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ABSTRACT. - Classical mechanics is formulated in two different ways,
lagrangian mechanics and hamiltonian mechanics, and one of them is dual
of the other. This paper studies the cases in which a hamiltonian formula-
tion is possible for first order multiple integral variational calculus, that
is classical field theory. In those cases we give a hamiltonian version of
the theory and study the equivalence with the lagrangian formulation
under suitable conditions of regularity.

RESUME. 2014 11 y a deux formulations standard de la mecanique classique,
mecanique lagrangienne et mecanique hamiltonienne, et l’une est duale de
l’autre. Cet article etudie les cas dans lesquels il est possible de faire une
formulation hamiltonienne du calcul de variations multiples de premier
ordre, c’est-a-dire de la theorie classique des champs. Dans ces cas nous
donnons la version hamiltonienne de la theorie et 1’equivalence entre toutes
les deux formulations si nous avons des conditions suffisantes de regularity.
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28 A. ECHEVERRÍA ENRIQUEZ AND M. C. MUNOZ LECANDA

0. INTRODUCTION

As it is well known, the appropriate domain for the study of the
lagrangian formulation of first order variational calculus problems, or
classical field theory, is the bundle of 1 jets of local sections of a
differentiable fiber bundle 03C0: E ~ X. See references [ 1 ], [2] and [ 10] .

In the one dimensional case we have that X = IR, E = M x IR, where M
is a differentiable manifold, and J (E)=TM x IR is a vector bundle. These
properties of E and J (E) allow the dualisation of the problem, via the
Legendre transformation, and the construction of a hamiltonian formula-
tion based on the existence of the 1-canonical form on T* M.
The aim of this paper is to establish the conditions in which it is possible

to formulate a hamiltonian theory, dual of the initial lagrangian one, and
the study of the conditions for the equivalence between both theories.

Recently there have been several attempts to study this problem. See
for example [4] and [8]. In these formulations, which use essentially the
affine structure of J1 (E), there is no way to define canonically the basic
geometrical objects, like the hamiltonian function, the contact one form,
etc., as in the analytical mechanics. In reference [10], the aim is directed
towards local problems and their coordinate expressions.

It seems inescapable, in order to obtain a hamiltonian formulation of
these problems, to add a geometrical condition. We think that this condi-
tion must be as simple as possible and general enough to cover the most
classical problems in this theory. Moreover, the condition we have chosen,
the existence of an horizontal sub bundle of the tangent bundle of E, that
is a connection on TE (see § 2.1), allows us to hold an strict parallelism
with the geometrical formulation of the analytical mechanics.
On the basis of this condition the followings problems are studied and

solved: 
.

(1) To construct a natural dual vector bundle associated to J1 (E).
(2) To obtain and characterize an analogous of the canonical Hamilton-

Cartan form.

(3) To state the Hamilton-Jacobi variational problem and obtain the
hamiltonian equations for a critical section.

(4) To construct a canonical Legendre transformation FL, such that
the pull-back by FL of the Hamilton-Cartan form is the well known
Poincare-Cartan form, see references [5] and [6], and study a sufficient
condition for the existence of a hamiltonian formulation associated to a

Lagrangian.
(5) To study and characterize the ker FL*. The case X = IR is developed

in references [2] and [3].
(6) To state the different variational problems related to a quasiregular

Lagrangian and establish the conditions for their equivalence.

de l’Institut Henri Poincaré - Physique theorique



29VARIATIONAL CALCULUS IN SEVERAL VARIABLES

(7) To establish the equivalent to the classical Liouville theorem and
study the hamiltonian version of the minimal surfaces problem.

This work is organized as follows:
- Point ( 1 ) can be found in Section 2.
- Points (2) and (3) are in Section 3.
- Point (4) is in Section 5.
- Points (5) and (6) are in Section 6.
- Point (7) is in Section 7.
In this last paragraph we also analyze the fundamental obstruction to

the application of the theory to the electromagnetic field, that is the non
regularity of the Legendre transformation or, equivalently, the existence
of constraints.

