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Time decay of solutions
to the Schrodinger equation
in exterior domains. I

by

Nakao HAYASHI
Hongo 2-39-6, Bunkyoku, Tokyo 113, Japan (*)

ABSTRACT. — We study the time decay of solutions for the following
Schrédinger equation:

1
i@,u+5Au=0, t,x)€e(0,0) x D,

*) w0, %)= ¢(x), xeD,

u(t, x) =0, (t, x)€(0, 00) x 0D,
where D is the complement of a star-shaped, bounded domain in R", n = 3,

and the boundary 0D is smooth. We give upper bounds for decay rates of
L?(D)-norm for the solution u of (x), for example,

CIY?(1 + t)"z(l +log(1+1), n=5 p=2n/(n—4),
lu@)ll, £ { CIMA(1 + g)~ 207 20%e n=4, p=1/,
CI'2(1 + t)—11/10+a’ n=3, p= o,

where ¢ and ¢, are sufficiently small positive constants,
I=1(¢) =l xPolli2 + 1 xA¢ 1> + | ¢ 13,2
REsUME. — Nous étudions la décroissance temporelle des solutions de
I’équation de Schrodinger :
ié,u+%Au=0, t, x)e(0,0) x D,

) u(0, x) = ¢(x), xeD,

u(t, x) =0, (t, x)€(0,00) x 0D,

(*) Present address: Department of Mathematics, Faculty of Engineering Gunma Uni-
versity, kiryu 396, Japan.
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72 N. HAYASHI

ou D est le complément d’un domaine étoilé borné de R”, n > 3, et de bord
régulier. Nous prouvons une borne supérieure pour le taux de décroissance
dans la norme de L?(D) des solutions u de (x) :

CI'?1 +t)"*1 +log(1 +¢t)), n=5 p=2n/(n-4),
lu@)]l, < { CIMA(1 4 ¢)=21-29+e n=4, p=1,
CII/2(1 + t)—11/10+s, n= 3, p = o0,

ou ¢ et &, sont des constantes suffisamment petites et

I=1¢)=ll1xPpli+ I xASI* + | D132

1. INTRODUCTION AND MAIN RESULT

We consider the exterior boundary value problem for the following
Schrodinger equation:

i6,u+%Au=0, (t,x)e(0,0) x D, (1.1)
u(0, x) = ¢(x), xeD, (1.2)
u(t, x) = 0, (t, x) € (0, 0) x D, 1.3)

where D is the complement of a star-shaped, bounded domain in R*, n = 3,
and the boundary dD is smooth. Our main purpose in this paper is to study
L?-time decay for solutions of (1.1)-(1.3). In this paper we use the following
notations:

NOTATION. — 0, = 0/0t, 0y = 0/0x, V. = (01, - - -, On)s X = (X1, + - ., Xp),

|x|=r, A= Z@f; S=S@)=-exp (i|x|*2t), teR\{0}; 0, =9/or;
k=1
L= 1(0) = xi + itdy, I = J(t) = (Jy, - . ., ), K = r?+nit+2itrd, +2it*0,,
J2 =% 4 nit + 2itro, — 2A, *=0% ... 0%, X =x% ... X, 1 0. T
ae(NU{0}),° = x°=1J° =1, % denotes the space of rapidly decreas-
ing C*(D)-functions from D to C, %’ is the dual space of & ; L? denotes
the Lebesgue space L*(D) or L?(D) ® C", with thenorm || - [|,, 1 £ p £ ©0;
[l =111l2;(., .) denotes the L*-scalar product; H™?=H™?(D)={y € &";

N lm,p = Z 1oy ||, < }, HF? = H3?(D) denotes the completion

la[=m

of C@(D) in H™?;

J'dx=J v n-n3=—2fa,-oc,-!-12)dx=—faj<x,-|-|2>dx
D D

j=1
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SOLUTIONS TO THE SCHRODINGER EQUATION IN EXTERIOR DOMAINS. — I 73

when D is the complement of a star-shaped, bounded domain with smooth
boundary dD.
The following relations will be used in the sequel:

Ji(t) = S(t)(itd)S(— 1), I(t) = S(e)itV)S(—1),
32(t) = St —2A)S(—1), L =id, + %A, [L,J]=LI—JL=0,

[L,J2]=LJ2-J?L =0, [L,K]=LK —KL =4itL.

