ANNALES DE L’I. H. P., SECTION A

W. DRIESSLER

J. FROHLICH

The reconstruction of local observable algebras
from the euclidean Green’s functions of relativistic
quantum field theory

Annales de I'l. H. P, section A, tome 27,n°3 (1977), p. 221-236
<http://www.numdam.org/item?id=AIHPA_1977__27_3_221_0>

© Gauthier-Villars, 1977, tous droits réservés.

L’acces aux archives de larevue « Annales de I’I. H. P., section A » implique
I’accord avec les conditions générales d’utilisation (http:/www.numdam.
org/conditions). Toute utilisation commerciale ou impression systématique
est constitutive d’une infraction pénale. Toute copie ou impression de ce
fichier doit contenir la présente mention de copyright.

NuMmbDAM

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques
http://www.numdam.org/


http://www.numdam.org/item?id=AIHPA_1977__27_3_221_0
http://www.numdam.org/conditions
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/

Ann. Inst. Henri Poincaré, Section A :

Vol. XXVII, n° 3, 1977, p. 221-236. Physique théorique.

The reconstruction
of local observable algebras
from the Euclidean Green’s functions
of relativistic quantum field theory

by

W. DRIESSLER and J. FROHLICH (*)
Dept. of Physics ZiF

University of Bielefeld,
D-4800 Bielefeld F. R. Germany

ABSTRACT. — A general theorem is presented which says that from a
sequence of Euclidean Green’s functions satisfying a special form of the
Osterwalder-Schrader axioms a local net of observable algebras satisfying
all the Haag-Kastler axioms can be reconstructed. In the course of the
proof a new sufficient condition for the bounded functions of two commut-
ing, unbounded selfadjoint operators to commute is derived.
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222 W. DRIESSLER, J. FROHLICH

§ 1. INTRODUCTION, THE MAIN RESULTS

In this paper we prove new results on the reconstruction of self-adjoint
quantum fields generating a local net of von Neumann algebras of obser-
vables from the Euclidean Green’s (Schwinger) functions of a class of rela-
tivistic quantum field theories. :

A consequence of our results is that essentially all relativistic quantum
field models so far constructed or under control define Haag-Kastler
theories [HK]. As an example we mention the ¢7-models, with d=2, 3 [G]1,
E, S, MS, FOJ, (and d = 4, assuming existence in the sense defined in [F1]).

For the sake of keeping our notations simple we consider the case of
one real, scalar field ¢(x), but our methods immediately extend to the case
of countably many arbitrary (elementary or composite) real fields, provided
their Euclidean Green’s functions satisfy certain bounds described below,
(which are typically valid in theories with finite field strength renormaliza-
tion and a mass gap). As a possible example we mention the electromagnetic
field in, say, Q. E. D. in three space-time dimensions, (assuming existence
of this theory).

Let d denote the number of space-time dimensions, x = (%, f)e R? a
space-time point, &, &’ the Schwartz space, the space of tempered distri-
butions, respectively.

Let {S,(xy, ..., x,) }2, be a sequence of generalized functions satis-
fying all the axioms of Osterwalder and Schrader [E, OS] and, in addition,

(A) Sy(x) = 0, (this is no loss of generality ; it just simplifies notations);
foralln=23, ..., S(x,, . .~» X,) has an extension to a tempered distri-
bution (e ’'(R%™)) which satisfies all the Osterwalder-Schrader axioms, in
particular :

— symmetry under permutations of x,, ..., x,, and

— physical (Osterwalder-Schrader) positivity (axiom (E2) of ref. [OS],
in the form stated in Section 2, (A))).

(B) There is some norm || . || continuous on F(RY and a Schwartz
norm |. |, on F(R*"!) such that
1A ® x> <o@)|h|%, as t - 0 (1.1
17 ® x0.q1> < const. | k|31, as t — oo, '
and for arbitrary f,, ..., f, in F(RY, ,
[S.(f1, -u,ﬁ.)ls(n!)”znilfjll (1.2)
j=1

REMARKS. — In the case of a real, scalar field in d > 3 space-time dimen-
sions the norm || . || is e. g. given by

IFalk =L dpm*)(| f |, (= A+ m®)™ Y| f )z,
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THE RECONSTRUCTION OF LOCAL OBSERVABLE ALGEBRAS 223

where p is a positive measure with

J m~2dp(m?) < oo
0
In this situation inequalities (1.1) are satisfied.

