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Resonances of relativistic Schrödinger
operators with homogeneous electric fields*

Qihong FAN

Department of Mathematics, Peking University,
Peking 100871, China

Ann. Inst. Henri Poincare,

Vol. 61, n° 2, 1994, Physique theorique

ABSTRACT. - In this paper, we apply the analytic distortion technique
and the calculus of pseudodifferential operators to study the resonances
of the relativistic Schrodinger operators with homogeneous electric fields.
By constructing a suitable approximate operator, we give precise locations
for resonances generated by eigenvalues below the bottom of the essential
spectra and as a consequence, we obtain an upper bound on the widths
of resonances.

Dans cet article, nous utilisons la technique de deformation
analytique et Ie calcul pseudodifferentiel pour etudier les resonances d’un
operateur de Schrodinger relativiste en presence d’un champ electrique
homogene. En construisant une approximation convenable de cet operateur,
nous fournissons une localisation precise des resonances engendrees par les
valeurs propres situees au-dessous du spectre essentiel, ce qui fournit en
consequence une borne superieure sur la largeur des resonances.

1. INTRODUCTION

The study of resonances in Schrodinger operator theory has been an
object of growing interest in last years. There are several mathematical
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Annales de l’Institut Henri Poincaré - Physique theorique - 0246-0211
Vol. 61/94/02/$ 4.00/@ Gauthier-Villars



206 Q. FAN

concepts, but there is not a general theory which can describe all physical
phenomena considered as resonances. A very powerful method is the

complex scaling which was introduced by Aguilar, Balslev and Combes in
[AC], [BC]. It was extended in several directions, see [CFKS] for a survey.
In [HS], using the calculus of pseudodifferential operators on I-Lagrange
manifolds, Fourier integral operators and the microlocal analysis, Helffer
and Sjostrand founded the microlocal theory of resonances for a wide class
of h-pseudodifferential operators.
The purpose of this work is to discuss the resonances of relativistic

Schrodinger operators with homogeneous electric fields, H (/3) ==

B/2014A + 77~ 2014 m ~- v ( ~ ) + ,Q~ 1, where /3 is a small parameter. In this

paper, we assume v (x) satisfies the following conditions.

(HI). There are two constants C, Ro &#x3E; 0, such that v (~ ) is an

analytic function in variable x 1 in complex region: {x1, |Imx1| I 
Rex1  -Ro}.

(H2). ~ (.r) -+ 0, oo, and for any
a &#x3E; 0, and x in the above analyticity region.
One can find many authors who have studied the spectral properties

of H (0) in literature. See [CMS] and its references there. In general the
spectra of H (0) include eigenvalues and the essential spectrum (0, 
(cf [CMS], [Fa2] and [We]). In [HP], Helffer and Parisse studied the decay
properties of eigenfunctions and tunneling effect of H (0) in semiclassical
limit, and they showed the decays of the eigenfunctions of H (0) are more
rapid than that of the Dirac operators. For the operator H (,~), /? i= 0,
if v (x) is real valued, one can prove H (/3) is essentially self-adjoint on
Co (cf [Fal]). Furthermore, in [Fa3], we proved that the essential
spectrum of H (/3) (/3 i= 0) is (-00, +00). In the following we will study
the properties of the discrete eigenvalues of H (0) under the perturbation
,~~ 1, for /3 small enough. We will prove that the discrete eigenvalues of
H (0) become the resonances of H (/3), when /3 is sufficiently small.

The main ideas of this paper are similar to those for usual Schrodinger
operators with Stark effect (cf [Wal], [Wa2] and [Wa3]), but many technical
points are quite different. As in [Wal], we used analytic distortion to define
resonances for H (0) and to construct an appropriate Grushin problem to
prove the existence and the locations of resonances. The latter is in the spirit
of the work of Helffer-Sjostrand on resonances in semiclassical limit (cf
[HS]). The differences between relativistic and non relativistic Schodinger
operators arise from the fact that the former is a pseudodifferential operator
(non local operator) while the latter is a differential operator (local operator).

Annales de l’Institut Henri Poincaré - Physique theorique



207RESONANCES OF RELATIVISTIC SCHRODINGER OPERATORS..

The arrangement of this paper as following. In section 2, we introduce
the complex dilation and give the definition of resonances. In section 3,
we will study the behavior of eigenfunctions with discrete eigenvalues. In
section 4, we will study the location of resonances.

