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ABSTRACT. — We prove the Matthews-Salam integral representation
for the quantum field theory with the Hamiltonian

drb(ﬂ‘) ® If + Ib ® drf(wl) + H[,

where p, and w, are (rather arbitrary) boson and fermion one-particle
operators and H, is the interaction Hamiltonian of the (cut-off) Yukawa
theory.

RESUME. — On démontre la représentation intégrale de Matthews et
Salam pour la théorie quantique a I’hamiltonien

dly(u) @ I; + 1, ® dT(w,) + Hj,

ol u;, w; sont des opérateurs (suffisamment arbitraires) définis sur les
sous-espaces a une particule Bose ou Fermi de I’espace Fock et H; est
I’hamiltonien de I’interaction de la théorie de Yukawa 3 cut-offs.

1. INTRODUCTION

In the present paper we prove the Matthews-Salam formulas [I, 2, 3, 4]
for the Yukawa interaction in the two-dimensional space-time (= Y,)
with a space-time and ultraviolet cut-off. Since we have cut-offs the two-
dimensional restriction is not essential. For the main results and references
on the Y, theory, see, for instance [5-18].
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194 E. P. OSIPOV

The proof of the Matthews-Salam formulas has been considered in
Refs. [7, 9, 12, 16]. The exposition of Ref. [12] is rather recapitulative.
Gross’s arguments have used the fact that the Euclidean fermion function
is the kernel of the operator the inverse of which is local. In addition, the
Matthews-Salam formulas by itself do not need the existence of the Eucli-
dean fermion fields.

Here we give the proof of the Matthews-Salam representation, which
does not depend on the locality of the inverse of the two-point Euclidean
fermion function and on the existence of the Euclidean fermion fields.
Our proof is close in the spirit to that of Gross [16], but instead of locality
we use the commutation relations to deduce the Matthews-Salam formulas.

In Ref. [I7] we use the Matthews-Salam formulas to prove a linear N,
bound and in Ref. [18]—to prove the Lorentz invariance of the Y, quantum
field theory.

In the following f~, f" denote the direct and inverse Fourier transform
of the function f. We define det, as

n—1
det, (1 + A) : = det [(l + A) exp { (- A)"/k” .
2

By ¢, ¢;, ... we denote strictly positive constants possibly depending on
unessential variables.

2. INTEGRAL REPRESENTATION OF MATTHEWS-SALAM

We want to obtain the integral representation of Matthews-Salam type
for the Hamiltonian expressions of the form

(Qo, exp (— t,H)F, exp ((t;, — 1,)H)F, ... exp ((t,—y — t)H)Q),
where Q, is the free vacuum vector in the Fock space &, F is either afermion
field ¥ or its Dirac conjugate ¥ : = Y *y,, or a function of the boson

field ¢(0, x) at time zero, H : = H, + Hy;, where H; is the interaction
Hamiltonian of the Y, theory and

Hy = Hop, + Ho,p
Hy, = dly(u) ® I,
Hy ; = I, ® dT(w,).
We suppose that o, is the positive seif-adjoint operator in the one-particle
fermion complex Hilbert space L,(R) ® C? and that p, is the positive

self-adjoint operator in the one-particle boson real Hilbert space L,(R)
and that

0 <cy < py < Cofgs
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THE YUKAWA QUANTUM FIELD THEORY 195

where p, is the operator of multiplication in the momentum space by the
function uy(k) = (k* + md)'/2.

To deduce the Matthews-Salam formulas it is technically convenient to
consider the boson measure as a measure on continuous sample paths
which consists of a Banach space Q of continuous functions from the real
line to some Hilbert space. The corresponding construction of the space Q
is analogous to that given by Gross [16, p. 190-192] and may be described
as follows.