This last example brings up the necessity of developing an adequate
theory for the study of constrained systems in multiple dimensional varia-
tional problems, as has been recently done in the case of one dimensional
problems. See for example [8].

1. 1-JETS BUNDLES OF SECTIONS. DUALITY

1.1. Affine bundle structure

Let 7T: E ~ X be a differentiable fibre bundle with fibre type F. Let
dimX=m, dimF=n.
Let eEE and U an open neihborhood of x in X. Let

~:U-~E be a local differentiable section with s (x) = e. Let r (e) be the
set of such sections when the open set U varies.

If s, we say that if and only if Txs=Txs’. Trivially, this
is an equivalence relation and we call Ee the quotient set of I-’ (e) by this
relation.

Put J1 (E) = ~ Ee and p:J1(E)~E for the natural projection. Then
eeE

the set with its natural structure is a differentiable fibre bundle
over E. The fibre has dimension m x n. Moreover, the projection
7T ~: J 1 (E) -~ X makes J (E) a differentiable fibre bundle over X.

Let e E Ee, so p (e) = e, with 7r(~)=~-. We have that
but if s is a representant of e, then

then Ee is the inverse image of the identity by the
morphism:

Vol. 56, n° 1-1992.



30 A. ECHEVERRÍA ENMQUEZ AND M. C. MUNOZ LECANDA

We have proven that 11- 1 (id) ::) Ee and the converse is trivial if you take
local coordinates.

But VeE) where VeE is the set of tangent vectors
of TeE vertical with respect to 03C0: E ~ X. Then if Pe is an element of Ee
we have:

Let E= U We have proven that J ~ (E) is
eEE

an affine bundle on E and that the associated vector bundle is
E = VE~E 03C0* T* X, where 7t* T* X is the pull-back of T* X to E. For more
details see [7] and [11]. 

_

We denote by p : E ~ E the natural projection and write 03C0=03C0 Qp.
Let ~:U-~E be a local section of 7t. If then the map 

gives us an element of Thus the section s allows us to
construct a section s of the projection ~c ~ p. We call s the canonical lift,
or the canonical extension, of s to J (E).

1.2. Duality

For any e E E, let W be an open neighborhood of e in E and f : W -~ X
a differentiable function. Let F (W; e) be the set of such functions that
verify / (~) = 7t (e) = x. Let F (e) be the set of such functions when the open
set W varies.

If f, gEF(e) we put f~g if and only if Teg|ve E’ This is an
equivalence relation and we call E the quotient set of F (e) by that relation.
We have 
Now we put and the natural projection p : E -~ E

makes E a vector bundle on E. Its rank is m x n. Let ~c = ~ ~ p.
The bundle E is the dual bundle of E and both are the fundamental

objects to construct our theory.

2. ADMISSIBLE BUNDLES AND CANONICAL LOCAL CHARTS

2.1. Definitions, examples and general properties

Let 03C0: E~ X be a differentiable fibre bundle with dim X = m and
dimE=m+n.

DEFINITION. 2014 We say that E~ X is an admissible bundle X//
(i) E bundle with a connection, that is : There vector subbundle

HE of TE such that TeE=VeE~HeE, for all eEE.

l’Institut Henri Poincaré - Physique theorique



31VARIATIONAL CALCULUS IN SEVERAL VARIABLES

(ii) The horizontal distribution on E is involutive.

Examples:
(a) The trivial bundles E = X x F where F is a differentiable manifold.
(b) Let be a vector bundle with a linear connections V.

Associated to V there exists a canonical decomposition TE=VE@HE
where the horizontal vector fields form an involutive distribution if the
curvature vanishes.

(c) Particular cases of (b) are the tensor bundles on a manifold X with
a connection with null curvature.

(d) Let 71:: E -~ X be a principal bundle with a principal connection. If
the curvature vanishes then the horizontal distribution is involutive.

All this theory can be developed with condition (i) alone.
Condition (ii) enables us to construct special coordinate systems as we
will see in the following.