Inequality (1.2) is a very special form of the distribution property,
axiom (EQ’), of ref. [OS]. In [F1] it has been proven that these conditions
are valid in all ¢-models, assuming only existence, (in the sense of Section 3
of [F1]).

Let # denote the physical Hilbert space, H the Hamiltonian and ¢(f),
f e #(RY, the quantum field obtained from {S, };>, by Osterwalder-
Schrader reconstruction [GL, OS].

We prove that (A) and (B) imply that, for f € &, (R,

ToN<ISI.H+1) (1.3)

for some norm| . | continuous on #(R?), on the quadratic form domain of H.

Our proof closely follows [F'1], involving an additional idea, (a Euclidean
Reeh-Schlieder type argument) first used in [SeS, McB]. This proof is
presented in Section 2.

It then follows from the commutator theorem [GJ2], see also [N], that
¢(f) is essentially self-adjoint on any core for H.

In Section 3 we present an abstract theorem giving sufficient conditions
for the bounded functions of two unbounded self-adjoint operators to
commute. This theorem yields our main result discussed in Section 4,
which says that inequality (1.3) combined with Wightman’s version of
locality implies locality for the bounded functions of the fields

{ ¢(f) : f € yreal(Rd) } .

Therefore the field ¢ determines, in a canonical way, a net of local von Neu-
mann algebras of bounded « observables ».

Local nets of observable algebras have been a useful tool in the collision
theory for massless particles [B1, B2] and in the analysis of super-selection
sectors and their statistics, [DHR]. Furthermore they found a very natural
application in the construction of quantum solitons [F2]. This and the fact
that in constructive quantum field theory the Euclidean Green’s functions
are most accessible motivates this paper.

§ 2. EUCLIDEAN PROOF OF ¢-BOUNDS

In this section we derive bounds for the quantum field, viewed as a qua-
dratic form, in terms of the Hamiltonian.
Our starting point is a sequence {S,};>, of generalized functions
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224 W. DRIESSLER, J. FROHLICH

satisfying the Osterwalder-Schrader axioms and properties (A) and (B)
of the introduction.

By the Osterwalder-Schrader reconstruction theorem the S,’s are the
Euclidean Green’s functions (EGF’s) of a unique relativistic quantum
field theory satisfying all the Wightman axioms.

We define

RY, = {(Fy,ty, .., Xpt)it;2e, j=1,...,n}
SRY)=1{S:feSR"), supp f=RY,}
and &, , the vector space of finite sequences f = { f, },Lo With
foeC, fre F(RY ), forn=1,2, ...

£, =0, for all n > ny(f), for some finite ny(f). Moreover &', = & (=o.
Let ® denote time-reflection, * the usual * operation and x multipli-
cation on the Borchers algebra.
We require Osterwalder-Schrader positivity in the somewhat stronger
form :

(Ay) For f = {filnzo€ s

o

Suen(®FF X £) 20

nm=0
(Under certain regularity assumptions on { S, }, this form of Oster-
walder-Schrader positivity follows from the original one proposed in [OS];
see [F1], Proposition 1.1%).

From now on (A,) is considered to be part of condition (A) of the intro-
duction !

By [OS] (see also [F1], Section 1) there is a mapping
O:feS - Of)eA, (2.1)
(where A is the physical (Wightman) Hilbert space with scalar product
(=, —>)and

CO(f), Dg)> = Z Suem(®OfF X gn) 2.2)
nm=0
O(f) = e M(f), 2.3)

and f, denotes the time-translate of f by ¢.
Let &% , be the class of sequences in &, , such that, for all fe %%,
and all n,

Moreover, for t > 0,

Slxss oo x) = £ L ().