Different positive constants might be denoted by the same letter C. If
necessary, by C(x,...,*) we denote constants depending only on the
quantities appearing in parentheses.

With these notations we state our main result.

THEOREM 1. — Let D be the complement of a star-shaped, bounded
domain in R*(n = 3), with smooth boundary dD. Let u be the solution
of (1.1)«1.3) with e H={ye¥;

I=1) =1 xPY 1> + 1 xAg 12 + Y132 < o0}

Then u satisfies the following decay estimates :
lu@) I, < CIV3($)1 + )71 77Q(E, B, 7).,
where p=2n/(n—2-2y), A
and Q@ B, y) = (1 + 1)2@=MG=A(1 + log (1 + 1)"C~P
where 0<p<4/3, O<y<12 if n=3 0=<p<2
O<y<1 if n=4 082, O0<y=1l, if n=5.
More precise L?-time decay for solutions of (1.1)-(1.3) has been studied

by Y. Tsutsumi (lemma 3.1 in [5]).

However his assumptions on the initial data and the domain are different
from ours, and his methods are also different from ours.

REMARK 1. — Let v be the solution of the initial value problem for
the linear Schrodinger equation with the initial data ¢. Then we have by
well known decay estimates of free Schrodinger group and Sobolev’s
inequality

Il o(t) ”Lz{amn) < Cl ¢ llurmm + |l @ llnz2@m)(1 + 3
< C(I7*¢ ll 2wy + || @ llrz2@m)1 + )17,

where 1/p + 1/p’ = 1 and y = y(p) is the same one as that of theorem 1.
REMARK 2. — We can treat the nonlinear Schrodinger equations in
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74 N. HAYASHI

exterior domains by using theorem 1, since the decay rates obtained in
theorem 1 are larger than 1 (see [5], [7]).

Throughtout the paper we assume that the assumptions of theorem 1
are satisfied. .

2. PROOF OF THEOREM 1

For the convenience of the reader we first give a sketch of the strategy
of the proof. The main result follows from Sobolev’s inequality

@) 1l, < CE=177 | Ju(e) ||~ - 1 Fw@)1’,  ¢>0,
la]=2
where p and y are same as those in thcorem 1. The first norm is estimated
by lemma 2. 1, the second norm is reduced basically to || J2u || by lemma 2.5
(which does not use the equation), then || J?u || = || Ku|| for the solutions,
|| Ku || is estimated in lemma 2.6 which requires a priori estimates of solu-
tions on the boundary given in lemmas 2.2-2.4. We note that computation

stated below is rather formal, but it can be justified by considering the
solutions u, of regularized equations such that

1
idu + EAu =0, t,x)e(0, 0) x D,
u0,x) = $(x)y xx D,
ut, x) =0, (t,x)e(0,0) x D,

where g e X = { y e H*™NAD) n H; Ay e HYXD),1 <1 < N — 1,NeN}
and ¢, — ¢ strongly in H. It is well known that for any k, there exists

a unique smooth solution
: N-1

U € m CY[0, 0) ;

=0
H2N"D4(D) n H5*(D)) n CY([0, 00) ; LAD))

(see, e. g, K. Yosida [6]). This and a limiting procedure allow us to justify
the formal calculation stated below.

LEMMA 2.1. — Let u be the solution of (1.1)«(1.3). Then we have

Il Ju®) 11%, LS | Vils) ll5ds < Cll x¢ |12, 2.1

| Jou(t) 17, LS | Vouls) l7ds < C |l xA¢ |2 (2.2)
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SOLUTIONS TO THE SCHRODINGER EQUATION IN EXTERIOR DOMAINS. — 1 75
Proof. — From (1.1) we have
. 1

i0JJv + EAJU =LJv=0, (2.3)

where v = u or du. We multiply (2.3) by Jv and take the imaginary part.
This leads us to

d
1ol + Im jV(— itVo-rd0)dx = 0, (2.4)

where Im f denotes the imaginary part of f. For any a, be &, we have

V(Va-rd,b) = V(xAa-b — (n — 1)Va b — rd,Va-b) + Z 0j(x;Va-Vb).
=1 (2.5
We obtain by (2.4), (2.5) and the fact that v = 0 on D,

d d
EHJUIIZ—tjaj(XjIVD M)dx = EHJDIIZHH Vullf =0. (2.6

(2.1) and (2.2) follow from (2.6) and i6,u(0) = — %Ad). Q.E.D.