PROPOSITION. - admissible bundle and e E E. There

exists a local chart (W, p) in e E E with coordinate functions ... , xm,
yl, ... , yn such that:

(iii) There exist functions i, defined on U=7r(W), with and

such that (U, x) is a local chart in 03C0 (e) EX.
Proof . - Let Çfi (H) and Çfi (V) be the horizontal and vertical distribu-

tions on E and e E E. Both distributions are involutive. Hence there exists
a local chart in e, (W, xi, yi), verifying conditions (i) and (ii).

Moreover, the functions xi are constants along the fibres of rc, then
condition (iii ) is true.

For more details see [13]. D

DEFINITION. - 7/* E ~ X is an admissible bundle and (W, x‘, 
local chart veri,fying the conditions of the proposition we say that it is an

canonical chart.
With these canonical charts we can obtain canonical systems of coordi-

nates in E and E. Remember that and E=E*.
So let ebe a point in E with e=p(e) and (W, xi, y’) a canonical chart

in e E E. We can construct a canonical local chart in E, (U, x~, ~, in

the following way:

In the same way, if ~ we have (V, i, j, pij) in È as:

Vol. 56, n° 1-1992.



32 A. ECHEVERRIA ENRIQUEZ AND M. C. MUNOZ LECANDA

For simplicity we put x, y instead of x, y or x, y.
The importance of these canonical coordinate systems is that the critical

sections equations are the usal ones, as we will see in the sequel.
From now on we will only speak about admissible bundles and we will

only use canonical systems of coordinates. Observe that every vector field
on E splits in one horizontal part and another vertical one. We put v (Y)
for the vertical component 

2.2. Canonical diffeomorphisms

If 03C0 : E ~ X is an admissible bundle, consider the map T 1t : TE ~ TX.
If we take e E E, then the restriction T 03C0 |IIeE: He E~ T03C0(e) X is an isomor-
phism. Hence we have the map

where ie: He Te E is the natural injection. Now the map

is a differentiable section of the bundle k : Hom (~* TX, TE) -~ E.

PROPOSITION. - If e E E then ere (e) E Ee, the fibre of the bundle J1 1 (E)
over the point e.

Proof. - Take a canonical chart on E and the corresponding chart on
X. Now you can construct a local section s E -~ X such that

T’~ (e) S __ (Te 1t IHe E) - 1 . D

Now consider the map:

This map is a bundle diffeomorphism because it is no more that the
difference to one point in every fibre, that point is given by the section

Observe that the difference is made in the vector bundle
k : Hom (7i:* TX, TE) -~ E, which contains J1 (E) as a sub bundle (but not
as a vector subbundle).
We call (p: J1 (E) ~ E the canonical diffeomorphism and it allows us to

translate everything between E and J 1 (E).
In particular from a canonical chart on E, (U, xi, y’, we obtain one

canonical chart on J1 (E), just composing with cp.
Observe that in such systems the mapping cp is the identity.

l’Institut Henri Poincaré - Physique theorique



33VARIATIONAL CALCULUS IN SEVERAL VARIABLES

3. HAMILTONIAN FORMULATION

3.1. Structure forms and Hamilton-Cartan form

We can construct an that is a 1-form on E
with values in 7t* TX, in the following way:

Let and a vector field tangent to E,
then:

where ve is the canonical projection ve : TeE  Te E.

DEFINITION. - The 1 form ~ is called the canonical 1-form on E.

PROPOSITION. - The canonical 1 ~f’orm on E is differentiable.

Proof. - We are going to compute the coordinates of  in a canonical
system of coordinates (V, x‘, y’, Let e be a point of E.

Put e = (e, with and

then

in the open set V.

So the coordinates of 8 are differentiable functions of the
coordinates. 0

From now on we will write: 8=~~~@3/~. The following proposi-
tion is a characterization of 8:

PROPOSITION. 2014  is the only element of A1 (E, which verifies the
following conditions:

(i) 8 is zero on the tangent vector fields on E which are vertical for

(ii ) For every section y : E -~ E of p: E -~ E we have

take the vertical part on TE.