Let L,(R) be the completion of the real Schwartz space . (R) in the
norm

o £,

Ly(R)

111,

Ry

The dual space of L}(R) may be identified with L "}(R) by the pairing

(fig) = f dxf (X)),

The two-point boson function G is given by (f, g € ¥r(R?))
(Gufe) = [duds(@a. 9(0.7(1.) exp (= | 1= 5| Ho)p(0, 2G5, )%)

— 2n)! f deds( 2 £(1,.), exp (= |1 = s | g e, Desr.

This expression may be rewritten in the following form

(27T)~1fd’d5(f(’,-), exp (= |t = 5| p)g(s, D5 2wy

where u, is the generator of the semigroup
Kz €Xp (= tudi_y2
and
His2 t Ly(R) — L; "X(R), Hoys2 1L2_1/2(R)—> L,(R)
are the continuous linear operators generated by the operators uh’? and
uo M?, respectively.
For sufficiently large § the operator

a=ps (1 + x*)7*°

is a Hilbert-Schmidt operator on (L;'*(R))’ = Li/*(R). Fix such a .

Let o be the real Hilbert space, which is the completion of L}/*(R) in the
norm

I a(ﬂz_llz)lf”Lyz(m)a
where a prime denotes the adjoint operator on (L; '*(R))’ = L}/*(R).

Vol. XXX, n° 3 -1979.



196 E. P. OSIPOV

By Proposition 5.1 [I6] # may be identified with the state space for a
Gaussian process ¢(t) with continuous sample paths and covariance

du(¢(. ) o(t,.). /) ( ¢s,.), &)

peh space

=(exp (= [t —s|u)f, g)L;‘/l(R)’ £ §€ Lre(R).

We may regard the path space measure p as a measure on the space of
continuous functions from R into #. The seminorms

léln=sup{ldt,)|p:n<t<n+1}

on this space are measurable and by Fernique’s theorem [/9, 20] are inte-
grable. Since the process is stationary, they all have the same distribution.

o0

0
Hence Z a,| ¢ |, is integrable whenever Z | a, | < oo. In particular,

n=—ow

it follosvs tluloat the norm
I¢l=_suwp {] ¢, |1+ 171} 2.1)
= 00 t<oo
is finite almost every where and so the Banach space Q (= the completion
of Pg(R?) in the norm (2.1)) is a set of path space measure one. We hence-
forth take y as a countably additive Borel measure on the Banach space
of continuous path Q.

We remark that the Gaussian measure u is hypercontractive and has,
at least, the primitive Markov property in the temporal direction [2]], but,
generally speaking, it has no Markov property in the spatial direction [22].

We want to obtain the Matthews-Salam formulas for the interactions
of the form

H; = de[: U (OTYo(x) : W($(0, x))g(x) + W1 (4(0, x))g1 ()],

I' = « + ifys withreal o, fand ys = y;' and where Y (x) = | dyo(x — y)¥(»)

and o(x) = o(— x) is a function from S (R). Let, for simplicity, W be a
bounded analytic real-valued function on R, W, € £r(R) and an ultraviolet
cut-off k¥ be made with the help of a function from Fg(R).

Let us define the unnormalized Schwinger functions. Let y(t) be piecewise
constant function with a bounded support taking the values 0 or 1. Let
H(t) = Hy + x(H)H,.

The Euclidean propagator for H(¢) is the strongly continuous two para-
meter family of bounded operator U(t, s) in the Fock space, defined for
t < s and for points where () is continuous by the equations

ouU(t, s)/os = — U(t, s)H(s), t <s,
u@, )= 1. (2.2)

The existence of a unique solution of the equations (2.2) follows from the
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THE YUKAWA QUANTUM FIELD THEORY 197

self-adjointness and boundedness below of H, + y(¢)H, and from the
fact that x(¢) is a piecewise constant function. The resulting family U(¢, s)
is strongly continuous and satisfies (2.2) on 2(H,) for all but finitely many s.

Since x(¢) = O for sufiiciently large | ¢ |, then (Q,, U(t, 5)F) is independent
of ¢ for large negative ¢ and (F, U(t, 5)Q,) is independent of s for large s.
We write (Q,, U(— o, ¢)F) and (F, U(s, «©)Q,) for the corresponding
limits as t — — o or § = .

