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ABsTRACT. — A simple proof of Kingman’s subadditive ergodic theorem
is developed from a point of view which is conceptually algorithmic and
which does not rely on either a maximal inequality or a combinatorial
Riesz lemma.
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ResuME. — Une preuve simple du théoréme ergodique sous-additif
de Kingman est développée d’'un point de vue qui est conceptuellement
algorithmique et qui ni se base ni sur une inégalité maximale ni sur un
lemme combinatoire de Riesz.

1. INTRODUCTION

This note concerns the proof and application of the following theorem
of Kingman (1968, 1973, 1976):

THEOREM. — If T is a measure preserving transformation of the probability
space (Q, F, p) and {g,, 1Sn<oo} is a sequence of integrable functions

Classification A.M.S. : 60G 10, 60 F 15.
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satisfying
Bn+m (X) =g, (X) + 8 (T" X), (1.1
then, with probability one, we have
lim g, (x)/n=g(x)2 — oo,

where g (x) is an invariant function.

This result has been given elegant proofs in Burkholder (1973), Derri-
ennic (1975), Katznelson and Weiss (1982), Neveu (1983), and Smeltzer
(1977). Also, proofs which relax the original requirements or sharpen the
original conclusions have been given by Ackoglu and Sucheston (1978),
Ackoglu and Krengle (1981), Ghoussoub and Steele (1980), Del Junco
(1977), Derriennic (1983), Ligget (1985), Moulin-Ollagnier (1983), and
Schiirger (1986, 1988). Finally, there have been applications of Kingman’s
theorem in a variety of areas, including, for example, Deken (1979),
Derriennic (1980), Kingman (1976), and Steele (1978).

The next section gives a proof of Kingman’s theorem which is possibly
the simplest —in conception and in calculation—of the available proofs.
The third section then examines some evolutionary relationships between
approaches to the theory of subadditive processes. Finally, to give an
example of its application, Kingman’s theorem is used to prove the ergodic
theorem for vector valued stationary processes.

2. PROOF OF KINGMAN’S THEOREM

If we define a new process g;, by
m—1
En()=8n(¥)— Y £&:1(T'x),
i=1
then g,,(x)<0 for all x, and g, again satisfies (1.1). Since Birkhoff’s
ergodic theorem can be applied to the second term of g, the almost sure
convergence of g,,/m implies the almost sure convergence of g,/m. Thus,
without loss of generality, we can assume g,, (x) <0.

Next, we check that g(x)=Iliminfg,(x)/n is an invariant function. By
(1.1) we have g,,,(x)/n<g,(x)/n+g,(T x)/n, so taking the limit inferior
we see g(x)<g(Tx). Thus, one finds {g(x)>a} =T ' {x:gx)>a},
and since T is measure preserving, the sets {g(x)>a} and T" ' {g(x)>a}
differ by at most a set of measure zero. Consequently, g (T x) =g (x) almost
surely, and g is measurable with respect to the invariant o-field A. Thus,
we can also assume without loss of generality that for all xeQ we have
g(T*x)=g (x) for all integers k.
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Now, given €>0, 1 <N < o0, and 0<M < o0, we let
Gu(x)=max{—-M, g(x)}
and consider the set
B(N, M)={x: g,(x)>1(Gy(x)+¢) for all 1<I<N},

and its complement A (N, M)=B(N, M)". For any xeQ and n=N, we
then decompose the integer set [1, n) into a union of three classes of
intervals by the following algorithm:

Begin with k=1. If k is the least integer in [1, n) which is not in an
interval already constructed, then consider T*x. If T*xe A (N, M), then
there is an /SN so that g;(T*x) ZI(Gy(T*x)+&)=1(Gy(x)+¢), and if
k+1=<n we take [k, k +]) as an element of our decomposition. If k+I>n,
we just take the singleton interval [k, k +1), and finally if T*xeB(N, M)
we also take the singleton [k, k+1).

Thus, for any x we have a decomposition of [1, n) into a set of u
intervals [t;, t;+1;) where g, (T"x) <;(Gy(x) +€) with 1</, <N, and two
sets of singletons: one set of v singletons [o; o;+1) for which
Iz, my (T? x)=1 and a second set of w singletons contained in (n—N, n).

By the fundamental subadditive inequality (1. 1), our decomposition of
[1, n), the invariance of g, and the assumption that g, (x) <0 one has the
bounds:

2.2 Y g,(Tix)+ Y g, (T%x)+ Y, g,(T"7"x) (2.1
i=1

i=1 i=1
n

= (Gu(x) +e) Z l; £ Gu(x) Z i+ne.

i=1
Also, by the construction of the covering intervals we have

f; I, 2.2)

n— IB‘N’M)(T"X)—Né
=1 i=1

k
so, by Birkhoff’s theorem we find

liminfn™* Y L2 lim n™' Y 1, o a (TEX)
i=1 k=1

=1-E(lznm|A) as (2.3)
By (2.1) we then conclude for any K <M that
limsup g,(x)/n<Gy(x)(1—E(lgn.m|A) +E a.s. (2.4

n— o

<SG (x)(1—E(lgn, m|A) +e a.s.
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Now, the definition of B(N, M) guarantees that 15 y, >0 a.s. as N - oo
for any fixed K, so letting N — co in (2.4) implies
limsupg,(x)/n<Gg(x)+€ a.s. 2.9

n— o

Since (2. 5) holds for all K=0 and £>0, we see

limsupg,(x)/n<liminfg,(x)/n a.s.

n - oo n— ©

and the proof of Kingman’s theorem is complete.

3. RELATIONSHIPS AND AN APPLICATION

Kingman’s subadditive ergodic theorem has inspired many proofs, poss-
ibly even more than the fundamental ergodic theorem of Birkhoff. The
preceding approach was motivated by the proof of Birkhoff’s ergodic
theorem of Shields (1987), which in turn, owes a debt to Katznelson and
Weiss (1982) and Ornstein and Weiss (1983). Further, the proofs of the
Birkhoff and Kingman theorems given in Katznelson and Weiss (1982)
have roots in the intriguing proof of Birkhoff’s theorem given by Kamae
(1982) which drew on techniques of non-standard analysis, specifically the
non-standard measure theory of Loeb (1975). The reduction to negative
processes by means of g,, developed independently of this evolutionary
chain and was introduced in Ackoglu and Sucheston (1978).

As a simple but typical application of Kingman’s subadditive ergodic
theorem, we will give a brief proof of the Banach space ergodic theorem
which extends the law of large numbers of Mourier (1953). If { X, } denotes
an ergodic stationary sequence of Bochner integrable random variables
with values in the Banach space F with norm ||.||, we first note that for
the purpose of proving an ergodic theorem there is no loss in assuming
that E(X,) =0. Next, for any £¢>0, the Bochner integrability of the {X,}
implies there is a linear operator 8 on F with finite dimensional range
such that E|| X;—6X,|| <& for each 1 <i< oo. The usual Birkhoff’s ergodic
theorem applied to linear functionals of ©0(X;) then shows that

n~' Y 6(X,) converges a.s. and in L{ to EO(X,). The L{ convergence
i=1

then guarantees LmE|S,/n—E6(X,)||<e¢ from which we see

lim E||S,/n|| =0. Since ||S,|| is a subadditive process, the real sequence

n = oo
||S,/n|| converges almost surely, and, by the preceding identification, it
must now converge almost surely to zero, exactly as was to be proved.
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