume that the lifetime ¢ has P, (( = oo0) = 1 for all
x € E. The following three properties are equivalent:

(i) For each x € E, the P,-martingales are quasi-left continuous and
with locally finite variation.

(ii) The filtration (F) is a jumping filtration on R, and for each x € F
the P.-martingales are quasi-left continuous.

(iii) X is a regular quasi-Hunt JMP.

The implications (iii) = (ii) = (i) readily follow from Theorem 1, and
the implication (i) = (iii) will be proved after the next two results. That
(i) = (ii) does not immediately follows from Theorem 1, because in (ii)
we ask the filtration (7;) to be jumping and not only a.s. jumping. The
first theorem below gives a set of conditions apparently much weaker than,
but in fact equivalent to, those of Definition 2. The second one shows that

the 7,,’s above have very special properties connected with the fact that
X is Markov.

Vol. 32, n°® 1-1996.



20 J. JACOD AND A. V. SKOROKHOD

THEOREM 4. — The process X is a quasi-Hunt JMP iff for every x € E
there is a stopping time S, such that:

(i) Sz > 0 P;-a.s., and the time ((¢<s,) is Py-totally inacessible.
(ii) Any P,-martingale which is constant after S, is quasi-left continous
and with Py-a.s. locally finite variation;
(iii) there is (at least) a P,-martingale M which has P.-a.s. at least one
Jump on the interval (0, S.|, on the set { S, < oo }.

The necessary condition above is trivial: take S, = 7, ((iii) is satisfied
with M = Y — Y, where Y: = 1{4>-,) and Y is the P .-compensator of
Y). The meanings of (i) and (ii) are clear, and (iii) insures that the o-field
Fs, in restriction to { S, < oo} is “sufficiently big”.

THEOREM 5. — Suppose that X is a quasi-Hunt JMP, with the canonical
jumping sequence (T,).

a) There exists a totally inaccessible terminal time T < ( such that the
sequence (1) is given by 79 = 0, Tp41 = T, + T 0¥, a.s. Call H, and
G, the laws of 7 and (X, 7) under P,, and

n(xz) =inf (¢t : H, ([t, o0]) = 0). (13)

b) If x € E, H, has no atom except possibly { +00 }.

¢) There is a measurable function f : E x Ry — E such that

fl@, 0) ==, } (14)
flx, t+s)=f(f(z, 1), s) if t+s<n(x),

r=inf(t: X; # f(x, 1)) and X, # f(z, 1), Pgas., (15

H, ((t, t+s]) = Hy ((t, o)) Hy (x, ) ((0, s]) if t<n(z),
NaTRe| AT

d) There exists a probability kernel T from E into Ex such that for all
x € E we have T'(z, {z}) = 0 and

Before proving these theorems we state a lemma, which is almost trivial
when the o-fields 7, are separable (because in this case there is a countable
family of martingales which “generates” for each x all P,-martingales), but
unfortunately not so in general.

LEMMA 2. — There is a sequence (M™) of bounded martingales with
the following property: if © € E and if S, is a stopping time such

Annales de ’Institut Henri Poincaré - Probabilités et Statistiques



JUMPING MARKOV PROCESSES 21

that all P,-martingales are quasi-left continuous on [0, S,], then for each
P,-martingale M we have

{t:0<t<S,and AM, #0} C [ J{t>0: AM #0} Pe-a.s.

n>1

Proof. — For every P -martingale M, set D (M) ={t >0 : AM, #0}.
1) First we show that, due to (7) and to the strong Markov property, if A
is bounded measurable on E, then t — P,_; h(X,) is a.s. cadlag on [0, s]
(it is known that conversely this implies the strong Markov property). Set

Y; = Ps—t h (Xt) 1{t<s} + h (Xs) l{tZs}

Let MY be a cadlag version of the P-martingale M} = E, (h (X;)|F:). By
the strong Markov property Y, = MY P,-a.s. for every finite stopping time
T. Since both MY and Y are (F;)-optional (the later by (7)), it follows
from [4] that they are P, -indistinguishable. Thus, setting Y (h, s); = Y;
on the set where Y is cadlag and Y (h, s); = 0 elsewhere, we obtain an
(F:)-adapted cadlag process Y (h, s) with Y (h, s); = E, (h(X,)|F;) for
all y € E. The main point here is that Y (h, s) does not depend on 1.

2) More generally, denote by Z the family of all variables of the form
Z = H hi (X¢,), where tg = 0 < --- < t,, < oo and h; are bounded

0<i<n

measurable on E. If we set g;(y) = E,| H hi (Xt,—¢,,,)] and
J+1<k<n
Zj = H h; (Xti)» then
0<i<y
ZY(g t‘+1)t if tSt<t+1

Y Z — J VEERY) J J 18
(Z): {Z if t>¢, (18)

is a cadlag version of the martingale F, (Z|F;), for all z € E.

3) Next we construct the sequence (M™) as follows. Let & be a
countable algebra generating the o-field £ on E, and U be the family
of all &y-measurable functions on E taking only finitely many rational
values. The set U x Q. is countable, and we may write it as a sequence
(hns $n)u>1. Then we set M" =Y (hy, s,), and D = | J D (M").

n>1

4) Let s € @, and h be bounded measurable on E. There is a sequence 9p
in U such that g, (X;) — h(X,) in L?(P,). Then Y (g,, s); — Y (h, s);
in L? (P, ), uniformly in ¢ € R,. Since the jumps of all Y (gp, $) are in
D, we have D (Y (h, s)) C D P,-as.
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22 J. JACOD AND A. V. SKOROKHOD

Next let s > 0 and h be bounded measurable on £, and M =Y (h, s).
If we @ N[0, s] we have My = Pyt Ps_y h(Xt) = Y (Ps—y h, u)
a.s. for t < u, hence [0, u) N D (M) C D P,-as. Since M; = h(Xy)
for ¢ > s and since wu is arbitrarily close to s, we deduce D (M) C
D U {s} P,-as. Using (18) it follows that for Z € Z as in Step 2) above,
D(Y (Z)) C DU{t, ..., t, } P,-as. Now apply the property that Y (Z)
is P,-quasi-left continuous on [0, S,] to obtain

DY (Z)n][o, S;] €D P,as if Z€2Z (19)

5) Finally if M is a P,-martingale and T is a jump (stopping) time of M,

there is bounded P,-martingale M’ with AM}. # 0 P,-a.s. on {T < oo }.

There exists a uniformly bounded sequence Z,, € Z converging to M/  in

L*(P,). Then Y (Z,); — M/ in L*(P,), uniformly in ¢t € R,. Since each

Y (Z,) satisfies (19), the same is true for M’ and thus T' € D P,-a.s. on
the set {T" < S, }: hence the lemma is proved. W

Proof of Theorems 4 and 5. — As said before, for Theorem 4 it only
remains to prove the sufficient condition. So we suppose that for each
x € F there is a stopping time S, having (i, ii, iii) of Theorem 4, and we
will prove at the same time that X is a quasi-Hunt JMP and that (a, b, ¢, d)
of Theorem 5 hold.

Let (M™) be as in Lemma 2. Set o, = inf(¢ : AM;" # 0) and
7 = ( ANinf o, and use the notation G,, H,, n(z) associated with 7
as in (a).n

1 (i) and Theorem 2 imply that

(F;) is a P,-a.s. jumping filtration on I, = [0, S,] (20)
Let (75),en be the jumping sequence constructed in Theorem 2 (b).
Combining (i), (ii) and (iii) gives a P,-totally inaccessible time 1" such that
P,as:0<T<S,and T < ¢ on the set {{ < S, }. Since 77 < S,,
Theorem 2 (b)-(ii) implies 7 < T P-as., thus 7 < ¢ P;-as., and
& =T P,-as. on the set { 7{ = S, }: hence 7{ is P,-totally inaccessible,
and there is a P,-martingale M having AM,: = 1 on {7{ < o0 }.

By Theorem 2 (b)-(iv) we have P,-as. o, > 77, hence 7 > 7{ (recall

7 < (). Conversely, Lemma 2 applied to the martingale M constructed
above yields 7 < 77 Py-as., so finally:

w=1<8, Pras., and 7 isP,-totally inaccessible. 20

In particular we deduce that H, ({¢}) = 0 for all £ < oo, and () holds.
2) (20) and (21) yield a function f : F x Ry — FE with
P.(X: # f(z, t), 7 > t) = 0 for all t. Then E, [h(X:)1lp<ry] =

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



JUMPING MARKOV PROCESSES 23

ho f(z, t) H, ((t, 0o]) for any bounded measurable h. Now, (z, t) —
E, [h(X:) 1{t<r}] is measurable, as well as (z, t) — H, ((t, oo]) and
z — n(z): thus (2, t) — ho f(z, t) l{4<y ()} is measurable. Then, up to
changing f (z, t) when ¢ > 7 (z) (with n) defined by (13)), we can and will
assume that (z, t) — f(z, t) is measurable.

Using again (20) and (21), we have by (4):

Any stopping time T is P,-a.s. constant on { 7' < 7 }. 22)

By (22) and the definition of f, the two optional processes t — X; 1{;< -}
and t — f(x, t) ly<ry coincide P,-as. on {T < 7} for each stopping
time 7', hence by [4]:

Xe=f(z,t)=f(Xo, t) forall t<r, P,-as. (23)

3)Set 7 = inf(t : X, # f(Xo, t)). Obviously F2 N {t < 7'} =
o (Xo)N{t < 7'} so exactly as for (22) we get that 7 is P,-a.s. constant on
{7 < 7'}, which contradicts (b) unless P, (t > 7') = 1, and in view of (23)
we deduce P, (7 = 7') = 1, and in particular we have the first part of (15).
Fix ¢ > 0 and set g(z, s) = f(x, s)lfs<iy + f(f(z, t), 5 —
t) Lis>ty and ™ =inf (s : X, # g(Xo, s)). The same argument
as above shows P, (7 > 7) = 1. Markov property at time ¢ and the first
part of (15) imply that P,-as., 7/ =7 if 7 < tand 7’/ =t + 70, if
T > t. Since 7 is Ps (5, 1)-totally inaccessible and P, (7 = t) = 0, it follows
that 7" is P,-totally inaccessible; then Theorem 2 (b)-(ii) and (21) yield

P, (" > 1) =1, so finally P, (7" = 7) = 1 and
T=t+70Y, Pgas. on{r >t} (24)

Combining this, the first part of (15) and the Markov property at time ¢
on the set {7 > t}, we get

Go (AX (b, t+s]) = Ha ((t, o0]) G (2, 1) (A % (0, )
for t<n(z), (25)

for all s € [0, o0], A € €A, and (16) follows by taking A = Ex.

Further, P, (7" = 7) = 1 yields g (z, t + s) = f (z, t + s) P,-a.s. on
{7 >t+ s}; since f and g are deterministic, we deduce the second part
of (14), while the first part is obvious. Further, the strong Markov property
at time 7 and (23) imply X, = f(X,, u) P,-a.s. for all u small enough
on {7 < (}. Then on the set A = {7 < ¢, X, = f(x, 7)} we have
7 < 1n(x) Py-as., hence X = f(z, s) Py-as. forall s < 7+ ¢ by (14),
for some € > 0 (depending on w): this contradicts the first part of (15),
unless P, (A) = 0, hence the second part of (15) and (¢) is proved.
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4) (24) means that 7 is a terminal time. By construction 7 < (, and (b)
implies P, (t > 0) = 1 for all z € E.

Set 9 =0, 7, = T,—1 + T 0¥, _, as in (a). By the strong Markov
property at 7,,, we have that 7,1 is P,-totally inaccessible for all z € F
and that X; = f (X, ,t—m7,) forall t € [1,, Tht1), Pr-as. forall z € E.
Since Fy contains all null sets, we readily deduce that (F;) satisfies (2).
Therefore X is a quasi-Hunt JMP (see Definition 2) with canonical jumping
sequence (7,), that is the sufficient part of Theorem 4 is proved, as well
as (a) of Theorem 5.

5) It remains to prove (d). If A € €4 we define a measurable function
(z, 1) — Z(z, t, A) by

e Ga(AX (8, t+5])
Z{w b, A) = lmind =t ]

(with 0/0 = 0). Since t — H, ((t, oo]) is continuous, Lebesgue derivation
Theorem implies

G, (Ax B) = / H.(dt)Z (z, t, A) forall BER,, A€ E&a.
B
Further, (25) yields Z (z, t, A) = Z (f (z, t), 0, A) if t < n(x), so

ch(AxB):/ H,(dt) Z (f (z,1),0,A) forall BER,, A€Eéa.
B

Now the o-additivity of A — G (A x B) and the Blackwell property
of (E, &) allow to obtain a probability kernel I' from E into EA such
that Z (f (z, t), 0, A) = T'(f (z, t), A) Hy-as. in t on [0, 0o) (exactly
like for the construction of the Lévy kernel of a Hunt process). Since
X = A, we deduce that (17) holds, and that one may choose I' such that
I'(z, {xz}) = 0 follows from the last property in (15). W

Proof of Theorem 3. — We only have to prove that (i) = (iii). Now, (i)
implies the conditions of Theorem 4, with S, = oo, so X is a quasi-Hunt
JMP.