Let Rp = {xeRG | x=(x1, ..., x,)eR", x; # x; for i #j}.

We define the unnormalized Schwinger functions for the Hamiltonian
H(2).

We put

SO = (QO’ U(_ 0, OO)QO)

Ift, <t,... <t, then we put

Sn(tl’ Fi, .o os Ly, Fn) = (Qo’ U(= o, tl)FlU(tl’ t)F; ... U(tn’ ©)Q,),

where F are either bounded functions of the time zero beson field, or the
time zero fermion fields
2 2

W) = Z f P06 or () = Z f Al () £.(x).
a=1 a=1
If (¢, #5, ..., t,) € Ry we put
Su(ty, Fyy ooyt F)) = (— l)"("’S,,(t,,(l), Friiys «+ o> tainy Fam)

where 7 is the permutation that puts ¢, ..., ¢, in increasing order. That is,
Lxay -+ tumy And p(m) is the number of transpositions of fermion fields
in the permutation n. The time ordering operation T may be used to express
S, as

Su(ty, Fy, .oty Fy) = (Qo, TU(— o, t,)F U(t, 1) ... Q).

T reorders the factors following it in accordance with increasing time and
introduces the appropriate sign change.

We note that by charge symmetry all S, with unequal number of ¥ and
Y are zero. Moreover, the functions S, are continuous and uniformly

bounded in Rf and are locally integrable in R",
Let

6k+2m(tl’ Fl’ R rk’ I:k ;fh v 'tfm ;fm+1’ . "me)
= J.dsl e ds2m8k+2m(t15 Fl, R tka Fk? S Fk+l(s1), s Samy F2m(52m))’

where F,, ..., F, are bounded functions of the time zero boson field and
F, +j(sk+j) = ‘//(f,(S,)L
Fk+m+j(sk+m+j) = l»b(fk+m+j(~3'k+m+j))
forj=1,...,mfi, ..., fam€Ly(R*) ® C? and having bounded supports.

Vol. XXX, n° 3 - 1979.



198 E. P. OSIPOV

Now we define the operator V, : L,(R?) ® C* — L,(R*) ® C2.
For each point ¢ € Q we put

vuf) = W f dyplt, Y)kGx — y))g(x).

Then vy,(.) is a continuous function on R with compact support for each
t and we define the operator V,(f) : L,(R) ® C* — L,(R) ® C? by
Vo(u = o % { Tvy (0 * u) }, (2.3)
that is, V4(#) is a multiplication by I'v,,, surrounded by convolution by g.
We define V, as the operator on L,(R; L,(R) ® C?) = L,(R*) ® C? given
by
(Vo S X(1) = V(1) £ (D). (2.4
We also introduce the Euclidean fermion two-point function
\ (Qo, ¥au(x,) exp (1, — 1) Ho)Wp(x,)Q)  for ¢,<t,
Sty =ty X1 = X3)ep= (2.5)
/ —(Qo, w_p(xz) exp ((t;— 1) )HW,(x)Qy) for ¢ >1,
The following theorem is valid.

THEOREM 2.1. — (Matthews-Salam formulas). Let fi, ..., f.»

fm+1a .. "meELZ(RZ) ® C2

and have bounded supports. Let F,, ..., F, be bounded function of the time
zero boson field. Let (t,, ..., t,) € R*. Then

6k+2m(t15 FI, R tka F; f1> o -’f‘m ;afm+1, ° '9f2m)

— [dut@ der, (145,00~ 1)'"('"-1>/2< N7 N\ AA+8Ve0) S, }>

[ [t exp |~ [atasWicots, ;e 2.6)

where S is the integral operator in L,(R*) ® C* with the integral kernel
S(s — t, X — y),p, ¥ is the multiplication operator in L,(R*) ® C? by the
Sunction y(t), the product A7-, are ordered with larger j to the right, and
denotes the duality on A™[L,(R?*) ® C?), i. e., the bilinear (rather than
sesquilinear) form.