LEMMA 2.2. — Letu be the solution of (1.1)-(1.3). Then we have for t >0

|0, Vu(t) ll, < Ce=2(1+2) " 2([| xAd || + I x@ || + 1l @ ll2,2) -

Proof. — We put { = (1 + r)"% k > 1. We have by a simple calculation
(0,Vu = 0,V({u) — o,u-V{ — Vu-0,{ —u-0,V{. From this and the fact
that 0D is bounded we have
Il 6,Vully = C|1L0,Vulls

< C( o, V&) Ml + Nl G-V lp + | Vi 0, Nlp + 111~ 0,V |ly)
< C(110,V(Cu) llp + VW) Il + 1 Cully) < ClILu 3311 CullZ3, (2.7)

here we have used the Schwarz inequality. We multiply (1. 1) by { to obtain

— Alu + Cu = 2id(lu) — 2VL-Vu — (ADu + Cu. (2.8)
By the elliptic estimates (see, e. g., [/]) and (2.8) we get
I Cullz,2 = COINCOm Nl + 1LVl + 11 Cull), 2.9

| Culls,2 < CONIEVOull + [| Lol + 1 EVull + (I Cull).  (2.10)
By Holder’s and Sobolev’s inequalities we have
Ct ' Jv|l, t>0,
<C win-2) = 2.11
1ol = Cllvll2nm-2 {C“VUH, ( )

for any ve H"? with | x|ve L%

Vol. 50, n° 1-1989.



76 N. HAYASHI

By a simple calculation we obtain for any v e H!+?

Ce (I Toll + llvll), t>0,
¢Vl = { 2.12
Cllolly.s 2.12)
(2.9)-(2.12) and (2.7) give
1 6,Vull,
S Ceo 2| Jou (|41 Ju )2+ )~ 21| Jou || + 1 Tull + Nl ullz,2)?
S G 21 4+e) 2(| | Jou N+ 1 Jull+ 1w l,,2) - (2.13)

Since ||ull5,, = C|| ¢ [|,,2 by the energy estimates of (1.1)-(1.3), lemma 2.2
follows from lemma 2.1 and (2.13). Q.E.D.

LEmMA 2.3. — Let u be the solution of (1.1)-(1.3). Then we have
t

Il VKu(t) |1, f s || Vosul(s) llpds, ¢ || Vu(t) [I7 < C-L(¢p)(1+1log (1+1)) .
0

Proof. — From (1.1) we have
LKu=0. (2.14)

We multiply (2.14) by 0,(Ku) and take the real part to obtain

%Il VKu|> + 2Re jV(VKu -(2ird,u + 2itrd,0m)dx =0, (2.15)
where Re f denotes the real part of f. By using (2.5) we have
jV(VKu-(Zir@,ﬁ + 2itrd,0m))dx = 2i j@ i(x;VKu (1 + t0,)Vu))dx

=2 ja i(xj(r*Vu+ nitVu+ 2itrd,Vu+ 2it(1 + t0,)Vu)((1 + t3,)Vi))dx

—4t ja ;| (1 +0,)Vu |2)dx —2 ja 0c(nt + 2618, )Vu)(1+ £0,)Vi))dx

Il

+2i ja,-(x,-(rz | Vu |2 +r*tVu - 0,Vu))dx . (2.16)
We have by (2.15), (2.16) and the Schwarz inequality

d

‘EII VKu || +4t || (1+10,)Vu |l < Ce( || Vu i+ 8,Vu |5 +1| Vae |l || VO [Iy) -
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SOLUTIONS TO THE SCHRODINGER EQUATION IN EXTERIOR DOMAINS. — I 77
From this we have

|| VKu |[> +4¢ || Vu|[5) +4¢ || VO |l

—(
dt
< Ce(||VullF +110,Vully + 11 Vullp 1| Voulls), (2.17)

d
since t||(1+t0,)Vullz=—t || Vu |2+ || Vou |l + 7 2| Vu iz

Thus from (2.17), lemmas 2.1-2.2 and the Schwarz inequality it follows
that

t
|| VKu ||> + 462 || Vu |2 + 4J 5% || Vou || < CI(¢)1+1og (1+1)).
0

This completes the proof of lemma 2.3. Q.E.D.