To check the regularity of X, we consider the jumping sequence (7;)
of Theorem 5. Fix z € E. For each n there is a P,-martingale M"
having exactly one jump of size 1 at time 7, on the set {7, < oc} and
continuous elsewhere. These martingales are pairwise orthogonal, because

. . 1 .
Tn < Tny1 if 7, < oc. Hence the series M = g — M™ converges in
n

L? (P,). The variation of ¢ — M, is infinite on the set { 7o < 0o}, so
P, (Too < o0) = 0 and we are finished. W
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Remark 1. — For a quasi-Hunt JMP the set I = U[J0, 7,,] is uniquely
determined (up to an evanescent set): this follows from Theorem 5, or from
the argument of the previous proof. This is in contrast with what we will
see for general JMP’s below. W

3.2. General jumping Markov processes

When we drop the quasi-left continuity of the filtration, we have to be
more careful: the proper definition of a general JMP makes use of the
specific form of the jumping sequence explicited in Theorem 5, and it goes
as follows:

DEFINITION 3. — The process X is called a 7-JMP if 7 is a terminal time
with 7 < ¢ and P, (7 > 0) = 1 for all x € E and such that, if 79 = 0
and 7,41 = 7, + T 0¥, (F;) is a jumping filtration on I = U, [0, 7,]
with jumping sequence (7,)nen.

Further, it is called regular if 7o := lim | 7, = oo P,-a.s. for all
rcE | "

Theorems 4 and 5 have the following versior of 7-JMP:

THEOREM 6. — Let T be a terminal time with < ¢ and P, (1 > 0) =1
for all x € E.

a) If for all t we have Fy N {t <71} =Fo N{t <7} up to null sets,
then X is a T-JMP.

b) If X is a T-JMP, call H, and G, the law of T and (X, T) under
P, for x € E and define 1 (x) by (13). Then there is a measurable function
[+ E xRy — E satisfying (14) and

T=mn(x)ANinf (t : Xy # f (x, t))

and (26)

X #f(x,7) on {r<n(z)}, P-as.

Gz (A X (t, t+8]) = Hy ((t, 00]) Gy (2, 1) (A x (0, 8])
for t<n(z). 27)
Furthermore there is a factorization
G, (dy, dt) = H, (dt) G’ (z, t; dy) (28)
where G' is a probability kernel from E x [0, oo] into Ex such that

G'(z,00; ) =ea(-), G (z,t; {f(z, ) }) =0 if t <n(z). (29

¢) Under the assumptions of (b), if H, ({t}) = 0 for all t < oo, then T
is totally inaccessible and X is a quasi-Hunt JMP.
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Observe that in the quasi-Hunt case, (b) above reduces to (c)-(d) of
Theorem 5 (in this case P, (7 < n(z)) = 1 if n(x) < oo: so (26) and
(15) are the same).

Proof. — a) Define by induction 70 = 0, 7,4 = 7, + 7 0 ¥,.. By
hypothesis there is a function f : E x Ry — E such that X; = f (z, t)
Pp-as. on {t < 7}. We see as in Step 2) of the proof of Theorem 4
that there is a version of f which is measurable and that (23) holds. The
strong Markov property at time 7,, yields X, = f (X, , t — 7,,) a.s. for all
t € [Ty, Tnt1). Then the same argument than in Step 4) shows that (F;) is
a jumping filtration with jumping sequence (7).

b) In view of (5) and (7) there is a measurable function: f : F x Ry - FE
such that X; = f (Xo, t) if ¢ < 7. The first part of (14) is obvious. (27) and
the second part of (14) readily follow from the Markov property applied at
time ¢ on the set {# < 7} and from the fact that 7 is a terminal time.

Set 7 = inf(t : X; # f(Xo, t)). We have 7 < 7/ and F, N {t <
'} = Fon{t < 7'} for all t. Thus 7 = 7/ A u, P,-as. by (4)
for some constant wu,; from the definition of n we deduce 7 (r) < u,
and thus 7 = 7" A n(x) P,-as., which is the first part of (26). On
the set A = {7 < n(z) A¢, X, = f(x, )} we have P,-as.
Xryu = f(Xs, u) = f(x, 7+ u) for all u small enough, by the strong
Markov property applied at time 7 and (14): this contradicts the first part
of (26), unless P, (A) = 0, which yields the second part of (26). Finally,
there are always factorizations (28), and we may choose one satisfying (29)
by Xoo = A and (26).

c¢) For a jumping filtration the first jump time 7, = 7 is P,-totally
inaccessible iff its law is diffuse in restriction to R, hence the claim. W

Remark 2. — We cannot write G'(z, t; -) = I'(f(z, t), ) for some
probability kernel I" on E in general: first because (27) is true only if
t < n(x) while here we may have H, ({n(z)}) > 0 and 7 (z) < oc;
second, even if H,({n(z)}) = 0 when n(x) < oo, we cannot use
Lebesgue derivation theorem as in Step 6) of the proof of Theorem 5
because t — H, ((¢, oo]) may be discontinuous. M

Remark 3. — If X is 7-JMP (possibly quasi-Hunt) it is also a
o-JMP if 0 = 7 An'(Xo) and 7’ is a function: E — [0, oc] having
n' (x) = t+ 7 (f (z, t)) when o' (z) > t. And of course it is possible
that P, (7 # o) > 0.

When X is a quasi-Hunt JMP, there is a “maximal” stopping time 7 for
which it is a 7-JMP , in the sense that if it is also a o-JMP then ¢ < 7 a.s.
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(take the totally inaccessible time 7 occuring in Theorem 5). This is not
the case for general JMP’s, as seen in the following example:

Take £ = (—o0, 0) U {1, 2} and consider a cadlag E-valued process
X whose law for each starting point z is:
P.(Xi=z,Vt>0)=1
if ze{1, 2},
P (Xy=z+t, Vi< —z, Xy =i, Vt > —x) = %
if <0 and 71=1,2.
Then X is a 7-JMP with 7 = inf(¢ : X, = 0). With the previous
notation, we have H, = e, for + € {1, 2} and G.(dy, dt) =
E €_z (dt) (e1 (dy) + 2 (dy)) if z < 0, and for the function f we can
take f, below, with « arbitrary in E:
r+t ift< —z and <0
fa(z, t)=¢ « if t> -z and z<0
if t>0 and ze€{l,2}

Now set
, 00 if Xg=2
T:{inf(t:Xt:2) it Xo #2,
" {oo if Xog=1
=
inf(t: Xy =1) if Xg#1.

Then X is also a 7/-JMP with the function f = f; above, and a 7"/-JMP
with the function f = f5. But 7/ V7" = o0 a.s., and X is not a 7/ V 7'~
JMP. In this example there is no maximal terminal time o such that X
is a o-JMP. R

COROLLARY 1. — Assume that there is a measurable function f : ExR, —
E such that T :=inf (¢ : X, # f(Xo, t)) satisfies P, (1 > 0) =1 for all
z € E. We call H, the law of T under P,, and define 1 (x) by (13). Then
under either one of the following conditions:

a) T is a terminal time,
b) f satisfies (14),
o) H,({t}) =0 foral t < oc,
the process X is a T-JMP, and it is quasi-Hunt under (c).
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Proof. — (a) = (b) by the Markov property at time ¢ on {t < 7}.
(b) = (a) is obvious. Since clearly F; N {t < 7} = FonN{t < 7}, the
result under (a) or (b) follows then from Theorem 6 (a).

Finally assume (c). Using once more Fy N{t <7} =FoN{t <7}, we
see that 7 is Pp-totally inaccessible for all # € E. Then one can reproduce
Step 3) of the proof of Theorem 4 to the effect that (b) holds. W

Example. — Step Markov Processes. According to the classical notion, we
say that X is a step Markov process if the stopping time 7 = inf (¢ : X; #
Xo) is a.s. strictly positive and if X, # A a.s. on the set {7 < 00 }.

Such a process is obviously a 7-JMP (Condition (b) of Corollary 1
is met with f(z, t) = z for all ¢ > 0). Further, 7 has an exponential
distribution with some parameter a (z) > 0 under P, (a(z) = 0 means
that 7 = oo P,-a.s.). This is easily checked, since (27) yields in this
case H, ((t+ s, oo]) = H, ((t, oo]) H, ((s, oc]) for t < n(zx): this give
n(z) = oo and H, ((t, 0o]) = e~*@* for some a(x) > 0. Then in fact
X is a quasi-Hunt JMP.

3.3. The enclosed Markov chain and a construction of JMPs
We start with a definition.
DERINITION 4. — The characteristics of the 7-JMP X are the pair (f, G)
of Theorem 6. M
With a pair (f, G) we always associate H,, (dt) = G, (Ea, dt) and n (z)
defined by (13). We also complement G' by setting
Ga(-)=¢@m0() (30)

(soif (f, G) are the characteristics of the 7-JMP X, G, is the law of (X, )
under P, for all z € EA, provided we set 7 = 0 on the set { { = 0}).

Suppose that X is a 7-JMP with characteristics (f, G) and with the
jumping sequence (7,,) of Definition 3 (or of Theorem 5 in the quasi-Hunt
case). Set 0, = T, — T—1. We have (X ., 0n41) = (X;, 7) 09, , hence
the strong Markov property of X immediately yields:

THEOREM 7. — a) The process (X, , o) is a Markov chain with transition
Q' (z, s,) =G, () (and (X,,) is also a Markov chain).

b) The process (X.,, ) is a Markov chain with transition
Q (z, s; dy, dt) = G, (dy, s+dt) (it is a so-called “Markov random walk”).

Now it is natural to look at the “converse” problem of constructing a
JMP with given characteristics (especially in view of the intuitive definition
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of JMPs as given in the introduction). To this effect, exactly as for step
Markov processes, we will use Theorem 7.

So we start with a pair (f, G) where f is a measurable function from
E xR, into E and G, (dy, dt) is a probability kernel from E, into
Ex x (0, oo]. This pair is called admissible if it satisfies (14), (27), (29)
and (30). As seen before the characteristics of a JMP are admissible,
and we presently show the converse: any admissible pair (f, G) are the
characteristics of some JMP.

The method of construction closely follows the classical method for
constructing a step Markov process when one knows the parameters a (z)
of the holding times and the transition kernel I': essentially we construct a
Markov chain (Y;, 7,,) with transition Q' (z, s; dy, dt) = G, (dy, s+ dt)
and set

¥ {f(Yn,t—Tn) if 7, <t<mngr and Yy # A,
. =

A if t>¢:=lim7, or Yy=A. @D

Let us be more precise. Set £ = E5 x [0, o0]. Call Q the space of all
sequences (Y, 0y )nen With values in E and such that Yorr = A if
Y, = A, with the canonical filtration (G, ),en. Denote by P, the unique
probability measure on 2 for which (Y, o,) is a Markov chain with
transition Q (z, s; dy, dt) = G, (dy, dt) and starting at (Yy, 0¢) = (=, 0).
Then set 70 = 0, 7, = 01 + ...+ 0, if n > 1, and define X by (31).

Tueorem 8. — If (f, G) is admissible, X is a T-JMP with T = 1,.

All conditions for admissibility are necessary in an obvious way, except
perhaps the last property of (29): this property insures that 7; is indeed a
stopping time relatively to the filtration generated by X.

Proof. — Call 0 the point of Q for which Y;, = A and o,, = 0 for all
n > 0. In view of (14) the family of maps ¥; : Q — Q defined below
is a semi-group having Xy, = X; 09, we set ¥, (w) = 9 if t > ((w)
or if Yo (w) = A; if w = (Yo, 0n)nen and 7, < t < Tp+1 and Yy # A
then 9, (w) = (Y, 07 )nen With Yy = Yy 4, 06 = 0, 0] = 7/, —t and
0y, = Opyn for n > 2. Let (F7) be the filtration generated by X, and (F,)
be the completion of (F?) w.rt. all P,.

If 7 =7 thenT =t+70d,0n{t <7} and 7,41 = 7,+709,, . Hence 7
is a terminal time relatively to the smallest filtration (,) w.r.t. which all 7,
are stopping times and Y, is 7, -measurable. Clearly 7 C H,. Conversely
if 7 =inf(t : X; # f(Xo, t)) then 7 > 7 by (31), while (29) implies
7' < 7 Pp-as.: hence 7 is an (F;)-stopping time, hence all 7,,’s as well
and H; C F;. Further, it is obvious that (H;), hence (F;) as well, are
jumping filtrations with jump times 7,,.
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It remains to prove the strong Markov property of X, which is obvious
for stopping times 7' > (. We start by proving

E, [Z o Y, 1{t<7-}] =K, [Ef (z, 1) (Z) 1{t<r}]' (32)

It is enough to prove this for Z = g(X,, 7)Z' o ¥,, because

F=9;"(F)Vo(X,, 7). Since 7 is terminal, Z o9, = Z on {t <},

and ¢, = 9, where 9 is the shift of the chain (Y,, ¢,). Furthermore Z’

does not depend on o (recall (31)), so due to the special form of transition

Q, the law of Z’ conditional on (Y;, o) does not depend on oy. Therefore
the Markov property for the chain (Y,,, 0,) and (3.8) yield:

E, [Z o, 1{t<f}] =E, [1{t<r} 9<X7a T) Ex, (Z/)]
=P, (t<T)Es@ g (Xs, 7)Ex, (Z2")]
=P (t <T)Ef(2,ty(Z) = Ex[Ef (o,0) (Z) Lit<ry].

