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RÉSUMÉ. - On donne une definition geometrique generale de la transformation de Legendre, suivie par des exemples dans le domaine de mecanique des particules et de thermostatique. Cette definition est basee sur les
notions de la géométrie symplectique exposee brièvement dans les premieres
sections servant d’introduction.

DEFINITIONS OF SYMBOLS

tangent bundle of a manifold M,
tangent bundle projection,
tangent space at a E M,
TaM
T*M
cotangent bundle of M,
T*M
M
T~M ~
cotangent bundle projection,
TM

T~ ~ TM - M

8M
=

d8M

~ v, p )
( v, ,u )
d
A

canonical I -form on T*M,
canonical 2-form on T*M,
evaluation of a covector p on a vector v,
evaluation of a form 11 on a vector v,
exterior differential of forms,
exterior product of vectors, covectors or
exterior algebra of forms on M,
pullback of a form 11 by a mapping a.

forms,

A general geometric definition of the Legendre transformation is given
and illustrated by examples from particle dynamics and thermostatics.
The definition is based on concepts of symplectic geometry reviewed in the
early sections which serve as an introduction.
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1. LAGRANGIAN SUBMANIFOLDS
AND SYMPLECTIC DIFFEOMORPHISMS
Let P be a differential manifold. The tangent bundle of P is denoted by TP
and Tp : TP 2014~ P is the tangent bundle projection. Let o be a 2-form on P.
The form o is called a symplectic form if da~
0 and if ~ u A w, 0) &#x3E; = 0
for each u E TP such that Tp(u)
Tp(w) implies w 0. If o is a symplectic
form then (P, o) is called a symplectic manifold.
=

=

=

DEFINITION 1.1. - Let (P, o) be a symplectic manifold. A submanifold N
of P such that
0 and dim P
2 dim N is called a Lagrangian subof
mani, f ’old (P, 0)) [11 ].
=

=

be symplectic manifolds.
(Pi, 03C91) and (P2,
a
diffeomorphism p : Pi P2 is called symplectic diffeomorphism of
(Pi, 0)1) onto (?2, W2) if qJ*W2 w1.
Let (Pl, ccy) and (P2,
be symplectic manifolds and let pri and pr2
denote the canonical projections of P2 x P1 onto P1 and P2 respectively.
The 2-form
is clearly a symplectic form on
~ 03C91 pr2*03C92 - pr1*03C91
x
P2 Pl.
DEFINITION 1.2. - Let

A

-

=

=

of a symplectic diffeomorphism ~p of (Pl, ~1)
Lagrangian submanifold of (PZ x P1, CO2 e col).
(P2,
P,oof - The graph of ~ : Pi - P2 is the image of ((~ Id) : Pi - P2 x P1

PROPOSITION 1.1. - The graph
onto

0. Hence
and
e
O
graph jp O.
a Lagrangian
is
2 dim (graph ({J). Hence graph 03C6
Also dim (P2 x Pi)
submanifold of (P 2 x P 1, 0)2 e
The converse is also true. If the graph of a diffeomorphism ({J : Pi - Pz
is a Lagrangian submanifold of (P2 x Pi, 0)2 e 0)1) then q is a symplectic
diffeomorphism of (P 1, 0)1) onto (P2, co2).
=

=

=

2. LOCAL EXPRESSIONS

Let (P, o) be a symplectic manifold and let
yj), 1 ~./ ~ be local
dx’.
Coordinates
A
coordinates of P such that o
Eidyi
y~) are called
is
coordinates
canonical
of
Existence
canonical coordinates of (P,
[1].
P
of
dimension
n
of
N
A
submanifold
theorem.
Darboux
guaranteed by
n is a Lagrangian
k
1
_
i,
j,
yj
represented locally by xi = 03BEi(uk),
submanifold of (P, o) if and only if
=

=
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This condition is

equivalent

the Lagrange brackets
Let (Xi, Yj), 1

are

to

u~]

=

0, 1

_

i, .j n, where

[2].