(*) A similar version has also been proposed in Hegerfeldt, Commun. math. Phys.,
t. 35, 1974, p. 155.
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THE RECONSTRUCTION OF LOCAL OBSERVABLE ALGEBRAS 225

We define 9, to be the linear span of ®(¥} ;8), and
2, =\_Ja,. 2.5)
>0
It follows easily from [OS] that &, is dense in . Furthermore, by (2.3),
e—tH@e = '@£+t (26)

LEMMA 2.1. — 9, is a core for H and for H? and a form core for H.

Proof.— First note that e ""MH"Q, < %,,foralln =0,1,2,3,...,t 2 0.
By (2.5), (2.6) each vector in &, is an analytic vector for H + 1. There-
fore 9, is a core for H(+ 1) and, since H + 1 > 1, (H + 1)2, is dense
in #. Thus it is a core for H + 1,i. e. 9, is a core for (H + 1), hence for H?.
The rest is obvious. Q.E.D.

Let fe%(RY. We define
Exp (f) = { fu}ao, With fo =1,

fi=f oo filx o x) =@ lﬂf 2.7

Clearl . .
s S(Exp (f) x Exp () = SExp (f + 2), 2.8)

where S denotes symmetrization.
By property (A) and inequality (1.2) the following definition makes
sense :

-
S(Exp(f)):Z;—!Sn(f X ... % f) 2.9)

n=0 n times
This definition can be extended by linearity to elements of the form
>c; Exp (f), c;eC.

From inequality (1.2) we obtain the basic estimate

| S(Exp (f))| < ecomst-I/11P (2.10)
where || . || is the norm introduced in (B). Furthermore using (1.1) and
(2.10) we get, for all he &, (R,

| S(EXp (h ® 110,0)] < & (2.11)

where K’ = const.’ | h|%, and | . |, has been introduced in (B).

LEMMA 2.2. — Assume (A) and (B). Then, forall N = 1, 2, 3, ..., arbi-
trary complex numbers ¢;, . . ., ¢y and test functions f;, ..., fyin F(R%)
and arbitrary g, ..., gy in &}, the mapping @ extends to

N

Zc.- Exp (f) X g,

i=1
Vol. XXVII, n° 3-1977.



226 W. DRIESSLER, J. FROHLICH

and N

N
(D(Zci Exp (f) x ﬁ_;’i) = Zci D(Exp (f) X g)-

i= i=

For f and g in #(R%), ge 47,

®(Exp (f) x Exp (g) x g) = ®(Exp (f + g) x g).
Proof. — This lemma is a direct consequence of (A) and the bounds (1.2)
and (2.10). The details of the argument are as in the proofs of Proposi-
tions 1.2, 1.3 of [F1] and are not reproduced here. Note that the last part

follows from the symmetry of the EGF’s and (2.8).
Q.E.D.

~ REMARKs. — 1. By (2.10) — see also Proposition 1.3 of [F1] — vectors
of the form ®(Exp (f)), f € ¥(R%), span a dense subspace of .

2. In ref. [F1] the existence of a Euclidean field theory associated with
the EGF’s { S, };% 0, i. e. Nelson-Symanzik positivity, and local regularity
of S, are assumed. This is however not used in the proofs of Propositions 1.2-
1.3 of [F1], where nothing more than (A) and (B) are required.

LEmMMA 2.3. — Under the same hypotheses and for he ¥,

‘(Rd 1)
the equation

rea

U(f) = O(Exp (h @ x10.0) X f)» (2.12)
for arbitrary fe &7, defines a symmetric semigroup on %,.

Proof. — By Lemma 2.2 @ is well defined on Exp (h ® yx0.9) X fi 1. €

ther.h.s.of (2.12)is a vector in #, forall 0 < t < 0. Using (2.12) we now
get

U UQ(f) = UDEXp (h ® x0,9) X )
= O(Exp (h ® x10,9) X Exp (h ® xpri45) X _ft+s)
= OExp (h® X[O,t+s]) X fz+s)
= Ur+sq)(I) P
and we have applied the second part of Lemma 2.2.

Using the definitions of @ and of the scalar product on #, see (2.2),
one checks that

CD(g), PExp (h ® x10.0) X S
= (O(Exp (h ® x0,0) % &), ©(f)>; (2.13)
see also [OS, F1].
From this one deduces that if f is in the kernel of @, i. e. ®(f) = 0
then U,(D( )= 0,1 e. U, is a densely defined, linear operator on .

