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ABSTRACT. - The effect of a change of variables depending on higher
derivatives (contact transformation) on dynamics of an N-body Lagrangian
system is examined. The conditions of the existence of invertible contact
transformations are formulated, and the theorem about the dynamical
equivalence between Lagrangian N-body systems connected by an invertible
contact transformation is proven. The problem of the balance between
the numbers of degrees of freedom in the original theory and the
transformed theory is discussed on the Hamiltonian level. A method
of contact transformations is applied to the two-body nonlocal system
admitting single-time local perturbative expansions (e.g., Wheeler-Feynman
electrodynamics). First-order Lagrangian system with double number of the
variables, that are related to each other by the operator of time inversion,
is obtained.
Key words: Infinite jet bundle,
formalisms, constraints.

contact
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Dans cet article on etudie l’influence du changement de
variables qui depend des dérivées d’ordre supérieur (transformation de
contact) sur la dynamique du système lagrangien de N particules. On
a formulé les conditions d’existence des transformations réversibles de
contact et on a prouvé le théorème de l’équivalence dynamique des
systèmes
lagrangiens lies par une transformation de contact reversible. Dans le cadre
du formalisme hamiltonien on a etudie le problème de la correspondance
entre les nombres de degrés de liberté de la théorie initiale et de sa
transformée. On a applique la méthode des transformations de contact au
J
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système non-local de deux particules qui permet le développement en series
locales unitemporelles (de l’électrodynamique de Wheeler-Feynman). On
a obtenu un système lagrangien sans dérivées d’ordre supérieur mais avec
le double de variables qui sont liées entre elles par l’opérateur d’inversion
de temps.

1. INTRODUCTION
When considering a relativistic N-body system in which particle creation
and annihilation is not allowed, it is better to apply relativistic dynamics
for directly interacting particles. The notion of the intermediate field as an
independent object with its own degrees of freedom is not used in similar
theories. Wheeler-Feynman electrodynamics for two point charges [1]] is
an example. This theory is nonlocal because an action at a distance with
finite propagation speed occurs. In this model a charge a moves in an
electromagnetic field which is determined by the half-sum of retarded and
advanced Lienard-Wiechert potentials produced by charge b.
The nonlocal Lagrangian for Wheeler-Feynman electrodynamics admits
a local perturbative expansion given by Kemer in ref. [2]. It is written as
an infinite power series of c-1 with the terms depending on simultaneous
position variables and their higher derivatives with respect to the common
evolution parameter (time) t. The sum of the zeroth-order and first-order
terms constitute the lower-derivative quasirelativistic approximation of the
non-relativistic Lagrangian function. This is the well known Darwin’s
Lagrangian [3]. Any other finite-order term includes higher derivatives.
The higher-derivative terms added to a lower-derivative Lagrangian as
a correction with a small coefficient make the new theory quite different
from the original one [4]. The reason is that additional degrees of freedom
correlated with higher derivatives appear. Generally an infinite set of initial
data is required to specify motion. Wheeler-Feynman electrodynamics is
considered to lead to an excessively wide set of motions. Thus an additional
principle of selection of admissible motions must be added. It consists in
the requirement of analyticity of solutions of the equations of motion
with respect to the expansion parameter [4]-[8]. The runaway solutions are
excluded as unphysical motions. In refs. [6], [7] the above requirement
yields the constraints which must be imposed in order to eliminate the
redundant degrees of freedom. Finally we have to obtain a finite-parameter
family of solutions that are analytical with respect to the small parameter
of expansion.
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In ref. [8] a method was developed which permits to exclude higher
derivatives by using equations of motion in the higher-order parts of
perturbative Lagrangians. This method consists in an iterative procedure
based on contact transformations of position variables. It means that
the expressions depending on some variables and their time-derivatives
are substituted for the position variables. Finally we have to obtain the
lower-derivative Lagrangian in terms of new variables. Thus only initial
coordinates and velocities are required to specify motion. The method
proposed in ref. [8] guarantees analyticity of solutions of the reduced
(second-order) equations of motion.

The present paper is mainly concerned with the problem of how the
change of Lagrangian variables including higher derivatives transforms
the dynamics of an arbitrary N-body system. In ref. [9] the substitutions
containing particle coordinates and their first-order derivatives (non-point
transformations) were investigated. Such transformation in the model of a
one-dimensional harmonic oscillator was given as an example. The set of
new motions is wider than that of the original simple harmonic oscillations.
Indeed, both the order of the transformed Lagrangian and the order of
the corresponding equation of motion are higher than those of the original
lower-derivative theory. It is difficult to interpret the new degrees of freedom
which are caused by the derivatives in the substitution expression. Thus in
ref. [9] much attention was paid to the problem of constructing a one-to-one
correspondence between the set of new motions and the original one. In
particular the non-point transformations which correspond to the canonical
transformations have been found.
The present paper is organized as follows. Section 2 is devoted to some
aspects of the general formal theory of contact transformations. In Section 3
consider the effect of the contact transformations on the dynamics of
N-body system. We show that Lagrangian systems connected by an
invertible contact transformation are dynamically equivalent. In Section 4
we examine the influence of the contact transformation on Hamiltonian
dynamics. A constrained Hamiltonian formalism corresponds to Lagrangian
theory obtained by an invertible contact transformation. In Section 5
we present the application of the method of contact transformations to
two-body nonlocal systems admitting local perturbative expansions. In the
specific case of a time-asymmetric theory we propose the invertible contact
transformation which allows to construct the first-order Lagrangian function.
The time-symmetric theory turns into a lower-derivative Lagrangian system
with double number of variables, related to each other by the time reflection.
we
an
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2. CONTACT TRANSFORMATIONS
ON AN INFINITE JET BUNDLE
In this Section

