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ABSTRACT. - We prove that if the non-self-adjoint scalar wave equation
satisfies Huygens’ principle on Petrov type III space-times, then it is
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RESUME. - On demontre que la validite du principe de Huygens pour
F equation des ondes scalaires non-auto-adjointe sur un espace-temps general
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1. INTRODUCTION

In this paper we consider the general linear second-order hyperbolic
equation on a four-dimensional curved space-time 114, with coefficients:

where gab is a contravariant pseudo-Riemannian metric with signature
(+ - --) on Y4, u is the unknown scalar function, denotes the

covariant derivative with respect to the Levi-Civita connection, Aa is a

vector field and C is a scalar field in 114. All considerations are restricted
to a geodesically convex domain. The equation ( 1 ) is also called the

non-self-adjoint scalar wave equation.
Huygens’ principle is said to be valid for an equation of the form

( 1 ) if and only if for every Cauchy initial problem, and for each point
xo E V4, the solution depends only on the Cauchy data in an arbitrarily
small neighbourhood of S n C-(xo), where ,5 denotes the initial surface
and C- (xo ) the past null conoid of Such equations are called Huygens’
equations.

Necessary conditions for the validity of Huygens’ principle for ( 1 ) are

given by
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261HUYGENS’ PRINCIPLE ON PETROV TYPE III SPACE-TIMES

where

In the expressions above Rabcd denotes the Riemann tensor, Cabcd the
Weyl tensor, Rab :== gcdRcabd, the Ricci tensor, and R := gabRab the
Ricci scalar associated to the metric and Aa :== gabAb. Conditions I-IV
were obtained by Gunther [7], condition V was derived by Wunsch [ 18]
for the self-adjoint case and McLenaghan [8] for the non-self-adjoint case.
Condition VI was obtained by Anderson and McLenaghan [8]. We shall
use here the two-component spinor formalism of Penrose [ 14] and the spin-
coefficient formalism of Newman and Penrose [ 13], [ 15], whose conventions
we follow. The spinor equivalents of the tensors (8), (9), ( 10), ( 11 ) are
given by:

where 03A8ABCD = is the Weyl spinor, A == (1/24)R, 
is the Maxwell spinor, and 03A6ABAB = 03A6(AB)(AB) = 03A6ABAB is the trace-free
Ricci spin or.
We can set up, at each point of space-time, a dyad basis 

satisfying the relation oAlA = 1. The NP-components of any spinor are
defined by projecting the spinor into the the local basis {oA, For the

curvature spinors and Maxwell spinor we have

where GABCD == etc.

Vol. 70, n° 3-1999.
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The covariant derivatives of the dyad basis spinors are given in terms
of the NP-spin coefficients by

where

The necessary conditions I-VI can be expressed in terms of dyad
components, containing only the Newman-Penrose scalars. This conversion
procedure consists in two steps. Firstly, we have to convert the tensorial
expressions into spinor form, using ( 12)-( 15). Secondly, the spinor equations
must be expressed in terms of dyad components, using ( 16), ( 17), ( 18),
and ( 19). We perform these lengthy calculations automatically with the
NP sp i no r package [4], [6], available in the Maple computer algebra
system.

Using the fact that == 0, it can be shown that the spinor form
of condition II is given by:

For condition III a direct application of the correspondence relations yields

Instead of (22) we shall use a stronger form of this condition, obtained by
Wünsch [ 19] and McLenaghan and Williams [ 11 ] :

While the original necessary condition (22) is Hermitian, (23) is complex.
The conversion of the remaining conditions to the respective spinor

form and the determination of the dyad components is done automatically
by defining templates in the NPspinor package. The spinor form of the
trace-free symmetric part of a tensor is obtained by taking the correspondent
spinor equivalent of that tensor and symmetrizing with respect to all dotted
and undotted indices [17].

McLenaghan and Walton [ 10] have shown that any non-self-adjoint
equation ( 1 ) on any Petrov type N space-time satisfies Huygens’ principle
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if and only if it is equivalent to a scalar equation with Aa = 0 and C = 0,
on an space-time corresponding to the exact plane-wave metric.

In this paper we prove the correspondent result for Petrov type III

space-times. In this case the Weyl spinor has the form:

where 0152A and ~3A are the principal spinors. If we choose the spin basis
such that aA is proportional to the dyad basis spinor oA and ,~ proportional
to ~, we obtain from (16):

The dyad transformation

where w and q are complex functions, induces the following transformation
on W 3 :

Thus, we can choose the tetrad such that W3 == -1, so that

In a recent paper, Anderson, McLenaghan and Walton [3] have proved
the following theorems:

THEOREM 1. - The validity of Huygens’ principle for any non-self-adjoint
scalar wave equation ( 1 ) in any Petrov type III space-time implies that the
space-time is conformally related to one in which every repeated null vector
field of the Weyl tensor la, is recurrent, i.e.,

THEOREM 2. - There exist no non-self-adjoint Huygens’ equations ( 1 ) on
any Petrov type Ill space-time ’ for which the following $ conditions hold

In the next section we show that the restrictions imposed in Theorem 2

may be removed.