Applying (2.13) again we conclude that IOJ, is symmetric, forall0 < ¢ < oo.
Q.E.D.
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THE RECONSTRUCTION OF LOCAL OBSERVABLE ALGEBRAS 227

REMARK. — Using (2.10), (2.11) and conditions (1.1), (1.2) we easily
see that 5
s;ygn Uy =1, for all y € 2, . (2.14)

It can be shown (see [F1], proof of Theorem 2.1) that the conclusions

of Lemma 2.3 and (2. 14) imply that { Ij, } has a unique self-adjoint exten-
sion { U, } defined, for all 0 < t < o0, on 9, and satisfying the semigroup

property, even in circumstances where { U, } isnot exponentially bounded.
We do however not need this result in the following, but rather prove

directly that {IOJ,} is exponentially bounded.

Definition. — Let y and 0 be in 9,. For he #(R*™!) we define the time
0-quantum field ¢y(h) as the sesquilinear form given on g, x g, by

1
<Y o) 5 = lim = <y, §(h @ y10,0)0 > (2.15)

We must verify that this definition makes sense :

Since ¥ and 6 are in ), there is an &, > 0 such that y and 0 are in 9, .
By linearity we may then assume that i = ®(f) and 0 = @(g), for some f
and g in 7% . -

Using now definition (2.2) we obtain, for

0<t<eg,

1 1
;( Y, pth ® X[o.:1)9> = Z?Sn+m+l(®j;l* x(h® X[O,t]) X gm) (2.16)

n,m

As a consequence of the fact that, for ¢, <t, < ... <ty the
EGF Sy (%, ty, ..., ¥n, ty) 18 a function which is real analytic in
t; —ty, ..., tn — tn-1, S€€ [GL, OS], each term in the sum on the r. h. s.

of (2.16) is well defined, for 0 < t < &, and has a limit as t \ 0. By the
definition of &} , , the sum on the r. h. s. of (2. 16) is finite. Therefore (2.15)
is meaningful.

THEOREM 2.4. — Under the previous hypotheses, and for real
he CPRI™Y)
(1) 10, 1] < &,
for some finite constant K depending on A.
(2) For ¢ and 6 in 9,
lim %< Yo [0, — 100 = — <y, [H — om0

tNO

Proof. — Since h is in C¥(R?™!) there exists some finite ¢ such that
supphc{x=F10; =" .., x¥" Y xt > &)L

Vol. XXVII, n° 3-1977.



228 W. DRIESSLER, J. FROHLICH

Let 9; denote the linear span of all vectors ®(f), where f is in &%, and,
foralln=1,2,3, ...,

supp f, € {(x1, ..., x) 1xj <&,  j=1,...,n}.

We claim that &, is dense in # : This follows from the analyticity properties
of the EGF’s established in [OS] by a Reeh-Schlieder argument and has
been noticed before and used (in the context of models) in [SeS, McB].

By the Euclidean invariance of the EGF’s we have Osterwalder-Schrader
positivity with respect to reflections at the plane x! = . Therefore there is
an inner product analogous to the one defined in (2.2) relative to x! =¢,
and the Schwarz inequality may be applied with respect to this inner
product.

Using now the definition (2.12) of { lOJ, } and the support properties of
Exp (h ® y0.4) and applying the Schwarz inequality with respect to the
inner product relative to x' = ¢ one concludes (as in [SeS, McB]) that,
for all t > 0 and all 0 € &, there is a finite constant C(6) independent of ¢
such that

0,00 ) < COSEXp ((h + hg,g) ® x0.0)'" s (2.18)
where hg  is the reflection of & at the plane x' = & (see [SeS] for a similar
inequality ; Osterwalder-Schrader positivity and the Reeh-Schlieder argu-
ment replace the use of Nelson-Symanzik positivity made at this place
in [F1]).