2. COMPLEX DILATION AND THE RESONANCES

In this section, we assume v (x) satisfies the condition (HI), (H2).
We will introduce the complex dilation as in [CDKS], [Hu], [Wal]. Let
A E R, 03BB  0, and 03B4 &#x3E; 0 sufficiently small. One can choose x E Coo (R),
such that x (t) = 1, t  (A + 8)//3, x (t) = 0, t &#x3E; (A + 2~)//3, and

!xM! I  1 ~ x~~~ (t) ~ C~ -
For 8 E R, put &#x3E; ~), ~ = x’). Since

det ~ (x) == (1 + one knows that ~8 is invertible

when I is sufficiently small, say |03B8| I  eo . In this case, let = 

In the following, we always assume I  Let !7((?) be the operator
defined by

In this paper, we will use the Weyl corresponding of symbol o- (x, ~), that is

The symbol of H (,~) is given by

The symbol pe (x, ~), of U (B) p (x, D) U (B)-1, is given by

Vol. 61, n ° 2-1994.
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Let S~ be the symbol classes of Hormander type 6~ o, that is

From (2.1 ) and Taylor expansion in variable t, one can get

where po (~, ç) = p (~), ~B (x) ~), RB (x, ç) E S°, and satisfy

Therefore

Let S2 = {9 E 1  p, Im03B8 &#x3E; 0 }. We should notice that in the
following, p &#x3E; 0 will always be sufficiently small. For B E H, we define

For 03B2 &#x3E; 0 sufficiently small, pe (x, D) defined for B E R 1  p has

a natural extension in B into 52. In fact, by the analyticity assumption (HI)
of v (~;), one knows that, for /~ &#x3E; 0 sufficiently small, U (B) v (~c) U (())-1
is analytic in B E 52. In order to prove that pB (x, D) has an analytic
extension in B E H, one note that

for / e ~5’ (l~n ) . ~M - ~) = ( (~1 - ~/i) ~(~i, ~i), ~ - 
~

where ~~ (~1, ?/i) == ~ ~8,1 (x1 + r (~/i 2014 xl)) dT and ~6’, i is the first
~0

component of (~. Since ~e,1 = e~~ ~~1 ~ ( 1 + 8x~ (x1 ) ~i), for 0 G H small
enough, one can check that ~e (~ 1, ~1 ) 7~ 0. and Im ~e (x 1, ~/i)~ ( 

~1) ~, for ~i, ~i e ~ where C (8) ~  C ~ 8 ~ and C
is a constant. Since m2 ~- ~2 is an analytic function in variable ~i in

the complex region: |Im 03BE1| ~ 1 2| Re 03BE1|, one can make a changement
of the integral counter of variable in ~i to show !7 ( B ) ~/m~ 2014 A !7(~)"~

Annales de l’Institut Henri Poincaré - Physique théorique



209RESONANCES OF RELATIVISTIC SCHRODINGER OPERATORS...

is a standard ps. d. o. and

The analyticity of !7(9) B/m~ -A!7(9)~ in ? E H follows from the

analyticity of 2/1) and (2.4).

THEOREM 2.1. - For 03B8 E H, pe (x, D) defined on H1 n D cLosed

in LZ holomorphic family of type (A).

Proof. - For &#x3E; 0 sufficiently large, one has

Let b03B8 (x, ç) == (pe (x, ç) - z)-1. By the calculus of pseudodifferential
operators (cf [CM]), one has

and

where Ri (x, D) satisfy the estimates

By these estimates, one can prove easily that PB (x, D) is a closed

operator. The analyticity of (~B (~, D) u, u) in  E H follows from the
assumption (HI) on v (~) and (2.4)..

THEOREM 2.2. - For 03B8 E 52, 03C3ess (Pe (x, D)) c E (9, 6).

Proof. - One can choose a cut off function ~t, such that supp ~t C BZ t
and |v(03C603B8 (x)| ~ 03B4 4, x ~ Be. Let pe (x, D) = pe (x, D) - (x)).
Then D)) = D)). In order to characterize the

essential spectrum of pe (~, D), we first calculate the numerical range of
D) on LZ (R+) ~ L2 ~Rn )&#x3E; where R+ _ { x = ~), Xl &#x3E;

(A+2~)/~},~ ={~=(~1,~)~1  (A+2~)//3}.
Vol. 61, n° 2-1994.
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For u with supp when p, /3 are sufficiently
small, one has

For u with supp

where W (u) (x, ç) is the Wigner distribution of u (cf [Fo]), Ce (x, ç) E
S°, and Ce (x, ~) ~  C I () I. Therefore, when p, ,~ are sufficiently small, we
have (pe (x, D)u, u) E E (03B8, 03B4). We proved that 03C3ess (pe (x, D)) c E (9, 8)
on L2 (l~+) EÐ LZ (~). Since the (pe (x, D)) on L2 is the same
as on L2 (R+) EÐ LZ (~) (cf [K]). This completes the proof..
The spectra of pe (x, D) in CBE (9, 8) are discrete eigenvalues. We call

these eigenvalues the resonances D).
THEOREM 2.3. - The eigenvalues of p03B8 (x, D) are essentially independent

E H. More precisely, for every compact K CG H, there exists ,Q° &#x3E; 0,
such that for 0  {3  ,Q°, z E b), z D)),
9 E I~, then 2; (pe (x, D)) for any 9 E .K.