Comment. - Observe that y(e) can be understood as a linear form on
VeE but (y*8)e is a linear form on TeE, both valued in 

Vol. 56, n° 1-1992.
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Pr0q/’ . 2014 Trivially 8 verifies condition (i ). For the condition (ii), if

and we have:

because ° y = id.

Suppose verifies (i) and (ii), we will
see that a is determined in every point of E.

Let with There exist a local section y : E -~ E
’ 

and a vector field D on E such that:

(a) y (e) = e.
(b) is vertical with respect 
Observe that y and D can be computed in a local coordinate system

in the following way: Take 
and D with:

Now:

Hence a is completely determined. D

From now on we will suppose that the manifold X has a volume form

co. This form is pulled-back to E, E and E with the same notation.

DEFINITION. - The form ^03C9 will be called the canonical m-form

associated to the volume form (0, where ̂  is defined by the bilinear map:

Observe that 9 /B eo is an ordinary m-fonn on E.
If we take a canonical system of coordinates the expression of the

canonical m-form is

if the volume form is co = J dx~ /B ... /B dxm.

Suppose we have a Hamiltonian on E, that is a chosen function
H:E-~ ~.

DEFINITION. - ~Ye call Hamilton-Carton form associated to the 
tonian H, the form

Remember that we put ? for the pull-back of the volume element on X
to E, E and E. The expression of O in a canonical local chart comes
trivially from the expressions given above

Annales de l’Institut Henri Poincaré - Physique theorique



35VARIATIONAL CALCULUS IN SEVERAL VARIABLES

3.2. Hamilton-Jacobi variational problem and critical sections

Let cr : X -~ E be a section E -~ X. Consider the integral:

This functional I is defined on the set of those sections
such that the above integral exists. Observe that if X is compact then
ScccE==r(E).
The Hamilton-Jacobi /ariational problem associated to the function H

is to find the critical points of the functional I in the following sense:

DEFINITION. - We say that the E is a critical point of
the functional I if

for every vector field with compact support.

THEOREM (First characterization of critical sections). - A section
6 : X ~ E is critical if and 

for every with compact support.

Proof :

because D has compact support.
Now the result fallows by the Fundamental Lemma of the Calculus of

Variations. 0

THEOREM (Second characterization of critieal sections). - Let

Y E Secc (Am TX) be the only m-vector field such that 03B3 «(0) = 1. Then a section
6 : X ~ E is critieal if and only if

=&#x3E;

d~0 then there exists D such that d~0 hence the section
is not critical because 

~f cr* (io d0) ~ 0 for some D, then (io d0) (cr * y) ~ 0. D

Vol. 56, nO 1-1992.
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4. LAGRANGIAN PROBLEMS AND CRITICAL SECTIONS

In this paragraph we summarize some results of [5] that are necessary
for the complete understanding of the rest of this paper. For the details
see the just mentioned paper.
A Lagrangian for the bundle 03C0: E ~ X is a function L : E ~ [R and if

s : X ~ E is a section of 03C0: E ~ X we consider the functional:

where s : X ~ E is the canonical lift of s to E via the canonical diffeomor-

phism p: J1 (E) ~ E. We must restraint the problem to the set

Secc (E) c r (E) of sections such that the integral exists.
The Hamilton variational problems associated to the Lagrangian L is

to find the critical points of the functional that is the sections s such

that :

for every vector field o D on E with compact support.

THEOREM [5]. - A section s : X ~ E is critical if and only if

where , 0 is the on E defined by:

e being $ the canonical 1 form on E and QL the Legendre form transformation
associated to the given variational problem.

Comment. - The expressions of the before mentioned forms in a

canonical local chart, are " the following:

our notation is slightly different because we put vji instead of pij as it is

used in [5].
In fact, in the original paper [5], the above theorem is stated on J1 (E).