Next, by (2.11),
S(Exp ((h + hg,g) @ xo,0)''* < €, (2.19)

for some finite constant K depending on h. Combination of inequali-
ties (2.18) and (2.19) and repeated use of the Schwarz inequality give
{8, ﬁ,@) <<0,0) lim <0, lon,.,G M2 < K h,0), for all 0 € Z..

Since &, is dense in H, we conclude that

U, || < e, forallt>0; (2.20)

therefore {IOJ,} can be extended by continuity to a self-adjoint, exponen-
tially bounded semigroup, denoted { U, }.
Let A denote the (self-adjoint) infinitesimal generator of { U, }, i. e.
U, = e™A'; then (2.20) yields
A>—K. 2.21)
The proof of (1) is now complete.

Proof of (2). — By polarization it suffices to prove (2) for Y = 0 € 2.
Clearly 1
lim =y, [U, = 1Y ) = =<y, Ay ), (2.22)

tN0 ¢
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THE RECONSTRUCTION OF LOCAL OBSERVABLE ALGEBRAS 229

and the limit exists if

1
<O U= 1D

is bounded uniformly in te(0, 1], (a consequence of (1) and the spectral
theorem). Hence we must show this boundedness property and then iden-
tify A with H — ¢4(h). The first problem is solved as in [F1] (Section 2,
proof of Theorem 2.1).

Using the definition (2.12) of U,, inequality (1.2), the symmetry of the
EGF’s S, (x;, ..., x,) under permutations of the arguments (see (A)) and
Taylor’s theorem we show that, for fe %7, ,ge T, and 0 <t < ¢,

|
- <), O({Exp (h ® xp00) — 1} x 8>

_ _:_@( D). W ® s0.) X 8)

1
+ E( O(f), PExp (Ah @ yp0,9) X (B ® j0,1)

X (h® to.) *x 8, (2.23)
for some 1€ (0, 1).
This is shown essentially as in Section 2 of [F1], using the series expansion
of Exp, the symmetry of S, (x;, ..., x,) under permutations of { 1, ..., n}
and (1.1), (1.2). By (2.15)

1
LSO, B ® 20.0) X 8)) = (VL) Go(W)D(Z)5,  (2.24)

as t N O.

Next we expand Exp (Ah ® y;0,4) in the second term on the r. h. s. of
(2.23) and bound each term in the series so obtained by means of inequa-
lities (1.1) and (1.2). This yields

1
;| < C[)(I), ®(Exp (4h ® X[O,x]) x (h ® X[o,r])

1
x (h® Jro.) X 8)> | < const. —o(t) [ h 5, (2.25)

where | . |, isasin(1.1)and const. is some finite constant depending on h, f
and g, but independent of t e (0, ).
Hence ther. h. s. of (2.25) tendsto 0,ast \ 0.

Given (2.22)~2.25) the remaining arguments for the proof of (2) are
essentially the same as in [F1], (proof of Theorem 2.1). There is no reason

to repeat them here.
Q.E.D.
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230 W. DRIESSLER, J. FROHLICH

From Theorem 2.4 we immediately conclude that, for he CF(R?™1)
real and ¥ € 9,

and by (2.11), (2.19) and (2.21),

K < Const. | h + hg %, (2.26)

and the r. h. s. of (2.26) is continuous on Z(R?™1).
By Lemma 2.1 %, is a form core for H. Therefore the quadratic form ¢(h)
can be extended to the quadratic form domain Q(H) of H, and

Y, ol > <, HY ) + Ky, ¥ ), (2.27)
for all Y € Q(H).
As Q(H) is invariant under the unitary group { e} and because of
(2.26), the following definition makes sense:
For y e Q(H) and feCZ(R?) we define

<Y, oUW D = Jdt Ce™ ™M, do(f(., e My ) (2.28)

From the Osterwalder-Schrader reconstruction theorem one easily derives

that ¢(f) is a form extension of the relativistic quantum field reconstructed
from {S, },.

CoRrOLLARY 2.5. — There exists a (translation-invariant) norm | . |
continuous on ¥(R? such that for real f

ToN=<IfI.H+1I),

in the sense of quadratic forms on Q(H).
Proof. — For f in CP(RY), define

o, = Const. Jdtlf(., D+ frals 1% (2.29)

where & is chosen such that supp f < { x : x! > £}, and Const. is as in
(2.26).
Then, by (2.26)-(2.28),

iq&(aif)sﬂﬂ,i.e.J_r¢(f)Saf(H+1), (2.30)
f

on Q(H).