(x’ z, y), 1 ~ ~ ~’ _ n be canonical coordiof symplectic manifolds (Pi, cvl) and (P2, W2) respectively. The two
1 ~ i, j, k, I _ n
xk,
sets of coordinates are combined into a set (~
x
Then
of
e
of local coordinates
03C92
úJ1
P2 Pl.
A diffeomorphism q : P1 - P2 represented locally by x’i = ~ i(x~, y~),
y~) is a symplectic diffeomorphism of (Pl, cvl) onto (P2, W2)
if and only if

nates

y3,

=

j;’.

=

This condition is

equivalent

to

~] 0,
=

~] =

[yi, yJ]

=

0, 1

_

i,

3. SPECIAL SYMPLECTIC MANIFOLDS
AND GENERATING FUNCTIONS [4]

Q be a manifold, let TQ denote the tangent bundle of Q
and TQ : TQ - Q the tangent bundle projection. The cotangent bundle of Q
is denoted by T*Q and
T*Q - Q is the cotangent bundle projection.
The canonical 1-form 9Q on T*Q is defined by
Let

The canonical 2-form wQ
d8Q is known to be a symplectic form. Hence
manifold.
a
is
symplectic
(T*Q,
Let F be a differentiable function on the manifold Q. The 1-form dF is a
section dF : Q --~ T*Q of the cotangent bundle. The image N of dF is a
submanifold ofT*Q, the mapping p
N : N -~ Q is a diffeomorphism
N is a Lagrangian submanifold
and
0
Hence
and 8Q N
N
p*dF.
of (T*Q,
The above construction of Lagrangian submanifolds is generalized in the
=

=

=

=

following proposition.
PROPOSITION 3.1. - Let K be a

submanifold ofQ and F a function

The set
N

=

is a

and ( M,
for each u

Lagrangian submanifold of (T*Q,

Vol. XXVII, nO 1 - 1977.

7? ) = : M, JF )
E

TK cTQ such that LQ(U) =

on

K.
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Proof. - U sing local coordinates it is easily shown that N is a submanifold
of T*Q of dimension equal to dim Q. The submanifold K is the
image of N
Let p : N - K be the mapping defined by the commutative
by
diagram

Then ~ u, p*dF ) = T p(u), dF ~ _ ~ T p(u), T~Q(M)) = ( ~ 8Q &#x3E; for each
u E TN C TT*Q. Hence
8QN p*dF, wQN 0 and N is a

vector

=

Lagrangian sub manifold

=

of (T*Q,

DEFINITION 3.1. - The function F in Proposition 3.1 is called a generating
function of the Lagrangian sub manifold N. The Lagrangian submanifold N
is said to be generated by F.
There is a canonical submersion K of 7~0 1(K) onto T*K and the Lagrangian
submanifold N is given by N
The Lagrangian submanifold N
can also be characterized as the maximal submanifold N of
T*Q such
that
K and 8QN
p*dF, where p : N -~ K is the mapping
defined in the proof of Proposition 3.1.
In many applications of symplectic geometry it is convenient to consider
symplectic manifolds which are not directly cotangent bundles but are
=

=

isomorphic

to

=

cotangent bundles.

DEFINITION 3.2. - Let (P, Q, n) be a differential fibration and 8 a 1-form
P. The quadruple (P, Q, 7r, 8) is called a special symplectic manifold
if there is a diffeomorphism a : P ~ T*Q such that x
7~0 o a and 8
a*8Q’
If the diffeomorphism a exists it is unique. If (P, Q, yr, 8) is a special
symplectic manifold then (P, w) (P, d~) is a symplectic manifold called
the underlying symplectic manifold of (P, Q, ~c, ~).
If (P, Q, x, 8) is a special symplectic manifold, K a submanifold of
Q and F a function on K then the set N = { /? E P; x(p) E K and
( u, ~ ~ _ ~ Tn(u), dF ) for each u E TP such that Tp(U) = P and
Tx(u) E TK c TD } is a Lagrangian submanifold of (P, d8) said to be generated with respect to (P, Q, x, 9) by the function F. The function F is called
a generating function of N with
respect to (P, Q, 7~ 8). The diffeomorphism
a :: P ~ T*Q maps the Lagrangian submanifold N onto the
Lagrangian
submanifold of (T*Q, wQ) generated by F.
Let (Pi, Qi, nt, 81) and (P2, Q2,
82) be special symplectic manifolds
and let 82 e 811 denote the 1-form
where pri and pr2
are the canonical projections of P2 x P1 onto
and
Pl
P2 respectively.
on