3. THE MATTHEWS-SALAM FORMULAS
FOR AN EXTERNAL, TIME-DEPENDENT FIELD

We prove the Matthews-Salam formulas for the interaction of fermions
with an external field.
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THE YUKAWA QUANTUM FIELD THEORY 199

Hy(t) = Ho ; + AH((?) + v,(2),
where

H(r) = f dx: BT (x) < 0(t, )]

and v(¢, x), v,(¢) are piecewise constant in ¢ and smooth in x functions with
bounded supports.

Let V(¢) and V be the operators defined by (2.3) and (2.4) where v(¢, x)
stands instead of v,,.

The Euclidean propagator for H(¢) is the strongly continuous in %,
(= the fermion Fock space) two parameter family of bounded operators
U(t, 5) defined for ¢ < s and for points where H,(¢) is continuous by the
equations

0U(t, 8)[0s = — Ug(t, s)Hy(s), t<s,
U(t, t) = 1. 3.1

The existence of a unique solution of the equations (3.1) follows from
the self-adjointness and positiveness of Hy , and from the fact that Hy(z)
is a piecewise constant function taking the values in the set of bounded
operators. The resulting family U(t, s) is strongly continuous in %, and
satisfies (3.1) on 2(H, ;) for all but finitely many s.

Similarly define the unnormalized Schwinger functions for the theory
with an external field.

Let
S§ = (Qo.5, U(— 0, 0)Qp ).
Ift, <t;<...<t,and f;, ..., f, are two-component test functions
we put

Sr{(tpfu ces by ) = Qo5 Up(—00, rl)l//#(fl)Uf(tl’ 1) ... Qo,p),
where y* is either ¥ or y at time zero. If (¢,, 1,, ..., t,) € R%, then we put
S){(t17.f15 ey tn9 ﬁ,) = §8gn nS{(tn:(])a f;:(])a et tn(n)’.fn(n))’ (3'2)

where 7 is the permutation that puts #,, ..., ¢, in increasing order.
Let £y, ..., fam€ L2(R*) ® C? and have bounded supports. We put

6£m(f1’ . '9.fm Qfm+1, cees f2m)
= [t o ST o ), B3
where the test functions f}, ..., f;, correspond to the fields y and the test

functions f,,, ¢, ..., f,,—to the fields ¥.
To calculate the Schwinger functions we prove some lemmata.

Vol. XXX, n° 3 - 1979.



200 E. P. OSIPOV

Let Y(f) = ¢V(f) + ¢ )(f) be the decomposition of i in the creation-
annihilation operators and let (.), be the operator on L,(R) ® C? such
that

fi = exp (= t0))f.

LeMMA 3.1. — Let t < s, then
Uty W) = O, YU, )
= A U0, WS = VN U 1),
YOS 9) = Uty W fam)
— 1 j U1 WS = IV USRS,

where S(t) is the integral operator in L,(R) ® C? with the kernel S(t, x — )5
and ( )" denotes the transpose (1. e., the adjoint ) of an operator in L,(R) ® C*.

Proof of Lemma 3.1. — Let us consider the case of an annihilation operator.
Let us write the commutation relations

Y (f) exp (= tHo f) = exp (— tHo W (), (3.4)
[w“’(.f,), f s ,(OTW() o0, x)] _ W(S(= VD). (3.5)

Using the fact that Hy(z) is a piecewise constant function, we apply the
Trotter formula writing it in the following form

U(t, 5) = s-lim ﬂ U,(r), (3.6)
N0 eAn(t,s)

where the factors in the product are ordered from left to right in corres-
pondence with the increase of r and where

U,(r) = exp (—— %Ho,f)(l - };Hl(r))

and
At s) ={xeR|t<x<sx=inicl}.

