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ABSTRACT. — We present, for the study of effective constants in an
homogeneous or random medium, a formalism based on orthogonal
projections which stresses the mathematical equivalence of different phy-
sical problems.

We develop also an approximation scheme and apply it to a case of
physical interest.

RESUME. -— On introduit, dans Iétude des constants effectives pour
des milieux inhomogeénes ou aléatoires, un procédé soulignant I’équivalence
mathématique de plusieurs problémes physiques. On considére aussi
un schéma d’approximation et on lapplique & un probléme d’intérét
physique.
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2 G. F. DELL’ANTONIO, R. FIGARI AND E. ORLANDI

1. INTRODUCTION AND SUMMARY

Consider a dielectric medium in a region D = R*. Denote by &(x) the
local dielectric tensor. Choose a boundary condition T' on D and let E
be the electric field in D. When only partial information on ¢ is available,
or when ¢ is a rapidly varying function, one is interested in averaged quan--
tities. One of them is the effective dielectric constant &*, defined roughly
speaking as the proportionality ratio between the average of | ¢E | and of | E |.

This situation prevails also in a number of other physical problems, €. g.
in the study of dissipative properties (conductivity, thermal conductivity,
viscous flows) or dynamical properties (magnetic susceptibility, elasticity,
velocity of sound). In fact, from the point of view considered here, all these
problems can be considered as mathematically equivalent.

In each of them one considers a field S in D, with values in a vector
space K; physically, the field S may describe the electric field, the tempe-
rature gradient, the fluid velocity, the elastic strain tensor, etc. The field S
is in some sense a gradient (more generally, a closed form). It also satisfies
an equation of the form

diveS =0 1.1)

where o is a field of maps from K to itself, describing the local properties
of the medium. If ¢ does not depend on S, and is bounded and strictly
positive, (1.1) is equivalent to an elliptic system and has therefore a unique
solution under very mild conditions on D and I [/]. Denote by F the
average of the quantity F over D. Let K be a unit vector in R, If I" is homo-
geneous, as we shall always assume, K.oS is proportional to K.S. The
effective constant g* is then defined by K. oS = ¢*K. S. Almost all published
results on approximations or bounds for ¢* refer to the linear case. A
notable exception is [2].

In this paper, in which we consider only the linear case, we solve (1.1)
by a construction which emphasizes the mathematical equivalence of
the physical problems described above. We work entirely in a Hilbert-
space setting, and exploit the fact that rot and div are (Hodge) adjoints [6a]
[6b]. In the case.in which o(x) takes only a finite number of values o; in
domains D;, and 0D; are sufficiently regular, the approach we follow
is equivalent—but not identical—to the use of boundary-layer potentials.

The paper is organized as follows:

In section 2 we develop the formalism when S is the electric field (denoted
by E) and ¢ the dielectric tensor (denoted by ¢). We construct E as uniformly
convergent series. When the system is made of N homogeneous components
with dielectric tensors g, we determine the analyticity domain of E as a
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INHOMOGENEOUS OR RANDOM MEDIA WITH LINEAR RESPONSE 3

function of the g’s .We deduce then the corresponding results for &*.
We also touch briefly on the variational approach.

In section 3 we indicate how other physical problems can be solved
by the same formalism; we outline the procedure for elastostatics and
viscous flow.

We also outline the analysis for a stationary random medium [5a] [5b].

In section 4 we develop an approximation scheme, based on the intro-
duction of approximate local fields ¢’ and/or a different boundary condi-
tion I'". In way of example, we compute to order 21 the (uniformly conver-
gent) expansion of ¢* in powers of p for the case when homogeneous spherical
inclusions of radius p are placed at the centers of a unit cubic lattice in a
homogeneous host medium.

In an Appendix, we sketch the relation of our approach to potential
theory.

In a separate paper we use the approach developed here to prove existence
of solutions of (1.1) in case of non-linear response, under suitable assump-
tions on the non-linear terms. We shall also extend to the non-linear
case the approximation scheme of Section 4.

Our interest in this subject was originated some time ago through dis-
cussions with G. Papanicolaou, which are gratefully acknowledged. We have
especially profitted from several enlightening discussions with D. Bergman.

Part of the work was done while one of the authors (GFDA) was taking
part in the project n. 2, Mathematics and Physics, at ZIF, University of
Bielefeld.

The other authors enjoyed at various times the hospitality and support
of the Courant Institute (E. O.) and of the Ruhr-Universitat Bochum (R. F.).
We express here our thanks to Prof. L. Streit, G. Papanicolaou and S. Albe-
verio for the warm hospitality.

2. ELECTROSTATICS, EXPLICIT DETERMINATION
OF THE ELECTRIC FIELD
AND OF THE EFFECTIVE DIELECTRIC CONSTANT

Let D be a bounded domain in R3, (x) the local dielectric tensor field.
We study the static electric field E(x) for suitable boundary conditions
on 0D. Maxwell’s equations are

rot E =0, diveE = 0, xeD (2.1

or, in abstract form
dE =0, d*E =0 2.2)

where * is the Hodge-duality.

Vol. 44, n° 1-1986.



4 G. F. DELL’ANTONIO, R. FIGARI AND E. ORLANDI

On ¢ we assume that one can find positive numbers «, ff such that

a.l <e(x) <p.1 xeD 2.3)
We shall use the notation

e+ = sup | &x)], xeD 2.4

¢_ = inf | e(x)|, xeD

where | ¢ | denotes the norm of the matrix e.

The system (2.2) is strictly elliptic, and has a unique solution by the
Lax-Milgram lemma.

We shall give an equivalent version of (2.2), exploiting the fact that
the kernel of d* is contained in the orthogonal complement of the range of d.
The projection operator we use has an explicit form, when 0D is smooth,
as an integral operator; in this case, the approach we follow is related to
potential theory. We shall give in the Appendix an outline of this relation.
We denote by L*(D))? the Hilbert-space of vector-valued functions on D,
with scalar product

1
{fgr= l—lﬂLf(X)g(x)fx, CAf>=1SI

where | D | is the Lebesgue measure of D.

Let H(D) be the space of those distributions whose (generalized) gra-
dient is in (L%D))>. Let Hi(D) be the closure in H'(D) of the function
of class C! with support strictly contained in D, and let V be a homogeneous
boundary-value space, i.e. a closed proper linear subspace of H'(D)
such that V 2 H}(D).