belonging

we

shall consider the

to the infinite jet bundle

changes of coordinates of points
of jets of local sections of a bundle

(~, ~, M). The total space of x is (N + I)-dimensional manifold E and
the base M is one-dimensional. In the next Section these substitutions will
be used in a Lagrangian formalism of classical mechanics.
We deal with

a

local trivialisation of

1r

around t ~ 7 where

~ ~ x Q is defined. Here I c M is an open
diffeomorphism ot :
interval, and a typical fibre of x is an N-dimensional manifold Q. In some
adapted coordinate system, which is constructed from local trivialisations,
projection 7r : E - M relates the point (t, qa) E U C 1r -1 (7),
a
1,..., N:= 1, N, with the point t in the time interval I. We also
use the induced coordinate system (!7~B
[10] on the infinite jet bundle
Joo1r which is defined locally by
(t,
q~, ...). Summation
over repeated indices is understood throughout the paper; Latin indices
a, b, c run from 1 to N, and the Latin index s from 0 to infinity.
=

...,

Let

us

consider a bundle morphism (f,idM) : xn to the bundle (E,7r,M), so that

x

from the bundle

(2.1)
(cf. [10, pg.203]). Here a section cr : 7 2014~ E is an inverse to 7r map,
where x~,
zdj, given by t - (t,
qa o u. Another local
is represented in the form (j’ ( t)
section (j’ E
(t, yb (t) ) and
the
at
a
of
a
section
(j’
is the n-jet
map (2.1 ) may be
point t ~ I. Locally
written as the following coordinate substitution:

7r o cr

=

=

=

(2.2)
We

postulate

further that

f

is differentiable of class C(X) and the condition

(2.3)
is satisfied.
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Having given this mapping, we wish to find the transformational law for
the first-order derivative coordinates x~ 1. Following ref. [10], we construct
the first prolongation of smooth mapping f : Jn7r - E :

(2.4)
Locally,

we

obtain N

expressions

(2.5)
- J1 ~
in addition to the relations (2.2). To construct the map /1 :
we use a canonical embedding
It leads to the
=
relations
instead of eqs. (2.5). Here dT is the Tulczyjew
operator [ 11 ] (the derivation of type d* which acts on the 0-forms as a
total time derivative). It is reasonable to say that the differentiable mapping
the holonomic prolongation of f.

with /1 we construct s-order holonomic prolongation
JS7r of the map (2.1 ) as a composition js f 0 is,n of the
- JS1rn
s-th prolongation js f with the canonical embedding is,n :
ref.
where
of
a
differential
[10,
(cf
pg.205]
prolongations
equation are
If
we
avoid
the
need
to
track
of
the
order
of the jets,
determined).
keep
we define the smooth mapping
In

fs:

analogy

-

(2.6)
in the form of the

following

coordinate transformation:

(2.7)
The time variable does not

change.

The transformation (2.7) is analogous to the change of coordinates in an
infinite jet prolongation of the extended configuration space of an N-body
Lagrangian system, examined in ref. [8]. An infinite Cartan distribution
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is invariant with respect to the substitution (2.7) and, therefore, this
is spanned by
replacement is a contact transformation [ 10] . Locally
the contact one-forms cv~ written as

(2.8)
(cf. ref. [12] where finite-dimensional case is considered). A smooth
mapping (2.6), derived from differentiable mapping (2.1 ), will be called
n-order contact transformation, or contact transformation in short.
Joo7r with similar
Composition of the contact transformation .F :
Joo 7r given by
substitution 9 :

(2.9)
is

a

contact

transformation 9

o

F :

written

as

(2.10)
The associative property (H o Q) o .~’ = H o (9 o F) is true. Thus we
define the category [13], say C, of contact transformations on an infinite
Joo7r is given by the
jet bundle Joo1r. An identity map
relations xa = xa and Xa S
The problem of existence of the inverse
substitution to the replacement (2.7) requires careful consideration.
=

The characteristics of a contact transformation of type (2.6) are
determined by the properties of the originating smooth mapping (2.1 ).
To show this we examine the differential equation determined by the
differential operator D f :
(see ref. [10, pg.203]) and a
i.e. the submanifold
local section a E

(2.11)
Here

symbols yb

denote derivative coordinates
A solution of this differential

=

0

equation is a local
~’ ) ~ dt’’
section 0" E rj(7r) satisfying ~/(7~) = cr. Generally, n-order contact
transformation is locally surjective. To solve specific problems, it is
=
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helpful to study an infrequent case of bijective mapping type (2.1 ) and
corresponding contact diffeomorphism, i. e. invertible transformation type
of

(2.6).