Commuting ¥((f) to the right and using the commutation relation (3.4)
and (3.5) we obtain

YOUNULL, 5) = Uglt, W (-0
— A s-lim ? n! H U,(u) exp (— %Ho,f)

n—oo o
reAn(t,s) ueAn(t,r)

(s - veyn |1 v (3.7)

wEA(r,s)

Annales de IInstitut Henri Poincaré - Section A



THE YUKAWA QUANTUM FIELD THEORY 201

Since the convergence in (3.6) is uniform in s, ¢t for bounded s, 1, Ut, 5)

is strongly continuous in s, ¢ and the operator y((S(t — r)V(r))" f) is strongly
piecewise continuous in r, so taking the limit in the right side of (3.7) we
obtain the statement of the lemma.

In the same way we consider the case of a creation operator. Lemma 3.1
is proved.

Lemma 3.1 implies the following assertion

LEMMA 3.2. — Let fy, ..., fom € Lo(R?) ® C? and have bounded supports.
Then

6me(f‘l’ o ‘9fm ;fm+17 . -5f2m)
= O St 0= s s oo fi S-S s+ o)
=

- AGme (Sv)ufl’.fZ’ . "fm ;.fm+l’ M "me)' (38)

Here f|,,; denotes that the corresponding fermion field is missed, S is the
integral operator in L,(R*) ® C* with the kernel S(s —t, x — y),5 and
( ) denotes the transpose (i. e., the adjoint) of an operator on L,(R*) ® C*.

Proof of Lemma 3.2. — We write Y(/,(t,)) = ¢ (f1(t) +¥(f1(t)
and, using egs. (3.2), (3.3), the commutation relation of Lemma 3.1, we
commute ") to the left and (7 to the right. It is easy to see that as a
result we obtain eq. (3.8). Lemma 3.2 is proved.

LEMMA 3.3. — Let the operator 1 + ASV be invertible in L,(R*) ® C?
and let S : = (Qo,5, U(— o0, ©0)Qq ;) # 0. Then the operator
D =(l + 18V)7'S
is the integral operator in Ly(R*) ® C? with the kernel
Cuy Ds, D0 Yymec: = Sis, u 5 1, v)/SE, u, ve LR) ® C?,

where { , is the duality on Ly(R) ® C?, i. e., bilinear (rather than sesqui-
linear) form.

The kernel D(s, t) is strongly continuous in (s, t) for s # t. The jump at
s = tis
D(t,, t) — D(t_, 1) = — y,L

Proof of Lemma 3.3. — Lemma 3.2 implies that
SHA + A8V Sy 5 f2) = S(f1, )85,

If 1 + ASV is invertible, then 1 + A(SV)" is also invertible. The above
equality implies that

<f1, Df, >L2(R2)®cl = sz(fl sz)/G({-
Vol. XXX, n° 3 -1979.



202 E. P. OSIPOV

This representation and the strong continuity of the Euclidean propagator
Ug(t, s) for ¢t < s imply the statements of Lemma 3.3. Lemma 3.3 is proved.

LeMMA 3.4. — Let A be the Hilbert-Schmidt operator. Suppose that g
is an entire function such that g(0) = a and

dg(A)di = Tr [(1 + AA)'A — Alg(4)

Sfor those complex A in some neighbourhood of zero for which 1 + AA has
a bounded inverse. Then

g(A) = adet, (1 + AA).

Proof of Lemma 3.4. — The proof of the lemma is analogous to the
proof of Lemma 4.1 of Gross [16]. Lemma 3.4 is proved.

LemMmA 3.5. — SV is a Hilbert-Schmidt operator in L,(R*) ® C? and
& = Qo Up(— 0, 0)Q ;) = S |12 det, (1 + ASV).

Proof of Lemma 3.5. — It is evident that the kernel of the operator SV
is square integrable and, hence, SV is a Hilbert-Schmidt operator in
L,(R?) ® C2.