Vol. 70, n° 3-1999.



264 W. G. ANDERSON, R. G. McLENAGHAN AND F. D. SASSE

2. MAIN THEOREM

The main result of this paper is expressed by the theorem:

THEOREM 3 . - If a non-self-adjoint scalar wave equation of the form ( 1 )
satisfies Huygens’ principle on any Petrov type III space-time, then it must
be equivalent to a conformally invariant scalar wave equation

Proof. - We shall first prove, using the necessary conditions II to VI given
by (3)-(7), that the assumption ~ 0 leads to a contradiction.
In terms of the dyad components of the Maxwell tensor this is the

same as proving that the necessary conditions imply ~o = ~1 = ~2 = O*
Finally we invoke a lemma by Gunther [7] that states that every equation
of the form (1) for which - 0 is related by a trivial transformation
to one for which 0. It then follows from the necessary condition I

(eq. (2)) that C = .R/6. We use a notation for the dyad components of
the necessary conditions in the form where X is the Roman numeral

corresponding to the necessary condition, a denotes the number of indices
corresponding to the dyad spinor c and b the number of dotted indices
corresponding to the dyad spinor 6. We shall refer to the Newman-Penrose
field equations using the notation NP1, NP2, etc. as listed in the Appendix.
The methods employed in this proof are similar to those used in [ 12] .
We start with the result obtained by Anderson and McLenaghan [3],

expressed in following lemma:

LEMMA 1. - For the non-self-adjoint scalar equation of the form (1), in
Petrov type III space-times, the necessary conditions II, III, IV, V and VI

together with the assumption that the Maxwell spinor 03C6AB is nonzero, imply
that there exists a spinor dyad and a conformal trans.f’ormation
such that

In what follows we shall use the relations (32) where necessary. It was
shown in [3] that ~o = ~i = O. Thus, what remains to be proved is that
the assumption ~2 7~ 0 leads to a contradiction.

Let us assume initially that o;/?7r ~ 0.
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From H01, II00, III10, (NP6) and (NP25 ) we have, respectively,

By adding (NP22) to the complex conjugate of (NP23), and solving for
D$i2 we get

and

Subtracting (NP24) from (NP29) and solving for 8P12 we obtain

Adding (NP24) to two times (NP29) and solving for Ðq&#x3E;22 we get

By substituting (34) into IV10 we find

Using (41) and (42), V20 and VI03 can be written respectively as

Eliminating 6(a + 27r) from (43) and (44) we find

The denominator -~22 + 4 in the expression above must be nonzero, since
~2 cannot be constant. Otherwise, from (34), we would have /3 = 0.

Vol. 70, n° 3-1999.
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In order to determine further side relations we still need to find the
Pfaffians ~/3, and in terms From (NP6), (NP7), (NP8), (NP9)
and (NP 12) we have

Using (38) and (41), we now evaluate the NP commutator [03B4,D]03A622 -
[0394,D]03A612 to obtain

From we get

From (NP26),

Substituting (52), (51 ), (36), (46), (47) and (48) into (50) we have

Now, using (33), (34), (42), (47), (49) and (53) in the commutator ~~, b~ ~2,
and solving for D,u we obtain

Annales de l’Institut Henri Poincaré - Physique théorique
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The explicit form of Da can be determined from (43), (44) and (46), and
is given by:

Finally, from Yl2 we get

We have now determined all the Pfaffians needed for finding new side
relations using integrability conditions. Before proceeding we go back to
(45) and introduce a further simplification by expressing ~2 in terms of 

Substituting (57) into the numerator of the complex conjugate of (45),
we find

Another side relation can be determined from the NP commutator

[~](~+27r):

(-820~$n + 957r~n + 2680a3a - 5448o~ii - 102367r~n
+ 5360~7f - 9648~/? - 38016~/3~ - 13926~~ - 2508~~
- 3816/3o~ - 720~~ + 61628a~2~ + 40128~r3~r + 200647r~
+ 308147r~ + 157527r~a - 38376~/3 + 315047r~7f
- 14592~7r~a - 26887rc~7? - 15087ra$n)/(l97r + 10a) = 0. (59)

It follows from (57) that the numerator 19 Tr+10 a in the preceding equation
must be non-zero. Solving this equation for ~n we obtain

Vol. 70, nO 3-1999.
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where, for now, we assume that the denominator in the expression above,

is non-zero. Evaluating 03B403C62 + 203C6203B2 = 0 (cf. Eq. (38)), using (57), and
solving for 03A611 we find

where we assume, for now, that the denominator of (62), given by

is nonzero. Evaluating the commutators [8, 8]:8 and [8, 8]4&#x3E;2’ and solving
each one for bc~ we get, respectively,

where we assume, for the moment, that the denominators of (64) and (65),
given by

are nonzero. By subtracting (64) from (65) and solving for $n we have
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where the denominator of (68),

is assumed to be nonzero for the moment.

