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Models for Infrared Dynamics
I. Classical Currents

K. KRAUS, L. POLLEY and G. REENTS

Physikalisches Institut der Universitat,
D-8700 Wurzburg, Rontgenring 8, Germany

Ann. Inst. Henri Poincaré,

Vol. XXVI, n° 2, 1977, 

~ ~ 

Section A :

Physique théorique.

ABSTRACT. - Scattering of charged particles is accompanied by the
emission of infinitely many soft photons, which necessitates the use of
non-Fock representations for the free asymptotic photon fields. This

problem is investigated here for a model in which the charged particles
are described as classical currents. Non-Fock representations are con-
structed explicitly, which permit a rigorous solution of the model with the
following properties. (i) The interacting photon field is an operator-valued
distribution satisfying canonical commutation relations. (ii) The time
evolution of the interacting field -is unitarily implementable. (iii) Free
asymptotic photon fields may be introduced as LSZ limits of the interact-
ing field. (iv) Total energy, momentum and angular momentum of the
free asymptotic fields exist as self-adjoint operators. (v) A unitary S matrix
transforms the outgoing into the incoming free photon field. (vi) If restricted
to photons with energies above some (arbitrarily given) threshold c~o,
the representations for the free asymptotic fields are unitarily equivalent
to the Fock representation. The requirements (i) to (vi) do not fix the
representation but are fulfilled for infinitely many unitarily inequivalent
representations. The particular representations studied here are infinite
direct products of Fock representations, and are obtained from the Fock
representation by a very simple canonical transformation.
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1. INTRODUCTION

From a heuristic point of view, the infrared problem may be considered
as solved since the classical papers of Bloch and Nordsieck [1]. It is known
since then that almost all accelerated charges, in particular charged particles
during collisions, emit infinitely many soft photons. Other quantities as,
e. g., the total energy loss of the charges due to radiation, remain finite.
Moreover, any experimental set-up will detect a single photon only when
its energy exceeds some finite threshold, and the number of such photons
remains also finite. Infrared divergences thus appear in unobservable
quantities only. One might then be satisfied with any recipe which yields
finite results for the observable quantities, and such recipes actually
exist [2].

Nevertheless, the infrared problem has attracted the attention of
theorists again and again, since some more subtle questions remain
unanswered by such more or less heuristic calculation methods. In parti-
cular, the following important problem arises. Contrary to what holds
true for the scattering of massive particles, for photons the Fock represen-
tation of the asymptotic fields is inappropriate since the photon numbers
before and after collision differ by an infinite amount. Thus if one takes
the Fock representation for the incoming field, the outgoing field turns
out to be unitarily inequivalent to it. This is very unsatisfactory for many
reasons, and one would prefer to have a common irreducible represen-
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111- MODELS FOR INFRARED DYNAMICS. I. CLASSICAL CURRENTS

tation for both the incoming and outgoing field so that, e. g., a unitary
photon S matrix exists. One of us has recently constructed such a represen-
tation and a unitary S matrix for a model with classical currents [3]. The
present paper is mainly an extension of this idea and contains, in addition,
a discussion of the field dynamics at finite and at very large times, of the
asymptotic conditions, and of observables like energy, momentum, and
angular momentum for the incoming and outgoing radiation field.

Contrary to a wide-spread belief [4] [5], the representations appropriate
for such models are not generalized coherent state representations. Any
irreducible coherent state representation shares with the Fock represen-
tation (which is just one of them) the defect that incoming and outgoing
field are unitarily inequivalent. This may be remedied formally [4] by going
over to a suitable infinite direct sum of irreducible coherent state represen-
tations. But even if one accepts the use of such a huge state space, this
will only save the existence of an S matrix whereas, e. g., the existence of
observables like energy, momentum or angular momentum for the free
asymptotic fields has not yet been thoroughly investigated in this frame-
work. The work of Roepstorfl seems to indicate, however, that physically
meaningful angular momentum operators do not exists in coherent state
representations.
Our model may be generalized to the case where the photon source

is a charged quantum mechanical particle scattered by some short range
potential. But some approximations are needed in this case, whereas the
model with classical currents may be treated rigorously. We postpone this
to a separate paper, in which our approach will also be compared with
those of Faddeev and Kulish [7] and Blanchard [8]. One main difference
again is that we will not use coherent state representations. In fact, the
representation which is used in this paper is appropriate also for the

quantum mechanical model.
For notational convenience, we first treat a model with scalar « photons »

coupled to a classical scalar « current ». The changes necessary for an
analogous treatment of true photons are almost trivial, and are discussed
afterwards.

2. SOLUTION OF THE FIELD EQUATION

We consider the inhomogeneous wave equation

for a quantized scalar field A(x) coupled to a classical « current » of the
form

lI.T
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112 K. KRAUS, L. POLLEY AND G. REENTS

with trajectories X"(~ v == 1, ..., N, of N « charges » Cv and a smooth

cutoff function p depending I only, with = 1.

(Notation: x ( 2 2 2 D = ~2 ~t2 - 2 )
The explicit form of the current is chosen such that in the no cutoff

limit ~(~) ~ (5(~) it becomes a scalar with respect to Lorentz transforma-
tions. The trajectories are assumed to be twice continuously differentiable
with respect to time and to satisfy the asymptotic conditions

More precisely, the estimates

with suitable C &#x3E; 0, 8 &#x3E; 0 are assumed to hold true for

(This corresponds, e. g., to classical particles scattered by some potential
of sufficiently short range.) The absolute values of all velocities X’’(t) and Uin

. 

~ 

out

shall be smaller than the velocity of light which in our units is 1. Mainly
for convenience of notation, we will explicitly discuss the case N = 1,
cl - (27r)~ only, thus dropping the index v. All essential conclusions
remain valid for N &#x3E; 1. From a physical point of view, however, a model
with N &#x3E; 1 is not very realistic, since one has to expect long-range inter-
actions between the « charges » which invalidate estimates like (2.4).