Let #y be the smallest closed subspace of (L%D))* which contains
all ¢ e(L¥D))*® which have the following property: for every x €D, one
can find a neighbourhood » and a function ¥ € V such that { = Vi in ».
Let A be the orthogonal projection of (L?(D))* onto #y« In analogy with
hydrodynamics, we call A a Hodge projection. We shall not indicate expli-
citely its dependence on V.

Let Eg € #uipy, Eo € Hy-

We shall say that E is an irrotational field in D satisfying the boundary
conditions (V, Eo) if E — Eq e #y [6]. By definition therefore

A(E — Ey))=E —Eg (2.5)
Define
B = E, — AE, (2.6)
so that
AB =0 2.6
One has then
AE-E= -8B 2.7

In many practical cases, e. g parallel-plate condenser or periodic

Annales de I Institut Henri Poincaré - Physique théorique



INHOMOGENEOUS OR RANDOM MEDIA WITH LINEAR RESPONSE 5

boundary conditions, E, is a constant vector, and AE, = 0. This rela-
tion however does not hold in general, even if E, is a constant vector.

For practical purposes, it is convenient to know the explicit action of A
when ¢ e (C!)>. If 0D is such that a Green function G exists for the homo-
geneous boundary condition (V, 0), one has

i

0
(Adx) = E J G(x, Y)ox&uy)d>y (2.9)
D

Here and in the following summation over repeated indices is understood.
To find the action of A on a generic element of (L*(D))* one can use (2. 8)
on approximating sequences.
For periodic boundary conditions over a regular lattice, the action of A
is easily described using dual lattice variables. For example, for a cubic
lattice of side one, one has

N 1.
(ASMK) = ki 5 kifilk), - ke z? (2.9)

where, for each i = 1,2, 3, fi(k) is the Fourier transform of f;(x).
Since V¢ € #, for all V if ¢ e C}, integration by part shows that if n € H#y
on;
then (L 0, xeD.
6xi
Therefore, for all boundary conditions (V, ®,) we interpret div ¢.E = 0 as

Ae.E=0 (2.10) -

Notice that (2.10) provides also information on the behaviour of ¢E at
the boundary.

The system (2.7), (2.10) is equivalent to Maxwell’s equations with
boundary conditions (V, E,). In particular, any solution E of (2.7), (2.10)
of class C! is also a strong solution of Maxwell’s equation.

Let 6 > 0 be any real number.

Using (2.6") and A2 = A one verifies that (2.7), (2.10) are equivalent to

A(l1 —0¢)E=E — B (2.11)
Let ¢y > €., and define the positive operator Q,, by
e 1/2
Q, = <1 — _> (2.12)
&o

(we do not distinguish notationally between the function Q,, and the
operator of multiplication by Q,).

Since Q,, is invertible, one obtains from (2.11), with § = ¢;'! the equi-
valent form

Q. AQ,,. Q.E=Q.E—-Q,B (2.13)

Vol. 44, n° 1-1986.



6 G. F. DELL’ANTONIO, R. FIGARI AND E. ORLANDI

which can be written

E=B+AQ,l - QAQ,) 'QB, so>e,  (2.14)
Similarly, for 0 < ¢o < &_, let
. e 1/2
Q. = (— - I) (2.12)
o

One has then
E=B— AQ, (I + Q;oAng)“Q;OB, O<egy<e_ (2.15)

Remark that || Q,, || < 1, where || || denotes the operator norm. Therefore
(2.14) provides a uniformly convergent series which determines E.

Consider now the important special case when ¢(x) takes only a finite
number of values ¢;,i = 1 ... N, and let y; be the characteristic function
of the domain D; in which &(x) = ¢;. Then

N
&\ :

Q, = z<l — —) o (2.12")
&o

To study the response to external fields which depend slowly on time,
it is often convenient to consider Maxwell’s equations when the tensors ¢;
are allowed to be complex-valued. We consider only the case in which
the complex extensions, still denoted by ¢;, can be diagonalized. Denote
by &4, @ = 1,2, 3 the eigenvalues of ¢;, and let ¢ = { ¢, } € C*™. For a
fixed geometry (i. e. choice of { D; }), let E(¢) be the (complex-valued) solu-
tion of Maxwell’s equation when &(x) = Z¢;y;. Let ® < CN be defined by

e=|_Je, (2.16)

aeR

- 3N _r T - -
0,=<::eC*™{0} 2+a<args,,m<2+a,oz—1,2,3,z 1...N

One has then

PROPOSITION 2.1. — For all ¢ e ©, E(¢) exists and is unique. Moreover
E(e) is analytic in © (as an (L*(D))>-valued function), and for each ¢ € ®
one can find ¢, € C such that,

00

E(e) =B + ZAQm(QeOAQm)"QmB
n=0

The series is uniformly convergent in a neighbourhood of ¢*) and Q,, is
defined in (2.12). ]

Proof. — The first statement, and also analyticity, follows from the

Annales de I’Institut Henri Poincaré - Physique théorique



INHOMOGENEOUS OR RANDOM MEDIA WITH LINEAR RESPONSE 7

0
Eqp(%) Fr in each region ®,, for a suitable
B

coercivity of the operator e'#=
choice of ¢,. Xa

For the representation through a convergent series, notice that (2.13),
(2.15) hold also when ¢ takes complex values, provided one can find g, € C
such that

max |1 — 22| < 1 (2.17)
i,a N
For €€ @®,, let & = Ce, C > 0. Then
&9 |? . _
L= =21 = (1 = Re(e "QCT )’ + (Im (e “(ZC ™))
0

and by construction Re (e ~"%?) > 0.
One can then find a constant C,, depending only on max | &2 |, such
i,a

that (2.17) holds in a full neighbourhood of ¢© if C > C,. [ ]

REMARK 2.2. — One has

e =_J_Joo,r, Q

P,Q) aeR

where P; Q =1...3N stand for pair of indices (i, «) and
0% = {se C3N -—Tn +a=argep < argeg < argeg= g +a } (2.18)

R#P,Q

It is easy to verify that ® is the (inductive) limit of analytic polyhedra,
in the sense of Weyl [7].

This allows to write integral representations for E (and for &*¥) where
the integration is on a measure supported by 0® and depending only
on the domains D;, D, while the integrand is a suitable function of the g;’s.