In such

a case

there exists

a

differentiable map

(2.12)
locally given by

(2.13)
so

that

composition g

o

f

=

idE.

,

To establish the structure of invertible functions
functions gb, we define the linear mapping

fa

and their inverse

(2.14)
the cotangent bundle

[ 10] . To obtain its coordinate
the
exterior
derivative operator d. We
(2.7) by
representation,
=
use the commutation do dT = dT o d and the relations
9~~ ~ 0.
After some calculations we obtain the relations between the coordinates of
elements of the cotangent bundle in the form
on

we

act on eqs.

(2.15)
Here

ci == (7)

is the binomial constant and

8r+l,j

is the Kronecker’s

symbol.
By analogy with this algorithm one can write coordinate representation
of the linear mappings ?* and (C o F)*, which correspond to the contact
transformations (2.9) and (2.10), respectively. Further computation shows
that Jacobian matrices of an invertible contact transformation .~’ and its
inverse mapping ~ have to satisfy the following system of differential

equations:

(2.16)
(2.17)
Vol. 66, n° 3-1997.
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where integers a = j - n and ~3 = n for j = n, n + 1,..., 2n; a = 0
and /?=~for~=0,l,...,~. Similar consideration of the composition
f o g = idE, where (2.7) are substituted in (2.13), yields a consistent
system of equations which can be obtained from (2.16) and (2.17) by the
simultaneous transpositions f ~ g and z - y.
In this paper we do not discuss the problems concerned with groups
of contact transformations (see refs. [14], [15] where so-called groups of
Lie-Backlund tangent transformations are investigated). We note only that
an invertible contact transformation can be built on the basis of point
change of variables

(2.18)
to an R-parametric Lie group G. This group may contain the
invariants Ik, i.e. functions such as

belonging

(2.19)
We substitute the arbitrary functions
dTIk ) for the group parameters
~p in eqs. (2.18). Finally, we obtain a new representation of the group G
consisting of the following contact transformations:

(2.20)
Inverse transformations have the form

(2.21)
3. CONTACT TRANSFORMATIONS IN LAGRANGIAN
FORMALISM OF CLASSICAL MECHANICS

’

In this Section we treat the main topic of our paper. We will show
how the transformations of Lagrangian variables depending on higherorder derivatives modify the dynamics of an N-body system. The theorem
about the dynamical equivalence between Lagrangian N-body systems
connected by an invertible contact transformation will be proven by working
completely on the Lagrangian level.

Higher-derivative Lagrangian dynamics
R, say
Lagrangian function L :

is based

on

the

smooth

(3.1)
Annales de l’Institut Henri Poincaré -
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Non-autonomous Lagrangian
the
Section.
We
shall call a "motion" [8] a
throughout
where the coordinates
are solutions of the

Euler-Lagrange equations

(3.2)
obtained by applying the variational principle to the action integral
S
dtL. A set of all motions of this particle system will be denoted
as MI(s). Eqs. (3.2) are then nothing but a closed embedded submanifold
written as
[L] C
=

II

(3.3)
so

that 2k-order

in

[L] =

prolongation j2ks of motion
(see ref. [10]).

MI(s)

s E

takes its values

a

Having carried out the n-order contact transformation (2.7)
Lagrangian (3.1) we construct the Lagrangian function

in k-order

~

(3.4)
which is defined on the bundle Jk+n7r of (k + n)-jets
of local
sections o-’ (t~
The Lagrangian (3.I) behaves as a scalar [8]
(t,
because the time variable does not change. In this paper we indicate the
initial Lagrangian functions, Euler-Lagrange equations, etc., by the adjective
"original" and those transformed by contact transformation by the adjective
"new". As a rule, the set
of the motions s’ (t) which are solutions
of new Euler-Lagrange equations
C
=

[L]

(3.5)
is wider than the original set MI(s). It is caused by the additional degrees
of freedom related to higher derivatives [4]. Our purpose is to establish a
correlation between the set MI(s) of original motions and the set MI(s’)
of new motions.
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In ref.

respect

[8] the transformation law of the Euler-Lagrange equations with
(2.6) was obtained. Restricted on the

to the contact transformation

finite-order

this law is

Lagrangian dynamics,

(3.6)
(see Appendix A). It suggests the formulation of the Euler-Lagrange
equations (3.5) in the following form:

(3.7)
Here the functions x« E
are
of
a
vector
1, N,
components
function X belonging to the kernel of the differential operator T with matrix
elements
Problem of correspondence between the ori~inal motions and
the new ones can be solved by investigation of kerT which has the
structure of a real vector space.
=

Let the vectors

(~i,...XM)

basis for ker T. Decomposition of
Euler-Lagrange equations (3.5), which is given by eqs. (3.7a) and
(3.7b), allows to define a fibred manifold over ker T, where fibre 7-l(X)
is the submanifold of J2k+nJr determined by eqs. (3.7b)
over X
with fixed numbers A’. We denote
a set of solutions of differential
Union
of
these
i.e.
is isomorphic to
sets,
equation T-1 (x).
U
form

a

new

=

x

MI( Sf).
A fibre

7-1 (Ö)

over

zero

Euler-Lagrange equation (3.3).