It is convenient to decompose the current as

with the asymptotic currents

The solution of (2.1) decomposes, accordingly, as

with asymptotic fields Ain (x) satisfying
out

and the retarded resp. advanced c-number solutions (x) of
~c1v

Annales de l’lnstitut Henri Poucare - Section A



113MODELS FOR INFRARED DYNAMICS. I. CLASSICAL CURRENTS

The latter exist since j +(x)  0 sufficiently fast for t - +00. Further-
more, we decompose the asymptotic fields as

where A~ (.~) are free q-number fields satisfying canonical commutation
out

relations, and Bin (x) are suitable c-number fields with

The solutions may be written down explicitly in terms of Fourier trans-
forms Jin (x) 

out 
.

We have

with

which is real, satisfies fl(0) = 1 and depends on ] g ) I == m only. Then, with
d3k

d,u(k) _ ~ and k = (k, cc~), the solutions of (2.12) and (2.10) are

and

Vol. XXVI, n° 2 - 1977.
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as easily checked. The solution (2.17) is the scalar analog of the Lienard-
Wiechert potentials of a uniformly moving extended charge. The integrals
in (2.18) converge since, by (2.16) and (2.4),

(This follows from the elementary estimates

and

The latter is valid since ~ N  1 for all t and

For A° (x), we take as usual
out

with creation and annihilation operators (~), a;n (~) satisfying
out out

Eqs. (2.8), (2.11), (2.17), (2.18) and (2.20) imply

with

and

The latter follows since, by (2.17), (2.18) and (2.15),

and the contributions from gin (~, t) are thus easily shown to cancel in
out

Annales de l’lnstitut Henri Poincaré - Section A
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(2 . 24) because j(x) is real which implies~2014 ~ t) t) (a bar denoting
the complex conjugate). Eqs. (2.22) and (2.24) together imply

By (2. 25), the r. h. s. is indeed independent of t, and for t = 0 we get

aout(k) - = 0) + Cret(k, 0) - a) - 0) . (2. 27)

A formal calculation yields

if oscillating terms at t = + oo are dropped since, by (2.15),

and similarly for jout(k, t). In this sense, (2.27) may be rewritten as

the r. h. s. being proportional to the four-dimensional Fourier transform
of the current on the mass shell. Usually this formula is used without

comment, but as shown here it need not be literally true. By (2.17),

with n = # . Since 1 - 1 - 0, the first two terms yield a~ 

w out out I y

contribution to aout(k) - ain(k) which is singular like 1/cj for small w (unless
Qin = a case which will not .be considered here), and is thus not square-
integrable with respect to On the other hand, by

Vol. XXVI, nO 2 - 1977.
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the third and fourth term remain finite for 0. Likewise, by (2.18)
and (2.19), ,

and similarly for cadik, t), i. e.,

Therefore

i. e., the contribution of 0) is also finite for small and cannot
adv

compensate the 1/co singularity from b;n (k, 0). A unitary S matrix satisfy-
ing

thus cannot exist in any irreducible coherent state representation (and,
in particular, not in the Fock representation) since this requires square-
integrability of ain(k) [4]. A more appropriate representation [3]
will be constructed in the following Sections. Before doing so, however,
we first recall some general properties of canonical field operators. This
will also serve to fix our notation.

3. CANONICAL COMMUTATION RELATIONS

We start from (2.21), dropping the suffices In t’ and define

with

A rigorous formulation of this is the following. There shall exist two real
linear spaces 21 and 22 of test functions on k-space and, for all .f1 E ~1
and unitary operators U(/2) on the representation space Jf
which satisfy the Weyl relations

with the real bilinear form

Annales de l’lnstitut Henri Poincaré - Section A
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on 5£1 x j2~. and are assumed to be strongly continuous
in the real parameter h. Their self-adjoint generators are identified with

such that

There shall exist a dense domain D in Jf which is invariant under all V( fl )
and U( f2), and on which second-order polynomials of the operators (3 . 5)
are defined. Then, by differentiation, (3.3) leads to

as valid on D, which is a rigorous version of (3.2).

For complex test functions k - 1 1 ( k + with f ~ F1, we

define unitary Weyl operators v 2 2 2

By (3.3) they satisfy

with the real bilinear antisymmetric form

In particular, for real )B, is a unitary one-parameter group which
is also strongly continuous in h. We denote its self-adjoint generator
by 2 { a, f }, such that

Differentiation of (3.8) leads to

as valid on D. Therefore, second-order polynomials of { a, f ~’s are also
defined on D, and differentiation of (3.9) yields on D the commutation
relations

Finally, with (3.1) and (3.5), the creation and annihilation operators

Vol. XXVI, n° 2 - 1977.
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a*(k) and make sense as operator-valued distributions with domain D
if we define

for complex test functions j

(For such f we have

which, if compared with (3.10), justifies our notation.) With (3.7) or
(3.13) we obtain on D, as a rigorous version of (2.21), the commutation
relations 

, , _ " , , - - - .....

Moreover, also on D, we have

When investigating canonical commutation relations one usually starts
from (3.3) or (3.9) and tries to derive rigorously as many as possible of
the relations listed above. Our considerations here should not be misunder-
stood to be another such attempt. It was solely desired to collect relations
which will be used later on. A simple example where all these relations
hold true is the Fock representation. In this case 2B == 22 = L2, the
space of real functions which are square-integrable with respect to 
For D we may take the set of finite linear combinations of coherent states,
i. e., of vectors W( f)Q with the vacuum vector Q. The non-Fock represen-
tations appropriate for our model are further examples for the validity
of all relations listed above, since they will be constructed explicitly in
terms of Fock operators (Section 5).

