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73.

An examination of various postulates
of irreversibility

Jean SALMON

Conservatoire National des Arts et Metiers,
292, rue Saint-Martin, 75141 Paris Cedex 03

Ann. Inst. Henri Poincaré,

Vol. XXVII, n° 1, 1977,

Section A :

Physique théorique.

SUMMARY. - Firstly, we recall the need to break the reversible character
of the B. B. G. K. Y. system of equations by means of a postulate of irre-
versibility to obtain a kinetic equation compatible with the second principle
of thermodynamics.

Next, three postulates of irreversibility are examined : that of molecular
chaos, that of linear relaxation and, finally, that of superposition. Then
we determine the corresponding kinetic equations and the expressions
for the viscosity coefficient to which they lead. Comparison with experiment
is made each time.

Lastly, we attempt to obtain an irreversible kinetic equation without
introducing a postulate of irreversibility in the B. B. G. K. Y. system.
This consists in adding a complementary irreversible term to the fundamental
equation of the dynamics of a particle. The suggested term is of quantum
origin and leads to a kinetic equation of the Fokker-Planck type.

RESUME. - La necessite de briser le caractere reversible du système
d’equations B. B. G. K. Y. à l ’ aide d’un postulat d’irréversibilité pour obtenir
une equation cinetique compatible avec le second principe de la thermo-
dynamique est tout d’abord rappelee.

Trois postulats d’irreversibilite sont ensuite examines, celui du chaos
moleculaire, celui de la relaxation lineaire et celui de superposition. Les
equations cinetiques correspondantes et les expressions du coefficient de
viscosite auxquelles elles conduisent sont determinees. La comparaison
avec l’expérience est effectuée chaque fois.
Une tentative en vue d’obtenir une equation cinetique irreversible sans

introduction d’un postulat d’irréversibilité dans le systeme d’equations
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74 J. SALMON

B. B. G. K. Y. est alors presentee. Cette tentative consiste a intervenir
dans l’équation fondamentale de la dynamique d’une particule en ajoutant
un terme complementaire irreversible. Le terme propose est d’origine quan-
tique et conduit a une equation cinetique du type Fokker-Planck.

I. INTRODUCTION

The reversible character of the equation of the dynamics of a particle
subjected to a force deriving from a potential brings about the reversibility
of the fundamental equation of classical statistical mechanics (or the Liou-
ville equation) and of the B. B. G. K. Y. system of equations which is
equivalent to the latter.

Such a thing is in compatible with the second principle of thermodynamics
which expresses the irreversible character of the evolution of a physical
system.

Classical physics rests on two contradictory ideas: on the one hand,
the Hamiltonian formalism which is compatible with the first principle of
thermodynamics or the conservation of energy principle ; on the other hand,
the principle of the non-decrease in entropy or the second principle of thermo-
dynamics which is incompatible with the Hamiltonian formalism.
Quantum mechanics does not seem capable of contributing any improve-

ment since its fundamental equation i. e. the Schroedinger equation is
also reversible as a consequence of the link between the Hamiltonian of
classical mechanics and the Hamiltonian operator of quantum mechanics.
At the end of this article we will show that this is perhaps the case provided
that a new idea is introduced.

It is both remarkable and surprising that theoritical physics has been
able to develop so deeply despite this intrinsic incoherence. Physicists
have surmounted this difficulty on writing Newton’s equation for a particle
subjected to a force deriving from a potential which, in such conditions,
is reversible; on obtaining a phase-space density equation (Liouville’s equa-
tion) for the treatment of a population of a large number of particles, which
is also reversible ; on deducing from the latter the B. B. G. K. Y. system of
equations which is also reversible, and on breaking the reversibility of this
system by means of a postulate or irreversibility which is foreign to dynamics.

Such a postulate leads to a kinetic equation governing the single distri-
bution function from which one determines the expressions for the transport
coefficients with a view to making a comparison with experimental results.

In addition, one shows that the entropy, defined from an integral which
involves the logarithm of the single distribution function, cannot decrease.