We have translated the problem to E via the canonical diffeomorphism.
On the other side in that reference there is a local construction of the

Poincare-Cartan form 8. We now offer another, which is related only
with the geometrical objects associated to the problem.

Annales de l’Institut Henri Poincaré - Physique theorique



37VARIATIONAL CALCULUS IN SEVERAL VARIABLES

With the same notation as in the beginning we have

But J 1 (E) is an affine bundle on E, then the vertical tangent space to
J (E) at the point e is canonically isomorphic to Ve X where e = p (e)
and ~=7i:(~). Hence we have a canonical ismorphism V between 
the sections of the vertical bundle of J 1 (E) over E, and

This canonical isomorphism is an element of

Consider now the canonical structure form e of J 1 (E). The form e is
an element of (E)) The bilinear product defined by
the duality between and r (p* VE)* allows us to define the
natural contraction

The form co on J 1 (E), the pull-back of the volume form on X, is an

element of so taking into account the contraction
between and and the exterior product
between and we obtain the contraction:

Now, as in analytical mechanics, we have that:

if we use the natural contraction between and dL which is an

element of 

5. LEGENDRE TRANSFORMATION AND LAGRANGIAN FORMS

In this paragraph we study the relation between our hamiltonian formu-
lation and the lagrangian formulation we have summarized in the last
paragraph. The situation is very similar to the one we find in analytical
mechanics.

5.1. Legendre transformation

Let L : E -~ IR be a Lagrangian.

DEFINITION. 2014 The map

Vol. 56, n° 1-1992.
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defined by

where D is the ordinary differential in a vector space, is called the Legendre
Transf ’ormation associated to the Lagrangian L.
Obviously the expression of FL in canonical local charts is:

DEFINITION. - The function

is called the action of the lagrangian L.
The function E = A - L is called the energy associated of the Lagran-

gian L.
The expressions of A and E in a canonical local chart are:

5.2. Quasiregular and hyperregular Lagrangians

DEFINITION. - We say that L is a quasiregular Lagrangian if:
(i) The image of FL is a submanifold of E and the natural injection is

an embedding.
(ii ) The fibres of FL are connected submanifolds of E.

PROPOSITION. - If L is quasiregular then ~ is FL-projectable.

Proof. - We must prove that ~ is constant along the fibres of FL.
This fibres are contained in the fibres of p : E ~ X, hence we can limit
our study to a canonical local chart y’, 

If

is tangent to the fibres of FL then FL~ D = 0 and it verifies:

Then we have:

DEFINITION. - If L is quasiregular then there exist functions H : 
such that FL*H==~. Any one of such functions is called a Hamiltonian
associated to the Lagrangian L.

l’Institut Henri Poincaré - Physique theorique



39VARIATIONAL CALCULUS IN SEVERAL VARIABLES

Comments. - If FL is a diffeomorphism then we say that L is hyperregu-
lar. In this case there exists only one Hamiltonian H associated to the
Lagrangian L.

If FL is locally a diffeomorphism then we say that the Lagrangian is
locally regular. In this case there isn’t any global Hamiltonian but locally
there exist hamiltonian functions.

If FL is quasi regular but not a diffeomorphism then the Hamiltonian
is not univocally defined but all of them coincide on the image of FL.
Now we are going to see how we can obtain the lagrangian formulation

from the hamiltonian one, via the Legendre transformation.

5.3. Lagrangian form

Let L be a quasiregular Lagrangian and H a Hamiltonian associated to
L.

DEFINITION. - We call lagrangian form, L, the pull-back by FL of the
Hamilton-Cartan form, that is: 0L = FL* È&#x3E;.
The expression of È&#x3E;L in a canonical local chart is:

where n ... n dxm is the volume . form on X.

PROPOSITION. - Let s : 
its canonical li, ft. Then:

We can use a canonical local chart yj, vji). Let 
be a section, then s (xt) ~ (xh, f J (x~), and a little computa-

tion gives us the result. 0

Observe that the Lagrangian form 6~ corresponds to the
Poincaré-Cartan form in the above mentioned work [5] but with opposite
sign.