This explicit construction will also lead to an immediate generalization
of the following fact. In the Fock representation the test function spaces

Annales de l’Institut Henri Poincaré - Section A
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Ef~ = j~ = L2 are Hilbert (and thus normed) spaces, and the operator
functions

V(/i) and U(!2) are strongly continuous with (3 . 17)
respect to the norm topologies of ~1 

(3.17)

4. TEST FUNCTION SPACES

We denote by F the space of real functions f(k) which are square-
integrable (with respect to dJ1(k)) when restricted to volumes V : cc~ = ~! &#x3E; c~o,
with arbitrary Mo &#x3E; 0. Functions which coincide for almost all k will be
identified in For pairs of functions g E 2 we define

whenever this integral exists (which evidently does not for all f, g E ~f).
Besides Y we will need the space L2 of all real f() which are square-
integrable on all of g-space, and the space ~,~ of all with --_ 0

for Wo with some cvo &#x3E; 0. Obviously ~ c L2 c Y, both inclusions
being proper.
We introduce:

i) A sequence of radii i = 2, 3 ..., with &#x3E; for all i and

lim = 0, and the corresponding decomposition of k-space into volu-""

mes V, defined as V, : Wi + 1  cvi for i = 2, 3 ... (spherical shells)
and VI : W &#x3E;_ W2.

ii) An infinite sequence of functions E L2, v = 1, 2 ..., which are
orthonormal,

and such that

(with No = 0, lim NI = oo, and Supp f denoting the support of a func-

tion f(k)). Since the number ni = Ni - Ni-1 of gV’s with support in Vi is
finite for each i, the orthonormal set of all gv cannot be complete in L2.

iii) A sequence of real numbers b," v = 1, 2 ..., with 0  bv  1 and

lim b = 0. 
’

With i) to iii), we define operators

Vol. XXVI, n° 2 - 1977.
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which map F into itself in virtue of (4. 3). In fact, ( g’, f ) clearly exists

for all f E 2, and I cvg v(k) defines a function in 2 for arbitrary real c~,,

since in each volume V : cv &#x3E; 03C90 the infinite v sum reduces to a finite
sum.

The subspaces 21 and 22 of 2 which will serve as test function spaces
for our representation are defined by

For f the v sums in (4.4), (4. 5) are finite by (4. 3), which implies

By (4.6), Ti/;, T2f2 ~ exists for arbitrary fi We will prove below
that 2 2

the i sum being absolutely convergent. Eq. (4.8) may be rewritten as

if either 11 E ‘~l~ or f2 E ~~ since the i sum then terminates, or if 11 E L2
since f2 E L2 anyway (see below, Lemma 1 ). One may construct examples
for which (4. 9) is not true for all fi E 21. Nevertheless, (4. 8) and (4. 9)
suggest the definition 

~ 

for all f12 E 21 2 as a natural extension of (4.1).
In order to prove (4.8), we write

This sum is absolutely convergent since Ti fi E L2. By (4. 3), (4. 4) and (4. 5),
2 2

only g"’s with v = + 1 ... N, contribute to Ti fi and T2 f2 on Vi.
With the infinite sums in (4.4) and (4.5) thus replaced by finite sums,
an elementary calculation yields

Annales de l’lnstitut Henri Poincaré - Section A



121MODELS FOR INFRARED DYNAMICS. I. CLASSICAL CURRENTS

Using (4.9), the mappings Tl : 21 ~ L2 are easily shown to be separat-
ing : 

~

(i. e., f!(k) = g~(~) almost everywhere). Namely, let Tl gl in L2.

Then (4 . 9) yields  f i, ,f ’2 ~ _ ~ ~1.~2 &#x3E; for all f2 E ~ and thus f ’1 (k) = g 1 (~)
almost everywhere. An analogous argument applies if = T2 g2. This
also shows that the bilinear form ( fi, f2 ~ on 21 x 22 defined by (4.10)
is separating, i. e.,

Moreover, the mappings T1 : F1 ~ L2 are onto. In fact, for an arbi-
2 2

trary f E L2, an elementary calculation with (4 . 4), (4. 5) and (4 . 2) yields

Together with (4.11) this implies

If we define on 21 and 22 inner products

and the corresponding norms

(with II _ ( ( ~ f ~ )1/2 for f E L2), ~1 and !f2 become Hilbert spaces
which, by (4.14), are isomorphic to L2, the isomorphisms being given
by Ti and T2. By its definition (4.10), the bilinear form  fl, f2 ~ on
~1 x !f2 is continuous in fl and f2 with respect to the norm topologies
on ~1 and !f2.
We will finally prove

LEMMA 1. 2014 ~) --4/ c !f2 c L2 c ~1 c j~ each inclusion being proper.
b) II / !!i 1 L2, but the are inequivalent

on L2, i. e., there is no Ci such that !!/!! on L2. Similarly,
I  I /2 !!2 on ~-°2~ but there is no C2 with !!  C211 f2 I on !f2.

c) . II is dense in L2, and -P1 with respect to the norm topologies
of these spaces. (Thus ~ is also norm dense in L2 and and L~ is norm
dense in ~1.)

Vol. XXVI, n° 2 - 1977.



122 K. KRAUS, L. POLLEY AND G. REENTS

Therefore, by (4.4), TJ E L2, with

This proves ~1 and I ~ f ~ ~ 1 - ~ ~ Tl , f I I - ~ ~ f ~ ~ on L2. Moreover, by
(4.14), any f2 E ~2 is of the form f2 = Tl f with f E L2, and T2 f2 = f
by (4 .13). The foregoing argument then implies f2 E L2, thus ~2 c L2,
and ~f2~ = ~T1f ~ ~ ~ f ~ = ~ T2f2 ~ = ~ f2 ~2 on F2.

Consider functions f of the particular form f = One easily

proves that f E M, F2, L2, and F, respectively, iff cv = 0 for almost
C 

2

all v, v  oo, cv  oo,  oo, and c,, arbitrary, respec-

tively. Therefore all inclusions in a) are proper.
is trivially dense in L2. For an arbitrary f E M, f1 = TZ f E M by

2 1

(4. 3), (4.4) and (4.5), and Tl fl - f by (4.13). Thus we have map-
2 2

pings Tl : ~.~1 --~ which are onto. If fl E ~1 with
2

for all f E this implies ( = 0 for all g E and thus Tl fl - 0
and 11 = 0. Therefore ~ is dense in 21. Similarly we prove
that J!t is dense in ~2.