=

=

=

PROPOSITION 3.2. - The
is a

quadruple (PZ
special symplectic manifold.

x

Pt, Q2

x

Qv

~2

x

52 e Si)

Annales de l’Institut Henri Poincaré - Section A

105

THE LEGENDRE TRANSFORMATION

Proof. - Let ai :
such that 03C01
Then the mapping

Pi
o

=

a21 :

is

a

-

T*Qi

and

ai, 03C02 = 03C0Q2 o 03B12, 03B81 =

Pi ~T*(Q2 x Qi) = T*Q2
diffeomorphism such that
P2

x

~2~2~ T*Q2 be diffeomorphisms
03B11*03B8Q1 and 82 = 03B12*03B8Q2.
x

T*Qi :(~2~i)~(~(~ -

and

~2 e 81 = ~21*(~Q2 ~ 8Q)’
The identification T*(Q2 x Qi)
T*Q2 x T*Qi implies the identification
of 8Q2 Ef) 8Ql
with 8Q2 Q1. Hence (PZ x P 1, Q2 x Q1,
+
03C02 x
82 e 81) is a special symplectic manifold.
If (Pi, COl) and (P2,
are underlying symplectic manifolds of (P1, Q1,
is the underlying
e
1l’1, 81) and (P2, Q2,
82) then (P2 x
symplectic manifold of (P2 x Pl, Q2 x Q1, n2 x
82 O 81), Let cp be
a symplectic diffeomorphism of (Pl,
onto (P2,
~2

x

1t1

=

(nQ2

x

0

a21

=

=

x

DEFINITION 3.3. - If the graph of the diffeomorphism
P1 - P2 is
x
with
to
the
structure
generated
(P2 P1, Q2 x Qi,
respect
special symplectic
x
M
function
G
on
of Q2 x Qi then q
a
a
submanifold
e
7~2
82 81) by
x
is said to be generated with respect to (P2 x P1, Q2 x Q1,
82 O 81)
by the function G and G is called a generating function of ~p with respect to

(P2 x P1, Q2 X
03C02 03C01,
82 e 03B81).
If N1 is a Lagrangian submanifold of (Pi, Wl) and q is a symplectic
diffeomorphism of (P1, ccy) onto (P2, W2) then N2 cp(N1) is a Lagrangian
submanifold of (P2, ~2)’ Let (P1, ccy) and (P2,
be underlying symplectic
manifolds of special symplectic manifolds (P1., Q1,
81) and (P2, Q2, ~2~ 82)
respectively and let N1, cp and N2 be generated by functions F1, G and F2
defined on submanifolds K1 c Qi, M C Q2 x Qi and
Q2 respectively.
=

PROPOSITION 3.3. - Let

K21 denote the image ofN1 by

Proof (for Pi = T*Q1 and
q1) E M and there is a
=

and

q2. It follows

- If
covector pi

there

are

and v2
covectors

Vol. XXVII, nO 1 -1977.

pi E

N1

(qz, q1) E K21 then qi E K1,
such that

that ( vi, p1&#x3E; = ( vi, dF1&#x3E;

finally ( (v2, vi), dG ~ + (

(v2, V1) E

E

=

O.

= ql and

and

0 for each vi E TqlK1 such that
M then
Conversely if q1 e K1 and (q2, q1) ~
E Pl and p2 E P2 such that
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Consequently
and

If in addition ( (v2, vl), dG ) + ( vi,
0 for each vi E TqlK1 such
that (v2, vi) E
0
and v2 = then ( vi,
pi ) - 0 for each ul
satisfying the same conditions. It follows from a simple algebraic argument
that there are covectors p1 E Pl andp2 E P2 such that
Q1, 03C02(p2) = q2,
=

Mi,~i ) =

ul,

pl ) - ~ ul, dF1)

for each ui

E

TqlKI

and

for each (w2, wl) E
Hence pl E N1, p2
and (q2, ql) E K21.
The following proposition is an immediate conseauence of the definition
of K21’
=

PROPOSITION 3.4.
PROPOSITION
and

(V2, V1)

- The

3.5.