Recall that H commutes with all translations. Therefore

+ #(f) < aH + 1), (2.31)

where o, is as in (2.29), (2.30) and f, is the translate of f by x.
Using now a C* partition of unity and applying estimates (2.29) and
(2.31) we arrive at the assertion of the corollary. Q.E.D

Annales de I'Institut Henri Poincaré - Section A



THE RECONSTRUCTION OF LOCAL OBSERVABLE ALGEBRAS 231

We note that, in the sense of quadratic forms on e. g. the domain 2,
introduced above or the Wightman domain for the fields,

0
iH, ¢(f)] = - d)(E f)- (2.32)

By [GJ2, NJ], Corollary 2.5 and (2.32) yield essential self-adjointness of
the quantum field ¢(f) on any core for H, for all f € &, (R9).
We conclude Section 2 with an alternate version of Theorem 2.4.

THEOREM 2.4'. — Assume (A) and (instead of (B)) (B’) there are finite
constants K and pe[l, 2] such that, for feL'(R%) n L?(R?), S(Exp (zf))
is analytic in z and

| S(Exp ()l < KU H+ILI 1B

Then Theorem 2.4 and Corollary 2.5 hold.
Proof. — For f =h® yp, with he LY(R*™ ") n LA(R*™') we get
|S(Exp (h ® X[o,r]))l < etKdlrlli+[[Rl1B)

which replaces (2.11).
Furthermore, for f and g in &%, we derive from (B’) and the Cauchy
estimate

1 \
;| CO(f), PEXP (Ah @ ¥1o,9) X (h ® xp0,9) X (B ® Xio.1) X &) |
1
< Const. ?( 1A ® xiolls + 115 ® x04ll,)?

which tends to 0, as ¢t \ 0, (since p < 2). This replaces (2.25). Theorem 2.4
then follows as before, and the proof of Corollary 2.5 remains unchanged,
up to a redefinition of a,; (see (2.29)). Q.E.D

REMARKS. — 1. Theorem 2.4’ is of some interest in applications to
relativistic quantum field models.

2. It is trivial to check that condition (B’) of Theorem 2.4’ implies the
(weaker) hypotheses (C1)-(C3) of Theorem 2.1 of ref. [F1].

3. A similar reformulation of Theorem 2.1 of [F1] (but with the addi-
tional assumption of Nelson-Symanzik positivity) has been proven by
Glimm and Jaffe ; (to appear in the Proceedings of the Cargése Summer
School, 1976. See also J. F.’s, Erice lectures, 1977).

§3. A COMMUTATOR THEOREM

In this section we discuss the following simple mathematical structure :
A separable Hilbert space s with scalar product ( —, — >, and
— a positive, self-adjoint operator H

Vol. XXVII, n® 3-1977.



232 W. DRIESSLER, J. FROHLICH

— two closed symmetric operators A and B bounded in some sense
by H and commuting weakly on some core for H2.
We prove

THEOREM 3.1. — Assume that there is a finite constant K such that,
in the sense of quadratic forms,

(1) +A<KH+1),£B<KH+1),
+ i[H, Al < K(H + 1), + i{H, B] < K(H + 1),
e t [H, [H, B]] < K(H + 1),

on some form core for H.
(3) For all y and 0 in some core &, for H? (contained in D(A) and D(B))

CAY,BOY = (By, A0 ).

Then A and B are selfadjoint operators, and all their bounded functions
commute.

REMARK. — By [GJ2, N] essential selfadjointness of A, B on any core

for H follows from (1). _ 3.1
In the following we set H = H + 1. Then
AH>1, and |H!'|<1. (3.2)
By [GJ2, N], (1) implies that there is a finite constant C such that
|AA " '||<C, |IBA !||<C, (3.3)
in particular &, is contained in D(A) and D(B), and (1) and (2) give
||[A,BH | <C. (3.4)

In the following hypothesis (2) of Theorem 3.1 could always be replaced
by (3.4) without changing any conclusions.