Since (F;) is a jumping filtration, for any stopping time 7 there are
F~,-measurable variables p,, with T = 7,4+p, on A, = {7, < T < 741 },
and if B € Fr there is B,, € F, with BNA, = B,N{7, <T}n{p, <
7 09, }. Thus

E.[1Bna, Z o 9r]

= EJ: []-{‘r,1 <T}nB, Zo 79Tn+p,, 1{p,,<ro19,n}]
- / Py (dw) Lz, <138, (W) Ex, (@) [Z 09, (w) Lip, (0)<r}]

(using the strong Markov property at 7,, which follows from 9, = 9").
By (32), this is equal to

= / Py (dw) 17, <1ynB, (W) Ex, [Ef(x.. . pu) ) (Z) 1ip, @w)<r]]

= E: [1r, <1308, Yipo<roo.,} Ef (X, p0) (2)] = Ex [1na, Ex, (Z))
and the strong Markov property holds for 7" on 4,,. H

3.4. The semi-group equation

If X is a 7-JMP with characteristics (f, G) and jumping sequence (7,,)
and 7, = lim T 7,, we set

" Xt 1ft<TOO
X, = .
A if t > 7.

This process X* is called the minimal process associated with X, and it
is again a 7-JMP, with the same (f, G) as X (this is obvious). Denoting

(33)
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by (P:) and (P;) the submarkovian transition semi-groups of X and X*
(on E), we readily obtain from the strong Markov property at time 7 on
{7 <t} that both of them satisfy

P, (z, A) = H, ((t, o0]) 14 (f (z, t))
+ / G, (dy, ds) Pr_, (y, A). (34)
Ex[o,t]

THEOREM 9. — a) Let (f, G) be an admissible pair. Then equation (34) has
solutions that are sub-markovian semi-groups on E, and among these there
is a minimal solution (P}) (in the sense that P} (z, A) < P, (z, A) for all
t, A), which is the semi-group of the process constructed in Theorem 8.

b)If X is a T-JMP with characteristics (f, G), then (P}) is the
semi-group of the minimal process X™* associated with X by (33).

Proof. — a) Let X be the process of Théorem 8, with its semi-
group (Py). Set P™ (z, A) = E, [14(X,) Lit<r,)). Then P (z, A) =
H, ((t, o0]) 14 (f (z, t)) and, by the Markov property at 7:

Pt<n+l> (:U’ A) —H, ((t, oo]) 1a(f (3;’ t))+/E o G, (dy, ds)Pt(fz (y, A).

By the monotone class theorem Pt(") (z, A) T Py (z, A). Let (P) be
another semi-group solution to (34). We have P, > Pt(o) and by induction
on n we see that P, > Pt("> for all n, hence P; > P} and the claims
are proved.

b) Now let X be any 7-JMP with characteristics (f, G), and X* the
associated minimal process. Then Pt(") (z, A) = E; [1a (X} 1{4<r,y] by
induction on n, hence (P/) is the semi-group of X*. W

3.5. Regularity

In this section we study the regularity of the 7-JMP X, in terms of the
characteristics (f, G). For any nonnegative function g on E x R, set

&t = ﬁ(g)t = Z g(XTn, t+ Tn) 1{Tn<oo}-
neN

Consider also the Markov renewal equation associated with the transition
QQ of Theorem 7 and the function g above:

u(t, 2) = g (t, o) +/ G, (dy, ds)u(y, t +5)
EXx[0, 00)
for z€kFE, t< o 35)
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(i.e. w = g+ Qu, where Q is the sub-markovian transition on E x R,

given by Q (z, s; dy, dt) = Q (z, s; dy, dt) LEx[0,00) (¥, t) and with @
like in Theorem 7).

THEOREM 10. — a) Equation (37) admits nonnegative (possibly infinite)
solutions, and among all these there is a minimal solution denoted by 1.

b) The minimal solution satisfies for © € E:
w(z, t) = E; (&). (36)
(zr,t)<oco = E.lu(X,,t+7)]—0 as n—ooo. (37

Proof. — Define u by (36), ie. 4 = Z Q" g. That 4 satisfies (35) is
neN B
obvious. Let u be any other nonnegative solution. Then v = g + Qg +

<-4+ Q" g+ Q"' u for all n, hence u > : this proves (a) and that @ is
the minimal solution. For simplicity we write g (z, co) = 0.

By Theorem 7, FE, [0 (X, , t + 7,)] = E, () where & =
Zg(XTP, t+7p). If a(x, t) < oo, then & is P,-integrable and

p=n
& — 0asn — oo and & < &. Then Lebesgue Theorem yields (37). W
Below we denote by @, the minimal solution of (35) for g (z, s) = 1{4<s}-

THEOREM 11. — @) If 4, (x, 0) < oo for all x € E, t € Ry, then X is
regular and U, (x, s) < oo for all s, t > 0.

b) The set Sy = {(z, s) € E xRy : G (z, s) < oo, Vt € Ry} is
an invariant set for the submarkovian transition Q (i.e. Q (z, s; Sp) = 1
for all (z, s) € Sp).

Proof. - a) Since 4, (z,0) = E, (Z {7, <¢}). the first claim is obvious,
neN
and the second one follows from 4, (z, s) = E, (Z Lir, <(t-spv0}) <
neN
’&'t (.'I/', O)

b) We have u; (z, s) = l{s<s) + Q4 (s, ). Hence if (z, s) € Sp
we have Q (z, s; A;) = 0 where A; = {(z, s) : 4 (x, s) < 0o }. Since
t — 1y (x, s) is increasing we have Sy = ﬂ A,, and the claim follows. H

neN

Now we give two necessary and sufficient conditions for regularity. The
first one is in terms of the above sub-markovian transition Q on E x R,
the second one in terms of the submarkovian transition G* on FE defined by

G (2, A) = / Go(dy, dt) e = B, [1 (X,) e,

Ax[0, 00)
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These conditions are extensions of well-known regularity conditions for
step Markov processes (with the same proof).

THEOREM 12. — The T-jumping Markov process X is regular iff one of the
following two conditions holds (where A\ > 0 is arbitrary):

a) Q has no non-trivial nonnegative bounded harmonic function i

satisfying sup @ (x, s) — 0 as s — 0.
z€E

b) G* has no non-trivial nonnegative bounded harmonic function.

Proof. — a) Assume first X regular, and let @ be a bounded nonnegative

harmonic function for Q with v (s) := sup 4 (z, s) — 0 as s — oo.
T

We naturally set @ (z, o0) = 0. Then (X, , t+ 7,) is a bounded
martingale under P,, converging to a limit x, having E, (x:) = @ (z, t).
Now 4 (X,,, t +7,) <v(t+1,) — 0 P,-as. since 7, — 00 Pp-as. It
follows that x; = 0 P,-a.s. and thus @ = 0.

Conversely if X is not regular, @, (z, t) = E, [exp — (¢t + 7,,)] decreases
to the nonnegative bounded function i (x, t) = E, (e7*7¢) and there is at
least a value x € E with @ (x, t) > 0 for all ¢ > 0. Now Q @y, = @py1,
and Q@ = @ follows.

b) The strong Markov property yields E,[f (X, )exp — Ar,] =
(GM™ f (). If f is bounded and X is regular, we deduce (G f (z) — 0,
so if further f is harmonic we have f (z) = 0 for all z € E. Conversely if X
is not regular, f, (r) = (G*)™1(x) decreases to the bounded nonnegative
function f (x) = E, (e™*¢), and there is least a value € E with f (z) > 0.
Now fny1 = G* fn, hence f =G*f. R

As a trivial consequence, we obtain that if o := ;ng H, ([, 0]) > 0O for

some & > 0, then X is regular: indeed in this case G* 1 (r) < ae M <1,
which obviously implies Property (b) of the previous theorem.

4. MARTINGALES, SEMIMARTINGALES,
INFINITESIMAL GENERATOR

In this section we study the traditional objects of interest in Markov
processes, such as martingales, semimartingales, additive functionals, etc.
Apart from the first and very simple subsection, we deal only with quasi-
Hunt JMPs: the case of general 7-JMPs is much more technical and
presumably not very important for applications.
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4.1. Martingales of 7-JMP

Here we suppose that X is a 7-JMP with characteristics (f, G) and
jumping sequence (7,,) and 7o, = lim T 7,.

Since (X,_4¢) is again a JMP (by the strong Markov property at 7o)
with an explosion time 7/, and (X, _ 1./ 4:) is a JMP with explosion time
T/, etc., by transfinite induction and use of Theorem 2 we have

THEOREM 13. — Any (local) P,-martingale of a T-JMP is a compensated
sum of jumps (however, these martingales may have infinite variation on
finite intervals [0, t], if t > Teo.

Consider now the integer-valued random measure p given by (9). Recall
that (7) holds by hypothesis, and (8) is easily deduced from (26). In view
of (10) and of Theorem 7, its compensator under each measure P, given by

Gx, (dy, dt—T,)
v (dt, dy) = = Lirn, g ().
(dt, dy) % = oo]) a1 ()

Then (11) and the fact that a semimartingale is a local martingale plus a
process of locally finite variation yield:

THEOREM 14. — a) If M is a P,-local martingale on I = U |0, ,] there
exists a predictable function U on Q) x Ry x E such that

/ |U (s, )| |p — v|(ds, dy) < o0 Pp-as. on {tel}, (38)
(0,t]xE

M, = M, +/ |U (s, y) (p—v)(ds, dy) on {tel}. (39

(0,t]xE
Conversely, for any predictable function U satisfying (38) the formula (39)
defines a P.-local martingale on 1.

b) A process is a semimartingale on 1 iff it is a.s. of finite variation on
any compact subset of I.

4.2. Local characteristics of a quasi-Hunt JMP

In all the rest of Section 4 we suppose that X is a quasi-Hunt JMP, with
characteristics (f, G). We have the canonical jumping sequence (7,), with
7 = 71. Recall H, (dt) = G, (Ea X dt) and 7 (x) given by (13), and that
(14), (15), (16) and (17) hold.

The measure G used above is not a “good” characteristic, in the sense
that is not “local”. So we introduce below two other characteristics. One
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governs the “size of jumps” and is the kernel I" of (17). The other governs
the “rate of jumps” and is defined by

4, (t) = —log H, ((t, o0]) (with log (0) = —o0). (40)

DErINITION 5. — The local characteristics of the quasi-Hunt JMP X are
the triple (f,¢, I') defined above. W

This triple is admissible in the sense that

a) (z, t) — £, (t) is a measurable map from E x R into [0, oo], with
£, (0) = 0 and ¢ — ¢, (t) continuous increasing;

b) f is measurable from F x R, into E and satisfies (14), with
n(z) = inf (¢t : £, (t) = o0);

c) ¢ satisfies £, (t + 5) = £, (t) + L5 (0,0) () if s, t € Ry;

d) I' is a probability kernel on E with I'(z, {z}) = 0.

((a) is obvious by (40), which also implies that 1 as given by (13) is also
n(xz) =inf (¢ : £, (t) = 00); then (b) and (d) come from Theorem 5, and
(¢) comes from (16) when ¢ < n(z) and is obvious for ¢ > 7 (z)).

Conversely, suppose that (f, ¢, I') is admissible. Define H, by
H, ((t, oo]) = e ® and G by (17) for € E and (30) if z = A.
One readily checks that the pair (f, G) is admissible in the sense of § 3.3
and H, has no atom on R.: hence there is a quasi-Hunt JMP having
(f, ¢, T') for local characteristics (apply Theorem 8).

Let us write some of the previous results with the help of the local
characteristics. First, the semi-group equation (34) becomes

P(z, A)=e =1, (f(z, 1))

+/0 e~ de, (s) /E I'(f(z,s), dy) P—s (y, A). (41)

Second, the predictable measure v takes the form

v(dt,dy) =Y dlx. (t=7a)T(f (Xrp, t=Tn), dy) Lir, 1,0 (£). (42)

neN

We even have a simpler expression. Introduce a continuous increasing
adapted process L as follows:

Ly=0, Li=L, +¢x, (t—7,) for 7, <t< T,
(43)

L;=lim 7L, if t> 7.
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Then we have
v(dt, dy) = dL,; T (X, dy). (44)

Example. — Step Markov processes. The quasi-Hunt JMP X is a step
Markov process iff its local characteristics (f, ¢, I') have f (z, t) =  and
. (t) = a(z)t, where a (z) is the parameter of the holding time at point x.
Then (41) is the usual forward Kolmogorov equation, and (44) becomes:

v(dt, dy) = a(X;) ' (Xy, dy)dt1ery.