-

submanifold K2
If (q2, Q1)

then ( v2,

E

is the set

TqlK1, V2 E Tq2K2
~F ) == ( (v2, vi), dG ~ + ( vi, dF1 ).
E

E

Proof (for P1 = T*Q1 and P2 = T*Q2). - If (q2, qlj E K21 then there
covectors Pl E P1 and p2 E P2 such that 03C01(p1)
q2&#x3E;
q1, 03C02(p2)
Pl E N1, P2 E N2 and p2
cp(pl). It follows that ul, p1 &#x3E; = ul, dF1&#x3E;
are

=

=

=

for each

~2) = ~, dF2) for each u2 E Tq2K2 and
P2 ) - Wl~ pl ~ - ~ 1w2~
dG) for each (W2, wl) E
for each (v2, vi) E
Hence v2, dF2 ) - ~ (v2, dG ) + (
such that Vl E TqlK1 and v2 E Tq2K2.
Let Gq2 denote the function defined by Gq2(ql) G(q2, qi). Then for each
q2 E Q2 the function Gq2 + F1 is defined on the set { qi E K1; (q2, ql)
The following two propositions are simplified versions of Propositions 3.3 and
W2~

=

_.

3.4 valid under the additional assumption that for each q2 E
is a submanifold of Qi.
{ qi E Ki; (q2,
PROPOSITION 3.3’.

-

The set

(q2, ql) E K21i if and only if ql

is

the subset of Q2 x
critical point of Gq2 + F1.

K2i is
a

Q2

the set

Q1 such that

PROPOSITION 3.4’.
The set K2 is the subset of Q2 such that q2 E K2
if and only if Gq2 + F1 has critical points.
For each q2 E K2 the set of critical points of Gq2 + F1 is the set
(q2, ql) E K21}’ The following proposition holds if for each
the
set of critical points of Gq2 + F1 is a connected submanifold
q2 E K2
of Q1.
-
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The function F2 defined on
PROPOSITION 3.5’.
value of Gq2 + Fl is
critical
to
the
(unique)
equal
-

K2 by setting F2(q2)
generating function

a

Of N28
We write F2(q2) = Statql(G(q2, ql) +
meaning that
a
at
evaluated
function
to
the
+
point
qi at which it is staequal
Gq2 F1
not
defined if no critical
is
that
and
is
at
a
critical
that
point,
F2(q2)
tionary,
exist.
of
+
points Gq2 F1

4. LOCAL EXPRESSIONS
1 - i _ n be local coordinates of a manifold Qi. We use coordi1 i, ~j _ n of Pi = T*Qi such that 81 = 8Ql = LiYidxi.
be generated by a function Fi
Let a Lagrangian submanifold N1 of
defined on a submanifold K1 of Q1. If the submanifold K1 is described
locally by equations U"(xi) 0, 1 ~c k and if F 1 (Xi) is the local expression of an arbitrary (local) continuation F1 of the function Fi to Q1 then
the Lagrangian submanifold N1 is described by the equation
Let

(~),

nates

=

equivalent

to the

system

is the local expression
F1(Xi)
[F1(xi) +
1
n
for
of
coordinates
values
i
satisfying UK(xi) 0,
(xi),
F1
k. In the special case of Ki = Qi we have the equation
x

We note that

of
1

=

=

dF (i) equivalent

1 &#x3E;- i &#x3E;- n.
ex
Let (x’ i), 1 - i - n be local coordinates of a manifold Q2 and let (x’ i,
1
i, j _ n be coordinates of
T*Q2 such that 82 = 8Q2
We use coordinates
x’), 1 i, j n for Q2 x Qi and coordinates
1 ~ ~ j, k, l n for P2 x Pl, The local expression of the
(x", xk,
form 82 e 81 is 82 O 81 =
Let a symplectic diffeoof
onto
be
morphism q (Pl,
(P2, 0~2) generated by a function G defined
on a submanifold M of Q2
Let the submanifold M be described
locally by equations
x~) 0, 1 jM - m and let
x’) be the
local expression of an arbitrary continuation G of the function G to Q2 x Qi.
An implicit description of the diffeomorphism q is given by the equation
to y;

=

y )),

=

=

Vol. XXVII, no 1 - 1977.