REMARK 2.3. — If ¢;(x) e C*, multiplication by ¢ is a bounded ope-
rator on (H¥3. If k > 3, the same is true if ¢;; € H*. If ¢, is chosen sufficiently
large (2.12) defines then a bounded positive operator on (H*)*, with norm
smaller than one. The Hodge projection A can be defined on (H¥)? in much
the same way as on (L?)?. Therefore under the assumptions indicated here,
(2.14), (2.15) and Proposition 2.1 hold also in (H*)®. W

We now turn to the description of the effective dielectric constant &*,
which we define, for boundary conditions (V, E,), by

{¢E, B> =¢*| B (2.19)
where B = B.||B|~ L.

Vol. 44, n° 1-1986.



8 G. F. DELL’ANTONIO, R. FIGARI AND E. ORLANDI

From (2.7), (2.6) one has . )
(E,B) =B (2.20)
and therefore ¢* satisfies

(¢E,BY =¢*(E.B) (2.21)

In (2.21) the role of ¢* as effective parameter in linear response theory
is clearly exhibited.
Let
&g = (B, eB) (2.22)

In most cases of interest B is constant so that & is the average of
(B, &(x)B) = ep(x). From (2.14), (2.15) one derives

€o

&= p)
e* — &g = — SOJ ﬁ #so(dl) &y = &, (223’)
o —

®© A
e —8g = — & L 137 wWed2)  0<eh <é- (2.23%)
where p,, is the spectral measure of Q,,AQ,, in the state Q.,B (i. e. the pth
moment of p,, is ({ QgB, (Q:,AQ,,)"Q.,B ) and puj is the spectral measure
of Q3 AQ, in Q;,B.

From (2.19) and Proposition 1 one has

PROPOSITION 2.4. — With the notations of Proposition 2.1, &*(e) is
analytic in ®; for each ¢ € ® one can find &, € C such that
e¥e)=¢ — 28,,(8) (2.24)
nx>1
and the series is uniformly convergent in a neighbourhood of &. ]

In (2.24) we have used the notation

8,,(8) - < Qmﬁ, (QroAQeo)nQroﬁ >
Remark that, when B is constant, one has
N

Be) = Zp,.s,. (2.25)

i=1

where p; is the relative volume of the domain D;. We point out that the
measures /i, 4, in (2.23’,”) depend both on the geometry and on the ¢&s;
(2.23) and (2.23’) do not give a representation in which the analyticity
of &* can be used directly.

Annales de I'Institut Henri Poincaré - Physique théorique



INHOMOGENEOUS OR RANDOM MEDIA WITH LINEAR RESPONSE 9

The only exception is the case N = 2, ¢ = ¢;I, ¢;eR,. In this case
the dependence of p,,, yi;; on ¢y, &, is only through their total weight, and,
choosing &, = max (g4, &,), one can write

Ap(d A
8*—§=(31—82)2jL (2.26)
(1 — 1)81 + ).82
where p is the spectral measure of y,Ay, in the state y,B. In all other cases,
this factorization does not occur in (2.23',”).
We point out, for later use, that one has the explicit formulae

& — &= — (QuB, QAQ, (1 — Q,AQ,) 'Q,,B) (2.27),
- (Q4,B, Q,AQ;(1 + Q;AQ}) 'Q;B) (2.27),
We conclude this chapter with a brief comment on the variational for-
mulation.

It is evident that (2.13) is the Euler-Lagrange equation associated
to the quadratic functional

e* —¢

1 1
Py(T) = 2T QuAQwT ) = oK T, TH + (T, QB (2.28)

Since Q,AQ,, < I, P,, is strictly convex so that
P(T) <Py(Q,E)  VTe(LyD))? (2.29)
Using (2.28), (2.19), (2.20) one concludes
P(T)
e* < gl — B VTe(LoD))?, & =&+ (2.30)

We remark that P, does not coincide with the quadratic functionals
which intervene in the direct or in the dual variational principles asso-
ciated to (2.1). Therefore inequality (2.30) is different from the ones consi-
dered e. g. in [3]. '

Similarly, for 0 < g < ¢_, one considers the quadratic functional
on (L%*(D))® defined by '

1 1
P(T) = 3 (T, QRAQ,T ) + 3 (TLT)—<T,Q;B> (2.31)
Since Q;;AQ;, > 0, P is strictly concave, so that

1 1
Pé;,(T)ZEIIBII2 —§<B,8E>

from which one concludes

P, (T
e > 80<1 - ”—;‘“—D VTe(LXD)?, O<eh<e . (2.32)

Vol. 44, n° 1-1986.



10 G. F. DELL’ANTONIO, R. FIGARI AND E. ORLANDI

3. ELASTOSTATICS, VISCOUS FLOW,
RANDOM MEDIA

In this section we shall outline the steps by which the equations for
elastostatics and viscous flows can be placed in the general frame described
in §2. We shall also indicate, using electrostatics as an example, how the
scheme of § 2 extends to random media.

a) Elastostatics (see e. g. [8)]).

In an orthogonal local coordinate system we denote by u the elastic
displacement vector, and by v the strain tensor, with components

1 6ui ou i
v == + — 3.1
J 2 <ax j 5xi> ( )
Let 7, with components 7;;, denote the stress tensor. Then Hooke’s law reads
t=Cvie. Ty = Cij,kmvkm (3.2)

where C is the elastic stiffness tensor.
We shall only treat the case in which there are no body forces. In this case,
1 satisfies
6Tik
— =0, xeD (3.3)
0xy,
where D is the region occupied by the elastic medium.
We consider the problem described by equations (3.1), (3.2), (3.3) in
a bounded simply connected domain D, with prescribed boundary condi-
tions on the strain tensor

v;i(x) = vﬁ}’)(x), xedD (3.4

It is known (cf. [6], ch. 7) that, if dD is a Lyapunov surface, given v(x)
one can solve (3.1) for u, uniquely modulo rigid translations. We write
therefore (3.1) together with the boundary condition (3.4) as

v—1vQey (3.5)
where 7~ is the closure in (L%(D))® of the vector fields of the form

op; 0O
¢l + ¢k
axk ax,-

with ¢; e C}(D).
Let now A be the orthogonal projection of (L%D))? onto ¥". Then (3.1),
(3.3) read
Av— 1) =0v—1° (3.6)
Acv=A71=0 3.7

Annales de I’ Institut Henri Poincaré - Physique théorique



INHOMOGENEOUS OR RANDOM MEDIA WITH LINEAR RESPONSE 11

as one easily verifies through integration by parts. For computational
purpose, it is worth remarking that A in (3.6), (3.7) is the closure of the
operator A defined on (C}(D))* by

‘ 0
(Af)u = f 2 G, D gy Sy +io ko (3.8)

p 0x; n
Here Gy, is the Green function of the elastostatic problem (double-layer
potential operator), i. e. the solution of AGy,, + 0,0;G = 6., With boundary
conditions defined by ¥".
Typical choices for v° are

¥ =1 3.9
(isotropic strain), or
) =1 Vi, j 3.9)

For the choices (3.9), (3.9’), one has Av° = 0.