A comment on variational prineiples
Usually the Hamilton variational problem is the following: Is there any

section s : X -~ E with compact support and critical for the functional

Vol. 56, n° 1-1992.
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On the other side the variational principle of Hamilton-Jacobi asks for
the critial sections of the functional

Observe that, from the definition, FL* È&#x3E; = OL, and the above Proposi-
tion, ~*6~~*L(D, we deduce:

that is, the equivalence between both variational principles.
Notice that the energy ~ verifies

for any section s : X ---~ E and its canonical lift. It is not difficult to prove
that the energy is univocally determined by this property, so we can

conclude that the energy is the only function that achieves the equivalence
between both variational principles.

6. ASSOCIATED PROBLEMS AND EQUIVALENCIES

Let L : E -~ IR be a quasi regular Lagrangian. Consider the following
sets:

Where ~’~ means "with compact support".
V 1 is the set of solutions of the Hamilton variational problem associated

to the Lagrangian L. If we take sections s : X ~ E instead of s : X -~ E
and their canonical lifts, then the set of solutions is V 2’
V3 is the set of solutions of the Hamiltonian variational problem for

the Hamiltonian H associated to the quasiregular Lagrangian L.
The canonical lift gives us a natural injection of V 1 into V 2’ We will

study the other relations between V l’ V2 and V 3’ We call these relations
Equivalence Theorems. The equivalence between V 1 and V2 is usually
called Regularity Problem.

l’Institut Henri Poincaré - Physique theorique



41VARIATIONAL CALCULUS IN SEVERAL VARIABLES

6.1. Characterization of ker FL*

THEOREM :

where q-~ (E) are the vector fields on E that are vertical with respect to the
projection p : E -~ E and rad dOL is the set of vector fields D such that
iDd0398L=0.

Proof - This is a local result, then we can use a canonical system of
coordinates (xi, y~, v’i).

Let D = ¿ 03B1i ~/~xi + ¿ 03B2j~/~yj + I 03B3ji ~/~vji a vector field. If D is in

q-~ (E) then a‘ = o, Bj = 0 for all i, j.
If D is in ker FL* then:

Conversely, if then ai = 0 and (~=0, for all i, j,
because D is vertical with respect to p. Hence the expression of D is:

On the other side from the expression of L in a canonical coordinate
system, we have that:

Then, if D = ¿ 03B3ji ~/~vji verifies iD dOL = 0, we have:

And the result follows. D

6.2. Equivalence theorems

THEOREM. - The natural injection i : V1 c V2 is onto if and only if

Proof.~

Suppose that ker FL*~0. Let be a vector field in ker FL* and r
a local one-parameter group associated to D. We have that 
because Moreover, as D~rad dL, then hence

Vo!. 56, n° 1-1992.
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where LD is the Lie derivative with respect to D. Then we have

T* so is invariant under the action of T.

Let then We are going to obtain an element 03C3~V2 with

_

Let a = TO s. If D E ~’C (E) we have:

because s E Then 03C3~ V 2’ 
_ 

_

Now we are going to prove that Suppose that then

there locally exists ~(~)=(~, h’) such that 6 = s’, that is aM==(~ ~,
But observe that and

then we have:

then and we have that ’t = id, hence

D=0, against the hypothesis.

Suppose there exists S E V 2’ s ~ i(V1), then locally

Let us consider the vector field:

Then D is different from zero. We are going to see that D~rad dL
that is:

We know that then for all If we take

vector fields we have:

then:

hence ’ the condition is verified, because ’ ykh are " arbitrary coefficients, and o

0

THEOREM. - Consider the 

Annales de Henri Poincaré - Physique théorique



43VARIATIONAL CALCULUS IN SEVERAL VARIABLES

FL is a diffeomorphism, then they are correctely defined and they are
bijections so the three different variational problems are equivalent.