vector is related

As

a

only

with

an

original

rule the map

(3.8)
surjective because a set of solutions of the differential equation (2.11 )
corresponds to any original motion s ~t~ (t, za(t)). Prior to examining
a bijective mapping of type (3.8) (invertible contact transformation), we
construct the category of Euler-Lagrange equations.
is

==

First of all we define the category L which consists of the set of
Lagrangian functions (objects of L) and contact transformations (morphisms
Annales de l’lnstitut Henri Poincaré -
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following diagram
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is commutative. It shows that the category

E which consists of the set of expressions of Euler-Lagrange equations
(objects of E) and differential matrix operators T (morphisms of E) can be
introduced. The "Euler-Lagrange derivative" E. -L. is the functor [ 13] from
the category L to the category E. The symbols F, 9 and H denote contact
(2.6), (2.9) and (2.10), respectively; differential matrix
relate expressions of Euler-Lagrange equations
operators
T~ and
is satisfied. This can
according to the rule (3.6). The equality
be proven by using the method of mathematical induction.

transformations

Th

=

Th

THEOREM. - A necessary and sufficient condition for p :
to be a bijective mapping is that new and original Lagrangian functions
related by an invertible contact transformation.

are

Sufficiency. - In case of the invertible functions fa (t, yb,..., Yb n) and
their inverse functions gb~t, x~, ... , xan~ which satisfy eqs. (2.16) and
(2.17), we have
IN where IN is the unit matrix. Any invertible
T
has
a
trivial
kernel:
ker T ~0~. Hence, transformed Euleroperator

gf

=

=

Lagrange equations (3.7) get simplified:

(3.9)
It is evident that their solutions yb(t) satisfy the system of n-order
differential equations (2.11), where functions x~ (t) are the solutions of
the original Euler-Lagrange equations (3.2). Having used inverse functions
(2.13), we obtain the motions

(3.10)
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which

are specified by the same initial data as the original motions ~a(~).
if
Thus,
Lagrangians are related by an invertible contact transformation,
the set MI(s’) of new motions is isomorphic to the set MI(s) of original
motions.

Necessity. - If cp : MI(s’) ~ MI(s) is a bijective mapping then kerT is
trivial. Indeed, a fibre over zero is related with original motions only. Hence,
operator T is invertible as well as corresponding contact transformation. D
Let the original Lagrangian (3.1) be regular. In specific case of an
invertible contact transformation
dim[L]. We face the problem
of how the balance between numbers of degrees of freedom in the
original and the new dynamics is achieved. The relation between Hessian
matrices H
of the new Lagrangian (3.4) and
H
of the original Lagrangian (3.1) has the following
form:

dim[L]

’

=

=

=

(3.11)
FT is the transposed matrix. If we use an
where matrix F
invertible contact transformation, functions fa and their inverses gb have
to satisfy the following condition:
=

(3.12)
(see eqs. (2.16) if integer j is equal

to

2n). Consequently, both matrices

are singular. Using this in
and G
us that the new Lagrangian theory is degenerate.
Moreover, the equations of motion (3.9) and their time derivatives up to
order n - 1, can be considered as Lagrangian constraints. In Section 4
we examine a problem of singularity of the new theory in a frame of a
canonical formalism for higher-derivative theories.

F

I

=

eq.

(3.11 ) will satisfy

show that the gauge transformations of Lagrangian
variables (1) are the invertible contact transformations. We prove that
the gauge invariance of an action leads to relations between the original
In

Appendix

B

we

Euler-Lagrange equations [16].
Let the new Lagrangian (3.4)

be regular just as the original one. It
means that
2(k + n)N + 1. In such a case dimkerT nN,
since dim 7-1 ~x) _ (2k + n)N + 1 because the contact transformation is
irreversible. The problem of existence of n-order contact transformation
=

=

(1)

First-class constraints

are

their counterparts in the Hamiltonian formalism
Annales de l’Institut Henri Poincaré -
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nN will not be considered

examine how the substitution

(3.13)
transforms the dynamics of a simple harmonic oscillator. We obtain a
"harmonic oscillator with the mass slightly modified, and an accelerationsquared piece" described in ref. [4] :

(3.14)
Having

carried out the

subsets

we

separation of the
specify the subset

set

into.

non-overlapping
corresponded to the original

harmonic oscillation. The total time derivative terms
and
are omitted in eq. (3.14) because they don’t change Euler-Lagrange
equation. According to ref. [17], a canonical transformation is induced by
an addition of a total time derivative term to the higher-order Lagrangian.

simple

4. CONTACT TRANSFORMATIONS AND CANONICAL
FORMALISM FOR HIGHER-DERIVATIVE THEORIES
The n-order contact transformation in the k-order Lagrangian function
leads to a new Lagrangian defined on the bundle
of (k + n)-jets.
As a result, the set
of new motions is larger than the original
At the same time, invertible contact transformations leave the
dynamics invariant. For a careful consideration of these substitutions we
apply the canonical formalism for higher-derivative theories developed by

Ostrogradski [18] (see [19], [20], [21], [16]

as

well).