This article is divided into parts. In the first, we proceed to examine
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75AN EXAMINATION OF VARIOUS POSTULATES OF IRREVERSIBILITY

three postulates of irreversibility and the kinetic equations to which they
lead. We give the expressions for the corresponding viscosity coefficients
and make a comparison with experiment. The three postulates are : that of
molecular chaos; that of linear relaxation and that of superposition. The
first leads to Boltzmann’s kinetic equation and the second and third to a
Fokker-Planck type of equation whose coefficients of the collision term
contain the moments of the distribution function. This form of the Fokker-
Planck equation has been suggested by J. Frey and J. Salmon.

In the second part, we show our attempt to modify Newton’s law for
a particle subjected to the effect of a potential p.
The force involved is the sum of the usual term - and of a comple-

mentary irreversible term which contains the Laplacien of qJ as a factor
and consequently vanishes for the potentials in r -1. On the other hand,
the potential j9 is the sum of the usual potential and of a complementary
term of quantum origin which, for the potential in r -1 negligible at a long
distance.
An irreversible kinetic equation is thus obtained in a strictly deductive

manner and the entropy increases away from equilibrium, conforming
to the second principle of thermodynamics. In the case of a dilute gas,
this equation merges with that obtained from the second and third postulates.
For each of the suggested equations, the corresponding expression for the
kinetic viscosity coefficient is determined and the theoritical values are

compared with the experimental values in a temperature range lying between
200 and 1,0000 K.

This comparison is fundamental since the best theory is that which,
starting from the smallest number of laws, principles and postulates, leads
to a correct prediction of the experimental results.

In this connection, let us note that scientific authors use the terms « law»,
« principle », and « postulate» to qualify an a priori imposed relation from
which they exactly deduce the theoritical expressions for physical quantities
that are able to be compared with experiment, or on introducing justified
approximations. A few famous exemples are « The fundamental law of
dynamics», « The principles of thermodynamics » and « The postulate
of irreversibility of the molecular chaos ».

In an effort to simplify language, we suggest that only the term « postulate »
be used. The physicist postulates basic equations such as those of Newton
and Schroedinger and examines their consequences.

II. THE FIRST TWO POSTULATES
OF CLASSICAL STATISTICAL MECHANICS

These are the postulate of the dynamics of a particle approximated by
a material point and subjected to a force deriving from a potential and the

Vol. XXVII, n° 1 - 1977.



76 J. SALMON

postulate of the representation of the behaviour of a large number of particles
by means of a function of the time t and the position and velocity vectors,
called phase-space density.
The first postulate, or Newton’s postulate, asserts that m designating

the mass of a particle, w its velocity vector, x its position vector and X the
force deriving from a potential these quantities are linked by the equations :

The second postulate, or the postulate of the representation by phase-
space density, asserts the existence of a function D of the time t and of the
2 N position and velocity vectors et w; of the N particles from which
on deduces the macroscopic quantities of interest to the physicist by means
of integrals.

These two postulates lead to the Liouville equation which is written on
designating the external forces by X, z and the interaction forces by X ~
deriving respectively from the potential and 

Let us examine two consequences of this equation.
Let us designate the total energy of the system by E and the element of

the phase-space volume by dr = dxNdwN’. The quantity E
is given by the integral:

and it is easy to show that :

Let us designate by S the entropy of the system defined by the relation
suggested by Boltzmann:

(Ko is Boltzmann’s constant).
We also show that:

From the point of view of thermodynamics, the result relative to the
energy is exact and that relative to the entropy is false. The invariance of
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77AN EXAMINATION OF VARIOUS POSTULATES OF IRREVERSIBILITY

the energy is compatible with the first two postulates of classical statis-
tical mechanics and the evolution of the entropy is incompatible with
them.

The quantity S, devoid of physical meaning but still interesting is called
« statistical entropy» [1]. To overcome this difliculty, we need to introduce
a supplementary postulate foreign to dynamics-i. e. the postulate of irre-
versibility. This introduction is made at the level of the B. B. G. K. Y. system.
Now we will examine three postulates of irreversibility.

III. THE POSTULATE OF MOLECULAR CHAOS
AND BOLTZMANN’S EQUATION [2] [3]

This postulate, which is a little more than a century old, is justly famous,
not only for its happy consequences, but also for the polemics that it has
raised.

Let us write the first two equations of the B. B. G. K. Y. system which
involves the single, double and triple distribution function F 1, F 12 and F 123 :

Let us assume the fluid to be dilute and the interaction forces of a particule
to be weak vis-à-vis the mean free path but, in their domain of action, very
intense compared to the external forces.
A certain number of approximations are going to be introduced.
The dilute character of the fluid leads us to neglect the terms in F123

in the equation (9), whence :

This equation takes the form of a reversible, two particles Liouville
equation and consequently is not physically justified.