We remark that (3.6), (3.7) are identical in form to (2.7), (2.10), so that
the formalism of §2 applies. To define the effective elastostatic structure
notice first that, as in Section 2,

o, 0%y = (%00 (3.10)

b

where (vy, v;) = T,(v]v,).
For simplicity, we assume that v° is a constant symmetric tensor, and
that the boundary conditions are such that Ay° = 0.

Then (2. 14) implies for every symmetric tensor n

<o,ny =% n) (3.11)
From (3.10), (3.11) one derives

1 .
I—D_l Jv(x)dx =7=1° (3.12)

The effective elastic stiffness C* associated to the given boundary condi-
tions is then defined by )

[=]

T=c* (3.13)

Of particular interest is the case when the microscopic elastic structure
is represented by two Lamé scalar functions, i. e.

Cx) o(x) = A0)Tr (v(x)). T + 2u(x)o(x) (3.14)

for every symmetric tensor v.
From (3.13) and (3.14) one derives easily that there are constants 1*, y*
such that

T = A*(Trv°).1 + 2u*° (3.15)
This defines the effective Lamé coefficients.

Vol. 44, n° 1-1986.



12 G. F. DELL’ANTONIO, R. FIGARI AND E. ORLANDI

We refer to [3c] [4c] (and the references given there) for a detailed study
of bounds for A* and p*, which are obtained in [4c] by exploiting the
structure as analytic functions of A, y, and in [3c] by a combination of
perturbation theory and variational techniques.

Here we limit ourselves to a simple remark. Consider, for example,
a two-component system in which each component D, « = 1, 2, is charac-
terized by the Lamé coefficients A,, i,

Comparing with Section 2, we see that the problem is mathematically
equivalent to electrostatics for a two-phase system in which each phase
is dielectrically anisotropic.

Define I1, on (L%(R?))® by

3v(x) = Trv(x).1 (3.16)

Let A, be the Hodge projection for periodic boundary conditions on a
cubic lattlce and A® the Hodge projection in (L*(R%))*. Then

A HO = HOAp’ A(O)HO = HoA(O) (3. 17)

Taking v° = I or v° a traceless symmetric tensor, one verifies then for
the cubic lattice or if one neglects the effect of the boundary, that { 1%, o )
is represented as in (2.23)’, the measure u¥ depending on 4,, y, only through
its total mass.

On the other hand, in view of (3.15), (3.16), for every choice of v° the
expression { v°, 6 ) is a linear combination of A* and p*.

We conclude that for N =2 and neglectlng boundary effects, there
are two’ linear combinations of A* and p* which admit a representation
of the form (2.23)’ such that the dependence on the geometry is separated
from the dependence on A,, u,. Bounds on these two linear combinations
can therefore be obtained by the techniques of [4a, b] (see [4c]).

b) Viscous flow (see e. g. [9]).

We consider the Stokes flow in a region D filled with an incompressible
fluid of viscosity tensor n(x). Denote by u the velocity field, and by p(x)
the pressure field.

As in elastostatics, we introduce the symmetric tensor V defined by

v < Ou; Lo Ou;
v= 6 0x;
and remark that, if 0D is sufﬁc1ent1y regular, v defines u modulo rigid

translations, so that v can be considered as the relevant physical variable.
Define ¢ through

(3.18)

g =nv (3.19)
and let
n=0—p.l (3.19),

Annales de I Institut Henri Poincaré - Physique théorique



INHOMOGENEOUS OR RANDOM MEDIA WITH LINEAR RESPONSE 13

Then = is a field of symmetric tensors and Stokes equation reads
aTCi j
Ox;

J

To write (3.18)(-3.20) in the form (2.7), (2.10), denote by ¥ the closure
in (L%(D))® of the vector fields of the form

o9: , 08,
Ox; 0x;

=0 (3.20)

0

with ¢; e C{(D) and F 0.

Take boundary condition of the form

ui(x) = ud(x) xedD (3.21)
where u° is a divergenceless vector field. Let v° be defined by
o Oud  oug _
Vg = — xeD (3.22)
Ox;y  Ox;

so that v(x) = v%(x), x € 6D. Assume that 1°¢ ¥".

PROPOSITION 3.1. — Let 0D be of class C!. Equations (3.18)-(3.20)
with the boundary condition (3.21) are equivalent to

Ap — %) =v —1° (3.23)

Ao =An =0 [ (3.29)

Proof. — From the definition of A it follows that (3.23) is equivalent
to the fact that v can be written uniquely as in (3. 18) where u satisfies (3.21).
Indeed if 0D is of class C', u is defined by v in (3. 18) modulo rigid trans-

lations, and (3.21) determines u completely. Let now { be any field of
symmetric tensors. Then A{ = 0 is equivalent to

J’ Cik(aiwk + ak(Wl)dx =0 Ywe (C(l)(D))S, divw=20
D
Integrating by parts this leads to

0
J - Z_,'ikwkdx =0
p 0x;

which implies that there exists a scalar valued field p(x), uniquely defined
modulo an additive constant, such that

0
a—(fik—Péik)=0 xeD |
Xi
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14 G. F. DELL’ANTONIO, R. FIGARI AND E. ORLANDI

We will not pursue here further the study of the viscous flow. We only
remark that the flow through porous media can be regarded as the limit
of a viscous flow when the viscosity tensor has the form

1 ) N
”g;?kl(x) = 5 Ca(0udji + 010 ) xeD; <D (3.25)

and lim ¢, = + .