First of all we consider an autonomous situation where both an original
Lagrangian and a new Lagrangian function are time-independent as well as
the contact transformation connecting them. Let an original Lagrangian
L : T ~ ~ -~ R be regular. Corresponding Poincaré-Cartan two-form
WL == -daL is symplectic and then there exists an unique Euler-Lagrange
vector field ~~ which satisfies the global equation of motion
dEL
[19]. In local coordinates the Poincaré-Cartan one-form aL and the energy
function E~, associated with L, are defined by
=

(4.1)
Vol. 66, n ° 3-1997.
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(4.2)
Here functions

par.

Jacobi-Ostrogradski

r

=

defined

0, k - 1,

momenta

on

are

(see App. A, eqs. (A2)). One

a Hamiltonian system
transformation Leg : T2k-lQ

w,

-+
~~d, , .. ,

H)

due to

the

can

original

construct

Ostrogradski-Legendre

[19], [20], locally given by

The dynamical
are found as the
trajectories of the system in phase space
integral curve of the Hamiltonian vector field X H satisfying the equation
=

dH.

In Appendix A the relationships between the new Jacobi-Ostrogradski
where indexruns from 0 to k + n - 1, and the original
momenta, say
ones are established. Having used these relations (see eqs. (A9)) together
with eqs. (2.7), we rewrite the new Poincaré-Cartan one-form

(4.3)
as

follows

(4.4)
New energy function

(4.5)
will be

expressed

in similar form

(4.6)
Both expressions (4.4) and (4.6) have a specific structure: a new quantity
consists of its original counterpart and some additional terms. It is significant
that these terms are proportional to the original Euler-Lagrange expressions
for motion equations. If a new Lagrangian is obtained from an original one
by an invertible contact transformation, then transformed Euler-Lagrange
become motion equations. They are vanishing
expressions
Annales de l’Institut Henri Poincaré -
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in both expressions (4.4) and (4.6). According to generalized Darboux
theorem [22], in such a case the two-form WL = -daL is presymplectic.
Moreover, the original canonical coordinates are just required by this
theorem, so that new canonical two-form is

(4.7)
A

geometric algorithm, developed by Gotay et al. [22], enables us to treat a

presymplectic dynamical system as well as a constrained symplectic system
(see also refs. [19], [20], [22]). A local version of their scheme is the wellknown Dirac-Bergmann theory of constraints. In the examined situation
we have the set of primary constraints obtained by excluding the original
momenta
from the relations

(4.8a)
(4.8b)
where index i

runs

from 0 to k - 1 and

index j

runs

from 0 to n - 1

(see App. A).

Recurrently, starting from stationarity conditions of primary constraints,
obtain all the secondary constraints. A final constrained manifold [23],
[19], [22] is the original phase space
Returning now to non-autonomous higher-order Lagrangian systems, we
rewrite the new generalized Poincaré-Cartan one-form
we

(4.9)
as

follows

,

(4.10)

Here

(4.11)
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is the original generalized Poincaré-Cartan one-form. This result is
coordinated with the one obtained in ref. [8] where infinite-order Lagrangian
systems are investigated. If new Lagrangian L is degenerate so that the
kernel of the operator T is trivial, then 0L = B~ and the new two-form
is equal to the original generalized Poincaré-Cartan two-form
=
An original Lagrangian function L is regular. Hence the pair
OL
defines
the cosymplectic structure [22], [21] on the jet bundle
dt)
j2A;-i~. supplemented with the unique Reeb vector field ~L satisfying the
motion equations
dt
1.
0,
SZL
=

=

To demonstrate how the Hamiltonian constraint formalism is made up
from the Lagrangian obtained by the invertible contact transformation, we
consider a representative example of the original theory in first order. If
parameter k 1, the relations (4.8) are simplified:
=

(4.12)
Then there exist nN

primary

constraints

(4.12)
where the symbol ~ means a weak equality.
with WC br =
is inverted to matrix
Here matrix
satisfying condition (2.3). It
are identically
can be easily proven that all the Poisson brackets
The
canonical
transformation
to
zero.
equal

{~~, ~~ ~ ~

(4.14a)
(4.14b)
allows to eliminate the redundant degrees of freedom and leads to the
It
non-constraint formalism with the Hamiltonian function
can be obtained from the non-singular original Lagrangian by a simple
Legendre transformation. As a consequence of the time-dependence of the
transformation (4.14), we have the relation
.