If for if D has compact support on E
then:

because 
Observe that ",-1 (u) = FL -1 o.
Now if 03C3~V3 then because FL is

a fibre morphism, and so by the above theorem we have
that V2 = V 1 and the result follows. 0

7. APPLICATIONS AND EXAMPLES

7.1. Liouville theorem

Let 7T : E ~ X be an admissible bundle, E 2014~ !R a hamiltonian function
and 03C9 one volume element on X.

PROPOSITION. - Let D~X(). If the integral curves contained
in the image of critical sections and the section 6 : X ~ E is critical , the

.f’orm d0, then it is also critical for the form 
Proo, f : - Suppose that 0’ is critical for ~, then s* (i~ d0) = o, for

any We must deduce this implies that for any 
we have:

The problem is equivalent to see that:

for any Xl, X2, ..., Xm vector fields tangent to the image of the section ?.
We have:

then we must show that:

for any and any Xi, X2, ..., Xm vector fields tangent to the
image of the section ?. We have:

Vol. 56, n° 1-1992.
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but, as for all then the first summation is zero
because of the conditions on the vector field D.

For the second summation, all the items with are zero for the
reason just mentioned above. For i = 0 we have:

for the same reason. D

If m = 1, that is in the case of analytical mechanics,
this result reduces to that is the classical Liouville theorem,
because if D is tangent to the critical sections we have:

then hence because d0 is closed.

7.2. Minimal surfaces in IR 3

We look for differentiable mappings cp : 1R2 such that their graphic
have minimal area as sets of 1R3.
Then X == 1R2, E = (~2 X IR and:

hence : E= [R@E [R2.
Let xl, x2 be the coordinates in the first 1R2, and y the coordinate of f~,

then vl and v2 are the coordinates of the fibres of E and pl, p2 the

corresponding coordinates for the fibres of E.
A section s : 1R2 ~ 1R2 X IR is a function x2) and its I-jet pro-

longation is the mapping:

The Lagrangian is the function:
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The Legendre transformation is given by:

then L is hyperregular.
Now the action and the energy are:

hence the Hamiltonian is:

If, as usually, 03C9=dx1 ^ dx2 then:

and:

A section 03C3 : 1R2 ~ E is given by:

and if 6 is critical then:

are the Hamilton equations of the problem.
These equations are completely equivalent to the classical one since, as

we said, the Lagrangian is hyperregular.

7.3. The electromagnetic field

In this case the base space X is the Minkowsky real space the
manifold E is T* 1R4 and vr : E ~ X is the canonical projection. Thus we
have a vector bundle, hence J (E) is canonically isomorphic to

The dual bundle is 
The Lagrangian is L(03B2)=(1/4)~A(03B2)~, where A is the alternating

operator and we use the induced metric on E by the metric on X.
If a is the I-jet prolongation of the section a then L (ii)

_ ( 1 /4) ~ ~ ~ Observe that L (a) = L (a + d~’), where f is a
differentiable function on X, and this is one of the sources of the gauge
problems in electromagnetic theory.

If we call x~ the coordinates on the coordinates on the fibres of E
and vL’ the induced coordinates on the fibres of E, then
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For a section we have:

where H and E are the classical magnetic and electric fields.
The lagrangian equations are the well known Maxwell equations.
The Legendre transformation, FL, is given by:

Obviously this transformation is not a diffeomorphism between E and
E. Observe that the image of FL is the vector bundle A2 TX, subbundle
of E.

Following the usual steps we find that the corresponding Hamiltonian
is

and in the same way we can obtain the associated Hamilton equations.
In this case, as a consequence of the non regularity of the Legendre

transformation, we cannot apply the equivalence theorems. In fact, it can
be suspected that the equivalence, if it exists, must be between the solutions
of the Hamilton equations and certain classes of solutions of the Maxwell
equations.
The origin of this non regularity is the inadequacy of the space J (E)

to the problem of the electromagnetic field. In order to solve this kind of
problems it is necessary to develop the theory of degenerate variational
problems with several variables.
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