108

W. M. TULCZYJEW

equivalent to the system

The local

expression of

x’)

satisfying

=

G for values of coordinates (x’ i, x’), 1
0, 1 ,u m is obtained from

IfM=Q2xQi then we have the equation
aG
~G Si
equivalent to yi = ax
~ ,
2014~
z yi
a.~ 1
.

,

,

x’)

=

.

=

-

If the Lagrangian submanifold N2
function then N2 is described by the

=

Hence the local

i, j _ n

n.

~p(N1) is generated by
equation

a

generating

expression of a generating function F2 of N2 is

xj) + F1(xj) +
Q1 then Fl(xd)

F2(x,i) -

xj)

+

x’) +
Qi and M Q2 x
The following simple example illustrates composition of generating
functions. Let Qi and Q~ be manifolds of dimension 2. The submanifold N1
of Pi described locally by equations y1 = 2x1(1 y2), x2 (xl)2 is a
The
of
mapping q : P1 - P~ described
Lagrangian submanifold (Pl,
~2 = x2 is a symplectic
locally by equations x’1 - xl, x’2 - - y2,
diffeomorphism of (Pi, Wi) onto (P2, cv2). The Lagrangian submanifold N1
is generated by a function F1 on a submanifold K1 of Qi. The submanifold K1
is described by
x2) _ (xl)2 is the
x2) --- x2 - (xl)2 - 0 and
local expression of a continuation of F1 to Qi. The symplectic diffeomorphism qJ is generated by a function G defined on a submanifold M of
Q2 x Q1. The submanifold M is described locally by
IfKi

=

=

=

=

x’2, xi, x2) - xr 1 - xl -

0

and

G(X’l, x’2, xl, JC2)

=

is the local expression of a continuation of G to Q~ x Q1. The Lagrangian
submanifold N2 is generated by a function FZ defined on Q2. The local
x’2) _ (X’1)2(l + x’2). The relation
expression of F~ is
=
’

is

easily

’

’

x , x , Xl) + F 1 (x , X2)
+ vW(x’1, x’2, xl, x~)

+

m(xB Xl)]

verified.
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5. THE LEGENDRE TRANSFORMATION

Lef (P, w) be the underlying symplectic manifold of two special symplectic
manifolds (P, Ql,
~2)’ Lagrangian submanifolds of
81) and (P, Q2,
with respect to both special
functions
be
(P, w) may generated by generating

symplectic

structures.

DEFINITION 5.1. - The transition from the

representation of Lagrangian
functions
with respect to (P, Qi,
of (P, w) by generating
81)
to the representation by generating functions with respect to (P, Q2, ~2, 82)
is called the Legendre transformation from (P, Ql’
~1) to (P, Q2,
~2).
Let the identity mapping of P be generated with respect to (P x P, Q2 x Q1,
82 e 81) by a generating function E21 defined on a submanifold 121i
n2 x
of Q2 x Qi
submanifolds

DEFINITION 5.2. - The function

E21 is called a generating function of the
from
transformation
(P,
Q1,
81) to (P, Q2, 7~2, 82),
Legendre
If F1 is a generating function of a Lagrangian submanifold N of (P, w)
with respect to (P, Q1,
81) and if the special conditions assumed at the
end of Section 3 hold then the Legendre transformation leads to a function F2 satisfying F2(q2)
Statql [E21(q2, ql) +
Physicists use the term Legendre transformation also in a different
sense. Let A : P - P x P denote the diagonal mapping. If the image K21
of N by the mapping (n2
o A : P - Q2 x Qi is the graph of a mapping x21 : Qi - Q2 then x21 is called the Legendre transformation of Qi
into Q2 corresponding to N. We call K21 the Legendre relation and x21 the
Legendre mapping of Ql into Q2 corresponding to N. The Legendre relation
can be obtained from the generating functions Fi and E21 following Proposition 3.3 or Proposition 3.3’.
=