4.3. Additive functionals

By additive functional we mean a cadlag adapted process A such that
for all z € E and all stopping times 1"

Aris=Ar+As09r as. on{T <0} (45)
(the usual terminology is “strong additive functional”). We say that A is an
additive functional on I = U|[0, 7,] if it is adapted, cadlag on I, and (45)
holds on {T'+ s € I}. We also set
XT_n = f(XTn—n Tn — Tn—l) on {Tﬂ < OO} (46)
(observe that X; # X, as.on {7, < oo}, and that I' (X, , -) is the
law of X, , conditional on F -).
THEOREM 15. — Assume that X is a quasi-Hunt JMP.

a) With every additive functional A on I are associated a measurable
function a : E x Ry — R with

a(zx, 0) =0, @7
a(z,t+s)=a(z, t)+a(f(z,t),s) if t+s<n(x),
t — a(z, t)iscadlagon [0, n (x)), (48)

and a measurable function a : E x E — R, such that outside a null set A
is determined on I by induction, starting with Ao = 0, by

Al‘- = ATn + U‘(XTn‘f t— Tn) if T St < Tn+1, (49)
ATn+1 = ATn _+ (AJ,(X~ XTn.+1) if Tn41 < .

+1 Tn41?

b) Conversely if a and a are as above, (49) defines an additive functional
A on I

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



JUMPING MARKOV PROCESSES 37

Proof. — a) By additivity, it suffices to prove (49) for n = 0. By (5) there
is a measurable function a : E x Ry — R such that A; = a (X, t) for all
t < 7. Since A is cadlag, (48) holds, while (47) follows from additivity,
and we have the first part of (49) for n = 0.

Next, F, equals o (Xo, X, 7) up to null sets, hence there is a measurable
function b : £ x E x Ry — R such that AA, = b(Xo, X,, 7) as. on
{7 < 00 }. By additivity we get AA, = AA, o, as. on {7 > t}, hence

b(z,y, 1) =b(f(z, 1), y, s—1) Gzas in (y, s) € Ex(t, 00) (50)
We define a transition kernel from F into F x F x R by

Ga(B) = [ Guldy, d5)1n(u. (s, v 09 6D
It factorizes as G, (dy, dz, dt) = H, (dt) K (z, t; dy, dz), and
K(J?, t; dyv dZ) = F(f (:L‘a t)7 dy) €b(x,y,t) (dz)7 (52)

and by (27) and (50) the kernel G, satisfies (27) as well. Then we
can reproduce Step 5) of the proof of Theorem 4 with G, instead of
G,, to obtain a probability kernel ' from E into E x E such that a
version of K is K (z, t; dy, dz) = T'(f (x, t); dy, dz). Comparing to
(52), we obtain a factorization I'(u; dy, dz) = T (u, dy)ez(u,y) (d2)

for some measurable function a : EF x E — R. Thus G, (B) =
G, (dy, ds)1g(y, a(f (z, t), y), s) and comparing to (51) yields

b(y,b(z,y,s),s) =a(f(z,s),y) Ge-as.in(y,s):s0 AA, =a (X, X,)
Py-as.on {7 < oo} for all z € E, and the second half of (49) holds for
n = 0.

b) This is obvious. W

For example, the process L of (43) is an additive functional on I, with
a(z, t) = £, (t) and a = 0.

Remark 4. — We can write the second half of (49) differently: there is
another measurable function @’ on E x E such that

Ary = Ar ta(Xy, Ty — )+ (X, Xoy)) (53)
(same proof as above, upon substituting b with a function b’ satisfying
A; = b (Xo, X, 7)). Now, if A is an additive functional on I which is
not cadlag, we still have the same result, provided we drop (48) and the

second half of (49) is replaced by (53). W

Remark 5. — If X is not quasi-Hunt, the same properties hold except that
the second half of (49) reads as

A‘Fn+1 = ATn+1~ + b(X‘l'na XTn+17 Tn+1 — Tn)
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where b is a measurable function: £ x E x R, — R satisfying (50). MW

If A is continuous, then @ = 0 and we replace (48) by the continuity of
a(z, -) on [0, 7 (x)). If A in non-decreasing (or equivalently nonnegative),
then a is non-decreasing (equivalently nonnegative) and @ is nonnegative.
The following shows that one can approximate functions a satisfying (47)
and (48) by functions having (47) and further are continuous in time:

TheoREM 16. — a) If a satisfies (47) and (48) on Ry, the following
functions satisfy (47) and converge to a as h — 0:

ap(z, t) = % /0 a(f(s, z), h)ds.

b)If g : E — R is measurable and t — g (f (x, t)) is locally bounded,
t

the function a (x,t) = / go f (z, s) ds satisfies (47) and is continuous in t.
0

¢) If the sequence a, of functions converges to a and satisfies (47),
and (48) uniformly in n, then a satisfies (47) and (48).

ot

Proof. — Observing that ay, (z, t) = %/ la(xz, s+h)—a(x, s)|ds, the

first claim of (a) is obvious, and the secogd claim of (a) follows from

ap (z, t) = % [/tH—h a(z, s)ds—'/oh a(z, s)ds]

and from the right-continuity of a (z, -). (b) and (c) are obvious. W

4.4. Martingales and semimartingales

A) Martingales have the structure described in § 4.1. Since now v is
given by (42) or (44), we can be more explicit. Let M be a P,-local
martingale on I. Using first (44), we have a predictable function U on
Q2 x Ry x E such that

t S
Mt = MO + Z U(Tn7 X-rn) _/ dLs / F(st dy)U(S, y)
0 E

n:T, <t

Py-as. on {t € I}, and both the sum and the integral above are P,-a.s.
absolutely convergent on {t € I}.

Secondly, using (42) and (6), there are 7, ® R, ® £-measurable function
U, on Q x Ry x E such that M is defined P,-a.s. (by induction, starting

Annales de I'Institut Henri Poincaré - Probabilités et Statistiques



JUMPING MARKOV PROCESSES 39

with My) on I by

M=~ [t ) [ 1009, a6 )
if m, <t< ;)'n“ : (54)
M. =M  _+U, ( Tn41 = Tny Xrpy)
if 7,41 <oc
with an a.s. absolutely convergent integrals in the first formula above.

DerINITION 6. — The quasi-Hunt JMP X is called quasi-Ito if for
each x € FE the predictable brackets of the (locally) square-integrable
P, -martingales are absolutely continuous w.r.t. Lebesgue measureon /. W

THEOREM 17. — The quasi-Hunt JMP X is quasi-Ito iff there is a
measurable nonnegative functions A on E such that

L= [ A . 5))ds. (55)

Proof. — Under (55), v (dt, E') < dt by (42), and X is quasi-Ito by (12).
Conversely assume that X is quasi-Ito. The function U = 1 satisfies (38)
and the martingale M defined by (39) has

(M, M), =v((0, ] x E) = £, (t) Pe-as. on {t<t).

Then d/, (t) < dt, and by the same argument than in Step 5) of the proof
of Theorem 4 we get (55). W

B) Now we study martingales and semimartingales which are additive.

THEOREM 18. — Assume that X is a quasi-Hunt JMP, and let A be an
additive functional on 1, and a, a associated with it as in Theorem 15.

a) A is a semimartingale on I iff

t — a(x, t)is cadlag with locally finite variation on [0, 5 (2)).  (56)
b) A is a local martingale on I iff we have

/0 dt, (s) / T(f(z, 8). dy)fa(f (, s), y)| < oo

it t<n(z),

(57)

ale, t) = — / at, (s) / T(f(z, 8), dy)a(f(z, 8),y).  (59)
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In this case, a version of the function U, in (54) is
Un (wv t, y) = &(f (an (w)a t)a y)a (59)

¢) A is a special semimartingale on I iff we have (56) and (57). In this
case the canonical decomposition A = B + M of A does not depend on
the measure Py, and M is an additive local martingale on I, and B is the
additive functional on I defined by By = 0 and

Bt = BTn + a’ (XTny t— Tn) if Tn <t < Tn+1, (60)
where

¢ (2, 1) = aa, )+ / dt, (s) / C(f(z, 8), dy)a(f (, 5), y). 61)

There is a perhaps more pleasant way to explain the canonical
decomposition in (c) above: in fact if A is a special semimartingale on
I, it is also (because of (a) above) a.s. a cadlag process with locally
integrable variation on I and the term B in (c) is the compensator of A.
We can decompose A into the sum of two other additive functionals on I:

A= )" A4, A=4-4A7
n:T, <t
The associated pairs are respectively a? = 0, a? = a for A%, a° = aq,

a® = 0 for A°. We can apply (c) above separately to A°, and A%, and
use (42), to obtain

COROLLARY 2. — Under the above assumptions, A° is predictable and the
compensator of A is

Bt:Af-}—/ a(Xs, y)v(ds, dy) for tel.
[0, t]xE

Proof of Theorem 18. — a) Necessity is obvious, and sufficiency readily
follows from (49).

b) Assume first that A is a local martingale on I. Writing (54) for
M = A we get that M is continuous on I\ U[r,], and comparing with (58)
gives Up (¢, Tuy1 — o, Xrpyy) = a(X;,,, Xryy) on {Thpy < 00}
The function U, given by (59) satisfies this and is F, ® Ry ® &-
measurable, hence (since a compensated sum of jumps is characterized
by its jumps) it can be used in (54) and the function U in (39) is
U(,t, y) = ZUn (s t = Tn, ¥) L(r, 7 p0) (t). Then (57) follows from
(38) written f07;21§0< 7, while (58) follows from comparing the first halves
of (49) and (54).
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For the converse, define U, by (59) and U as above. (38) follows from
(57). Further M = A satisfies (54) (or equivalently (49)) by (58), (59) and
the additivity of A. Then A is a local martingale on /.

¢) Assume first that A is a special semimartingale on I. That its canonical
decomposition A = B + M does not depend on P, and gives a predictable
additive functional B on I and a local martingale M on I follows from [2]
(recall that here “additive” means “strongly additive”; the fact that we are
restricted to the interval I makes no differences with additive functionals
on R,, because 7 is a terminal time).

Call (a/, @’) and (a”, @”) the terms associated with B and M in
Theorem 15. Clearly a = o’ + o” and @ = @’ + a”. Since B is predictable
we have AB, = 0, hence AM, = AA, , on {7, < oo}. Therefore
a” = a and @’ = 0. Applying (b), we obtain (57) and also that a” is given
by the right-hand side of (58). Therefore a’ = a — a” satisfies (61), and
(60) follows from (49) written for B, with a’ and a’ = 0.

Conversely, assume (56) and (57). Set a” = @ and define a” by the
right-hand side of (58): the pair (a”, @) is associated with an additive
local martingale M and I by (b). If o’ is given by (61), (60) defines a
predictable process B on I. Since the function o’ satisfies also (56) and
(47), B is additive. Then A = B + M is a special semimartingale. Wl

C) Lévy measure. — We cannot speak about the proper Lévy measure
of the process X here, because this process is not cadlag. However, in
a sense it is natural to define the Lévy measure (or “Levy system”) as
the compensator v of the random measure g of (9), that is the measure
given by (47) or (44).

In particular if h is a nonnegative measurable function on E x E such

that the process A; = Z h(X; , X;,) is locally integrable on I (recall
n>1
(46) for X ), its compensator is the process

t
Bt:/ dLs/ I'(Xs, dy) h (X5, y)
0 E

(this follows e.g. from Corollary 2, upon observing that with the notation
of this corollary we have A° = 0 and a = h).

4.5. Semimartingale functions

We say that a measurable function g on F is a semimartigale
(resp. special semimartingale, resp. martingale) function of X if g (X) is
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a P,-semimartingale (resp. special semimartingale, resp. local martingale)
on I, for all x € FE.

THEOREM 19. — Assume that X is a quasi-Hunt JMP.
a) g is a semimartingale function iff, with g (z, t) = go f(x, t),
g (z, -) is cadlag with locally finite variation on [0, 7 (x)). (62)

b) g is a special semimartingale function iff we have (62) and

/ ar, (s)/l“(f(% $), dy)lg (y) —go f (z, 8)] < oo
JO E

(63)
if t<n(z).

In this case the predictable process B in the canonical decomposition
g(X) = B+ M is given by (60) (starting with By = 0), where

a(z,t)=gof(x, t)—g(x)

t
[ [ TG @ ) -ger@ ) 6
¢) g is a martingale function iff we have (62), (63), and

gof(x t)=g()+ / at, (s) /E D(f(x, 8, dy)lg(y) — g f (. 5)]
if t<n(zx).

Proof. — a) A; = g (X:) — g(Xo) is always additive, so the first part
of (49) holds with a(z, t) = §(z, t) — §(z, 0). Then (a) follows from
Theorem 18 (a).

b) Assume (62). We also have the second half of (49) with some
measurable function @ on E x E. Then a (X7, X,) = g(X;)—§(Xo, 7—)
a.s., and since the law of X, conditional on F,-, on {7 < oo}, is
I'(X;, -), by taking the conditional expectation we get

[ v alacx; )
= /F(XT_, d2)|g(2) — g (z, 77)| Peas. on {7 <oo}
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and the same without absolute values if the above is finite. This can also
be written as

/ L(f(z, ), d)a(f (z, 5), 2)

= / L (f(z, s), d2)|g(z) — §(z, s—)|dlz-as. in s on [0, n(z)),

and since £, is continuous we can replace g (z, s—) by g (z, s) = gof (z, s)
above. Therefore (63) and (57) coincide, hence the necessary and sufficient
condition. Further, (64) and (61) also coincide, so the last claim follows
from Theorem 18 (¢).

