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Conformal transformations in superspace
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Institute of

Physics, Hanoi, Vietnam

ABSTRACT. - In this work the spinor extension of the conformal algebra
is investigated. The transformation law of superfields under the conformal
coordinate inversion R defined in the superspace is derived. Using R-technique, the superconformally covariant two-point and three-point correlation
functions are found.

1. INTRODUCTION

During the last years the possibilities of extending Poincare invariance
in particle physics are widely discussed. The theory of conformal invariance [1-7] is a typical example. As a space-time symmetry group, the
conformal group is the most general group which leaves the light cone
invariant. Many interesting ideas in quantum field theory, as well as many
theoretical developments in the theory of strong interaction have been formulated and investigated by means of the conformal group. A noteworthy
fact is that the requirements of invariance under conformal transformations
allow us to define the two-point and three-point correlation functions almost
unambiguously [8-12].
In the recent time many attentions are paid to the spinor extension of
the Poincare group [13-16], and the associated symmetry is called supersymmetry. A characteristic feature of supersymmetry is that it allows us
to combine together bosons and fermions into finite irreducible multiplets.
Supersymmetry has much enriched the elementary particle physics-the
simplest supersymmetric models possess many unexpected and attractive
properties due to the relations between the Green functions of bosons and
fermions.
A problem naturally arises-the spinor extension of the conformal
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group. This

problem has been examined first in the papers of Wess and
Zumino [15], Ferrara [17], Dondi and Sohnius [18], and the author [19],
and also in refs. [20-22]. In this work we consider this problem in more
details, using the coordinate inversion transformation R defined in the
superspace. The content of the paper is arranged as follows. Section 2 is
devoted to the superconformal algebra, its realization and the transformation law of the superfields. In section 3 we consider the coordinate
inversion transformation R in superspace, the transformation law of superfields under this operation. In section 4, using the R-technique, we obtain
the superconformally covariant two-point and three-point correlation
functions.
2. SUPERCONFORMAL TRANSFORMATIONS

superconformal algebra consists, besides of the conformal generaMilB,’ P~, K~ and D, of two Majorana bispinor generators Sa, Qa, and
chiral charge E. They obey the following commutation relations
The

tors
a

Other commutators including the conformal generators only are wellknown and missed here. Operating on the functions defined in the superspace (xu, 8a~ [16], these generators can be realized as follows :
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the transformation laws of the field operators under the
transformations.
From (2.12)-(2.18) we note that the point
superconformal
(x 0, ~ 0) remains unchanged under the homogeneous Lorentz transformations Mllv, the scale transformation D, the special conformal transformation K~, the Q- and E-transformations. These transformations form
the little group of the superconformal group. According to any given representation of this little group we can define the entire action of the generators of the superconformal group on the field operators
wA(x, 0). This is
done by the method of the theory of induced representations [5, 23] in the
=

now

=

following manner.
Let

where
A, KJl’ qa, e are some matrices obeying the analogous commutation relations as those for MJlv, D, K~, Qa, E. We are to find the commutation rule [J,
0)] for the elements J of the superconformal algebra
and the field operator
0) (*). Choose the basis in the index space in
such a way, that the operators Pu and S~ do not act on the indices, i. e.

and, therefore

(*) For definiteness, let QA(x, 0) be
Vol. XXVII, no 4 - 1977.
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With the

where

we

help

of (2.26)

we can

write

denote

Using the commutation relations (2 .1)-(2 .11),

we

find :

By inserting (2.29)-(2.33) into (2.27) and taking into
get, after some manipulations :

account

(2. 19)-(2.23)

we
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3. R-INVERSION

As is

well-known,

x-space it is

more

in

studying

convenient to

the conformal invariance in the usual

use

the discrete

transformation xJl --~ - ~2x ,

called R-inversion, rather than the special conformal transformation
(see, for example, refs. [2, 10, 24]). Owing to the relations