Subtracting (60) from (62) and taking the numerator we find

By subtracting (62) from (68) and taking the numerator, we obtain a third
side relation:

We can eliminate 7r in the above equations by defining new variables xl
and x2 by

Vol. 70, n° 3-1999.



270 W. G. ANDERSON, R. G. McLENAGHAN AND F. D. SASSE

The side relations now assume the form (modulo non-zero factors)

In order to study the possible solutions of the polynomial systems that
appear from the side relations, we apply the procedure gs o lve which
is part of the Maple package grobner [5]. This procedure computes a
collection of reduced lexicographic Grobner bases corresponding to a set
of polynomials. The system corresponding to the set is first subdivided
by factorization. Then a variant of Buchberger’s algorithm which factors
all intermediate results is applied to each subsystem. The result is a list
of reduced subsystems whose roots are those of the original system, but
whose variables have been successively eliminated and separated as far as
possible. This means that instead of trying to find a Grobner basis, the
package attempts to factor the polynomials that form the system after each
step of the reduction algorithm. In the algorithm, the variables ~l, x2 and
their complex conjugates, ~ and ~2, are treated as independent variables.
In the subsequent analysis we use the fact that they are complex conjugates
of each other.
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Applying g s o lve to the set of equations formed by 52 = 0, 53 = 0 (cf.
(75) and (76)), their complex conjugates, and 51 = 0 (cf. (74)), we find the
the only possible solution for which ~1 ~ 0 and x2 ~ 0 is given by

By substituting (77) into any of the previous expressions for I&#x3E; 11 we find

that 1&#x3E;11 == 0. Using this and 1f = - a 6 / 11 in V11 one gets

It is easy to verify that (78) and the first equation in (77), now given in the
form 1089~ - Q0152 == 0, imply that a == ;3 == 0.

Let us consider first the cases in which each one of the denominators

dl, d2, d3, d4 and d5, given respectively by (61), (63), (66), (67) and (69),
is zero.

(i) d 1 = 0

From (61) we have, in terms of the variables xl and ~2:

Since the numerator of (60) must also vanish, we have

Applying g s o lve to the set of equations consisting of (79), (80), their

complex conjugates, and 81 = 0 (cf. eq. (74)) we find that all possible
solutions require that x2 == 0.

(ii) d2 = 0
In this case, from (63), we have

This implies that the numerator of (62) must vanish, so we have
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Applying gs o lve to the set of equations consisting of (81 ), (82), their
complex conjugates, and 51 = 0 we find again that all solutions require
that ~2 = 0.

(ill) d3 = 0
From (66) we now have

By subtracting (83) from its complex conjugate we obtain

Subtracting (83) from (60) and taking the numerator, we get

An additional side relation is obtained by subtracting the complex conjugate
of (83) from (62) and taking the numerator of the resulting expression:

Applying grobner to the set consisting of E2, its complex conjugate, E1,
E3 and 81 we find that this system admits no solution.

(iv) d4 = 0
When the denominator of (65), given by (67), is zero, its numerator

must be zero, implying that a = /3(443/3). This, on the other hand implies
immediately, from 81 = 0 (cf. (58)), that /? = 0.

(v) ds = 0
When the denominator of (68) is zero, its numerator must be zero too.

Thus, we get

Applying gs o lve to the polynomial system defined by the system of
polynomials defined by (87), (88), their complex conjugates, and 81 = 0,
we find that there are no possible solutions.
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The case a = {3 == 7r = 0, which leads to Theorem 2, was considered
in [3] and results in a contradiction to the hypothesis ~2 ~ 0 . The more
general case, c~7r/? == 0, also leads to a contradiction. The proof, found in
[ 16], is tedious but straightforward, and will not be presented here. Thus, the
necessary conditions I-VI for the validity of Huygens’ principle imply that
we must have Hab A~a,b~ - 0. This completes the proof of Theorem 3.

APPENDIX

In this Appendix we give the Newman-Penrose field equations and
commutation relations referred in the paper. We note that many lists in the
literature contain typographic mistakes, or use different conventions

Bianchi identities
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Ricci identities
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NP commutation relations
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