¢) g is a martingale function iff it is a special semimartingale function
with B = 0 in the canonical decomposition g(X) = B + M: hence
b)=(@c). N
4.6. Infinitesimal generator

Recall that (P;) is the (sub-markovian) transition semi-group of X on E.
We denote by By the set of all bounded measurable functions g on E such
that P, g — g pointwise as ¢ — 0, and by (A, D 4) the (weak) infinitesimal
generator of (P;) considered as a semi-group acting on By (c¢f. Dynkin [6]).
We begin with a trivial lemma:

LemMMA 3. — By is the set of all bounded measurable functions g on E
such that go f(z, t) — g(z) as t — 0 for all x € E, and in this case
t — go f(z, t) is right-continuous on [0, n(z)).

Proof. — The first claim comes from the formula

Prg(z) =go f(x, 1) Ha (£, o0]) + B (9 (X2) L{z<y);

and the second claim comes from the first one and from (14). W

THEOREM 20. — If g € D4 we have (with I; the identity operator):
o1
t
+ [ @) (T o (@ )
0
— L 1 :
=lim ~[go f(z, 1) —g(2)

+ / H, (ds)[(T = L) g] o f (=, 5)]. (65)
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Proof. — Let g € D 4. The process

t
M = 0(X) =g (X0) - [ Ag(X)ds (66)
0
is a bounded cad martingale, so E, (M},.) = 0. Further

Em [g (Xt/\r) -9 (XO)] = H$ ((tv OO])g o f (l'a t) -9 (x)

v ' H(ds) (g o £z, ),
%Ew [/MT Ag(X,)d ] /dsEX[Ag ) Liscry]

/ds(Ag 8 H, (s, 0o]) — Ag (x)

because A g € By, hence (Ag)o f (z, s) H, ((s, ]) — Ag(z)ass— 0
by Lemma 3. (65) follows by letting ¢ — 0 in n E,(M{,)=0. R

If g € Dy then g is a special semimartingale function (recall (66)),
so we can also use Theorem 19: in fact, in the canonical decomposition

g9(X) =B+ M we must have B, = / Ag(X;)ds. Using (60) and (64)
for ¢t < 7, we get

/0 (Ag)o f(z, s)ds

t
=90/ (@ 5)=g(e)+ [ A ()T~ Loglo f(a 9)
0
if t<n(x) (67)
This is a complicated relation, which relates the measures ds, d/, (s), and

ds[go f (z, s)] (recall that g satisfies (62) here). When X is quasi-Ito we
have (55), and (67) simplifies somewhat:

THEOREM 21. — a) If X is quasi-lto and if g € D4, then
gof(z,t)=g(z /[Ag AT —=14)glof(x,s)ds if t<n(z).

b) If X is quasi-Ito and if Ao f (z, t) — A(z) as t — O forall z € E,
then for any g € D4 such that T'g € By we have

Ag(@) =A@ [Ty () = g ()] + lim +lgo (. £) g (2]
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(a) is deduced from either (65) or (67). This implies in particular that if
g € Da, thent — go f(z, t) is differentiable from the right at ¢ = 0.

Exemple. — Step Markov process. — If X is a step Markov process,
f(z, t) =z and A(z) = a(z). So Ag(z) = a(z)[I'g(z) — g(z)] if
g€ Dyand 'g € By, N

We cannot go much further in the examination of the infinitesimal
generator (which, for instance, is not determined by the characteristics if
the process is not regular). Note that all previous results (Theorems 20
and 21 and (67)) still holds for extended generator (again introduced by
Dynkin [6]): this is the linear operator (A’, D4), where D4 is the set of
bounded measurable functions g on F such that there exists a bounded
measurable function A’ g such that (compare to (66)):

MY = g(X,) - g (Xo) - / A g(X,)ds

is a martingale on I = U[0, 7,,] (the restriction to I is ad hoc for JMP).

In fact, considering the additive functional L on I defined by (43), which
plays a basic role here, we can also consider the L-extended generator
(introduced by Kunita [11]): this is the linear operator (A", D4 ), where
D4 is the set of bounded measurable functions ¢ on E such that there
exists a bounded measurable function A" g such that

t
M = g(X,) - g(Xo) - / A" g(X,)dL,
0

is a martingale on I. Here again we have D 4 C By. But now, without any
condition on X (except being a quasi-Hunt JMP), we have the following,
which easily follows from Theorem 19:

THEOREM 22. — Assume that X is a quasi-Hunt JMP. Then a bounded
measurable function g on E belongs to D iff there is a bounded
measurable function K g such that

gof(a, t):g(m)+/0(Kg)Of(fv,s)dfm(s) it 1< (2),

and in this case A" g (z) = K g(z) + Tg(z) — g ().

S. PURELY DISCONTINUOUS MARKOV PROCESSES

In this section we introduce a sort of generalization of JMP’s, which
we call “purely discontinuous Markov processes”. This supposes that our
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Markov process has cadlag paths, and so we assume in this section that F/
is a Polish space with a metric p and the Borel o-field £. In a sense, those
processes are the “natural” limits of JMP’s.

Roughly speaking, a purely discontinuous Markov process X is as
follows: for 0 < ¢ < 6 we throw away all jumps of X of size between ¢
and §&; letting € — 0 we should obtain a limit in law (for J1 topology) Y?
which of course has only jumps of size bigger than 8, and which should
be a JMP; then letting in turn 6 — 0 we should have weak convergence
of Y% to the original process X. When for example X is a diffusion with
jumps, the fact that Y is a JMP implies that the diffusion term should
not actually paper.

Since we want to remain within the Markov setting, throwing away jumps
needs some work, which is done in § 5.1. Because of technical questions
related to finite lifetime and non-regularity for JMP’s, it is unfortunately
not true that all JMP’s are purely discontinuous, but all “decent” ones
are. So what follows is a first attempt to some theory which is not well
rounded up yet.

5.1. Transformations of a process

The first two transformations below (continuation and killing) are well
known in much greater generality than what we quickly recall here, for the
convenience of the reader. We start with a normal strong Markov process
X =(Q, F, F, 9, Xy, P.) with lifetime ¢ and cadlag paths t — X; on
[0, ¢), so (7) is met. It is not a restriction to assume also that there is a
unique point J in  such that ( (9) = 0, so that ¥, (w) = 9 if t > {(w).

A) Continuation. — Consider a transition probability N from (€2, F) into
(Ea, €a) such that

N )=ea(s) i Cw)=0 orc<w>=oo}
N(@;w, )= N (w, -) if t<({(w)

According to Meyer [13] we can construct a new normal strong Markov
process X = (Q }" .7-}, Xt,19,, z), called the minimal continuation of
X associated with the kernel N, as follows: set @ = QN', F = F&N"._ We
denote by A, the class of cylindrical sets in F of the form A = H A;

1eN~
with A; € F and A; —Qforallz>n+1 For z € Fa we define P, on

U by induction on n, starting with P, (A) =P, (A))if A= HA e A
An
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and setting for A = HAi € A, if we know P, on A,_1:
Pod) = [ P() a, @) [ N, i) By ()

where A’ = HAi+1- As is well known, this extends uniquely into a
i>1

probability kernel P, from  (Ea, E) into (Q, F). It remains to define the

process X and the shifts J, by setting for & = (w n)n>1:

CO((:J)ZO’ Cn(‘:}):C(wl)++<(wn) if n2>1,

~ Xt—Cn (@) (wn+1) if Cn (&) S t< Cn-l—l (‘:")7
)=1a if t>¢() =lim 1 G (@),

J; (@) = { (9 _¢, @ (@nt1), Wnya,s -o0) it ¢ (“2) <t < Gy (@),
(0,0, ...) if t>((@).

Finally we denote by (ﬁt)tZO the usual Markov completion of the filtration
generated by X, as (F¢)e>o is associated with X. An important feature of
X is that it is defined on an extension of the original space {2, and that,
with some obvious abuse of notation:

P.(A) =P, (A) if AeFn{t<c}.
A particular case is when
Qe ={0< (<00, Xc_ exists} 9
N (w, dz) = 1o, (w) @ (X¢— (w), dz) + 1g\q, (w) ea (dz)

where ® is some probability kernel on E. A continuation of X associated
with N as above will be simply called continuation associated with ®.

B) Killing. — Now we consider a terminal time o of X, having o < ¢
and P, (0 > 0) = 1 for all z € E. Set

. . _f (9 (w), X (w)) if t<o(w)
7 @) X; @) = { PN ey

It is well known that the process X* = (Q, F, F, 97, X}, P,) is a
normal strong Markov process with lifetime (* = o, called the process
killed at time o.
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C) Throwing out jumps. — Let C be a measurable subset of E x F

such that ¢ = ( Ainf(t > 0 : (X;_, X;) € C) (a terminal time) has
P, (6 >0) =1 for all z € E.

DEFINITION 7. — The process obtained from X by throwing out jumps
inside C is the minimal continuation X¢ associated with the kernel
®(z, dy) = e, (dy) (remember (69)) of the process X** which is X
killed at ¢¢. W

Now we look at what happens when our cadlag Markov process is also a
7-JMP. The function f (z, -) of Theorem 6 is obviously cadlag on [0, n (z)).
In the Hunt case, we have the following:

a)If X is Hunt and is a quasi-Hunt JMP, the function f(z, -) is
continuous on [0, n(z)) (otherwise there would be predictable jumps). If
X is Hunt and is a regular 7-JMP, it also a quasi-Hunt JMP (we do not
know whether this is true in the non-regular case).

b) If X is a regular quasi-Hunt JMP with f (z, -) continuous on [0, 7 (z))
it is a Hunt process (if it is not regular, it may have a predictable jump or
no left-hand limit at the first explosion time).

THEOREM 23. — Assume that X is a T-JMP with characteristics (f, G),
having the following:

a) f (z, -) is continuous on [0, n(z)).

b) Pp (1 = n(z)) = 0 if n(z) < oo.
Let C be a measurable subset of E x E which does not intersect the diagonal.
Then X€ is a JMP with characteristics (f, G), where G€ satisfies

G (Ax [0, f]) = / Go (dy, du) 1e: (f (x, w), y)

(ANE)x[0,¢]

w[ Gty d)le (7w,
Eax[0,t]
+ 1123 W) GF (0, ) (A X [0, £ = u]) (70)

n° (z) :==inf(t : G (Ea x [0, t]) = 1) = n(z)
and (71)
G (E x {n(x)}) =0.
Further, for each A € Ena, (z, t) — GS (A x [0, t)) is the unique bounded
measurable solution of Equation (710) on {(z, t) : c € E, 0 <t < n(z)}.
In particular if X is a quasi-Hunt JMP, (a) and (b) are satisfied. Further

G, (Ea, -) is diffuse, so GS (Ea, ) also by (70): therefore X€ is again
a quasi-Hunt JMP.
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Proof. — Since X is continuous on i \(U[7.]), obviously X' := X *“is
a 7-JMP with the same function f and the same time 7 than X.

For the construction of the process X = X, use the notation of § A.
Let 7€ be the first jump time of X, and ¢’ be the lifetime of X', and
assume that we start at z. Three cases are possible:

T < (" then (f (z, 7), X;) ¢ C, X, € E, 7° =, X% =Xn

7= (' < oo: then (f (z,7), X;) € C,7¢ = 7+7%00,, X = f (x, 7);

= = oc: then X, = A, 7€ = .

If GS denotes the law of (XS, 7€) (starting at z) then (70) easily follows
from the Markov property for X© at time 7.

Since 7€ > 7 we have 1° (z) > 1 (z), so (71) holds when 7 (x) = oo.
Assume now 7 (x) < 0o. Set oo = 0, 0n(@) = ¢’ (w1) + -+ + (' (wn)
(notation of § A). Suppose that

if 7¢ > o, then o, < 7 (z) and X = f (z, t) forallt < o, (72)

PC-as., for some n. If 7€ > 0n41 we have ¢ (wny1) = T (Wny1) < 00
and XC = f(x, t) for t C onq1 PC-as. (use (14)); (b) implies
T (Wn41) < Mo f(x, 0,) PS-as. and since 1(x) = 0, = no f(z, 05)
if n(z) > o, by (27), it follows that (72) holds for n + 1. Since (72) is
obvious for » = 0, it holds for all n. Thus if o, < ¢ < 0,41 We have
7€ = 0y 4 7 (wny1) < 7 (z). Further 7€ < 0o := liﬁn o, (= the lifetime
of X%). It follows from all this that ¢ < n(x) and that ¢ = 0y if
7€ =1 (z), PC-a.s.: this gives € () < n(z), hence n° (z) = n(z), and
also the last part of (71): hence (71) is always satisfied.