LEMMA 2.4. — Let we HY? n H?>? and r?we L2. Then we have
Ct~44-p I J2W||2/(4—ﬂ) | w H(2—ﬂ)/(4—ﬂ)+ct—2 Il 2w I, t>0,
| Vwlls = (2.18)
C-(llawll + 1VwlD), (2.19)

where 0 < B <4/3if n=3,0< f<2ifn=4,0<pf=<2ifnx5

Proof. — We put {; = (1 +r)~#*Y, 0 <2k <n — 2. Since we H§?
we have with v = S(— t)w

2| VwlE = —¢? JV(xlajwlz)dx = — JV(thajwlz)dx

- JV(x | (xj+itd;w |P)dx = — JV(x | J;w|%)dx

-2 jV(x | VS (—t)w |Pdx= —t? JV(x | Vo |2)dx
= —¢2 J | Vo |2(x -n)do £ max Cf‘<f —t2, | Vv |2(x-n)da>,
oD *€ oD

< c-(- JV(clth | Vo |2)dx>, ‘ 2.20)

where we have used the boundedness of dD. Since
VEx)=nl +18,Li=m—QCk+ D1+ 2 —2k-2)(, 20,
we obtain by (2.20)

IVwllz = C E I Zo"v |l W EVoll, 2.21)

la] =2

Vol. 50, n° 1-1989.



78 N. HAYASHI

where {=(14r)~* On the other hand, integration by parts and the Schwarz
inequality give

Z | Lo |)* = Z (Jaj(f(a,v-ajajam — 8,0 B)dx

=2 =1

- 2Jgajc(a,v-aja,5 - 6jv~6%6)dx) + 1 CAv |2

F3 ) NG+

la]=2

< ' ZJaj(cz(a,uaja,u—a,.uazu))dx
=1

+CZ 10;C - ow > + || tAv . (2.22)
BHl=1

In the same way as in the proof of (16) (Chapter 1 in [3]), the first term of
the R. H. S. of (2.22) is dominated by

1
1 Z 1E0*0 11> + C ¢V 2. (2.23)

lef=2

Therefore by virtue of (2.22) and (2.23)

160% 11> < C- (1A 1> + || Vo |12). (2.24)
Ja] =2

A direct calculation shows
1
1{Vo])? = 5((ACZ)0, v) — ((*Av, v). (2.25)
Since AL < 2k(2k + 2 — n)1 + r)~2*"2, we get by (2.25)
NLVoI? < k2k+2—n) || (1+1) " %0 |12+ || Ao || || (1+r~*p]l. (2.26)

Holder’s inequality gives

A+ 0750 | S CI( + 1)tk |82 || p -2, (2.27)
Thus by (2.26), (2.27) and Holder’s inequality, we see that
1{Vo 1> < Cll Av||*4=P |y |2@-pre-p, (2.28)

From (2.21), (2.24) and (2.28) we have

VWi S C-([|Av|| + || Vo |]24-B) b (|2 PIE=B)y
X |]AU”2/(4—11)“ U“(Z‘ﬂ)/(4—ﬂ)

= Co(lAv]* + || Ao |4 ||y |22=PI4=P) - (2.29)

Annales de IInstitut Henri Poincaré - Physique théorique



SOLUTIONS TO THE SCHRODINGER EQUATION IN EXTERIOR DOMAINS. — I 79

Since J*w = S(t)(— t*Av), (2.29) implies (2.18). In the same way as in the
proofs of (2.21) and (2.24), we have

Ivwliz = C Z I Zowll IEVwl, (2.30)
Ja| =2
1wl = ClICAWIP + |1 LVw ). (2.31)

la]=2

(2.19) follows from (2.30) and (2.31). Q.E.D.