K"

the covariance (invariance) with respect to the conformal
algebra, follows
from the covariance (invariance) with respect to the Poincare
algebra, the
scale and R-transformations, taken together. Here
too, the R-inversion
operator is to be defined in such a way that, acting in the superspace (x,
6),
it satisfies the same relations
(3.1)-(3.3), and
as

well. It

can

be

seen

that such

an

operator is of the form

By the use of (3 .1) and (3 . 5) it is easy to write out the finite special conformal

transformation :i

L

‘"

J

Now the problem is to find the transformation law
of the field operator
p(x, 0) under R-inversion. We restrict ourselves to the

representations for

which

ltp being the scale dimension of the field

e) :

That will be sufficient for many
physical applications. Generalizing
method [24] of finding U(R) in the usual
x-space, we now put :
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where
0) is some matrix, which is to be defined
tions (3.1)-(3.4).
By noting that the function

through

the equa-

has the property

we

get from equation (3 . 4) :

Equation (3.2) gives, taking
where

(y, r)

into account

(3.9)

denotes the inversed coordinates of

Equations (3.12) and (3.13)
matrix of zeroth order :

and

(3.11):

(x, 9):

together show that S(x, 0) is

a

homogeneous

0,
0,
0),
By using (3.1), (3.12) and (2.35) (with
after some manipulations we obtain the following equation for the matrix
S(x, 0) :
=

=

=

This equation taken together with equations (3.12) and (3.14) is sufficient
for defining completely the matrix S(x, ~) and, consequently, the transformation law of the field operators. For illustration, let us give some examples.
In the case of scalar superfield
0, and the equations (3.12), (3.14)
from
a
and (3.15) give (apart
phase factor) :
=

Hence,

we

have

For the vector superfield
0) the most general form of the matrix
consistent with the Lorentz covariance is

S(x, 0)
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Equation (3.12)

then

gives :

Equation (3.15) with

Thus,

we

have

gives, taking into

=

account

finally :

The generalization for the
trivial. We have :

case

of tensor

superfield

of

arbitrary

rank is

where the matrix S(x, 0) is the same as in (3.22).
Had we derived the operators U(R) for the superfields, we can easily
find their transformation law under the special conformal transformation
by the help of equation (3 .1 ). For example, for the scalar superfield we have

where (x’, 0’) denotes the transformed value of (x, 0) and is defined by the
equations (3 . 6) and (3. 7). Consequently, for the field components appeared
in the expansion of superfield
0),

we

have
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we

denote

4. SUPERCONFORMALLY COVARIANT TWO-POINT
AND THREE-POINT FUNCTIONS
In this section, using the R-technique developed in section 3, we derive
the formulae for the superconformally covariant two-point and three-point
correlation functions. For simplicity, we restrict ourselves to the case of
scalar superfields. Let ~1(x, 0) and ~2(x, 0) be scalar superfields with dimensions 11 and l2, and G12(xl, ~1; x2, (2) their two-point function:

From the translation and S-invariance it follows that :

while D- and R-invariance

where (y, 1’) == R(x, 0).
Now we employ the
and their inversed ones

requirements give, respectively:

following identity
(y, ’t’):

between the

(x, ~-coordinates
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to

find out the explicit form of
We have :

(}1; x2, 0~) satisfying

the

equations

(4.2)-(4.4).

It is easy to see that the form (4.6) of
i. e. invariant under the transformation

and also

G 12 is automatically E-invariant,

Q-covariant, namely it satisfies the following equation (see (2.37)
= il):

where
stands for the differential operator (2.18) and acts
bles (x~, ~i).
From the two-point function (4.6) of superfields we can
the two-point functions of field-components. We have :

Consider

The

now

the

requirements

three-point functions.

Denote

of D- and R-invariance tell that
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Using again the identity (4. 5), we find the following form of G123 satisfying
equations (4 .19) and (4 . 20) :

This form is evidently P- and S-invariant. Moreover, it is automatically
E-invariant and Q-invariant, and therefore superconformally covariant.
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