Let us carry out the change of variable :

Vol. XXVII, nO 1 - 1977.
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It follows that:

whence, on substituting into (8), the still reversible equation :

The symbol signifying that the integration is limited to the interaction
domain since X12 is zero outside it.
The local and instant character of the collisions and the low value of the

external force X~ the interaction force in the integration domain

allow us to conserve only the term in 2014~ in the right-hand side of the
~12

equation (13), whence :

The vector W1 being given, let us choose a vector w~ whence a relative
velocity vector g12:

The vector g12 being determined, it is advisable to integrate with respect
to dxl2.

Let us designate by 0 the centre of the interaction sphere and by Oxyz a

system of axes such that the vector and the axis Oz are parallel and in
the same direction (fig. 1).

Let us consider a straight line parallel to Oz and lying at a distance b
from O. This straight line cuts the sphere at the points AE and As and the
plane xOy at the point A of polar coordinates b and s. In these conditions :

The point E corresponds to a state of velocities relative to the beginning
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79AN EXAMINATION OF VARIOUS POSTULATES OF IRREVERSIBILITY

of a collision and the point S relative to the end of a collision. The irrever-
sibility is introduced by choosing the direction of the axis Oz. Indeed, the
reversal of the velocities and the time, which changes the sign of the first
term of the equation (14), does not change the sign of the expression (16).
Since Oz changes direction with we obtain the difference between the
values of F12 corresponding to a state after a collision and before a collision.
On substituting the expression (16) into the relation (14), we obtain an
irreversible kinetic equation if F12 can be expressed as a function of Fi
and F2.
The postulate of molecular chaos then intervenes to this end. This postu-

late imposes:

and as a consequence of the conservation of the phase-space density in
a collision :

~{ and ~; designating the velocity vectors at the beginning of a collision
which transforms them into w7 and w2.

Vol. XXVII, nO 1 - 1977. 6



80 J. SALMON

Thus Boltzmann’s equation is established :

Although the eflicacity and prestige of this equation have become unde-
niable for us, let us try to understand the violent criticism which it provoked
in the past.
The reversibility is broken by choosing the direction of the axis Oz in

the integration with respect to the volume of the interaction sphere. The
axis Oz is in the same direction as the vector g12 which imposes a time arrow.
On the other hand, the reversibility is conserved during the collision which

transforms ~ ;; into ~:, w~. Therefore, a certain contradiction exists.
From the strictly mechanical point of view, the postulate of molecular

chaos is « absurd » since, if the particles 1 and 2 collise with the particle 3
at the moment when they meet, they are correlated by these collisions and
are not « in molecular chaos with each other » as desired by the relation ( 17).
But these incoherences are useful since they bring the loss of information
which makes Boltzmann’s equation compatible with the second principle
of thermodynamics.
The entropy S1, called thermal entropy as opposed to the statistical

entropy S, is defined by the relation :

and the solution F1 of Boltzmann’s equation satisfies the inequality:

and supplies good expressions for the transport coefficients in a dilute medium
as if this dilution, bringing about an increase of the average time between
two collisions, made it easier for the particles to forget between two collisions
the correlation due to one collision.
The expression for the viscosity coefficient of a dilute gas is a function

of the temperature T and of the inter-particle potential characterized by
a depth-KOT; and a value zero at the distance a.

The quantities being given by the integrals:
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81AN EXAMINATION OF VARIOUS POSTULATES OF IRREVERSIBILITY

rd designating the largest root of the denominator.
An effective potential is that given by H. J. M. Hanley and

M. Klein [4], [5], [6].

One can easily verify that :

This potential depends only on the four parameters (7, T;, mo and y,
since d is relinked to the latter by the condition :

Table I shows the good agreement between theory and practive for argon
and krypton. This good agreement especially justifies Boltzmann’s boldness.
Nevertheless, the need to calculate a triple integral demands the use of a
computer. Let us add that the experimental results are those of J. Kestin,
W. Wakeham and K. Watanabe [7].