'LEMMA 2.5. — We assume that the assumptions of lemma 2.4 are
satisfied. Then we have

139 1| S € (1| || 46227 DI6D | T2y [266-0) |y [P0
laf=2

Proof. — We have forv = S(— t)w

Z 1o |)* < I z Jaj(alu-aja,v — O ofv)dx |+ ||Av|*. (2.32)
A=t

la]=2
In the same way as in the proof of (16) (Chapter 1 in [3]), The first term of
the R. H. S. of (2.32) is dominated by
1
3 Z 16%0]1> + ClI {Vo 1%, (2.33)
la]=2
Since 0D is bounded. Thus we have by (2.32) and (2.33)
0% < C(|| Av|® + |1 {Vo]?). (2.34)
la] =2

In the same way as in the proof of (2.30), we get the desired estimate.
Q.E.D.

LEmMMA 2.6. — Let u be the solution of (1.1)-(1.3). Then we have
I Ku(@) II* £ CI(GNL+1)>C=PC=A(1 + log (1 + 1)) ~PIG=H,

where f is the same one as that of lemma 2.4.

Proof. — We multiply (2. 14) by Ku and take the imaginary part to obtain
d
E” Ku||? + Im fV(VKu ‘(= 2itré,u)dx = 0. (2.35)

Vol. 50, n® 1-1989.
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We apply (2.5) and the Schwarz inequality to (2.35). Then we have
d

N Kull?

5 1K I

=—Im faj(xj(eru+(n—2)itVu+2itr6,Vu+2it2V8,u) x (itVu))dx
< Ce2((10,Vull, + 1] Voullp) I| Vullp. (2.36)
Lemmas 2.1-2.2 and (2.36) yield
| Kull> < CL)L + 1) (2.37)
By lemma 2.2, lemma 2.4 (2.18), (2.36) and (2.37) we see that
%“ Ku > < C2@™ (1 + )7 V212 + ]| Vowly)

X (¢~ HE=0 || Ku ||24-P1C-026- 4 =2 || Ku||)
< CIZ-PR24-( 4 ()2C-pIe=P

X (VAL + )TV 4 ]| VO ||p) || Ku ||4H
From this, (2.37), lemma 2.1 and the Schwarz inequality it follows that

t
| Ku |l* < || Ku(l) b* + CI”Z/ZJ (1 + s)2b(s™ V2(1+35)” V2112
1

+ 51| Vosulp)ds < CI*2-(1+1)***(1+log (1+1)

+ 1/2 t 1/2
+ CI%/2- (1 +1)%2 q s || Vosu ||§ds> (J s ldS)
1 1

S CPY2(1 + )1 + log (1 + 1), (2.38)

where by =23 — B)/(4 — ), b, =2 — /(4 — ). Lemma 2.6 follows
from (2.38) immediately. Q.E.D.

Proof of Theorem 1.— By Sobolev’s inequality (see [/], [3], [4]) we have

(NV¢Wﬂ~§]www, (2.39)
i, < =2
Ceir Iyt Y 3l £>0,  (2.40)
la]=2

where p=2n/n —2—-29)22,0=y=<12ifn=30=y<1lifn=4,
0<y<1ifn=5 Wehave by lemma 2.1, lemma 2.5, (2.37) and (2.40)

lu(@)ll, < CLO P21 Pu | 4 2% || Pu [P6-Pp2y
< CIbzlzt-l—y+2bz ” J2u ||(1—b2)/2

< CII/Zt— 1 —7(1 + t)ZbZYf4—ﬂ)/(3 _ﬂ)(l + log (1 + t))?/(3 —-8)
< CIV2= 171 +£)2@~BC=B(1 Llog (1 +1)"CP, >0, (2.41)
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SOLUTIONS TO THE SCHRODINGER EQUATION IN EXTERIOR DOMAINS. — I 81

From (2.39) it is clear that
lut) |, < CI'72. (2.42)
Theorem 1 follows from (2.41) and (2.42). Q.E.D.
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