In the limit the flow occupies only the region D — D, and u = 0 at éD;.
If forallneZ*

1 .
Nijpa(X) = = ’10(5ik5ﬂ + 6:10%;)s xeD, =D - D, (3.26)
2

one can compute the effective viscosity #* for the viscous flow as lim #};
it will depend linearly on #°. e
Therefore one can define a constant K (Darcy’s constant) through
n* = K™,
The formalism described in section 2 can then be used directly to study 7
in the limit ¢, — oo, and therefore to give estimates on K.

¢) Random media.

We denote by Q the underlying probability space, which carries a measure
P and a norm-preserving continuous ergodic representation a — T, of
the translation group R3. Q can be regarded as the set of possible configu-
rations of the system.
The dielectric properties of a stationary random medium are then des-
cribed by a stationary random dielectric tensor g(x).
As in §1, on ¢ we assume that one can find 0 < a < b < o0 such that
a.l <supgw) <b.1 (3.27)

weQ
&(w) = &0, w)
We denote again by ¢, _ the largest (resp. smallest) real number such that
gw) <e,.1, gw) = e.1 YoeQ (3.28)

We have used the notation

Since &(x, .) is stationary, one has then
er. I>ex,w), e I<ex,w) VxeR), weQ
Maxwell’s equations become
rot B(x, w) =0 a.a.o (3.29),
div (&(x, )E(x, w)) = 0 a.a.0 (3.29),

The derivatives must be understood in a weak sense, as usual. We look
for solutions of (3.29), , which are stationary random fields. The equi-
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INHOMOGENEOUS OR RANDOM MEDIA WITH LINEAR RESPONSE 15

valent of a boundary condition is now the assignment of the average
value of E(x) with respect to P. This average is independent of x in view
of (3.27) and will be denoted by B.

Let I,, k = 1, 2, 3, be the anti-self-adjoint operators defined on L*((, dP)
by T, = exp (aly).

The ;s have a dense common core S, by Stone’s theorem. On S define A

by )
(Aw) = L2 f;)w) (3.30)

where 12 = Z lklk'

k

It is straightforward to verify that A is closable and bounded by I on S,
and that its extension to (L3(Q, dP))?, which we denote by A, is a projection
operator.

If the periodic case is given a probabilistic description, the operator K
here is precisely the Hodge projection. We therefore call A the proba-
bilistic Hodge projection. Notice that [A, T,] = 0Va e R, and moreover T,
leaves S invariant.

We use the notation

Ko Y> = J‘P(dw)(¢(w)-t//(w)), ¥, e [LXQ dP)P°.

One has (see also [Ja, b]).

LemMA 3.2. — Equations (3.29); ,- supplemented by the condition

jP(dw)E(x, w) =B (3.31)
are equivalent to
AE(w) = E(w) — B (3.32),
AeE(w) =0 (3.32),
where all equalities are understood in the L,(€, dP) sense. [ |
Proof. — Define H!(Q) through
H'(Q) ={peL¥Q), peDom (), k=1,2,3}" (3.33)

where the closure is taken in the (Hilbert) norm
3

1/2
¢l = (jcbz(w)P(dw) + Z j(h(b)z(w)P(dw))

k=1

We denote by H™! the dual of H(Q).

Vol. 44, n° 1-1986.



16 G. F. DELL’ANTONIO, R. FIGARI AND E. ORLANDI

One verifies that the following limit exists in H™(Q)

A 0
lim @™ [gjmEm(* + @) — €jmEm(X)] = — &jmEm(x)
a-0 Ox j
and moreover (3.29), is equivalent to

j(’f PN @)emEn)@)Pdw) =0  VoeH (Q) (3.34)
which is equivalent to (3.32); ,.
In the same way one proves that for all x € R,,
rot, E(x, w)e (H™1(Q))}
and that (3.29), is equivalent to
AE(w) = E(w) — C (3.35)

for some constant vector C. [ |
Since A is self-adjoint, taking scalar products with a constant function,
one derives from (3.35)

C= JP(dw)E(co)

In view of Lemma 3.2, the formalism of section 2 applies without change
to the case of stationary media.

For computational purpose, it is convenient to have an explicit form
of expressions such as { B, Q,(AQ,)’B >, peZ*, in terms of the corre-
lation functions of the random field ¢. If fe LY(Q) we write

é(f) = jf (0)P(dw)

The correlation functions are defined by
Wil - Xn) = E(Ea,(x1) - - - &%) (3.36)

Let fe L%(Q) and g(x) be a stationary random field such that g(0) e D(/?).
Then g(x)e D(A) Vx e R3, and

E(f.Pglx)) = A8(fa(x)) (3.37)
Therefore, if a > 0

(@ — NE@a — )1 h.g(x) = E(hg(x)) (3.38)
It follows that, if E(h.g(x)) e L}(R%), then
&(glx)a — P)"'h) = J Gx — x")6(hg(x"))dx’ (3.39)
R3

where G,(.) is the integral Kernel of (— A + a)™1.
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INHOMOGENEOUS OR RANDOM MEDIA WITH LINEAR RESPONSE - 17

In the same way, if fe(L%Q))® is a stationary vector-valued random
field, such that g;(0)e D(l;) and [;g;e D(I" %), and if E( fgi(x)) e LA(R3) n H(R3),
one has

0 ogy -
8(fill{a — P)"hegi)x) = 5[ Gix — x)¢ <f.~ %(X’))dx’ (3.40)
i JR3 k

Let A° be the Hodge projection associated to the Laplacian in R3.
Since A is bounded on L2(Q) and A° is bounded on L%(R3), the iden-
tity (3.40) can be extended to a = 0 to obtain

3

S Aglx)) = Z AE(fig(0))x) (3.41)
i,k=1

From (3.41) it follows,
1
6({B, Q(AQZ)B)) = 2 &({B, 0)Ae(0)B ) ) =

1
L f &)(B, V,G(y)B, V,Wy(3)) =
0

1) 1 BB.kk, ~
= <—> —J‘d3k————’ ma7P W (3.42)

on) e [k 2

where W is the Fourier transform of W.
In the special case in which ¢;;(x) = J;;¢(x), one has

2 2 1 31 ( )2
8(<B, Qi(AQX)B) = - 2 Pk o Wyk)  (3.43)

where W, is the Fourier transform of 8(e(x1)e(x,)). To the following
order, one has