(4.15)
between Hamiltonian functions. Therefore, the number of secondary
constraints is equal to nN. Here we have second-class constraints only.
Indeed, we assume that there are no relations between the original equations
of motion (cf. Appendix B).
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5. TWO-BODY PROBLEM
IN THREE-DIMENSIONAL FORMALISM
OF THE FOKKER-TYPE RELATIVISTIC DYNAMICS
In this Section

we

deal with the Fokker [24] action

integral for two-body

systems:

(5.1)
Here m~,

(a

1,2) are the rest masses of the particles, T a - invariant
of
their
world-lines
four-velocities
parameter
of the particles, and a2
XIJl) - the square of the
(X2I-L interval between points xi and z~ lying on the world-lines of the particles.
We choose a metric tensor of the Minkowski space 1] JlV = ( 1, -1, -1, -1 ) ;
velocity of light c 1. The action integral (5.1 ) describes the interaction
between two point charges ei and e2 [1]. The nonlocal Wheeler-Feynman
theory does not explain the particle creation and annihilation. Consequently,
it is not valid for large particle velocities. An average velocity v will be
implied as a small parameter in all expansions of this Section.
In ref. [25] the action (5.1 ) was transformed into a single-time form.
Common time t for both particles was chosen as an instant parameter
t = x° [26]. Whence the three-dimensional formalism for WheelerFeynman electrodynamics was obtained. It is based on the Lagrangian
function being an expansion in v defined on the infinite jet bundle
of jets of local sections of a trivial fibration () : R x Q - R. Here Q is
6-dimensional configuration space of our two-body system spanned by the
position variables xa. Note that we have to take into account a well known
relativistic limitation on the modulo of particle velocities if we deal with
the higher-order prolongations of the extended configuration space R x Q.
Our consideration will be based on the special form of the action (5.1 )
which is given in ref. [25]. It can be obtained from the expression (5.1) by
for own parameters Ta
replacement of the "instant" parameters ta =
and substitution of the pair (t, 9) for integration variables (ti t2), where
=

=

=

=

(5.2)
Here A is an arbitrary real number. The double
interaction between particles becomes

sum

(5.1) which describes

(5.3)
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where

(5.4)
Here coordinates

=

and

(1- ~)B), ~ (t2 ) - x2 (t + ÀO), velocities
r(t, 0) = IX2(t2) - Xl(t1)1 is the nonlocal

distance between

charges.
Having integrated eq. (5.3)

the parameter

over

B,

we

obtain

(5.5)

The

expression under the integral sign depends on the quantities
where

a

root

of

either

symbolsIc+ andIc-

mean

that the parameter 9 is

algebraic equation

(5.6)
the integer x be equal to + 1 for the advanced cone C+
and to -1 for the retarded cone C- . Now we introduce the functions
In terms of these functions both algebraic equations
(5.6) are unified:

respectively. Let
=

(5.7)
=y2~‘~ (t) -

where

differentiating by t,
with respect to

we

(5.2) and
obtain the derivatives of the instant parameters ta

common

By using this relation

in

time t

(5.8)
write the expression (5.5) in terms of
derivatives.
first-order
and their
We divide the free particle term of the action (5 .1 ) into two equal parts.
In one of these parts we introduce the common time t according to the

With the
functions

help

of

(5.8)

one can
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rule for the "advanced" cone C+ and in the other - for the "retarded"
cone C- (see (5.7) and (5.8) where 03BA = +1 for C+ and 03BA = 20141 for C’).
Finally, the single-time Lagrangian of the investigated two-body system
has the following form

(5.9)
where

(5.10)
Here

(5.11)

(5.12)
To compare the function (5.9) with the well-known Lagrangian given by
Kemer in ref. [2], we have to find the explicit expressions
~/?
... ,
...). We write these functions in the integral form
=

Jb

(5.13a)
(5.13b)
where the

partial

derivative

9y/90

is

(5.14)
’

With the help of the time shift operators exp[-(1and
where Da signifies differentiation with. respect to t of the variable xa
only, we eliminate the parameter 9 from arguments of the coordinates and
velocities of the particles in the right sides of the relations (5.13). We
develop the operator exp [~(-(1 - A)Di + ~D2)~ into series up to Bk and
as the power series
integrate it. Hence we write the functions
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defined

on

the bundle

of the infinite-order

of the sections

jets

T

(5.15)

D2 is the total time derivative and r
Thus, the Lagrangian function (5.9), and corresponding
~ ~2 (t) This Lagrangian can be
equations of motion, are defined on the
expanded into a Taylor series. It differs from Kerner’s Lagrangian [2] in
Here

dT

=

8/8t

+

Di

+

=

terms which are the total time derivatives.

Having used the results
Euler-Lagrange equations

of Section 3 (see eq.

(3.6)), infinite-order

(5.16)
can

be written in the

following

form

(5.17)
Here

(5.18)
the components of the differential operators f( +) and f( - ) .
To prove the time-symmetry of the Lagrangian function (5.9), we establish
the transformational properties of the functions
with respect to the
time inversion operator T. The functions
which satisfy equations of
motion (5.16), are invariant with respect to time inversion. For the higher
derivatives we have the rule
From (5.15) we
obtain the transformation laws of the functions
under
the influence
(t)
of the time inversion operator T (i.e. substitution t - -t):
are

=

( -1 ) S x~, i (t) .

(5.19)
It is easy to see, TL(+) - L( -), 7"r~+~ = f( -) and vice
Therefore the Lagrangian function (5.9) and equations of motion
are

versa.