Finally, consider the sequence gv (v = 1, 2 ...) in /# c L2. Since
II = 1 for all v whereas II gV 111 = == bv v ~ 0, the norms

BI .11 and 11.111 are inequivalent on L2. Similarly we use the sequence bv gv
in M c 5£2 for which II I [ 2 = II II == 1 and 1B bvgv II == bv. II

5. REPRESENTATION
OF THE CANONICAL COMMUTATION RELATIONS

We start from the Fock representation of the canonical commutation
relations, denoting the representation space by Yf, the Fock vacuum by Q,

Annales de l’lnstitut Henri Poincaré - Section A



123MODELS FOR INFRARED DYNAMICS. I. CLASSICAL CURRENTS

and all operators belonging to the Fock representation by a subscript F.
A new representation is defined on ~ by

which makes sense because of (4 . 6). With the original Fock representation,
this new one is also irreducible. The Weyl relations (3.3) are satisfied if
the bilinear form ( fi, f2 ~ is defined by (4.10). With the norms (4.16)
on the continuity property (3.17) of Fock operators carries over to

the new representation.
The slight generalization of the bilinear form (3 . 4) indicated by Eqs. (4 . 8)

and (4.10) is very natural here. We could, e. g., start with the definition (5.1)
for 11 E thus obtaining a representation with restricted test function

2

spaces for which the Weyl relations (3.3) with (3.4) are literally true. By
Lemma 1 (property c) and (3 .17), this representation may then be extended
by continuity to the complete test function spaces Thereby the Weyl

2

relations remain valid if the bilinear form ( 11’ ~2 ~ is also extended by
continuity, which leads back to (4.10) (See also [9]).
The representation defined by (5.1) is not unitarily equivalent to the

Fock representation. This follows from general results of [9], and is true
even if we consider the operators V(/i) only and restrict them to fi E ~.
For completeness, an elementary proof is given here. Assume there is a
unitary ~ such that

As already noted, the functions satisfy v ~ 0.
The above assumption implies

However, for v ~ ~ the 1. h. s. converges to 1 by (3.17), whereas the

r. h. s. is given explicitly by e 4 
I 2 - e- 4 for all v.

Using (5 .1) and the formulae of Section 3, we obtain for 11 E 21,
withWIt 

1 1
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For /i e Efi = J~ we get

with

The last equation implies, in particular, that 0 is not annihilated by all
of the new annihilation operators ( f a).
By (5.4) the dense domain D consisting of finite linear combinations

of « coherent states » with fl ~ F1 coincides with the domain DF
2 2

spanned by the states with fl E L2. Together with Eqs. (5 . 2),
2

(5. 3) and (5.5) this implies that D = DF may be taken as the domain
mentioned in Section 3. The commutation relations (3. 7), (3 .13) and (3 .15)
are easily shown to be satisfied on D, if ~ fl, f2 ~ is always understood in
the sense of Eqs. (4 . 8) and (4 .10), and the expressions { f g ~ and ( f, g)

1 1
are interpreted accordingly : for f ( f i + if2), g = (g 1 + ig2),

1

and

Eq. (4.8) then yields

which slightly modifies Eqs. (3.10) and (3.15).
Another way of obtaining our representation is the following. Enlarge

the system of functions g’(~). v = 1, 2 ... to a complete orthonormal

Annales de /’Institut Henri Poincaré - Section A



125MODELS FOR INFRARED DYNAMICS. I. CLASSICAL CURRENTS

system in L2 by adding suitable functions = 1, 2 ... From

(4.4), (4. 5) and (5 . 2) we obtain

The canonical field and momentum operators associated with this par-
ticular set of functions are thus obtained from the corresponding Fock
operators by Eq. (5 . 9) which describes a canonical transformation. Instead
of (5.1), we could as well take (5.9) as defining the new representation.
By exponentiation and multiplication we immediately recover from (5.9)
the representation (5.1) with test functions 11 restricted to M0, the space
of finite linear combinations of the functions gV and hll. Since M0 is norm
dense in 21 and 22 (proof as for property c of Lemma 1), this restricted
representation is again extendable by continuity to all f1 E The non-

implementability of most canonical transformations of the type (5.9)
has also been shown by Segal [10].
The very simple form of the canonical transformation (5.9) should

be noted here. There is only one type of canonical transformations which
looks even simpler, namely, the addition of c-numbers to the canonical
fields and momenta. This, as well-known, leads to coherent state represen-
tations, which are not yet appropriate for our model. It seems natural
then to proceed by investigating transformations of the slightly more
complicated form (5.9); and these indeed lead to representations in which
our model is exactly soluble.

Consider any fixed volume V : with an arbitrary but fixed
infrared cutoff ccy &#x3E; 0, and denote by the space of functions f with

Supp f z V. Clearly and oil = U If restricted to test
all V

functions ~ E our representation becomes unitarily equivalent to the
Fock representation. This fact is very important for the physical interpre-
tation of the model, as discussed in Ref. [3]. It may be proved as follows.
Choose i large enough such that cvi + 1. All functions gv with v &#x3E; N~
then have support outside V, and thus do not contribute to Eqs. (4.4)
and (4 . 5) for f E Our representation for fi E MV is therefore unchanged
if one replaces in (5.9) all bv with v &#x3E; Ni by 1. The canonical transforma-
tion obtained this way involves a finite number of degrees of freedom only
(namely, those corresponding to gl ... gNi). Therefore it is unitarily
implementable [10], i. e., there is a unitary ffy on Yf with

Vol. XXVI, n° 2 - 1977. 9



126 K. KRAUS. L. POLLEY AND G. REENTS

and which leaves all  p, ~ ~ ( ~ with v &#x3E; Ni and all  p, 
( ~ h~‘ ~ unchanged. From (5.10) we immediately get

for all fi which are finite linear combinations of gV’s with v  Ni and
2

arbitrary hJl’s. Moreover, the are easily shown
to be equivalent on ~y. Since all fi E are limits in the L2 sense of

2

finite linear combinations of the above type, Eq. (5.11) thus extends to
all fi E by continuity.