We propose to show that the resolvents of A and B commute weakly
on some dense domain in 5. (From this the remaining part of Theorem 3.1
will follow at once). The central element in the proof of this is

LeMMA 3.2. — Let ze C have a sufficiently large imaginary part. Then
(1) (B + 2)@, is in the domain D(H) of A, and H(B + 2)@, is dense in #.
(2) For z’eC, with Im z/ # 0

Dy, ={(A+2)B+2)0:0€%}
is dense in A ; {(B + z)0 : 0€ 9, } is a core for A.

Proof. — (1) Let y e D(H) and 6 € %,. Then y and 0 are in the domain
of B, by (3.3), (and 0 is in the domain of [H, B], by (3.4)). Thus the following
equation is meaningful :

(HY, B +2)0) =B+ 2w, HO) + (y, [A, B9 .

By definition of 9,, A is in the domain of H, and therefore it is in the one
of B + z, by (3.3). Hence

(B +z)y, HO ) = <y, (B + 2)HO ),
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and N
<y, B+ 2HOY | <[yl || (B+ 2)H6||

By (3.4) and (3.2), <Clly|l 18]

|<y, [A, B0 < Clly|l [|HO
<Cllyll a0
Hence, for all e D(H) and 6 € ,.
I[<HY, (B +2)0)>| <2C|[y || ||A?0]| < o0,
i.e.(B + z)0 e D(H*) = D(H), and, as  varies over the dense domain D(H),
AB + 2)0 = (B + z)HO + [A, B]9
={B+z+[H BA'}HI (3.5
Since 9, is a core for H2 and by (3.2), { Hf : € P, } is dense in # and
is a core for A. Hence, by (3.1), it is a core for B. Let § be some vector
in # such that B
(Y, {B+z+[HBH '}HI) =0,
for all 6 € 2,.

Since by (3.4) [H, BJA™! is a bounded operator and {Hf : 0e Z,}
is a core for B, we conclude that

¥ € D(B*) = D(B),

{(B+z+ ([, BJAY)*}y =0 (3.6)
By (3.4) and the triangle inequality

iI{B+Z+([H BIH )*} ¢l = 1B +2W Il - Cliyll
2 [Imz | |ly |l = Clly Il
>yl for|Imz|=C+1. (3.7)

(3.6) and (3.7) imply that y = 0.
ie {(B+:z+[ABHA YA :0c9,)
is dense. This and (3.5) complete the proof of Lemma 3.2, (1).
Proof of (2). — By (1), (B + z)0e D(H), for all e 9,, and
{HB +2)0 : 0€9,}
is dense in #, for |Imz| > C. Therefore
{B+20:0c9,} =H'{HB + 2)0:0€2,}

is a core for H and hence, by (3.1), it is a core for A. Therefore, as A, is self-
adjoint,

and

{A+2)B+20:0c9,} =9,

is dense in 4, for Imz’ # 0.
mz # Q.E.D.
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Proor OF THEOREM 3.1. — For {eC with Im { # 0 we set

R\O=A+0"" Rg)=@B+ .

Let lﬁ € 9751,5, Oe 972,,:; both sets are dense by Lemma 3.2, (2), for |Im z|>C.
Then, there exist vectors y and 0 in 9, such that

~

zﬁ~ =(A+ZzZ)B + 2\,
Therefore 0=(A+z)B + z)0.
(s RA(Z)Ry(2) ) N

= (B + 2, Re(0 )

=Y, 05 =<y, (A+Z)B+2)0)

={(A+ZW,B + z)0), by (3.1) and (3.3),
{(B + 2, (A + )0 >, by hypothesis (3) of Theorem 3.1,
((_{\ + Z')B + ZW, 0>, by Lemma 3.2,

=<, 0) = (Y, Ry(z)(B + 2)0 )

= <Y, Rg(2RA(Z')A + 2')B + 2)0 >, by Lemma 3.2,

= (¥, Ry(2)Rp(2')0 ) . (3.8)
Since, by Lemma 3.2, ¥ and 0 vary in dense domains, namely . , D,,
we conclude from (3.8) that

R,(z")Rp(z) = Rp(z)RA(z') on #, (3.9

provided |Im z| > C, Im 2z’ # 0.