(5.17)

time-symmetric.
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The space inversion operator P acts on the functions Xa i (t) and their time
derivatives according to the rule
Using eqs. (5.15)
we obtain the transformation law
Using it in
we
see
that
both
L(+)
function
and
function
L(
-)
are invariant
eqs. (5.10)
with respect to space inversion.
Let us prove that both operator f( +) and operator f( -) have a trivial
kernel. Taking into account the Theorem given in Section 3 it is sufficient
to find the relations inverted to the expression (5.15). We act on the
=
function
~(1 - A)~~~(~)] by the integral operator
where
the
parameter ~ = t - ~(1 - ~)y~"~(t), and on
()
the function Y2 i( K) ( t) ==
+
by the same operator where
=
t
On
the
left
sides
of
transformed equalities we develop
+
ç
the 6-functions into Taylor series in the neighbourhood of the point t - (,
integrate over t and redefine 03B6 ~ t. Thence we construct the following

expansions

(5.20a)
(5.20b)
which

In ref.

inverted to the

expressions (5.15). Q.E.D.
[27] the time-asymmetric Wheeler-Feynman electrodynamics for

are

point charges was investigated. In this model the first particle moves in
the retarded (advanced) Lienard-Wiechert potential of the second particle,
while the second particle moves in the advanced (retarded) Lienard-Wiechert
potential of the first particle. Four-dimensional "coordinates on the cone"
were used as the Lagrangian variables. In order to get three-dimensional
formalism of the instant form of dynamics [26] it is necessary to restrict
the gauge reparametrization group by imposing the constraint x° = t. As
a result, single-time Lagrangian function coincides with the
expression
(5.10) where the value x
+1 corresponds to Fokker-type action with
advanced Green’s function of the d’Alembert equation in ref. [27], and
x = -1 - for retarded Green’s function in ref.
[27]. Hence, in case of
of motions s(t) = (t,
time-asymmetric model, the set
which
are solutions of the infinite-order
is
Euler-Lagrange equations, isomorphic
to the set r(s’) which consists of the motions
or
s’(~~ _
5~) ==
satisfying the equations of motion corresponding to
first-order Lagrangian L(+) or L(-), respectively. If we change the time
direction, the trajectory ya?~+~(t) becomes ~~2~-~ (t~ and vice versa (see
two

=

(~a~’~))

(t, ~a2~+~ (t)~
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(5.19)). An analogous result is obtained in ref. [28] where WheelerFeynman N-body electrodynamics in two-dimensional Minkowski space is
eqs.

examined. On the Hamiltonian level the constrained Hamiltonian formalism
is expected for the time-asymmetric Lagrangian function defined on the
bundle
This Hamiltonian theory has to contain an infinite set of
constraints including the primary constraints of the type (4.13).
Damour and Shafer

[8] elaborate an iterative procedure which permits
higher-order perturbative Lagrangian, so that a lowerderivative function is obtained finally. Thus the higher-derivative degrees
of freedom are rejected as well as corresponding additional solutions of
motion equations. The reason is that eliminated motions do not satisfy
the requirement of analyticity with respect to the expansion parameter.
Does it mean, that exact solutions, which could have such neglected
approximations, do not exist? In case of time-asymmetric electrodynamics
the answer is affirmative. Indeed, any finite-order approximation of the

to reduce such a

invertible. The claim of
approximative invertibility of them is the mathematical realization of the
requirement of analyticity mentioned above. A wide set of constraints of
type (4.13) arises due to an invertibility of the exact contact transformation.
Such a constrained dynamical system does not posses redundant degrees of
freedom, which are caused by the higher derivatives.
contact transformations

As far

as

the

(5.15)

or

(5.20) is

not

is concerned, it would be
and y~i~-&#x3E; (t) as Lagrangian
because the position variables

time-symmetric Lagrangian (5.9)

interesting
y~,i~+&#x3E; (t)
variables. They are not independent quantities
to consider the functions

expansion ( yat+~ ,
~(~’B...,~-B...)

2

ia

can be written in the form of
i t+~ , ... )
... ,
well as
+1 and
(see eqs. (5.20) for x
Ii = -1 respectively). The variational problem leading to Euler-Lagrange
equations (5.17) is equivalent to the variational problem on the extremum
of action S =
dtL’, associated with Lagrangian

Xa
as

=

In

(5.21)
denote Lagrange multipliers which can be assumed
symbols
as independent Lagrangian variables. Thus we obtain an infinite-order
Lagrangian function (5.21) instead of the first-order one (5.9), supplemented
0 on the Lagrangian
with infinite-derivative conditions ~~ -

Here

=

variables. One way of continuing the present work would be the
investigation of its approximations.
-
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APPENDIX A

Euler-Lagrange equations
Expression

of the

and

generalized

momenta

original Euler-Lagrange equations (3.3)

can

be written

as

(AI)
where

pa,o

is

a

zeroth-order

Jacobi-Ostrogradski

Jacobi-Ostrogradski

momentum. Generalized

momenta

(A2)
are

linked

together by

the recurrent

relationships

(A3)
In this

Appendix we establish the relations
Euler-Lagrange equations (3.5) written as

between the

expression

of

new

(A4)
new

generalized

momenta

(A5)
and

original equations of motion (Al) and momenta (A2).
simplest connection between the maximal order momenta:

We have the

(A6)
Here and below in this Appendix we think that
transformation 7 is defined by eqs. (2.7)).