1
&(<B,QZ(AQZ)\B >)— 2 6({ B, &0)A&(0)B ) ) — — &( < B, &(0)(A&(0))’B )
% (3.44)

The first term has been evaluated in (3.42).
We give the second term only in the case in which ¢;; = J;je.
Let Ws(&, ) = &(e(0)e(E)e(n)), and let W 3(p, p) be its Fourier transform.
Assume that the function W5 can be written as

W&, 1) = C; + WRE) + W) + WRE + )+ W5, 1)
where WReL?(R3), WReL?R3 x R?).
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18 G. F. DELL’ANTONIO, R. FIGARI AND E. ORLANDI

Then one has

& ({ B,0)(A&(0))*B > )= ( ) st J &p'BB, ";;f"’,’lg WR(p, )+
(Dfomnzinn o

All terms of the form E(B, Q,(Q,AQ,,)?Q,,B) can be obtained in this way.

4. RESOLVENT EXPANSIONS,
THE CLAUSIUS-MOSSOTTI APPROXIMATION
AND AN APPLICATION

In this section we want to elaborate further on the formalism of sec-
tion 2 and in particular on the possibility of developing approximation
schemes and of testing their convergence. We shall consider here only
approximations for &*. A natural procedure is to substitute in (2.27), ,
for Q,0AQ,0 (resp. Q0AQJo) another positive operator Z with which the
expression can be calculated or approx1mated and then to estimate the
error made.

In view of the resolvent structure of (2.27); , we call this procedure
a resolvent expansion. One has

(1-Q:AQ) " =(1-2)"+(1-2)(QuAQ,~2).(1-Q,AQ,) " (4.1)
(1+QAQ ' =(1+2) ' —(1+2) ' (QWAQL, —Z)(1 +QLAQL) ™! (4.2)

Our task is to control the second term on the r. h.s. of (4.1), (4.2).
A possible choice for Z is

Z = QA0Q, 4.3)

Ao >0, JAlll<1 4.4

Ao may be the Hodge projection corresponding to different boundary
conditions on 0D. The following easy lemma indicates the results to be
expected.

where

LemmA 4.1. — Let Z be defined as in (4.3) and assume
A —Ap=0A <A, 4.5
Then the iteration of (4.2) gives a uniformly convergent series. [ ]
Proof. — From (4.4) and the assumptions of the lemma, it follows that

|| T+QAAQL) ™ 2 QLIAQL(I + QAQL) 2| < 1 (4.6)
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The formal series obtained by iterating (4.2) is
I+ QAQL) ™! = (I + Q}A0Q;) ! +
+ Z (I + QrA0QL) *K"(1 + QL A0QL)? 4.7

n>1
where K = (1 + Q;A0Q7) ™ 2Qr0AQu(1 + QL AQL)Y2
The conclusion of the lemma is then a consequence of (4.6). [ ]

Remark. — From the proof given, it is clear that a result corresponding
to lemma 4.1 holds for an expansion of

<B, QI+ Q,AQ;) 'QLB >
if the weaker assumption holds

[ <y, 0AY > | < <Y, AY )
for all ¢ in the smallest subspace of (L%(D))* which contains B and is left
invariant by Q, AQ}, and by Q/A,Q.. We shall use this fact in the example
illustrated below. A second case of interest is the following. Let D;, i > 2,
have diameter < I, and satisfy d(D;, D;) > L, fori # jand also d(D;, dD) > L,
where Lo » ly. Let g, =c¢l i=1...N, and ¢; < ¢, k > 2. We do not
assume that ¢; # ¢; for i # j.

This description corresponds to a homogeneous host medium in which N
homogeneous inclusions are sparsely placed.

Let { D;, i > 2 } be a collection of domains in D such that 0D; are smooth
and D; = D; iff i = j, d(D;, 0D;) > L/2 Vi, j, d(D;, D) > L,/2, and let
D;=D D;.

D \U D;

In words, D;, i > 2, are widely separated and for each i, D; is interior
to D; and widely separated from its boundary.

LetA;, i =2 ... N, be the Hodge operator in D; with Dirichlet boundary
conditions on dD;, and A be the Hodge operator with Dirichlet boundary
condition on 6D,;\0D and with the boundary conditions on dD which
entered the definition of A. Consider the natural decomposition

N
(Ly(D))® = (:B (Lo(Dy))?
and let N
Ay = @ A;

N 1/2
Ci
C1

i=2

Take ¢, = ¢, so that
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20 G. F. DELL’ANTONIO, R. FIGARI AND E. ORLANDI

and notice that
QAQ = Gl‘) Q:AQ; 4.8)

Since N
(QB,(I'+ QA,Q)'QB) = 2( QB, (I +QAQ:) 'QB)>
i=1

one has
N

ApddA)
e* =g, + - | ——+
: Z(g‘ ) Jel(l—z)mi
2

+<{QB, [ + QAQ)™* — (I + QAQ'IQB) (4.9)

where p; is the spectral measure of y;A;x; in the state y;B. With these nota-
tions, one has

Lemma 4.2. — For L, sufficiently large, the series

Z(QB, (I + QA,Q) HQSAQ(1 + QAQ) " )’QB),  SA =A — Ao

p=i
is uniformly convergent and converges to zero when Lo — 0. ||

Proof. — We regard an operator T on (L¥D))? as a matrix of operators
from (L2(D;))® to (L*D;)). Since (I + QA,Q)™' < L, it suffices to prove
that one can find A > 0 such that, for L, > A, the operator whose matrix
is ((Q:0AQ;)) has norm smaller than one.

Remark that y;A¢x; =0, i #J.

It suffices therefore to prove that for any integer N one can find A > 0
such that, for Ly > A

c~ 12/, 172
max { sup ( Il A I <—' - 1) (—’ — 1) >
iFj Cq Cq
C; 1
sup{ Il (A — Al ——1 <=
i Cq N

By a limiting argument, it is easily established that
Iyl s sup  sup |@.V)b. V0@ NI, i#] (410
xeDi,yeD; g,5eS? \
%A — Al < sup ~ sup |(a.V)(b.V,)G(x, y) — Gix. y) | (4.11)
x,yeDi a,beS2
where G is the Green function associated to A and G; the Green function
in D; with Dirichlet boundary conditions. The conclusions of lemma 4.2
follow then from standard results on the decay properties of Green func-
tions for regular domains. [ ]
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Remark. — We remark that the first term in the resolvent expansion, i. e.
the second term in (4.9), is usually called the Clausius-Mossotti approxi-
mation [3a].