To prove Lemma 3.5 it is sufficient to prove that G is an entire function
of the coupling constant 4 and that for sufficiently small in absolute value
complex A

dS{jdi = G4 Tr [(1 + ASV)™'SV — SVI.

Then the assertion follows from Lemma 3.4.

For this purpose let us consider the operator A = ((1 + ASV)™'S — S)V
supposing that the operator (1 + ASV)™! exists as a bounded operator.
Then we show that the operator A satisfies the conditions of Lemma 4.6 [16].

Since

A= — (1 + ISV)"}{(SV)?,

SV is Hilbert-Schmidt, (1 + ASV)™! is a bounded operator, so A is a trace
class operator.

By Lemma 3.3 both D(s, t) = [(1 + ASV)7!S|(s, ) and S(s — ) have
a (strong) jump of — y,I at ¢ = 5. Thus, the operator

R(s, ) = D(s, t) — S(s — t)

is strongly continuous in (s, 7). Thus, for any compact operator C, R(s, £)C
is norm continuous in (s, #). Writing » as a product of two functions we see
that the operator V(¢) is a product of two Hilbert-Schmidt operators, and,
hence, is a trace class operator. For each given ¢ we may find a compact
strictly positive operator C(¢f) such that V() = C(t)W(f), where W() is
trace class. Let V(;), j = 1, ..., n, be the distinct nonzero values of V(.)

Annales de I’Institut Henri Poincaré - Section A



THE YUKAWA QUANTUM FIELD THEORY 203

R 1/2
and C = (ZC(tj)z) . Then, C™!C; is bounded and W'(f) = C™'V(r)

.. N .
is piecewise constant and is trace class for all . But then

A(s, 1) = (R(s, )O)W'(?)

is piecewise continuous in (s, £) from R? into the space of trace class opera-
tors and is continuous in s into this space for each t. This verifies hypo-
thesis (b) of Lemma 4.6 [16]. The hypotheses (@) and (c¢) are also fulfilled
since | R(s, #) || is bounded in s and .

Thus, applying Lemma 4.6 [16], we have

Tr [(1 + ASV)™'SV — 8V]
= f dt tr,mecal(((1 + ASV)TIS)_, 1) — S(r_, )V()].  (3.9)
Then, Lemma 4.4 [16] implies that
dsfjdi. = — (Qo, 5, Ug(— oo, HH(U (1, 0)Q, /). (3.10)
Let uy, uy, ... be an orthonormal basis in L,(R) ® C? and
a;f(t) = (u;, V(DU myece
Since V() is trace class for each ¢, the series
= D W) = Qo5 WD), )
i,
converges in operator norm and is equal to the operator Hy(¢). The equality

follows from the fact that these operators satisfy the same commutation rela-
tions with ¥( /), ¥(f) and because of irreducibility of the set of the operators

{¥(), ¥}

feLy(R)®C?
Now

Qo5 U(— o0, )H)()U (2, 0)Q, /)
= - Zaij(t)[(ﬂo,fa Uf(“ 0, t)lll(u;k)l_p(uj)Uf(t: OO)Qo.f)

ij B
= Qo5 ‘p(”?)'//(l’j)go,f)(go,p U (- oo, OO)Qo,f)]-
Lemma 3.3 implies that the last expression may be written in the form

— 4 ), DU, D) — (S Oy

Y Z«ui, D(r_, 1) — S(— O)V()y)

— & tr,meca (D@, 1) — S(— 0)V(D)].

Vol. XXX, n° 3 -1979.



204 E. P. OSIPOV

Integration over ¢ and eqs. (3.9), (3.10) imply the equality
dS{ldi = S Tr [(1 + ASV) 'SV — SVI.

(1 + ASV) is invertible for small | A |, thus, this equation holds for all 4
in some neighbourhood of zero. We apply Lemma 3.4 to conclude the proof
of Lemma 3.5. Lemma 3.5 is proved.