This and the holomorphy of the resolvent imply that (3.9) holds whenever
z is not in the spectrum of B and z’ is not in the spectrum of A.

But this yields Theorem 3.1. Q.E.D.

REMARK. — It is easy to show that under the conditions of Theorem 3.1

ABO = BAO, for all 0 D(H?).

§4. RECONSTRUCTION OF LOCAL NETS

The harvest of the work done in Sections 2 and 3 is contained in

THEOREM 4. 1. — Let ¢(x) be the neutral, scalar Wightman field recons-
tructed from a sequence of Euclidean Green’s functions obeying condi-
tions (A) and (B) of the introduction, or (A) and (B’) of Theorem 2.4’.

Then, to each open region 0 < R?, there belongs (in a canonical way)
a von Neumann algebra #(0) generated by the bounded functions of the
fields { ¢(f) : f €L rea(RY, supp f =0}, and the net

{ 2(0) : 0 € open regions in R?}
satisfies all the Haag-Kastler axioms.
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Proof. — Let 9y be the Wightman domain of the field ; obviously
eMH "Dy = Dy, for all n=10,1,2,3, ..., real. Moreover Py contains
an invariant, dense set of analytic vectors for H (which are semi-analytic
for H?). So, by Nelson’s and Nussbaum’s theorems Dy is a core for H and
H? and a form core for H.

Set A = @(f), B = ¢(g), where f and g are real Schwartz space functions
with supp f < Oy, supp g = O, and O, x O, (space-like separated).

Since Dy = C*(A) " C*(B) n C*(H), and by Corollary 2.5, (2.32)
and Wightman’s form of locality, all the hypotheses of Theorem 3.1 are
(more than) fulfilled. Therefore all bounded functions of A and of B commute.
We conclude that the von Neumann algebras { 2(0) } obey locality.

Among the remaining Haag-Kastler axioms the only non-obvious one
is the Reeh-Schlieder property, i. e. weak additivity :

Let 0 be an open region in R% Then, by the Reeh-Schlieder theorem the
algebra of localized polynomials in the field, 2(0), fulfills

200Q = #, (Q is the vacuum),
i. e. the set of monomials

{l_[qs(‘f;)g ‘he N’ fieyreal(Rd)a Supp f; < 0 }

is total in .
Pick such a monomial and approximate

¢(f1)l_[¢(fj)9
i=2

A, ﬂ(ﬁ(f,-)ﬂ,

i=2

with A, € 2(0). Continuing with ¢(f,), using the boundedness of Al
then with ¢(f3), etc. we finally get an estimate of the form

(o e

<ée

with & > 0 arbitrarily small, A,e 2(0), i =, ..., n. Q.E.D.

CONCLUDING REMARKS

1) Knowing now the existence of local algebras under reasonable
assumptions it is natural to ask structural questions concerning e. g.

Vol. XXVII, n° 3-1977.



236 W. DRIESSLER, J. FROHLICH

factoriality, type, duality, etc. It appears that the type question is the easiest
one, but even this one (as will be discussed elsewhere by one of us (W. D.))
can at present only be answered under much more restrictive assumptions.
The fact that all generalized free fields with a mass gap satisfy the form
bounds of Corollary 2.5 and the results of [G] may indicate that our form
bound, Corollary 2.5, does not suffice to answer such more detailed ques-
tions.

2) Our local net { (0) } is however not just any such net. This is a conse-
quence of [BW], because Theorem 4. 1 gives condition IV of their Theorem 4
and its corollary.

From their work it then follows that there is another local net (in which
the local algebras are constructed as intersections of « wedge » algebras)
which satisfies duality. (Disregarding from the free field) the relation of
this new net to the previous one remains mysterious, up to now.
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Note added in proof : Ed NELSON has pointed out to us that hypothesis (2) of Theorem 3.1
is unnecessary for the conclusions to be true. We thank Prof. NELSON for communicating
to us this improvement.
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