2

6. FREE HAMILTONIAN,
MOMENTUM AND ANGULAR MOMENTUM OPERATORS

We shall now investigate, for a non-Fock representation as described
in the previous Section, whether the free time evolution of creation-annihi-
lation operators, given formally by

is implementable. More precisely, we ask for a continuous unitary one-
parameter group on 9V satisfying

which follows from (6.1) by formal calculation. For the self-adjoint gene-
rator H° of we shall also show that the usual formula

holds true in a sense to be specified more precisely later on.
If (6.2) with a unitary is assumed to hold true for test functions

f = 2014-(/i + if2) with arbitrary fi E this means in particular that
.72 2 2

must be well-defined for all such f and all t. In other words, with

- 1 (fi t + i ift2), ( 6.2 ) implicitly requires .ei03C9tf = + (6.2) implicitly requires

for all t. These relations are trivially satisfied if fi ~, but they are by
2

no means obvious for more general fl E However, it suffices to assume
2 2
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that (6. 2) holds true for f1 E M, since the validity of (6 . 4) and (6 . 2) follows
2

then by continuity. In order to show this, we consider an arbitrary
1

f _ (, f ’1 + with 11 E choose two sequences fl’ in (v =1, 2 ... )
’B1’2 2 2 2

such that f2’ ~ v f2 in norm, and introduce the notations

- 1 (R + = ~ + By assumption we have

for all v. For v - oo the 1. h. s. converges strongly to 
Therefore the r. h. s. is also strongly convergent and, in particular,

is a Cauchy sequence in Je. Explicit calculation yields

Therefore fi t are Cauchy sequences in 21 which have limits fi E If1
2 2 2 2

since 21 are complete, and with f’ == j 2 + we get

It remains to show that, with ~’1 from (6.4), f# for almost all k or,
equivalently, 

2 2 2 
.

Using (4.9), the continuity of the bilinear form  fi, and the fact
that cos c~t g 1 E C 21 and sin g 1 E - ll C ~2, we easily obtain
r

The equation f’1 = fl follows in the same way. (By the way, the existence
of also implies that the representation fi (B f2 -~ fi S 11 of time
translations on the Hilbert space 21 3 22 is strongly continuous. This
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follows from a slight modification of the preceding argument. The same
reasoning applies to space translations which are discussed below.)
From (6.2) and the strong differentiability of on D we obtain

that

holds true on D. With (3.14), finally, this leads to a rigorous version of (6 .1 ),

which is also valid on D.
A sufficient condition for the existence of is given by

LEMMA 2. - UO(t) exists if

We will prove this in several steps. The proof is based on the following
well-known direct product decomposition of Fock space. Denote by 
the space of real square-integrable test functions JUS) with support in Vi.
Let be the Fock space, with vacuum Qi’ for an irreducible Fock repre-
sentation UiF with test functions from ~~i. Then the Fock space
of the representation VF, UF considered before, is the incomplete direct
product [1 1] of the spaces Yfi, spanned by product vectors strongly equi-

valent to Q9 Q;. The latter, often called the reference vector, is the Fock
vacuum in Jf. Notation:

Any f is a finite sum

and for such f we have

(Here = the unit operator on except for the

finitely many i’s for which /’ # 0 in (6 . 7).)
As easily shown, the operators T map each . ;; onto itself. Therefore (6. 8)
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leads to a corresponding decomposition of the representation defined
by (5.1) for/e.~ :

For / = 1 2 (f2 + (/,) with f’2 ~ , M, Eqs. (3 . 8), (4 . 8) and (6 . 9) imply

and

with the decomposition

similar to (6.7), and

of course, denotes the Weyl operators of the Fock representation ViF’
UiF on 
By the same method which leads to (5.11), we prove the existence of

unitary operators ffi on ~~ such that

and thus

Since ~I are Fock spaces, there exist on ~i free Hamiltonians

and free time evolutions UPF(t) = with

Here ~ and aiF denote the Fock creation and annihilation operators
on We define on ~f,

and denote by the usual extension of these operators to ~ :
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where H means ~1j. We will show below that, under the conditions
of Lemma 2, ~ I

(U~) =(X)u~) means that it acts like ~) =~)u~(t)~
t ~ ! ’ t ;

on product vectors.)
Then U~) satisfies (6.2), and is thus the desired free time evolution

on ~f. As shown before, it suffices to prove (6.2) for / = 2014~ (/i + (/~)
with /i e.~. For such ~(6.11) and (6.18) imply B/2

since the number of i in (6.11) is finite. By (6.13), (6.15)
and (6.16), 

" . " -

and thus

by (6.11).

The self-adjoint generator of I

and H° may be rewritten as

because, at least formally,

Since (6.18) implies [12]
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in a suitable sense, we thus obtain

If understood in this sense, Eq. (6.19) represents a somewhat more rigo-
rous version of Eq. (6.3).

In order to complete the proof of Lemma 2, we finally have to

verify (6.18). We use

LEMMA 3. - exists (in the sense of (6.18)) iff

This is proved in [13]. A simple corollary is

LEMMA 4. - exists if Q~ e for f &#x3E; ~ with a suitable n, and

~=,,

(Here DA denotes the domain of an operator A. Since Hi z 0, the absolute
value signs could be dropped here. However, Lemma 4 will also be applied
to momentum operators, in which case the absolute value is essential.)

Proof. 2014 11 - I ::;: 2 for I  n and all t. For I z n, use the
spectral representation

--

which yields

and apply the if part of Lemma 3. jjt
We will now show that

With this, Lemma 4 (with n = 2) directly yields Lemma 2.
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Assume i &#x3E; 2. Since cc~i+ 1 _ cc~ _ on Vi, we have

with the number operator

on Moreover, it is well-known that

if the functions (,u = 1, 2 ... ) together with the gV’s form a complete
orthonormal system in and ~ means operator extension. By (3.14),
(4 . 4), (4 . 5) and (6.12),

whereas, obviously,

By this and (~ aiF)Qi = 0, if applied to Qi reduces to the finite v
sum. The latter, by (6 . 23) and h. c., is a second-order polynomial in (gB aiF)
and which is well-defined on Thus

by (6.16), (6 . 21 ) and (6 . 22), and

Finally, by (6.22) and (6.23) one easily calculates

This completes the proof of (6. 20) and Lemma 2.
For later use we note another elementary estimate. Since and NiF
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commute, they have a common spectral representation. Together with
(6.21) this immediately implies 

.