LEMMA 3.6. — If (1 + ASV) has a bounded inverse in L,(R?) ® C?2, then
6({(1‘1, R fm ;fm+1a .. -’flm)

m

= (= premh < A Ad+ ASV>“Sfm+,->det2<l + ISVY(E&{ |1=0)-
j=1

j=1

Proof of Lemma 3.6. — Lemma 3.6 follows from the statements of Lem-
mas 3.2 and 3.5. Lemma 3.6 is proved.

4. THE PROOF
OF THE MATTHEWS-SALAM FORMULAS

LeMMA 4.1. — The Gaussian measure u is nondegenerate, i. e., the only
closed subspace of Q of measure 1 is Q.

Proof of Lemma 4.1. — For the covariance G of the measure may be
written the following expression (f, g € #g.(R?))

(G.fg) = j dids f di D1, ) S (1) 5 b5, ) g(5:.))

- f dp(ug £~ (= . (0 + 1D 13 e (P e,

= (H(;l/zfv(— o )s lh(P% + H’%)—1”51/2g~(','))Lz(R;Lz(R))' 4.1)
Let #(G) be the completion of ¥, (R?) in the scalar product (4.1) (it is
easy to see that u,(p? + u?)™' is a positive operator in L,(R; L,(R)).
The inequality 0 < ¢, < u; < c,uy and Theorem VI.2.21 [23] imply
that in L,(R; L,(R))
w(p + 1) = (piey + conl) ™!
and

(G = (7 (= =), mo(p) " (piey + eanto(P)N '8 7 Diyemey
4.2)
Let #, be the completion of &, (R?) in the scalar product

(f (=, =) (P%/C1 + czl‘o(Pz)")—lllo(Pz)—lgN(w‘))LerZ)-

Annales de I’Institut Henri Poincaré - Section A
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‘The inequality (4.2) implies that
H(G) < #,.
With respect to the pairing
ey = s (4.3)
#, may be identified with the completion of &, (R?) in the scalar product

f"(=., =) (Pf/c1 + ca0(P2)Mo(P2)E™ (5 DLywey-
Thus, with respect to the pairing (4.3)

H' = H#(G)'
and so #(G) > Fr(R?).
If, now, a linear subspace A has a nonzero measure, A < Q, then, since
w is the normal distribution over #(G), A © #(G)’ and, thus, A © F.(R?)
and so is dense in Q in Q norm and if A is closed it coincides with Q. Lem-
ma 4.1 is proved.

Lemma 4.2. — The operator 1 + ASV,y has a bounded inverse in
L,(R*) ® C?

Jor p almost every ¢ € Q. Equivalently, det,(1 + ASV,y) # 0 u almost
everywhere on Q.

Proof of Lemma 4.2. — p is nondegenerate mean zero Gaussian measure
on a separable real Banach space and the proof of the lemma follows
from Lemma 5.4 [16] and is analogous to the proof of Theorem 5.2 [I6].
The equivalence of the invertibility and of the nonvanishing of the deter-
minant follows from Corollary 6.3 [24]. Lemma 4.2 is proved.

Proof of Theorem 2.1. — The proof may be given in the same way as
that of Theorem 5.5 [16] with Gross’s H, ,, H, , being replaced by our
H, 5, Ho [, etc.

Theorem 2.1 is proved.

ACKNOWLEDGMENTS

I should like to thank Dr. Osipova for the help, advices and criticism.

REFERENCES

[7] P. T. MaTTHEWS and A. SALAM, The Green’s functions of quantized fields, Nuovo
Cimento, t. 12, 1954, p. 563-565.

[2] P. T. MATTHEWS and A. SALAM, Propagators of quantized fields, Nuovo Cimento,
t. 2, 1955, p. 120-134.

Vol. XXX, n° 3 - 1979.



206 E. P. OSIPOV

[3] N. N. BocoLuBov, On the representation of the Green-Schwinger functions with
the help of the functional integrals (in Russian), Doklady Akad. Nauk SSSR,
t. 99, 1954, p. 225-226.