The proof of the theorem is standard, we omit it here.

Remark. - The resonances of p (x, D) are independent of the choice of
x used in the definition of U (9) (cf [Wal]).

3. DECAY PROPERTIES OF EIGENFUNCTIONS

In this section, we will estimate the decay properties of eigenfunctions of
various operators. By the estimates, we can prove the stability theorem of
resonances. Some of the results in this section were obtained by Carmona-
Master-Simon in [CMS], by probability method. In the following, we will
use the commutator method, as in [Wa2], to study the decay properties
of eigenfunctions.

l’Institut Henri Poincaré - Physique theorique



211RESONANCES OF RELATIVISTIC SCHRODINGER OPERATORS...

~/m~ +~-m+~(~).
PROPOSITION 3.1. - Assume ’ that d(x) E 0  d(x) 

C ~ ~ ~, (x) ~ I  d (x) ~ I  ~1-~ a ~, for I x I sufficiently large.
Then the symbol, Hd (x, ç), of operator ed (x) H (x, D) e"~~B is given by

with Ho (~r, ç) E 6~ and ’

Proof.

where d (j?) 2014 d (~/) = (x - y) d’ (~). Since H (x, Ç-) is an analytic function
in variable ~ in the complex region {~ ~ Cn, |Im~|  m}, one can

change the integral countor in ~ to show

By Taylor formula, one has

where Therefore,

we have

and

This completes the proof. []

Vol. 61, n° 2-1994.
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PROPOSITION 3.2. - Assume that d (.x) E Coo (R~), 0 ~ d (~) 
C|x|, Id’(x)1  C, C  m and |~03B1 d(x)| ~ as Ixl
sufficiently large. For E E R, we assume that

where C, C’ are constants. Then there is a ~ (x, ç) E ,S’-l, such that

with Rd (x, ç) E S-1, and satisfy

where the constants C03B103B2 are uniformly bounded with respect to the Ck
semi-norms of d(x).

Proof. - By the assumption (3.3), one can choose Q (x, ç) E S-1, such
that Q(x, ç) == (H (x, ~ + id’ (x)) - E)-l, for ( x ) -t- (ç) 2: C’. By the
calculus of pseudodifferential operators, one can get easily

with Rd (x, ç) satisfying the estimate (3.5)..
For E E R, E  0, let m(E) = ./2m~-E~ for 

m, m (E) = m, for E ~ I &#x3E; m. In the following, we will choose

dE: (x) E == (1 - ~-) for e &#x3E; 0, ~ ~ ~ I sufficiently
large. One can get the following estimate

as |x| I sufficiently large.

THEOREM 3.3. - Assume v (~) satisfy the conditions (HI) and (H2).
Let f be an eigenfunction of operator ~rt2 - 0 - m + v (x~ with

eigenvalue E, E E R, E  0, and dE (~) chosen as above. Then for
any e &#x3E; 0, edE ~~~ f ~x) E L2 (Rn).

Proof - If edE ~~~ f (~) fj LZ (Rn), we can choose ka (t) = t, for t  ~,
and xa (t) _ ~ + 1, for t &#x3E; ~ + 2, with xa 2: 0, 0  xa (t)  1

and |~(k)03BB (t)| I ~ C, for any 03BB, t. Let da (x) = xa (dE (x)), and

fa (x) = ed03BB (x) f(x)/~ed03BB f (x) II. Then

For |x| I sufficiently large, one has

Annales de l’Institut Henri Poincaré - Physique theorique
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By the estimate (3.6), one can verify easily

The constant C is independent of A. By Proposition (3.2), there is a

0~ (x, ç) E such that

and Rda (~, ç) satisfies the estimate (3.5) uniformly with respect to A.

Therefore Rda (x, D) are compact operators and

Since (x, D) - = 0, one has

From (3.7), one has

By (3.8), one has 2014~ 0, strongly. This is a contradiction..