It remains to prove the uniqueness. Fix A € £a, z € E and T < 71 (x).
Call g (s, t) the first integral in (70) with f (z, s) instead of z, and

K(Sv du) = /E Gf (s, ) (dy’ du) []'C (f (ZEV 5+ U), y) + 1{A} (y)]

Leth(s, t) = GF(, ,, (Ax[0,1]). f S ={(s,1) : $20,£>0, s+t <
T}, in view of (14), (70) with f (z, s) instead of x gives

t
h(s, t)= g(s,t)-l—/ K (s,du)h(s+u,t—u) if (s,t) € Sr. (73)
0

KO (5. T) _ Gells T)
B Gz ((s, ) = Gz ((s, o))
G, ([0, T]) < 1 by definition of 7. Hence if we consider g, h as elements
of the set B of all bounded Borel functions on Sz, endowed with the

27) yields K (s, [0, T — s])
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uniform norm, we can write (73) as h = ¢ + K h where K is an operator
on B with norm strictly smaller than 1. Then (73) has a unique bounded
measurable solution on St and since 7' is arbitrary in [0, 7 (z)) this gives
the last claim. W

5.2. Purely discontinuous Markov processes

In all this subsection, X = (2, F, F;, ¥4, X;, P.) is a cadlag normal
strong Markov process taking values in the Polish space E, with lifetime (.

DEFINITION 8. — X is called deterministic if there is a measurable function
f : ExRy — F such that P, (X; = f(z, t)Vt < () = 1 for all
z e E. A

Note that a deterministic process X in the above sense is not properly
speaking “deterministic”, since the lifetime ( is random. It is a (-JMP by
Corollary 1, and one may choose f (z, -) to be cadlag. Further X is a Hunt
process iff f (x, -) is continuous and ( is totally inacessible.

Below we shall consider weak convergence for Markov processes,
which is defined as follows. Denote by D ([0, t]) the space of all
cadlag function from [0, ¢] into E, endowed with the J1 topology. Let
X" = (Q, F*, Fpr, 9%, XJ', PI) be a sequence of E-valued normal
strong Markov cadlag processes, with lifetimes (. We say that X™ weakly
converges to X, and write X" X W, ifforallt >0, z € E, and all

bounded continuous function ¢ on D ([0, ]),

E3 o (X™) Licnsny] = e [p (X) Lieony) (74)
where of course ¢ (X™) is the function ¢ evaluated for the restriction of
X™ to the interval [0, t].

With the notation of Definition 7, we write X=°® = X¢ when
C={(z,y) : e<plz,y) <6}, and X = X5,

DEFINITION 9. — a) The process X is called purely discontinuous if for
every & € (0, oo) there is a quasi-Hunt JMP Y such that

X80 Lyt a5 £ —0; (75)
YPES X as 6§ — 0. (76)

b) The process X is called weakly purely discontinuous if there exists a
deterministic process Y such that X =Y ase — 0. H

We provide first some general results for these processes.

THEOREM 24. — A purely discontinuous process is weakly purely
discontinuous.
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Proof. — By Theorem 5 a quasi-Hunt JMP which is continuous up to its
lifetime is deterministic in the sense of Definition 8. Hence it is enough to
prove that the process Y of (75) with § = oo is continuous. Now, the
jumps of X¢ = X*°° are smaller than ¢ (i.e. p(X; , X7) < ¢), hence by
(75) the jumps of Y are also smaller than € on (0, (*°), where (> is the
lifetime of Y. Since ¢ > 0 is arbitrary, Y is continuous on [0, (*°),
hence the result. W

THEOREM 25. — If X is a T-JMP such that 1 (z) = oo and that f (x, -) is
continuous for all x € E, then it is weakly purely discontinuous.

Proof. — By Theorem 23 we know that X< is a 7°-JMP for some stopping
time 7. Denote by H¢ the law of 7¢ when X§ = z, and hZ (t) = H; ([0, 1]),

and of (t) = /Gm (dy, du) L{u<t, p(f (@, u),y)<c} (nOtation of Theorem 6
for X), and 3, (t) = P, (r < t). Then (70) yields

h$ (z) < af (t) + B (1) Oiug b5 (o, w) (t —u). an
<u<lt
(27) yields 1—he (t) = [1=hS (w)] [1=h5 () (t—w)] S 1=h5 () (E—u),

hence (77) implies R (t) < af(t) + B. (t)hS (), hence hf(t) <
o (t)/[L—B. (t)]. If we fix t < oo, we have (,(t) < 1 because n () = oo,
and a5 (t) — 0 as € — 0 because of (29), thus A (t) — 0 as € — 0. This
readily implies that X =5 Y where Y is the (obviously deterministic)
process having P, (Y; = f(z, )Vt >0)=1. B

THEOREM 26. — If X is a quasi-Hunt JMP such that X and each X 0,8
are regular, then X is purely discontinuous (we have already mentionned
after Theorem 23 that X% ? is a quasi-Hunt JMP).

Proof. — a) Fix § € (0, oo]. In a first step, we construct the continuation
X=? (for e € [0, §)) of the process X killed at the first time there is a
jump of size in (e, §], based on X itself and not on the killed process.
This is a trivial modification of the procedure described in § A, which
goes as follows.

We start with the regular quasi-Hunt IMP X = (Q, F, F;, Xy, ¥4, Pr).
Set 0° = inf(t : e < p(X;- X;) < 6), which is the lifetime of the
killed process (since X is regular, P, ({ = o0) = 1 if x € F and X is
cadlag on R,). By convention X, = A. Let Q, f, A, be as in § A.
If A= HAi c A, we set

PE? () = [ Po(din) P, (don)

X P){ga, (wn—1) (dwn) H ]-Ai (UJL), (78)

1<i<n
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which extends uniquely into a probability kernel P28 from (Ea, £a)
1nto Q, F ). The process X< ¢ and shifts 95'° are defined by setting for
- (wn)n>1

GW=0  G@=0"(W)+ 40" (w,) if n>1,

Il

Xf,é(&) { Xt—c,i (@) (Wn+1) if sz (‘I’) <t< CTEL-F]. (@)7

A if > (7 (@) = 1lim T ¢5 (@),

e, 8 (ﬁt ¢e (@) (wn+1>7 Wn42,y - ) if Crez (d}) S t< Cn+1 ((:J),
@) = ﬂaa ) it 1> (@)

Finally we denote by (F; ’5)t20 the usual Markov completion of the
filtration generated by X °. Then X< = (Q, F, F£'® X% 95°, Pe:%)
is clearly a version of the wanted process.

b) Next we compare X<° and X%°. Set C (n, ) = {w = (w,,)p>1 :
0% (wi) =0 (w;) for L < i <m}, andD(n t,e)=C(n, e)N{° >t}
From the construction above,

G=¢, Vi<n and X2%=Xx%% vg<i
on D(n,t, ),
PP (ANC (n, €)= PP (ANC(n,e)) if Ae A,
Therefore if ¢ is a bounded function on D ([0, t]), we have

E;,é [QO (Xeﬁé) 1D(n,t,6)] = Egé [(,0 (X0,6) 1D(n,t,a)]- (79)
Furthermore, for = 0 and ¥ = ¢, we have D (n, t, &) C {¢” > ¢}, hence

|E2 % [p (X7 N ycosn] — ED P [p (X Y1p(n,t o)l
< llellPy* (D (n, t, )°) (80)

¢) We have ¢° < ¢, and P, (6° < 0°) — 0 as ¢ — 0. Then (78)
yields PY°(C (i, e)\C(i + 1, €)) — 0 as e — 0 for all i, hence
P??(C (n, €)) — 1. Further P%® (¢ = 00) = 1 if z € E since X*?
is regular by hypothesis. Hence

hII(l) lim P> (D(n,t, ¢)) = 1.
Finally P7® (D (n,t,€)) = P%® (D (n,t,¢)) by (79), so (79) and (80) yield
E28[p(Xe 6)1{Ce>t}] — E0 [ (X%%) 1c0nyy] as € — 0, for every
bounded function ¢ on D ([0, t]) that is, we have (75) with Y® = X%,
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d) It remains to prove (76). Set T5 = inf (¢t : 0 < p(X;—, X;) < 6).
In view of (68) we have Xt0 - X for all ¢ < Tj. Since X is regular,
Ts — oo Py-a.s. for all x € E, so (76) is obvious. W

Now we consider various examples of quasi-Hunt JMP which are or are
not purely discontinuous. The first one is a step Markov process which
is not purely discontinuous (note that by Theorem 25, every step Markov
process is weakly purely discontinuous).

Example 1. — We consider the countable state space £ = {1/i : i €
N*} U {0} endowed with the metric induced by the usual metric on R.
Take for X the minimal step Markov process with jump transition matrix
T = (Tg,y : ¢,y € E) and parameters of holding times (a, : = € E)
given by m1/; 1/641) = 1 and ay; = 4 if 4 € N*, and a9 = 1, ;1 = 1.
The lifetime is ( = ;El’(l) inf(t : 0 < X; <e).

Let 0 < e < § < 1/2, let n and m be the integers such that

e < d 1 <6< 1 1
——and — — ——— .
n n+1 — n—1 n m m+1 = m—-1 m

Then X*? is the conservative minimal step Markov process with jump

transition matrix 7, and a"i’/f =dfori <m-—1ori>n,and ai’/‘z =0
if m<i<n-—1andaj® =1 Clearly X5 % X%6 as ¢ — 0, where
X994 is the conservative minimal step Markov process with the same 7 and

a(l)’/f =14 fort <m—1 and a(l)’/f =0if 2 > m and a(l)’/f = 1. Since each

X9 is conservative while X is not, we cannot have X%® % X as § — 0
because (74) fails for the function ¢ = 1 on D ([0, ¢]). W

The next example shows that in Theorem 26 the assumption that each
X0% is regular is not necessary for the conclusion to hold.

Example 2. — Let X be an N-valued minimal step Markov processes with
jump transition matrix 7w and parameters of holding times (a; : i € N)
given by ag;11 = 0 and ay; = 1/i for ¢ € N (the odd integers are absorbing
points), and 7; ;41 = m; ;42 = 1/2. Then X is regular, and X; converges
to a limit X, as t — oo with

P(Xeo=1)=1 if 4 is odd;
Pi(Xeo=i+1+42k)=27%"1 if 4 is even.

Endow N with the usual metric. Then X*° is a minimal Markov process
with the following characteristics (recall € < § below):

a)If 0 < e <1, 6§ > 2: each point is absorbing.

byIf 0 < e <1< § < 2: each odd integer is absorbing; the holding
time in the even state ¢ is 2a;, and with probability 1 the process jumps
from ¢ to ¢ 4+ 2 if ¢ is even.
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¢)If 1 < e < 2 < 6: each odd integer is absorbing; the holding time
in the even state ¢ is 2 a;, and with probability 1 the process jumps from
1 to ¢+ 1 if ¢ is even.

d) In all other cases, X% = X.

Clearly X is purely discontinuous. However the process X% for
0 <e<1<é<2is not conservative. Wl

The next example is a regular quasi-Hunt JMP which is not weakly
purely discontinuous.

Example 3. — The state space is E = (0, o0) x [0, c0). We consider the
regular quasi-Hunt JMP X with characteristics (f, H, I') given by

f((z, 0), t):(l—f—ti,o> for 0<t<1/z,

fl(z, y), t) = (zt, yt) if y>0,
H(z,O) (dt) = 1(0,1/95) (t) dt, H(m,y) (dt) = €00 (dt) if y>0,

F((‘Tv y)7 d.’L'/, dy/) = 6(1,1/‘?) (dxl’ dyl)

These characteristics are admissible. We have 7(z, 0) = 1/x and
n(x, y) = oo if y > 0. A more concrete description of X is as follows: if
Xo = (z, y) with y > 0 then X, = (tz, ty) for all ¢. If Xy, = (z, 0), then

X , 0] fort < 7 and 7 is uniformly distributed on (0, 1/2) and

- 1-tx
X; = (¥, Z) where ¥ = - Y and Z =1/Y, and X,,, = (tY, tZ)
— T
for all ¢t > 0.

If ¢ > 0 the process X° is again a regular quasi-Hunt JMP, whose
characteristics are (f, H®, I'), with

e 1
HE, o) (dt) = - L(1/a—e,1/2) (1) dt

if v <1/eand Hf, = H(s,y) otherwise. Then if we start at (x, 0), the
processes X¢ do not converge in law as ¢ — 0, because the limit, if it
existed, would explose at time ¢ = 1/x.

In this example, Theorem 25 fails because 7 (x, 0) < oo, and Theorem 26
fails because the process X% ° is non-regular. W

We end this section by checking which real-valued processes with
stationary independent increments (in short PIIS) are purely discontinuous
in the sense of Definition 9. Fix a continuous “truncation” function, i.e.
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a continuous function h on R with compact support and h (z) = = on a
neighbourhood of 0. Recall that the characteristics of a PIIS X are a triple
(b, ¢, F) with b € R, ¢ € Ry and F' (the Lévy measure) a measure on
R integrating |z|> A 1 and with F({0}) = 0, and they are related to X
via E (e™Xt) = et ™) with

@ (u) = iub — 2 u?/2 +/ F (dz) (™* — 1 — juh (z)).

TuEOREM 27. — Let X be a PIIS with characteristics (b, c, F). There
is equivalence between:

a) X is purely discontinuous.

b) X is weakly purely discontinuous.