=

(contact
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used recurrent relations

analogous

(A3)

to

(A7)
and the operator

equality

(A8)
obtain momenta
mathematical induction
we

gives

and
the general laws:

Usage of

the method of
.

(A9a)

(A9b)
where index i runs from 0 to k - 1 and index
is
particular zeroth-order momentum

j

runs

from 0 to n - 1. In

(A10)
Thanks to the commutation

dT]

=

0

one

easily

proves that

(All)
Finally using (A 10)

and

(All) in (A4), after

some

calculations

we

arrive at

(A12)
explains the
Euler-Lagrange equations.

This formula

connection between the

original
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APPENDIX B
transformation as an example
of invertible contact transformation

Gauge

We examine a many-body system based on Lagrangian function L which
is defined on the bundle Jk7r (e.g. (3.1)). Let us consider that R Lagrangian
variables
are not contained in L explicitly. Corresponding variational
derivatives 6,S/6~cP are identically equal to zero. Hence time-dependent
functions xa(t) which are solutions of eqs. (3.2) together with arbitrary
are coordinates of motion s(t). Having
time-dependent functions
carried out the invertible contact transformation, say A

(Bl)
where indices p, q

run

from 1 to R,

we

obtain the

Lagrangian

(B2)
which is determined

on

the bundle

sections a’ =
between the
form

original equations

of

(k

m)-jets

of
Using eqs. (3.6) we write the relations
of motion (3.3) and the new ones in the
+

(B3)
(B4)
It is obvious that

MI(s’) ££

Lagrangian L

If the new
given by (B2) does not depend on variables ~
then contact transformation (B 1) becomes the gauge transformation [ 16] . In
this case the left-hand side in (B4) vanishes identically. Whence we obtain
R relationships including the original Euler-Lagrange equations which are
transformed by the substitution (Bl). Taking the vp - 0 limits we find
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correlations between "pure" original equations of motion.

In order to write

them in the form given in ref. [16]:

(B5)
have to
such as

we

use

integral representation

for the operator components

Tap

-

(B6)

Here b~i~ (t’ - t) is the I-th derivative of 8-function ~~t’ - t) with respect to t’.
APPENDIX C
Effect of an irreversible contact transformation
the dynamics of a simple harmonic oscillator

on

In the

Lagrangian

of

a

simple harmonic

oscillator in

one

dimension

(Cl)
we

change

of variables

(C2)
where a is
determined

real parameter. We obtain
the 2-nd order tangent bundle T2
space Q (cf. eq. (10) in ref. [4]):

an

arbitrary

on

configuration

a

Q

function
of one-dimensional

Lagrangian

(C3)
The

Euler-Lagrange equation

is

(C4)
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help

of the

Laplace
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transform:

~c5~
Integration

qo 3

=

(0,

YOk with k = 0, 3 are coordinates of the point
~o~ ~o, ~03~ belonging to R x T3 Q. These constants correspond

constants

derivatives. Trivial redefinition of the initial
data allows to identify this solution with that given in ref. [4, eq. (15a)].
If we take eqs. (3.7) into account, it leads to

to initial-values of the

higher

(C6)
instead of the motion equation (C4). Kernel of the differential operator
T = 1 - ad/dt is one-dimensional vector space spanned by the only basic
function exp(a-lt). The following system of differential equations:

(C7)
(C8)
is the fibre T-1 (~) over ~ = A
applied the Laplace transform

we

Here A is
arrive at

a

real constant.

Having

(C9)
Putting

(C10)
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that solutions (C9) and (C5) are identical. Original simple harmonic
oscillation correlates with the one-parameter family of curves M~(~)
0 we have the set
consisting of motions (C9) with A = 0.
which corresponds to the oscillation in presence of an exponential external
force (see eq. (C7)). This solution has not an original prototype.
we see

In formulae (C3)-(C5) we substitute the imaginary constant -zc for the
real parameter ~. It allows to analyse additional aspects of the dynamics of
the higher-derivative system, described in ref. [4]. Transformed expressions
are the same as those in ref. [4] (see eqs. (10), (12) and (15)). Thus
the contact transformation such as (C2) with imaginary parameter a is
mathematically incorrect in the sense that it is outside the method developed
in Sections 2 and 3. Nevertheless, ignoring this fact and neglecting the
imaginary parts of the above relations, we present the equation of motion

(Cll)
in the

following

form:

(C12)
Comparing

of the solutions of these

equations

leads to the relations

(C13)
We are sure that the higher-derivative system described in ref. [4] (a simple
harmonic oscillator with the mass slightly modified, and an accelerationsquared term) has a dynamically identical lower-derivative counterpart (a
simple harmonic oscillator in presence of a sinusoidal external force). Note
that amplitude A and phase § of this force depend on the initial data of
the higher-derivative initial-value problem. Thus, if Yow2 +
0 and
+ Yo 3
0, the external force vanishes and the dynamical system
reduces to the original simple harmonic oscillator.
=

=
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