Remark. - The analyticity assumption on v (x) is not necessary in

theorem 3.3. In fact, if v (x) 2014~ 0, as x ~ I -+ oo, and 18a v (~c) ~ I 
Ca ( x ~ - ~ a ~ , then all results in this section hold. This decay results has
been obtained by probability method in [CMS], and in [HP], Helffer

and Parrisse studied the decay properties of eigenfunctions of operator
B/1 - ~ A -~ v (x), in the semiclassical limit h 2014~ 0.

For r~ &#x3E; 0, ~  -E - 8, one can choose x~ E Coo (R), such that
x~ (t) = 1, for t &#x3E; -r~; x~ (t) == 0, for t  -2~. Let

THEOREM 3.4. - Let f,~ (x) be a normalized eigenfunction of H (~3) with
eigenvalue in I (~3) _ (E - C ~31~2, E + C ~31~2), C &#x3E; 0 is a constant.

Then, foY any ~ &#x3E; 0, there exists a &#x3E; 0, such that

Proof. - For any c &#x3E; 0, one can choose 77 &#x3E; 0, ~3E &#x3E; 0 sufficiently small
such that (1 - c) m (E)  (1 - e’) m (E + 77 + ~E), for some c’ &#x3E; 0. For

I I sufficiently large, one can get easily the following estimate

By this estimate and the proof processes in Theorem 3.1 and Theorem 3.3,
one can prove (3.9)..

Vol. 61, n° 2-1994.



214 Q. FAN

THEOREM 3.5. - Let Eo be a discrete eigenvalue of H with multiplicity N,
and I = (Eo - C (,~), Eo ~-- C ((3)), C (,~) = C,~1~2, C &#x3E; 0. There exists a

(30 &#x3E; 0, such that for 0  (3  (30, there are exactly N eigenvalues of H (,Q),
repeated according to their multiplicity in l. Let ... , ,uN, denote these

eigenvalues. Then we have | j - E0| I  C 03B2, 0  ,Q ::; (30, j = l, ... , N,
and moreover

Proof. 2014 Let f 1, ... , f N be the orthonormalized eigenfunctions of

H, = = 1, ..., N. Put

where x~ E Coo (R), such that x~ (t) = 1, for t &#x3E; -7/; x~ (t) = 0, for
t  -2~ then, from Theorem 3.3, we have gj E D (H (,Q) ) and

Now let u~ be the normalized eigenfunctions of H (,~) associated with the

eigenvalue j (03B2), j= 1, ... , N. Put 03BDj =~~(x1 03B2)uj. From Theorem 3 . 4,
we obtain

By the estimates in Theorem 3.3 and Theorem 3.4, one knows that the
matrices ( (gi , g~ ) ) and ( ( vi , v~ ) ) are close to the identity matrices in

respectively, as {3 -+ 0. ..., ..., vN ~
are two linearly independent sets of L2 (Rn), for 0  ,~  {30. From this and
estimates (3.11 ), (3.12), one can prove easily that N =  C {3.
The detailed process can be found in [Wal]. The proof of the asymptotic
formula (3.10) is similar to that in [S). .

4. LOCATIONS OF RESONANCES

In this section, we will study the locations of resonances of the operator
H (/3). That is to study the positions of eigenvalues of operator pe (x, D).
We also assume v (x) satisfies the condition (HI), (H2). Let Eo be a
discrete eigenvalue of 7~, with multiplicity N. In order to estimate the
width of resonances, in the definition of U ( ()) in section 2, we will choose
A == Eo, b &#x3E; 0 sufficiently small, and in the definition of H (/3) in section 3,

Annales de Henri Poincaré - Physique theorique
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we will choose 7/  -Eo - 8. By Theorem 3.5, there exist exactly N

eigenvalues of R(/3) near Eo. In order to study the eigenfunctions of

pe (~r, D), we will construct an approximate inverse of (pB (:~, D) - z)-1
out side { ~, ~1  (Eo + ~)//3}.

Let pe (x, ç) = Pe ~x~ ç) - ~~ ~ ~ ~~ ~~ ~~e ~~~~, and S (Eo) _ ~ z E
C, !~ - Eo ~ I  0/3~}. Then for z E S (Eo), one has the following
estimates,

The estimate (4.2) comes from ~’M ! I :::; c ~, (2.3) and the property of
~(~). By these estimates and the calculus of pseudodifferential operators
(c~ [CM]), we have the following proposition.