Thus

the last expression following again by an elementary calculation with (6. 22)
and (6.23).
The condition of Lemma 2, if satisfied, also implies the existence of

translation operators U(x) with

and of the corresponding momentum operators P with

U(x) may be constructed in the same way as i. e.,

with

and the Fock translation operators

on The spectrum of the Fock energy-momentum operators (H?F’ PIF)
on ~f, is contained in the closed forward light cone (spectrum condition),
which implies

and thus

for all components P/ of PiF and P;, respectively. The condition of
Lemma 2 and (6. 20) thus also imply Q; E Dpl for &#x3E; 2 and

and the limit (6. 25) then exists by Lemma 4.
Since and commute for all i, the same follows from (6.18)

and (6.25) for U°(t) and U(x). Moreover, the energy-momentum ope-
rator (H°, P) also satisfies the spectrum condition, i. e., all self-adjoint
Vol. XXVI, n° 2 - 1977.
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generators gP of translations U(ao)U(a) into timelike or lightlike
directions (ao - a2 &#x3E; 0) are non-negative. This follows directly [12] from

and the spectrum conditions on Yfi. In particular, H° itself is non-negative.
We mention without proof that, as expected, its spectrum is purely contin-
uous and covers the non-negative real axis [14]. Another result, also not
proved here [14], will turn out to be useful later on:

LEMMA 5. 2014 If SZ~ E DHo for all i,

then Q = (8) SZI E DHo, with expectation value and mean square devia-
i

tion of H° in state Q given by

and

i

respectively.
By (6. 20) and (6. 24), the conditions of Lemma 5 are satisfied if N1 = 0,

and

As above, the conditions of Lemma 5 for the energy H° and the estimate

(which follows from the spectrum condition on ~~) imply analogous
conditions for each component P~ of the momentum P.
The discussion of rotations and angular momentum operators is some-

what simpler. Spatial rotations R induce the transformations (for simplicity
also denoted by R)
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of the function space We now assume that the operators Tl and T2
commute with this representation (6.26) of the rotation group:

Then, by (4.6), the test function spaces 21 c 2 are invariant under
2

rotations R since L2 is invariant. More precisely, the mappings
R : 21 are onto, and are continuous unitary representations of

2 2

the rotation group on the Hilbert spaces (The representation property
2

is obvious, and implies that the mappings are onto. With (6.27) and f,
 R.t: Rg &#x3E;1 2 ==  Tl 2 RJ: T’2Rg~=~RT’2.~ 

since R is unitary on L2. A similar argument yields the continuity of the
representations.)

In the Fock representation, there is a continuous unitary representa-
.tion U(R) of the rotation group on ~ with

for all f E L2, and

By (5.1) and (6.27) we have

for all fi E so that U(R) may serve as rotation operators also for the

non-Fock representation (5.1). By (6.28), Q is an eigenstate with eigenvalue
zero of the corresponding angular momentum operators. Eqs. (4.10),
(6.27) and the unitarity of R on L2 imply

thus (3 . 8) and (6.29) also yield

for complex test functions f = 1 2 (f1 + if2), with + 

We will finally prove that, if and U(x) also exist for such a rota-
tionally invariant representation, the usual relations

and

are satisfied. By (6.32), U(R) and U(x) generate a representation of the
Euclidean group.
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In the sense of (6.18), the Fock rotation operators U(R) on :Yf also
factorize in the form

U;(R) being Fock rotation operators on (The existence of 
i

follows from Ui(R)Qi = Qi and Lemma 3, since each R belongs to some
one-parameter subgroup of the rotation group. Eq. (6.33) follows because

U(R) and leave the vacuum Q invariant and induce the same

transformations of the Weyl operators WF(f) with f E 

Consider i = Fi ~ 1 (where 1 means ~1j) and particular Weyl
operators W( f ) with which, by (6 .11), are also of the form

W( f) = Eqs. (6.13), (6.27) and (6.30) imply that, on Yf,
commutes with W( f ). By (6 . 33) and the product form

of #i and W( f), this means that commutes with 
on Since the WiF(Tf ) with f~ E are irreducible on Yfi, we obtain

with phase factors which depend continuously on R. The represen-
tation property of the Ui(R) implies that the ~i(R) are also a representation
of rotations, and thus

The Fock operators on Yfi are known to satisfy

Thus, with (6.18) and (6.33)
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and. similarly, .

which proves (6.31) and (6.32).

7. PARTICULAR REPRESENTATION
ADAPTED TO THE MODEL

We will now construct explicitly a representation in which the external
current model is exactly soluble.
We take Wi = e-i, and denote by zi(k) == /,(co) the characteristic functions

of the volumes V; : wi + 1 - ~ ; i = 2, 3 .... Introducing spherical
coordinates w, e and § in ~-space, we denote by Ylm( 8, ~), 1 = 0, 1 ...,

m = - 1 ... + 1, real spherical harmonics, normalized according to

(The § dependence of Ylm is cos for m _ 0 and sin for m &#x3E; 0,
instead of as for the more usual complex spherical harmonics). For
the functions gv(k) defining the representation we choose

They are orthonormal by (7.1), and the number of gV’s with Supp gv ~ Vi
is

for i &#x3E; 2 and n1 = 0. The bv are taken as

c

independent of l and 111.

With these choices, the condition of Lemma 2 is satisfied:
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Thus a free time evolution and space translation operators U(x)
exist. Moreover, as shown similarly from (6 . 24), the conditions of Lemma 5
are also satisfied, and thus

as well as Q E Dpj for each component P~ of the momentum P.
The representation is also rotationally invariant in the sense of Eq. (6.27).