In the remaining part of this section, we work out the details of the approxi
mation procedure for the following case [/1]a, b, c. A cubic periodic array
of balls of dielectric tensor ¢,.1 and radius p is placed in a homogeneous
host medium with dielectric tensor &;.1. Periodic boundary conditions
are assumed. We seek an expansion of ¢* in powers of p. One has, according
to §1, and assuming ¢; > ¢,

=&1p1+e202— (61 —2)* (th, xAX(er — (&1 —e2)yAQ) "2k > (4.11)

where p, = 4/3np3, y is the characteristic function of the ball at the origin,
and we have chosen the vector B to be parallel to one of the principal
axis of the lattice, which we denote by k. We denote by W the unit cube
centered at the origin, and by b the ball of radius p at the origin. We compute
the action of Ay on special vectors.

Let fe(LAW)?, 0.f; = 0 (weakly). By a limit process one verifies that
{(x) = (Axf)(x) has the following properties, which characterize it uniquely

a) { is curl-and divergence free except at most on 0b;

b) on 0b the normal component of { has a discontinuity equal to —f.n,
where n(x) is the outward normal;

¢) ( has mean value zero in W and is periodic on dW.

Formally, {(x) is the electric field due to charges — — f n distributed
on the surface of the balls at each lattice site.

Let A, be the restriction to (L%(W))? of the Hodge projection on (L*(R3))3.
(Aoxf)(x) is then 1/4x times the electric field due to a charge — f.n on 0b.
Define 6A’y through

OA'yf = Axf — Aoxf
&ﬂwﬁAMﬂﬂ—j(&mmwfy (4.12)

Recall that any vector-valued function g which has support in b, is of
class C!, is divergence free and is continuous up to 0b, can be uniquely
decomposed as

g=g"+¢

where g is the « dipole » part of g, relative to the given axis k.
If fis divergence-free, we defind JA. x f by
SA.xf = SA(f)d + kot fY (4.13)
where k.(x f) is the field in W due to the array of « image » sphares (with

Vol. 44, n° 1-1986.



22 G. F. DELL’ANTONIO, R. FIGARI AND E. ORLANDI

the exclusion of the one at the origin) each charged with a surface charge
—f.n.

This field is given by a uniformly convergent series. In this notation,
SA .y fis by definition the field in W due to all spheres, each charged with -
surface charge — f.n. Moreover, since f is divergence-free

OA"Y f(x) = OAxf(x) ~ LV SALf(y)dy

The action of Ayy on the (divergence-free) vectors VY,,r' can be computed
to be

1
Aoy VYt = —— V(Yiur! 4.14
oXV Yiml 20+ 1 (Yimr') ( )
In particular
1 A 4
Whoxk =3 (1 = ¢k, & =Znp (4.15)

Using invariance under permutation, one proves also

SA. yk(0) = 0, j SA . yk(x)d®x = 0
w

Taking into account invariance under rotation of 7/2 around k, one verifies
that

SA yk(x) = SAyk(x) =

3
I
:_V‘Z Z <2”“"‘2 +3Y2"“""r2p+1> (.16

pz1 |m|<2p+1, 4eZ

The coefficients a;,, are obtained comparing (4.16) with the gradient
of the potential given by the image charges

P 0 1
w=5 ) (sl

4(l + m + 1)(l —m+ I)ZY1+1 m(em ¢n
3 Q2L+ 120 +3) |njt*?

One obtains

@.17)

al,m

where ¢,, 0, are the anguiar coordinates of the point n € Z;.

The action of 6Ay on more general divergence-free vectors requires only
a slight generalization. An expression similar to (4.16) must be compared
with the potential of an image array of multipoles at the lattice points.
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For the present purposes it will be sufficient to know the first term in an
expansion in spherical harmonics of 6AxV(Y, o). One computes

SARV(Ypor)w) = p'at,oV(Yeor®) + o(p”) 4.18)
where 6 P,(0,)
’ 6\Vn ’
o= — El —|E|7 4.17)
n0

and Pg is the Legendre polynomial of order 6. Remembering that V(Y or*)
has mean zero in W, (4.18) provides also the value of SA’xV(Y, or*)(x).

We are able now to compute explicitely the coefficients of ¢* in an expan-
sion in powers of p, up to order 20. From (4.11), (4.7) one has
e = e.p — (&1 — &)k, Ab(l — yxAbx) ™ 'xk) +

+ (L= yxAG0) ™ 'k, yxOA (I —yxAdy) ™ xk)+

+ (L= 7xAb0) ™ 'yx0A (1 —yxA6x) ™ 'vx0A YT = yxAox) ™1k,

YXOA (I —yxA"x)™ ' xk) +
+ (T—yxA"0) ™ xOA 1T —yxA"0) ™ 2k, yxOA x T—yxA’0) ™ xk)+

+ terms with more than three JA’. 4.19)
We have defined
&y 4 3
y=1-=, py=znp’, pi=1-p,
€1 3

The first term in parenthesis gives the Clausius-Mossotti formula

mpp— (e —egp OB (3¢
e =¢.p— (g 82)¢3—9y_1(1_¢)—81<1 3y~1_1+¢) (4.20)

4
where ¢ = 3 np3.

The second term is zero due to orthogonality (inside b) of yk and SA'yk.
The third term can be computed to any order in ¢ from the knowledge
of 6A’yk. One obtains

2
la,,o + 21 A, 4pQ1,—ap

-2
<1—§(1—¢)) y? — PP, (@.21)
1

“a+1’

lodd,1>3
The fourth term can be computed using (4.18); one obtains
Y 2 3 2
3?2<1 - 5(1 - ¢)> (1 - 7?) aj,0(a3,0)’p*° + o(p*") (4.22)
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Therefore, up to order 21 included, ¢* is given by the sum of the expres-
sions (4.20), (4.21), (4.22).

We want to point out that the (infinite) sums which occur in (4.17),
(4.17Y are so rapidly converging that, with the exception of the a; o term,
they are very well approximated if one extends the sum only over the six
nearest neighbours.