6. THE LEGENDRE TRANSFORMATION
OF PARTICLE DYNAMICS
Let Op denote the graded algebra of differential forms on a manifold P
and let 03A6TP be the graded algebra of forms on the tangent bundle TP of P.
A linear mapping a : 4Yp a,u is called a derivation of degree r
of Cp into Oyp relative to Tp if
A zP v + ( 11 a v,
degree ju+r and
v)
where p
degree J1.
An important property of derivations is that a derivation is completely
characterized by its action on functions and 1-forms [3]. We define derivations iT and dT of Pp into
of degrees - 1 and 0 respectively [7], [8].

degree

=

=

Vol. XXVII,
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a function on P then
0 and if ju is a 1-form on P then iT is a
function on TP defined by
= u, for each u E TP. The derivation
dT is defined by dTJl iTdJl + diTJl for each ,u E Op.
We summarize results derived in earlier publications [6], [8], [9], [10].
Let P be the cotangent bundle T*Q of a differential manifold Q. Let 7r
denote the bundle projection
P -~ Q, let N be the canonical 1-form 8Q
on P and cv the canonical 2-form OJQ
d9.Q on P. The tangent bundle TP
form a symplectic manifold (TP,
The
together with the 2-form
is the underlying symplectic manifold of
symplectic manifold (TP,
two special symplectic manifolds (TP, P, T, x) and (TP, TQ, Tx, ~), where
T is the tangent bundle projection Tp : TP - P, x is the 1-form iqrm and
À is the 1-form dT8.
Let Q be the configuration manifold of a particle system and let the
dynamics of the system be represented by a Lagrangian submanifold D
of (TP,
[8], [9], [10]. If D is generated by generating functions with
to
both
special symplectic structures given above then the generating
respect
functions are related by Legendre transformations.

If f is

=

=

Lagrangian submanifold D representing the
dynamics
particle system is generated with respect to the special symstructure
(TP, TQ, Tx, A) by a generating function L on a submaniplectic
fold J of TQ then L is called a Lagrangian of the particle system and J is
DEFINITION 6.1.

of

-

If the

a

called the Lagrangian constraint.

Lagrangian submanifold D is generated with
special symplectic structure (TP, P, r, x) by a function F

DEFINITION 6.2. - If the

respect

to the

F is called a Hamiltonian
submanifold K of P then the function H
of the particle system and K is called the Hamiltonian constraint.
=

on a

-

Legendre transformation from (TP, TQ, Tx, À)
x) is called the Legendre transformation of particle dynamics
and the Legendre transformation from (TP, P, T, x) to (TP, TQ,
À)
is called the inverse Legendre transformation of particle dynamics.
DEFINITION 6.3. - The

to

(TP, P,

i,

The Legendre
the function E defined

PROPOSITION 6.1.
is

generated by

Proof.

-

-

Let p be the

mapping

transformation of particle dynamics
on the Whitney sum

defined

by the commutative diagram
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where A is the

Hence E

o

p

=

diagonal mapping.
-

Then

Further

It follows that the diagonal of TP x TP is contained in the Lagrangian
submanifold generated by E. The diagonal of TP x TP and the Lagrangian
submanifold generated by E are closed submanifolds of TP x TP of the
same dimension. If Q is connected then the Lagrangian submanifold generated by E is connected and hence equal to the diagonal of TP x TP.
If Q is not connected then the same argument applies to each connected
component of Q.
The proof of the following proposition is similar.
PROPOSITION 6.2. - The inverse Legendre transformation of particle
mics is generated by thefunction E’ on I’
TQ x QT*Q defined by

dyna-

=

7. LOCAL EXPRESSIONS AND EXAMPLES
Let (x’), 1
i _ n be local coordinates of Q and (Xi, Yj), 1 ~ i, j n
local coordinates of P
T*Q such that 8Q Eiyidxi. We use coordinates
1 - i, j - n for TQ and coordinates (xi, y~,
i, j, k, I n
for TP. Functions xi and Yj are defined by xz
dTxi and Yj dTYj’ Local
=