¢) We have ¢ = 0 and

/ F (dz) h (2) 1{js|>c} converges in R to some limit B ase — 0. (81)

(c) above is fulfilled if X has locally finite variation (i.e. ¢ = 0 and F’
integrates |z| A 1). It is also fulfilled if ¢ = 0 and F' is symmetric about
0 (e.g. for symmetric stable processes).

Proof. — For 0 < € < § < oo the process X=° is again a PIIS with
characteristics (b8, ¢=%, F9) given by

be’s =b-— / F (d.l,) h(:L‘) 1{E<|w|55}, 66’5 =,
Fs’é (da:) =F (d.’l?) 1{5<|x|35}c.
Let us introduce the second “modified” characteristics:
é=C+F(h2), 55’6:C+F6’6(h2).

(82)

Let us first study (b). As is well known, X¢ = X > converges weakly
to a limit Y (necessarily another PIIS, with characteristics (b, ¢/, F")) iff

b =Y, & =d+F (B, Fo®(g9)— F'(g) (83)

for all continuous bounded g which are 0 in a neighbourhood of 0, as
e — 0. Now, (83) holds iff (81) holds, in which case ¥’ =b— 3, ¢ = ¢
and F’ = 0. Further, Y is deterministic in the sense of Definition 8 iff
¢ = 0, F' = 0. Therefore (b) < (¢).

Now, assume (c). If § > 0 we clearly have

be o bo‘é =b— ﬂ +/ F(d.E)h(.Z‘) 1{]$|>5},

66,5 N 60’6 = FO,& (h2)7 Fs,é (g) N FO,E (g)
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for g as in (83), as ¢ — 0 (F*° is defined by (82)). Therefore X% 5 V¥,
where Y is a PIIS with characteristics (b% ¢, 0, F%%). Since F*¢ (R) < oo,
Y? is a compound Poisson process with linear drift, and so is a quasi-Hunt
JMP. Finally, as 6 — 0 we have

b? e F*(9) = F(g)

— b,

and thus Y® % X . Thus we have (). Finally (a) = (b) by Theorem 24. W

6. NON-HOMOGENEOUS JUMPING MARKOV PROCESSES

In this section we wish to consider the JMP property in the non-
homogeneous case. We start with a non-homogeneous normal strong Markov
process X = (Q, F, F{, X:, Ps, ) taking values in the Blackwell space
(E, £): let us briefly recall some essential properties here; see Dynkin [5]
for a general account on the subject. We have a measurable space (2, F)
and a transition probability P, ,(dw) from Ry x Ea into (2, F); X is an
EA-valued process with lifetime ¢ (X; = A < ¢t > (); we consider the
o-fields F{"° = o (X, : s <r <t)for s <t and we denote by (F2)t>s
the usual completion of the filtration (ftof)tzs relative to the family of

measures / p(dz) Ps, ., where p runs through all finite measures on E.
Property (7) is replaced by:
For each s > 0, the process (X;);>, is optional w.r.t. (F;)i>s.  (84)

The normally of the process is Ps ,(Xs = z) = 1. The strong Markov
property is

Bu a9 (X073 = / P(T, Xr, t, dy)g(y) on {T<t} (8

for any bounded measurable g and any (F});>s-stopping time 7' > s, where
the family (P (s, z, t, dy) : s < t) is the non-homogeneous transition
semi-group of X defined by P (s, z,t, A) = P; ,(X: € A). As mentionned
in the proof of Lemma 2 for the homogeneous case, if the process X is
Markov (i.e. it satisfies (85) for T deterministic) and has (84), then it is
strong Markov iff the processes r — P (r, X,., t, A) are P ,-a.s. cadlag
for r € [s, t] (for all s < ¢, A € £): this is regularity in Dynkin’s sense,
not to be confused with the regularity of a JMP as introduced before.

It is well known that the associated space-time process is a normal
strong homogeneous process, and we say that X is a JMP if the associated
space-time process is a JMP (see eG;G; Mayer [12]). However it is just as
simple to rewrite everything in the non-homogeneous case than to translate
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the results from the space-time process to the original non-homogeneous
process X.

6.1. Quasi-Hunt jumping Markov processes

We consider only the quasi-Hunt case. Of course the filtration (F7);>s,
which “starts” at time s, is said to be jumping if it satisfies the conditions
of Definition 1 with 79 = s instead of 7y = 0.

DErINITION 10. — The process X is called a quasi-Hunt jumping Markov
process if for each s > 0 the filtration (F});>, is a jumping filtration on
aset [° = LJ[[s7 7], with a jumping sequence (7;) having the following

properties:

(1) 7, is P; ,-totally inaccessible for all z € E, n > 1;

(i) 7, <Cand 7, < 7,,, ontheset {7, <(}, P, .-as. forall z € E.
Further, X is called regular if 735, := lim 1 70 = oo Ps ,-a.s. for all
t€BE s>0 W "

The results of § 3.1 read as follows in the non-homogeneous case:

THEOREM 28. — Assume that the lifetime ¢ has P, , (( = o0) = 1 for all

s > 0, x € E. The following three properties are equivalent:

(i) For all s > 0, x € E, the P, ,-martingales (w.r.t. the filtration
(F?)e>s) are quasi-left continuous and with locally finite variation.

(i) For each s > 0 the (F}):>s filtration is a jumping filtration on [s, 0o),
and for each x € E the P, ,-martingales are quasi-left continuous.

(iii) X is a regular quasi-Hunt JMP.

THEOREM 29. — The process X is a quasi-Hunt JMP iff for all s > 0,
x € E there is a stopping time S% such that:

() Py - (S; > s) =1 and ((¢<ssy is Py ,-totally inacessible;

(i) any P .-martingale which is constant after S is quasi-left
continuous with Ps .-a.s. locally finite variation;

(iii) there is (at least) a P ,-martingale M which has P; ,-a.s. at least
one jump on the interval (0, S?], on the set { S: < oo}.

The sequences (7;%),en are of course related, and to describe the
relationship we introduce an ad-hoc terminology. An optional subset D
of 2 x Ry is of type A if the sections D, = {t : (w, t) € D} are closed,
at most countable, and inf (s € D, : s > t) >t for all t € D,,. If one
denotes by O the class of all countable ordinals, a random set D is of
type A iff it has the form D = U [ra] where the 7,’s are stopping times,

acO
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with 7441 > 7, if 7, < 00, and 7, = sup 73 when « is a limit ordinal
B<a
(recall that the section [7],, is empty when 7 (w) = 00).

THEOREM 30. — Suppose that X is a quasi-Hunt JMP. There is an (ft(,))tZ()'
optional set D of type A contained in [0, (] such that, if we set 7§ = s,
Tog1 = 8V [CAInf(t € D : t > 73)] for n > 1, and if H, , and G, ,
are the laws of 7 and (X;:, 77) and

n(s, ) =inf (¢t : H, , ([t, 0c]) = 0) (son (s, z) > s), (86)
we have the following properties:
a) (F)e>s is a jumping filtration on I* = U[s, 73] with jumping

sequence (T, )nen, and the 75 are Py ,-totally inaccessible for all = € E,
n > 1.

b) Forall s > 0, x € E, then H, . has no atom except perhaps { +o0 }.
¢) There is a measurable function f : Ry x E x Ry — E such that

f((gﬂ 'lI/'? S) = '7;7 (87)
Jsymou)=f(t f(s, 2 t),u) if s<t<u<n(s z),
o =inf(t >s: Xy # f (s, x, 1)) )
and
Xos # f(s, 2, 77) on {7 <oc}, P, ,-as. (88)

H . ((t, u]) = H, . ((t, o0]) Hi f(s,2,0) ((t, u])
it s<t<n(s, z).

7

d) There exists a probability kernel T from R, x E into Ex such that
for all x € E we have I (t, x, {z}) = 0 and

Gs,w (d'y, dt) = Hs,w (df) [1{t<oo} P(ta f(s, €, t)’ dy)
+ Lit=oo} €a (dy)]. (89)

An homogeneous quasi-Hunt JMP is a quasi-Hunt JMP in the sense of
Definition 10. If we compare Theorems 5 and 30 in the homogeneous case,
we have 7,, = 70 and I = I°, and the set D of Theorem 30 is D = U [7a]

acO
where the 7,’s are defined by induction as 79 = 0, Ta41 = 7o + 700,

and 7, = sup 7 if 8 is a limit ordinal.
B<a
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In the non-homogeneous case, the property for each 77 to be a “terminal
time” is expressed by the fact that if 77 > ¢, then 7§ = 77.

Proof of Theorems 28, 29, 30. — 1) First we observe that Lemma 2
remains valid, with the following formulation: for each s > O there is
a sequence (M™*) of bounded (F});>,-martingales (i.e. martingales for
P, , for all z € E) such that, if x € E and S] is an (F});>,-stopping
time such that all P; ,-martingales are quasi-left continuous on [s, S?],
then any P ,-martingale M has

{t:s<t<S, AM,#£0}C|J{t>s: AM* #0} P, .-as.

(the proof is the same, using the comments after (85)).

Now, if M = (M,;);>s is a P, ,-martingale and r > s, then
M = (M;)i>r is a P, x, (,-martingale for P, ,-almost all w with
X, (w) € E; therefore we have also {t : s < ¢t < S5, AM, #0} C
U U {t>r:amM»" #£0} P ,-as.

n reQ, r>s
2) Next we reproduce the proof of Theorems 4 and 5 with the
following changes: first, set of = inf(t > s : AM;"® # 0) and

™ = (A inf ol. Then (w, $) — 7°(w) is measurable, and
n>1,7€QN(s, o0)

(20) becomes
(F)s>tis a Ps p-a.s. jumping filtration on I = [0, S7], (20"
with a jumping sequence (7' *),en, and instead of (21) we get
s<tp" =71°< 85 P ,-as., and 7° is P, ,-totally inacessible. (21')

In Step 2), we have a function f : Ry x £ x Ry — F such that for
all s <t,z € E, Py . (Xt # f(s, z, t), s <t < 7°) =0, and since
(w, s) — 7° (w) is measurable we deduce the measurability of f, and thus
(23) becomes

Xe=f(s,z,t)= f(s, Xs, 1) P .-as.forallt e [s, 7°). (23)

In Step 3) we set 7/° = inf(t > s : X; # f(s, X,, t)) and get
Py o (7" =7°) = 1. Next if t > 5 we set g (z, u) = f (s, &, u) Luss +
ft, f(s,z, 1), u)l{ysyy and 77 = inf(u > s : X, # g(Xs, u)).
Then P, ,(7° > 7"") = 1 and 7" = 7° if 78 < t, and by the Markov
property 7" = 7' if 7° > t. Then 7" is P, ,-totally inaccessible and finally
P, . (7" = 7°) = 1. Hence we get instead of (24):

=71 P, as.on{1° >t} (4"
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Then we get, with G, , being the law of (X,:, 7°) under P, ,:

Gs‘w (A X (tv ’U,]) = Hs,ac ((tv OO]) Gt,f(s,z,t) (A X (ta u])

(25")
for s <t <n(s, ),

and the rest of Step 3) to obtain (c) is essentially unchanged.

Step 4) is replaced by the following: we set D' = U [7°] and D is

SEQ
the closure of D', and we define 7, as in the statement of Theorem 30.

Then using the strong Markov property at each 7;, we deduce as in Step 4)
that (a) of Theorem 30 holds, and Step 5) is unchanged to obtain (d) of
Theorem 30.

3) Finally Theorem 28 is proved exactly as Theorem 3.. W

Corollary 1 becomes (with the same proof):

COROLLARY 3. — Assume that there is a measurable function f :
Ry x E xRy — E such that 7° = inf(t > s : X # f(s, Xs, t))
satisfies 7° > s Py .-a.s. We call Hy , the law of T° under P; ., and we
define 1 (s, x) by (86). Then if either f satisfies (87) or Hs . ({t}) =0
for all t < oo, the process X is a quasi-Hunt JMP.

The first claim of Theorem 7 has no counterpart, but the second claim is:

TueoreM 31. — If X is a quasi-Hunt JMP, for any s > 0 the process
(X7s, 75) is an homogeneous Markov chain, with transition probability
Q(z, t; dy, du) = G¢ . (dy, du) if x € E and Q (A, t; dy, du) =
ea,t) (dy, du) independent from s. Further

Xi=f(rn, Xes, 1) P p-as. forall ¢t with7, <t <7, (90)

The pair (f, G), or equivalently the triple (f, H, I'), will be called the
characteristics of X, and it is admissible in the sense that it satisfies (87),
(88), (89) with I' (¢, z, {x }) =0, and H, , ({t}) =0 for all ¢t < oc.

Conversely if we start with an admissible pair (f, G) we can construct a
Markov chain (Y,,, 7,,) with transition () as in the previous theorem, and set

f (Tnv Yny t) if Tn S t < Tn+1 and Y() # A’
Ao = 1)

A if t>7 :=lim7, or Yy=A.
Then we have as in Theorem 8 (the technical details being similar):

THEOREM 32. — Under the above assumptions, X is a quasi-Hunt JMP
with lifetime ( = 7o, and characteristics (f, G).
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If X is a quasi-Hunt JMP, its submarkovian transition semi-group
P (s, z, t, dy) (on E) satisfies the following equation, similar to (34):

P(s,z,t, A) = H, . ((t, 00])1a (f (s, x, t)

+ / H, . (du) /E T(u, f (s, o, w)dy) P (u, , 1, A).