The figures we find are

as0 = 5.55246
aso = 1.22558
as., = 1.70899
aso = 7.955231
as4 = 0.74789

a0 = 4.91425

These figures are in accordance with those given in [/1]a with the excep-
tion of the p'7 term, which is incorrect in [/]]a, as pointed out in [/1]b.

Annales de IInstitut Henri Poincaré - Physique théorique



INHOMOGENEOUS OR RANDOM MEDIA WITH LINEAR RESPONSE 25

APPENDIX

RELATION WITH THE BOUNDARY LAYER METHODS

We give here a short sketch of the relation between the formalism of section 2 and
the approach through boundary layer potentials. Again we take electrostatics as an example.
Let D;,i=1... N be open disjoint sub-domains of D, with smooth boundary. Let

Dyt = D\m D;. Let &(x) have the form

i=1..N N+1

gx) = Z xix)el (A.1)
1
where y; is the characteristic function of D;. Assume that 0D; " 0D = ¢ i=1... N, and

let nyx), xedD;, i =1. .. N be the outward normal to 0D, at x. Let g be a function of class Ct,
supp g N 0D = ¢, and let b(x) be a continuous vector field on D.

By a limiting procedure it is easy to verify that, fori, j=1... N
j d>xVg(x). (LiAz;b)x) = j dyg(yIndx)V,G(y, x)n(x)d>x (A.2)
D oD;

(A.2) holds in a weak sense if g is only assumed to be continuous.
Under the assumption made on ¢ and dD;, the vector-valued function Ay;b has a
continuous trace on dD;,i = 1 ... N. Therefore (3.21) can be iterated, and for each

integer n one can write
N+1

\1/2
(QB, (QAQ'QB), Q= Z (1 - :‘) %
0

i=1

in terms of the operators K; ; from L,(0D;) to L,(6D;) (i,j = 1 ... N) defined by

Ky )y = nlf VG(x, y)f(x)dx  yedD; (A.3)
oD;
From (2.14) (resp. (2.15)), expanding in power series in QAQ, one obtains an expression
of E (resp. ¢*) in terms of the (boundary layer) operators K;;.

We remark that it is somewhat difficult to establish directly the convergence of the
series so obtained. This is of course due to the fact that the bound || A || = 1 is not imme-
diately apparent in the boundary-layer formulation.

Only in the case N = 1 can one write ¢* in closed form in terms of K, ;.

Since K, ; is compact (in fact, of Hilbert-Schmidt class), one concludes that, if N = 1
and 0D; N 0D = ¢, 0D, of class C!, the measure u in (2.23), , is totally atomic [4]a;
one also verifies that 1/2 is the only limit point of the atoms of p. )

From our general representation, it follows that in this case the operator y,Ay, has
non-empty point spectrum (the same is true of y;Ay,). It is not known if the continuous
part of the spectrum of x,Ay, is empty, nor what is the spectral type of QAQ if N > 2.

We describe briefly the case of a spatially periodic array of identical spherical inclusions
of radius p with dielectric tensor &, .1, imbedded in a host homogeneous medium of dielec-
tric tensor ¢, .1 [12].
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If a constant homogeneous macroscopic electrical field B is imposed upon the material
we have that
‘ E(x) = VI(x)

T(x) = u(x) + B.x (A4

with u(x) a periodic function.
We suppose that |B| = 1.
Let the array be cubic, and let W be the unit cell.
Let B, be the ball of radius p centered at the origin, S, its boundary.
Maxwell’s equations are then

VEx)(Vu + B) =0 xeW (A.5),
Ju ou
sll:—(x) + B.n(x)] = 52{— —(x) + B.n(x)] x€eSs, (A.5),
on on

where u is continuous and periodic.

Here n(x) is the outward normal to S,.

From potential theory we can determine u(x), solution of (A.5), , and then find the
electric field E(x) in terms of the charge density on S,. For u(x) we make the following
ansatz:

ux) = f G(x, y)z(y)dS(y) (A.6)

with >
J Z2(y)dS(y) =0 (A.7)

Sp
In (A.6) Gl(x, y) is the periodic Green’s function, solution of the following problem
—AG(x,y) = d6(x —y) — 1 (A.8)
It can be represented as
lx—yl®

G(x> J’) = g(xs y) + _6_ + S(x, y) (A‘9)

where g(x, y) = 1/4n| x — y| is the free Green’s function and S(x, y) is a harmonic func-
tion in W.

From the fact that the single layer potential u(x) presents a discontinuity in the normal
derivative on the surface of the inclusion we have that the unknown charge density z(y)
verifies

Aqx) = 274 { J K(x, )2(y)dS(y) + 2B.n(x) } xes, (A.10)
&
Here : ! S
oG .
K(x,y) =2 E(X' y) = Kol(x, y) + Ky(x, y) (A.11)

g= Z T (A.12)
2rnlx —y|?

is, up to a sign, the normal derivative of the free Green’s function.
We remark that since we are dealing with spheres the following equality holds:

Ko(x, y) = Golx, y) (A.13)
for x, yeS,.
Let
TR, (A.14)
& + &4
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If «~! does not belong to the spectrum of the integral operator K we have

2(x) = Za‘(K"“(B.n))(x) (A.15)
i1
and from (A.6)
u(x) = Z a'f G(x, yXK'~'(B.m)(»)dS(y) (A.16)
i>1 Se

From (A.1) and (A.2) one obtains then the following representation for E

E=B + Z a‘f V.G(x, yYK'~Y(B.n))(y)dS(y) (A.17)
i>1 Se

Using (A.1) and the distributional identity
V.(xV) = V¢.VG + x(1 — np) (A.18)

where (,f)(x) = f( f.n)(y)dS(y) and performing a resummation, one easily verifies that

(A.17) coincides with (2.14) for ¢y = ¢,.
For the effective dielectric constant &* defined by

g* éj (E.D)dx (A.19)
one has v

s*=sz+(sl—ez)¢+j

Ou Ou
u(x)l:sz— — & —]dS +2(e, _Sl)f (B. Xu(x)dS (A.20)
s, on on, s,

where ¢ denotes, as in section 4, the fraction of volume occuped by the sphere.
Using (A.6),(A.15),(A.18)and performing a partial resummation, one verifies that (A.20)

coincides with (2.24) when B = K, ¢, = £;.
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