=

xk, y~), 1 -

=

expressions of

the forms

and x

are

dT03C9

=

=

+

and
Let
1 I, j, kn
be coordinates of I and also of I’. Then
and
xj, ~) = 2014
are local expressions of functions E and E’.
yk) -

xj,

03A3iyixi

EXAMPLE 7.1. - Let Q be the configuration manifold of a non-relativistic particle of mass m and let V(Xi) be the local expression of the potential
energy of the particle. The dynamics of the particle is represented by the
defined locally by yr
mxi and
Lagrangian submanifold D of (TP,
=

=

-

av.. The submanifold D
.

or
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Hence

are

local

expressions of

a

Lagrangian

L and

a

Hamiltonian H. Relations

and
are local expressions of the Legendre transformation and the inverse
Legendre
transformation.
The following example illustrates a situation slightly more general than
that described in Section 6.

EXAMPLE 7.2. - Let Q be the flat space-time of special relativity, let (xi),
0
i
3 be affine coordinates of Q and let g ij, 0 - i, j
3 be components
of the constant indefinite metric tensor on Q. The dynamics of a free particle
of mass m is represented by the Lagrangian submanifold D defined locally

by y;
is equivalent
=

Hence D is

&#x3E;

to:

03A3i(yidxi

generated by

a

0 and

y3

=

0. The definition

+

&#x3E;

Lagrangian

x’)

0.

defined

=

the open submanifold J of TQ satisfying
&#x3E; O. The submanifold
D is not generated by a generating function with respect to (TP, P, r, x).
The definition of D is equivalent to : there is a number À &#x3E; 0 such that
on

where gij, 0 - i, 7 3
components of the contravariant metric tensor. We call the function H
defined locally on P x R by H(xi, Yj, À)
,~,((~i,~gi’yiy~)1~2 - m) the

are

=

generalized Hamiltonian of the relativistic particle. We call the submanifold K of P defined by
m the Hamiltonian constraint. The
=

relation

m)]
is the local expression of
transformation.

a

generalized version of

the inverse

Legendre

8.

LEGENDRE TRANSFORMATIONS
IN THERMOSTATICS OF IDEAL GASES
Let P be a manifold with coordinates (V, S, p, T) interpreted as the volume,
the metrical entropy, the pressure and the absolute temperature respectively
of one mole of an ideal gas. The manifold P together with the form
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define

by

the

y and

symplectic manifold (P,
two equations of state: pV

a

K

are

constants and

The behaviour of the gas is
=

RT and

cy = R 03B3-1.

pV03B3

It is easy to

=

K

gouverned

exp2014,

where R,

that the

equations

Cv

see

Lagrangian submanifold N of (P, OJ).
Q3 and Q4 be manifolds with coordinate systems (V, S),
(V, T), (p, T) and (S, p) respectively. The mappings
of state define
Let Q1, Q2,

a

and forms

special symplectic manifolds (P, Q1, xi 81), (P, Q2, n2, 82),
(P, Q3, ~3, N3) and (P, Q4, ~4, ~). The Lagrangian submanifold N is geneH with
rated by generating functions F1 - U, F2 = F, F3 = G and F4
functions
The
structures.
to
the
above
generating
symplectic
respect
special
are given by formula
define

=

and

generating functions U, F, G and H are known
as thermodynamic potentials and are called the internal energy, the Helmholtz
function, the Gibbs function and the enthalpy respectively.
Three examples of the twelve Legendre transformations relating the four
x 03C01 maps
special symplectic structures are given below. The mapping
the diagonal of P x P onto a submanifold I21 of Q2 x Qi with coordinates (V, S, T) related to the coordinates (V, S, p, T) in an obvious way.
The Legendre transformation from (P, Q1,
91) to (P, Q2, ~2, 92) is
on
defined
function
the
by
E21(V, S, T) = - TS.
I21
generated by
E21
The Legendre transformation from (P, Q1,
91) to (P, Q3, ~3, 83) is
generated by the function E31 defined on 131 = Q3 x Qi by
where cp = R + Cv. The
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and the Legendre transformation from (P, Q1,
81) to (P, Q4, ~4, 84)
is generated by the function E41 on a submanifold I41 of Q4 x Q1 with
coordinates (V, S, p) defined by E41(V, S, p)
pV. Relations
=

are

easily verified.
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