Conversely, if we start with an admissible pair (f, G), this equation for
any given s > 0 has solutions, and there is a minimal one P* (s, x, t, dy).
Further, P* (0, z,t, E) = 1 forallz € E, t > 0 implies P* (s, z,t, E) =1
for all s < t, * € E, and this is necessary and sufficient for the
corresponding JMP to be regular. Another necessary and sufficient condition
for regularity is given by Theorem 12 (a), with the same Q (and Q as in
Theorem 31).

6.2. Additive functionals, martingales, semimartingales

Now we quickly review the main results of Section 4 for a non-
homogeneous quasi-Hunt JMP X, and we use the notation of Theorem 30.
We do not provide proofs, which are the same as in the homogeneous case.

Additive functionals. — By additive functional on I we mean a family
A = (AS : t € I°) of processes, such that for every s > 0 we have:
(i) the process A$ 17 (t) is adapted to (F;)¢>s, cadlag, with A5 = 0;
(i) (s, w, t) — A} (w) is measurable;
(iii) for every (F;):>s-stopping time T' > s we have

A} = Ay + AT P, ,-as.forallz € Eontheset {s <T <t}

For all s > 0, n > 1, we set (recall (46)):
XT—;:f(TS Xy .78 on {7_;<T.<o0}

n—19 o1’ 'm

{5, <718 <oo}n{rh_; <7l < oo} hence X~ is a “process” on
the subset of all isolated points of the set D of Theorem 30). Theorem 15
becomes:

(One easily checks that if 77 = 7}, then X7, = X_ on the set

THEOREM 33. — Assume that X is a quasi-Hunt JMP.

a) With every additive functional A on I are associated a measurable
function a : Ry x E xRy — R with

a(s, z, s) =0, a(s, z,u)=a(s, z, t)+al(t, f(s, z,t), u)

if s<t<u<n(s, ), t —a(s, z, t)iscadlagon [s, n (s, z)),
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and a measurable function @ : Ry x E X En — R, such that outside a
P ,-null set A® is determined on I1° by induction, starting with A; = 0, by

A = A3 4ol X, ) <t <ma L g
J— s a Iy i
j‘fx-ﬂ - A"'751+1— + a(’rz+1" X"'fﬁ-l’ XT:H—I) if Ti < T£+1 < oo

b) Conversely if a and a are as above, (92) defines an additive functional
A on I.

The basic example of additive functional is associated with the function:

£(s, z, t) = —log Hs . ((t, o0]) (with log (0) = —o0).
It is the increasing continuous additive functional L = (L) defined by (92)
with a = ¢ and @ = 0, that is

L =s, Li =L +{(r;, Xrs, t) for 7o <t <7y,
Consider the following family of integer-valued random measures on
R+ X EA:

p’ (dt, dz) = Z €(rs, X,s) (dt, dx).
n>l:ry_ <75<00

Then p° is (F})s>¢-optional and its P, ,-compensator of each x is

Ve (dt, dy) = dL; T (¢, Xy, dy) 11 (2).

Martingales. — Any P ,-local martingale is a compensated sum of jumps,
and has locally finite variation on I° = U[[s, 75]. Any P, ,-semimartingale
has locally finite variation on I°. If Mn is a P ,-local martingale on I°,

there is an (F;):>s-predictable function on Q x [s, c0) X EA such that
for t € I°:

t
M, = M+ Z U(u,Xu)~/ dLZ/ T (u, Xu, dy) U (u, y). (93)
s E

uweDNI*
It also has a second representation, with 77 ® R, ® £a-measurable
functions U, on Q x Ry x Ea (by induction, starting from M,):

t )
Mt:MTﬁ—/ duE(T:, Xq-i, u)
0
x / T (u, £ (78 Xos, w), dy) Un (m, 9)
E
it o <t<Tig
= Mrfl_H— + Un ('7 Tvsz+1a X‘er_I)

3 s s
it 7, <7h <00

\ (94)

M,

n+1

7
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In both (93) and (94), all integrals are P; ,-a.s. absolutely convergent.
At this point, it is worthwile to note that (90) yields (F7.) = o(7,, X;: :
p < n) up to Ps ,-null sets. Then we can take U, (-, u, y) =
Gn+1 (75, Xrsy ooy Toy Xopy 0, y) for some measurable function g,
on (Ry X EA)™*L, so the first half of (94) is also

M, = M.: —/ Gre x,o (dy, du) honr (77, Xogy ooy Ty Xos s, y)
(S t|Xx Ea "

s

for
h‘n+1 (tla L1y ooy tn-l—la $n+1)
= gn+1 (b1, 21, -, tag1, Tn1)/Hey 2, (Eng, 00)).
Semimartingales. — An additive functional A = (A{) on [ is called a
semimartingale (special semimartingale, local martingale) if for each s > 0

the process (Aj)ier: is a Ps ,-semimartingale (special semimartingale,
local martingale) on I® for all z € F.

THEOREM 34. — Assume that X is a quasi-Hunt JMP, and let A = (Aj) be
an additive functional on I, and a, a associated with it as in Theorem 33.

a) A is a semimartingale on I iff
t — a(s, z, t)is cadlag with locally finite variation on|[s, 7 (s, x)). (95)
b) A is a local martingale on I iff we have the next two properties:
t
| dttsion) [T s,y
0

X la(u, f(s, z, u), y)| <oc it t<n(s, ),

(96)

a(s,z,t) / dul(s,z,u /F(u,f(s,:c,u),dy)&(u,f(s,m,u),y).

¢) A is a special semimartingale on I iff we have (95) and (96). In this
case the canonical decomposition A° = B® + M*® of A® is the same for all
measures P, , (v € E) and M = (My) is an additive local martingale on
I, and B = (By) is the additive functional on I defined by B: = 0 and

By =B +d (5, Xpsy ) if 1S <t<7To,,

n’

where
t
a (s, z,t)=a(s, z, t)—l—/ dyl (s, x, u)
0
< [ TG, s ), dp)atu £ (s, w0, ). O

Vol. 32, n°® 1-1996.



64 J. JACOD AND A. V. SKHOROKHOD
In view of the definition of the 7..’s in Theorem 30, the following is
obvious:

COROLLARY 4. — If X is a regular quasi-Hunt JMP, an additive functional
A = (A7) on I is a semimartingale (resp. special semimartingale, local
martingale) iff the process (A)i>o is a Py, .-semimartingale (resp. special
semimartingale, local martingale) for all x € E.

Semimartingale functions. — We say that a measurable function ¢ :
R+ X Ea — R is a semimartingale (special semimartingale, martingale)
function of X if the family A = g (¢, X;) — g (s, X,) is a semimartingale
(special semimartingale, local martingale) additive functional on I, in
the sense given above. Note that (A$) has always the properties of an
additive functional on I, except perhaps that it is not cadlag. Observe
also that if X is regular, then it amounts to saying that ¢ — g (¢, X3)
is a Py, y-semimartingale (special semimartingale, local martingale) for all
z € E.

THEOREM 35. — Assume that X is a quasi-Hunt JMP.
a) g is a semimartingale function iff, with § (s, =, t) = g (¢, f (s, z, t)),

g (s, x, -)is cadlag with locally finite variation on [s, 1 (s, z)). (98)

b) g is a special semimartingale function iff we have (98) and

/t dyl (s, x, u) / T (u, f(s, z, u), dy)
0 Ea

X |g(u, y) —g(u, f(s,z,u)] <oo if t<n(s, z). (99)

In this case the predictable compensator B* of (g (t, X¢) — g(s, X5))e>s
under each Ps , is given by (97), with B = 0 and

a (s, z,t)=g(t, f(s, z,t)—g(s, x)
t
+/ d,L(s, z, u)/ T (u, f(s, z, u), dy)
0 Ea
X [g (u, y) —g(uv f(sa z, U))]
¢) g is a martingale function iff we have (97), (98) and o' = 0 in (99).
6.3. Transformation of the phase space

In this section we consider again a non-homogeneous normal strong
Markov process X = (Q, F, Ff, X, Ps ), with values in (E, &).
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We consider another Blackwell space (E’, £’) and a measurable map
U : Ry x Ex — E) withld (t, A) = A, and the process X; = U (t, X:).
The process X' is of course not Markov in general, but when it is and
when X is a JMP, then obviously X’ will be a JMP as well (because it
generates filtrations (F,°) which are smaller than (F7)).

To begin with, it is clear that the process X’ cannot take at time s an
initial value z’ which does not belong to the image of E by U (s, -). So
in order to be able to start with any initial value, we assume that I (s, -)
is surjective for each s > 0.

In fact there is a rather simple set of conditions on the characteristics of
X when it its a JMP, which insures that X’ is also a JMP.

THEOREM 36. — Assume that X is a regular quasi-Hunt JMP with
characteristics (f, H, I"). Let the following conditions be fulfilled:

a) There is a probability kernel H ,, from Ry x E' into [0, oo] with
H;,U(s,cc) =H, . forall s >0,z € E.

b) There is a measurable function f' : Ry x E' x Ry — E' with
f(s,U(s,z), t)=U; f(s,z,t)) forallz € E,0< s <t<n(s, ).

c) There is a probability kernel I" from Ry x E’ into E'\ such that
I'(t, U(t, x), -) is the image of T (t, x, -) by the map U (t, -) for all
z€E, t>0, andthat ' (t, ', {2’ }) =0 forallt > 0,2’ € F'.

Then X' is a regular quasi-Hunt JMP with characteristics (f',H', T").

Proof. — The first thing to do is to show that the triple (f’,H’, I')
is admissible (see after Theorem 31), and this comes from elementary
computations (note that n' (s, U (s, z)) = n(s, x)). Associate G’ with
(f',H', I'") by (89), and Q' with G’ as in Theorem 31. If ¢’ is a bounded
measurable function on £’ x [0, oo], we set g (z, s) = ¢’ (U (s, ), s) (with
U (oo, ) = U (s, A) = A) and another elementary computation shows
that (Q'¢") (U (s, z), s) = (Qg) (z, s). Then if 7, = 70 and F;, = F?,
we have by Theorem 31:

E; . [g,( -’r,,+1’ Tn+1)|~7:rn] =FEs . lg (XTn+1’ Tn+1)|f‘rn]
=(Qg) (X, T) = (Q" ) (X}, Tn).

Hence (X;n7 Tn)n>0 1S an homogeneous Markov chain under each P, .,
with transition probability Q’. Further, (90) implies

X{ =Uf(t, f(Tna X t)) = f/ (Tn’ X:_n, t) if 7 <t <Tpga.
That is, X’ satisfies the first half of (91) with Y,, = X 7 and the second half
is empty here since X is regular. Then Theorem 32 gives the result. W
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Remark 6. — This result is not true when X is not regular. Indeed in this
case the conditions of Theorem 36 tell nothing about what happens at the
explosion time 7., and it may happen that X’ is not a Markov process. W

Remark 7. — Conversely it is easy to see that if X is regular, and if X’
is a Markov process, then (a) and (b) above are met and (c) is “almost”
true, in the sense that IV (¢, U (¢, x), -) is the image of I' (¢, z), -) by the
map U (t, -) for Hy , (dt)-almost ¢, for all z € E, s > 0 (we could indeed
replace (c¢) in Theorem 36 by this slightly weaker condition). W

By analogy with the homogeneous case, we call quasi-Hunt non-
homogeneous step Markov process a quasi-Hunt JMP whose first
characteristic is f (s, z, t) = z, or in other word a non-homogeneous
strong Markov process which is right-continuous for the discrete topology
of E and whose jump times are totally inacessible.

COROLLARY 5. — Assume that X is a regular quasi-Hunt JMP with
characteristics (f, H, T'), such that for all 0 < s < t the function
x — f(s, z, t) admits an inverse f~'(s, z, t) that f(s, z, u) =
f@t, f(s,z,t),u) forall 0 < s <t < u < oo (i.e. the second part
of (87) is true with 7 (s, ) = 00) and that U (t, ) = f~1(0, =, t) is
measurable on Ry x E.

Then X{ = U(t, X:) is a quasi-Hunt non-homogeneous step Markov
process with characteristics (', H', I") given by f' (s, z, t) = x and

H.;,m = HS,f(O,w,s)a I’ (t,.’E,A) = F<t’f(07xat)a{y : U(t’y) € A})

Proof. — One readily checks that the conditions (a) and (c) of Theorem 31
are met. for (b), we first note that f (0, =, t) = f (s, f(0, z, s), t) (true
for all 0 < s <t < oc) implies that f (s, y, t) = f (0, U (s, y), t), hence
y — f (s, y, t) is invertible with f~! (s, y, t) = f(0, U (¢, y), s). Then
U(t,y)=U(s, f1(s,y, 1)), and thus U (¢, f (s, z, t)) = U (s, z): hence
(b) is satisfied as well. W

Remark 8. — If (87) is true only for u < n(s, x), there is still a
version of this corollary, involving a more complicated definition for the
transformation /. W
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