This follows because, for fixed 1, the 21 + 1 spherical harmonics transform
under rotations R according to an orthogonal ( = real unitary) represen-
tation D(l)(R) - of the rotation group, and thus

For arbitrary f E S this implies

since the inner products , &#x3E; may be interpreted here as inner products
in ~ on which R is unitary, and since D~(R) = With (7 . 6)
and (7.7),

and similarly for T2.
We next want to show that, with bin (k) and gin (k) given by (2.17), (2.18)

out out

and (2 . 23) (*), the Weyl operators and exist in our

representation, and are strongly continuous in t. For this it suffices, by
Eq. (3 . 8), to prove that the real and imaginary parts of b§~ (k) and ciet (~)

out adv 
"

belong to 21 and J~, respectively, and are continuous in t in the 21
resp. 22 norm topology. Actually, having in mind later applications, we
will even prove strong differentiability with respect to t, which is defined
as follows : A one-parameter family f~ of vectors in a Hilbert space Jf is

(*) It is more convenient now to indicate the time dependence of test functions by a
superfix t.
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called (strongly) differentiable in Yf, if there exists another one-parameter
family /~ in Jf such that

for all t. A differentiable f ~ is obviously continuous; /~ is called the (strong)
derivative of f t.
The following three lemmas are useful in this connection.

LEMMA 6. - For all v with u ~ I  1, the test functions

with n = k 03C9 belong to 2’1-
Proof. The function ~03BD(03B8, - 1 is independent of wand square-

integrable on the unit sphere (since ( - 1121  1), and may thus be
expanded into spherical harmonics Y~m with expansion coefficients 
This implies 

rn ,

if we extend the definition (7.2) of to arbitrary 1. For

we will prove below the estimate

with some constant C(v). From (7 . 8) and c~m(v~ - ~ gilm, we obtain

We have to show that L2 which, by (7 .11) and (7 . 9), means
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since the are orthonormal. The first sum converges due to the pre-
sence of i - 2 and because

the last expression being finite due to the square-integrability of 1Jv on the
unit sphere. Since (7.10) implies 

-

the second sum in (7.12) is also convergent.
In order to prove (7 .10), we consider a function g e L~ of the form

and apply to it the square 12 of the angular momentum operator

! == -:- (g x Since I acts on angles 8, gl only, we have
1 

-

Moreover, since 12 is a real second-order differential operator in k and
is at least twice continuously differentiable, is continuous, and

thus square-integrable on the unit sphere, which implies 12g E L2. Using

and

I2g E L2 implies

from which (7.10) follows immediately. ~

LEMMA 7. - Functions f which are bounded for small k ~ = co

belong to 22.

Proof - We have to show that T2 f E L2, or f E L2 since, obviously,
f E L2. By assumption, there exist M and n such that  M on

all Vi with i &#x3E; n. Since
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( with =  gilm, ~’ ~ ), T2 f - f E L2 means

The latter is satisfied, because

LEMMA 8. - Consider a one-parameter family it in 2, defined in a
neighbourhood I of To except possibly at T == TO. If I f03C4(k) I :::; M for

I g ) I == w  wo and all T =F To in I, then Iim II 11== 0 implies lim II I b == o.
t-+to t-+to

Proof. - it E 22 C L 2 by Lemma 7, thus II I b and II II ] actually
exist. It suffices to prove that lim II it 11== 0 implies lim II II == o.

t-+to t-+to

As in the preceding proof we get, with c03C4ilm ==  it &#x3E;, the estimate

which holds true for all n &#x3E; - log 03C90 (so that  M on all V; with
i ~ n). The second term on the r. h. s. goes to zero for n - oo, and is thus

smaller than 2 for a suitable n = n(B). Using this n(8), we estimate the

remaining term as

which shows that this term also becomes smaller than - for sufficiently
small z - ~o I. . II 2

As announced before, we shall now prove the following statements:
i) Re btin , Re ctret and their (partial) time derivatives Re ),

Re (cf. (2 .17), (2 .18) and (2 .15)) belong to 21 for all t.
i)’ The analogous statement for the imaginary parts, with 22 instead

of 21.
ii) Re btin and Re ctret are differentiable in and have Re 

and Re as (strong) derivatives.
ii)’ The same with Im and instead of Re and !fl.
It suffices to prove these statements for bin and the proofs for bout

and C’adv are similar.
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Proof of i). - We have

and E 21 by Lemma 6. The term in curly brackets, by definition of
is given by

for c~  cc~2 = e - 2, and thus remains bounded for 0 since p(o) = 1,
p’(O) = 0 and 1 - cos ksin  c~ ~ Therefore this term is in L2 c ~1,
and we get Re b° E 21.

Because of

the real part of t) - 0) is also square-integrable, and with
Re b° E 21 this proves that Re b§n for all t.

The estimate (2. 28) implies Re c 21 for t _ 0. For t &#x3E; 0 we

obtain

from  2 p(~)!. . Therefore Re cret - Re e L2 c ~1 also
for t &#x3E; 0. From

and

we conclude that Re and Re belong to L2 c 21 for

all t.

Proof of i)’. From

and Lemma 7 we see that E 22, so that (7.13) and Lemma 7 then
imply 1m bfn E 22 for all t. Similarly, Lemma 7 and Eqs. (2 . 28), (7.14),
(7.15) and (7.16) imply the remaining statements in i)’.

Proof of ii). - With a = w - and 03B2 = - we have
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and thus

The Taylor expansion

implies

therefore

A corresponding estimate for cret is

which holds true for arbitrary fixed t and T and all r with ~ ~ T, and
. 
is obtained as follows. The I. h. s. of (7.18) may be written as

where 8 = fJ(k, t, r) lies between t and t + r. With a and f3 as before, we
rewrite and estimate the last expression as

Here we have used

(note that X(0) -  ! I since I  1), and

The last estimate follows since X(8) ~ I is continuous, and thus bounded
by some N(t, T) T. With the constant M explained after
Eq. (2.19) we thus get
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Denoting by L; the space of complex square-integrable functions j’(k)
and the L; norm, the relation )! Re f ]]  ]j Lemma 1 b)
and (7.17) imply

since (cv - Thus Re bfn is differentiable in with deri-
vative Re Similarly, (7 .18) implies that Re ctret is differentiable
in with derivative Re 

Proof of ii)’. The estimates (7.17) and (7.18) remain true for the
imaginary parts of the left hand sides. The right hand sides are, in any
finite T interval, uniformly bounded for all k, and tend to zero in L2 norm
for T - 0. Therefore Lemma 8 immediately yields the desired conclusions.
The following additional statements will also be used later on:
iii) Re (brn ) and Re (gn ) are continuous in t with respect to the 21

norm. 
out out

iii)’ The same with Im and instead of Re and 

Proof. - We use bin == and the elementary
estimates

(The latter is true for |03C4|  T, and is proved exactly as (7.18).) These
estimates lead to iii) and iii)’ in the same way, as (7.17) and (7.18) have
led to ii) and ii)’.