[4]1 N. N. BocoLuBov and D. V. SHIRKOV, Introduction to the theory of quantized fields,
Interscience Publishers, New York, 1959.

[5]1 J. GLiMM and A. JAFFE, Quantum field models, in Statistical mechanics and quantum
field theory, Les Houches, 1970, ed. by C. De Witt and R. Stora, Gordon and
Breach, New York, 1971, p. 1-108.

[6] R. SCHRADER, Yukawa quantum field theory in two space-time dimensions without
cut-offs, Ann. Phys. (N. Y.), t. 70, 1972, p. 412-457.

[7]1 E. SEILER, Schwinger functions for the Yukawa model in two dimensions with space-
time cut-off, Commun. Math. Phys., t. 42, 1975, p. 163-182.

[8] E. SEILER and B. SiMON, Bounds in the Yukawa, quantum field theory: upper bound
on the pressure, Hamiltonian bound and linear lower bound, Commun. Math.
Phys., t. 45, 1975, p. 99-114.

[9] O. A. McBRryaAN, Volume dependence of Schwinger functions in the Yukawa, quan-
tum field theory, Commun. Math. Phys., t. 45, 1975, p. 279-294.

[10] D. BrYDGES, Boundedness below for fermion model theories. Part I, J. Math. Phys.,
t. 16, 1975, p. 1649-1661.

[11] D. BrYDGEs, Boundedness below for fermion model theories. Part I[. The linear
lower bound, Commun. Math. Phys., t. 47, 1976, p. 1-24.

[72] E. SEiLER and B. SiMoN, Nelson’s symmetry and all that in the Yukawa, and ¢;
field theories, Ann. Phys. (N. Y.), t. 97, 1976, p. 470-518.

[13] J. MAGNEN and R. SENEOR, The Wightman axioms for the weakly coupled Yukawa
model in two dimensions, Commun. Math. Phys., t. 51, 1976, p. 297-313.

[14] A. CoopPEr and L. Rosen, The weakly coupled Yukawa, field theory: cluster expan-
sion and Wightman axioms, Trans. Amer. Math. Soc., t. 234, 1977, p. 1-88.

[15] L. RoseN, Construction of the Yukawa, field theory with a large external field
J. Math. Phys., t. 18, 1977, p. 894-897.

[16] L. Gross, On the formula of Matthews and Salam, J. Funct. Anal., t. 25, 1977,
p. 162-209.

[17] E. P. Osipov, The Yukawa, quantum field theory: linear N+ bound, locally Fock
property, Ann. Inst. H. Poincaré, t. 30A, 1979, p. 159-192.

[18] E. P. Osipov, The Yukawa, quantum field theory: various results (in Russian), Pre-
print TPh-99, Institute for Mathematics, Novosibirsk, 1978.

[19] X. FERNIQUE, Intégrabilité des vecteurs gaussiens, C. R. Acad. Sci. Paris Sér. A,
t. 270, 1970, p. 1698-1699.

[20] X. FernIQUE, Régularité des trajectoires des fonctions aléatoires gaussiennes, in
Ecole d’Eté de Probabilités de Saint-Flour, IV. 1974, édité par P.-L. Hennequin,
Lecture Notes in Mathematics, 480, Springer-Verlag, Berlin, Heidelberg,
New York, 1975, p. 2-97.

[21] B. SiMON, The P(¢), Euclidean (quantum) field theory, Princeton University Press,
Princeton, 1974.

[22]1 G. M. MoLcHAN, The characterization of Gaussian fields with the Markov property
(in Russian), Doklady Akad. Nauk SSSR, t. 197, 1971, p. 784-787.

[23] T. KATO, Perturbation theory for linear operators, Springer-Verlag, Berlin, Heidelberg,
New York, 1966.

[24] B. SimoN, Notes on infinite determinants of Hilbert space operators, Adv. Math.,
t. 24, 1977, p. 244-273.

( Manuscrit regu le 19 février 1979)

Annales de I’Institut Henri Poincaré - Section A