We add that to obtain Landau - Fokker-Planck and Balescu - Lennard-

Guernsey kinetic equations, it is necessary to use molecular chaos at t = 0
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IV. THE POSTULATE OF LINEAR RELAXATION
AND THE FREY-SALMON KINETIC EQUATION

This position was suggested by J. Frey and J. Salmon [8], [9], [10], [11],
[12], [13] and was also published in the book Modern developments in Ther-
modynamics [14].
The postulate of molecular chaos imposes that between two collisions

2014L e. almost always-two particles evolve without correlation between
each other, thus :

Now, in equilibrium, there exists a spatial correlation between the two par-
ticles, expressed by a function Jf 12 :

FM designating a Maxwellian velocity distribution.
Likewise, and always in equilibrium:

tf 123 designating the spatial triple correlation function linked to J.f 12 by
the equation:

n designating the particle density.
It is convenient to write F12 and F12 3 in the form :

~12 and ~12 3 corresponding to a local equilibrium defined from the average
temperature and particle density values at the considered points.

It is possible to put the first two B. B. G. K. Y. equations in the following
form :
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The postulate of linear relaxation imposes that the local equilibrium term,
being considered as dominating the irreversibility, can be obtained on impos-

ing a relation of linear relaxation on the action of an integral operator G
on a divergence function at the local equilibrium.

IV.a) The Vlasov-B. G. K. equation

The postulate of linear relaxation applied to the function ~12 is written:

zl designating the average value of the time interval between two collisions.
Thus a kinetic equation is obtained containing a term identical to that of
Vlasov to roughly the factor well as the B. G. K. collision term [15] :

IV.b) The Frey-Salmon kinetic equation
in isothermal conditions

Assuming the temperature T to be uniform, the postulate of linear relaxa-
tion imposes the relation of closure and irreversibility.

l’ 2 designating the average value of the relative velocities and the impact
parameters of the collision time between two particles. This collision time
is taken to be equal to the duration of the crossing time of the reduced
particle of mass trough the repulsive zone of the interaction potential.
Whereas the postulate of molecular chaos asserts that the loss of information
responsible for the irreversibility takes place between the collisions, the
postulate of linear relaxation applied to ~123 asserts that this loss takes
place during the crossing time trough the repulsive zone of the interaction
potential.
On using the relation (43), the second B. B. G. K. Y. equation becomes :

Vol. XXVII, no 1 - 1977.
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whence:

On setting t = we may write a development as a function of the small
parameter 03C42 whence, to the first order:

1"1

thus, on developing:

As : o

The use of the relation (32) allows us to simplify the expression (47),
whence:

F12 is now a functional of F1 and F2. On substituting this expression into
the first B. B. G. K. Y. equation, we obtain the F-S kinetic equation:

Let us assume that the particle density and the average velocity vary
little enough within the interaction sphere for it to be possible to identify n2
and ni as well as v2 and ~12 becomes an isotropic function and the kinetic
equation (44) is simplified.
On omitting the index I which is no longer useful, it follows that:
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B designating the integral:

IV.c) The Frey-Salmon kinetic equation
in non-isothermal conditions

The temperature T is no longer considered to be uniform. Nevertheless,
its spatial variations are considered to be small enough for one to be justified
in writing on the scale of the interaction sphere :

The heat flow vector is q :

The postulate of linear relaxation imposes :

and after long calculations, it follows that :

~ designating a coefficient equal to - 1/3 for a monoatomic gas and - 2/5
for a diatomic gas.
The equation (57) shows that the postulate of linear relaxation leads

to kinetic equation of the Fokker-Planck type. The collision term is shown
as a development as a function of F and its derivatives whose coefficients
are expressed in a simple manner as a function of the moments of the dis-
tribution function F.

IV.d) Expressions for the transport coefficients

Let us designate by PKI the components of the kinetic tensor :
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and choose for F the approximation of the thirteen moments suggested
by Grad [16] :

By suitable integrations we deduce from (57) and (60) the following system
of the equations of fluids mechanics :

and the expressions for the viscosity coefficient J1 and the thermal conduc-
tivity coefficient ~:

A and J1 satisfying the relation :

The Sutherland potential allows us to obtain a very simple expression for J1
(fig. 2).

The discontinuity in r = ~ brings difficulties in calculation which can be
overcome on considering the potential between 0 and 6 as the limit of a
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