PROPOSITION 4.1. - There exists a /3o &#x3E; 0, such that for () E 

5’ (Eo), 03B8 (x, D) - E M invertible and moreover we have

for any E e ’9 1 where k is a ’ ’ 1

LEMMA 4.2. - The integral kernel K03B8 (x, y) of the operator (03B8 (x, D) -
E)-1 satisfies the estimate

’ 

; ’ ’ "’ ’ ’ l; #

for some ~y &#x3E; 0, and uniformly for E E S (Eo), i.e. for r &#x3E; 0, /o E l~n,

let U (Yo) _ ~ y E l  has

By (2.4), one knows that pe (x, ç) is an analytic function in variable ç in
the complex region: I  C where C is a small constant. As

in the proof of proposition 3.1, for 03B3 sufficiently small, one can make a

Vol. 61, n° 2-1994.
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changement of the integral countor of variable in ç to show that (x, D)
is a standard ps. d. o. and 

0 0 é 0 0 é 1; #

where dyo (.r) = 1 and dyo ~~J) == ~~’ - y) dyo (i). By
Taylor expansion, one ~ can get the following £ estimate " easily.

When ~ sufficiently small one has

Let g E and suppg c Put

One has

Therefore

This completes the proof..
In the following, we will outline the construction of Grushin problem

for pe (~, D) - z, z E S (Eo), the detailed process, see [HS] and [Wal].
Let (/3), ..., (/3) be the eigenvalues of H (/~) in the interval I (/.3)
and ul (/3), ..., ~~v (/3) be the associated normalized eigenfunctions. Define
the maps.

For z E consider

Annales de Henri Physique théorique
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with (v, v+) E x CN. Let E’ = ..., ~}, ~ =
E’1, H’ (~3) = ~(/3))~. By theorem 3.5, H’ (~3) has no spectrum in

one has the following estimate.

For z E S (Eo), then H (,~) - z is invertible, one has

where

Let p E Coo (R), P ~t&#x3E; ==  (Eo + ~/2)//3; /) (t&#x3E; = 1, t &#x3E; (Eo + ~)//3,
E C°° (R), -~ (t) = 0, t  ~o, -~?=1,0 to. Put

Now we consider

Define

Then P (~3, z) F (z) = I ~- K (z), where K (z) _ 

In order to estimate the operator I~ (z), we will need the following lemma.

Vol. 61, n° 2-1994.
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LEMMA 4.2. - With the notations above, for any ê &#x3E; 0, there ’ are

, 7+? ~y- &#x3E; 0 such that

where the meaning of (4.6) is the same as in the Lemma 4.2.

Proof. - (4.7) and (4.8) follow from (3.8). The proof of (4.6) is similar
to the proof of (4.4)..

LEMMA 4.3 . - One can choose p, x~ , ~ such that the following estimates
hold

Proof.

Annales de l’Institut Henri Poincare - Physique ’ theorique ’
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By (4.6), one can prove that

From the estimate (4.13) and the estimate above, we get the estimate (4.9).
The proofs of the estimates (4.10), (4.11 ) and (4.12) are similar to this
one..

Making use of Lemma 4.2 and Lemma 4.3, one can get the following
estimate

in the sense of operator norm on Lz (Rn) x CN, uniformly for z E S 
As a consequence of (4.14), P (/3, z) is invertible for ~3 &#x3E; 0 sufficiently

small. We write this inverse, G(~), as

From (4.14) and the formula

we can prove that

THEOREM 4.4. - Under the assumption above, Eo  0 is an eigenvalue of
H with multiplicity N. Let (/3~, ... , (,Q) be the eigenvalues of H (~3~
in the interval I ((3). Let r (/~i~ denote the resonances of H ((3) in S (Eo).
Then there exists a bijection b : { ~cl (,~), ... , (~) } -+ r ((3) such that:

Proof - The proof of this theorem is standard now. The basic point is
that pe (~, D) - z is invertible if and only if R-+ (z) is bijective on CN.
Then we have the formula:

(cf [HS]). By (4.16), we can show that the spectrum of D) in

,S’ ( Eo ) is in one-one correspondence with the zero of det l~-+ ( z ) , even
if we count the multiplicity of these elements. The desired result follows
from (4.15). N

Since the eigenvalues of H (/3) are real, from Theorem 4.4, one can get
easily the following consequence.

Vol. 61, n ° 2-1994.
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COROLLARY 4.5. - With the notations of Theorem 4.4, for ,~ &#x3E; 0

sufficiently small there exist exactly N resonances of H ({3) in ,S‘ (Eo ) . Let
zl (,C~), ... , zN (,C~) denote these resonances, repeated according to their
multiplicity. Then we have

Note that in the case of non-relativistic Schrodinger operator, the width of
resonances in Stark effect is exponential small (cf [Sig], [Wal] and [Wa3]).
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