In Section 9 we will use that

This follows immediately if

and

Since (M + and thus, by (2 .28),
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for t  0, we immediately get (7.20). Moreover, again by (2. 28),

and

Therefore Lemma 8 is applicable (with t instead of r, to = and I :

t ~ 0 to Im ), and leads to (7 . 21 ).
- adv

8. RIGOROUS SOLUTION OF THE MODEL

We now assume that the creation and annihilation operators 
and are represented according to the previous Section, and denote
the corresponding Weyl operators, the free time evolution, translation
and rotation operators by and Uout(R), respectively.
We want to interpret the field operators A(x) and A(x) as operator-

valued distributions in the representation space in the sense that their
space averages

and

exist as self-adjoint operators for all t and all real functions from a
suitable test function space. They shall have a common dense domain D
on which they satisfy the canonical commutation relations

With the Fourier transform of 

we obtain from the formulae of Sections 2 and 3 by formal calculation:

and
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Thus field averages are well-defined and self-adjoint if, for all t, the real
and imaginary parts of and 03C9ei03C9t  belong to 21 and 22, respectively.
This is satisfied most easily if we require

which of course implies

Together with the reality condition for 

(8 . 6) thus defines a space ,V of real test functions f (x) for which (8.1)
and (8 . 2) make sense. Since ~ ~ c L2, (8. 7) implies that any 
is square-integrable. (We could as well use different test function spaces
for (8.1) and (8.2), namely, %1 defined by (8.7) and (8.8) for (8.1), and
%2 = JV c for (8.2). This is sometimes useful, see Eq. (9.4) below.
We could also enlarge the test function space JV by requiring, instead
of (8. 6), Im 1, w Re J E 21 and Im Eqs. (8 . 4) and (8 . 5)
still make sense for such f since the factors ei03C9t do not affect the admissi-
bility of the test functions if and w f; cf. the discussion of Eq. (6 . 2).)
By (8.4) and (8 . 5), the domain D described in Section 5 is also a suitable

domain for the field averages (8.1) and (8.2). The commutation rela-
tions (8.3) on D follow from (8.4), (8.5) and (3.13) by straightforward
calculation. Note that all k-space test functions involved in this calculation
belong to so that one may use the « naive » definitions (3.4) and (3.10)

of  f’1, f2 ~ and { g g}. Thus Eq. (8 . 3) actually contains 

instead of some subtle generalization of this integral. Eqs. (8.4) and (8.5)
also imply that, for each fixed time t, the set of operators and 

with f, g E ~,~~ is irreducible on ff.
It is easily shown now that the time evolution of the field averages (8.1)

and (8.2) is implementable. There exists a continuous unitary one-para-
meter family U + (t) such that, on D,

In fact,

with an arbitrary continuous phase has the required property.
Continuity is obvious since and are continuous.

By ~8.4), _.

Using this, a simple calculation with (8.10), (3.9) and (6.2) yields
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from which (8 . 9) for A( f, t) follows. Similarly, (8 . 5) yields (8 . 9) for t).
The representation chosen here also yields a unitary S matrix, given by

the last e q ualit Y following from ( 2.25 . ) For arbitrary .~ - 1 + 
with fl E ~1, (8 .11) and (3 . 9) lead to wi

By (2. 27), the r. h. s. is just Wine f ). Since S is one of the Weyl operators
which leave invariant the domain D used before for the « out » operators,
we may use this same domain D also for the « in » operators. Then rigorous
versions of (2.29) like

hold true on D. Free time evolution, translation and rotation operators
for the « in » operators are most simply defined by

Using the formulae of Section 2, field averages may now also be

expressed in the form

The equivalence of this with (8.4) and (8.5) is obvious from (8.12). This
leads to another description of time evolution, namely

with

where ain(t) is another arbitrary continuous phase. By irreducibility,
U + (t) and U-(t) may differ from each other at most by a phase factor,
which becomes 1 for suitably chosen ain(t) and Indeed, by (8.16),

and inserting S from (8.11) we easily find

We choose phases 03B1in (t) which satisfy the equations

(This is possible since the statements proved in Section 7 imply that the
right hand sides of (8.18) exist and are continuous in t.) Then
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since, by (2.25),

Thus

and from this and (8.17) we see that

if the integration constants in (8 .18) are suitably chosen. The deeper reason
for postulating (8 .18) (and (8 . 25), see below) will become clear in Section 10.
Analogous to (8.10) and (8.16) we may also construct unitary operators

which, at a fixed time t, implement the spatial rotations and translations
of field averages. For each t these operators form a representation of the
Euclidean group. For instance, for space rotations we have

with

as follows from (8. 4), (8 . 5), (8.13), (8.14) and (6. 30). (Here = !(R-1 ~).)
Moreover, Eqs. (8.11) and (3 . 9) imply U _ (R, t) = U + (R, t). 

"

The asymptotic fields Ain (x), defined formally in Section 2, also exist
out

as operator-valued distributions on J~, with the same domain D and the
same test function space JV as above, since one easily obtains by formal
calculation the expressions

for the field averages. They also satisfy canonical commutation relations
of the form (8.3). The time evolutions of the field averages (8.22) are
implemented by the continuous unitary one-parameter families

1. e.,

The phases Pin (t) are chosen here to satisfy
out
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Space translations and rotations of Ajn (~ t) are, of course, also imple-
mentable. 

out

Clearly, the free fields A~ (~) are also operator-valued distributions
out

of the type considered here, with averages

and with space-time transformations implemented by (t), 
and Din (R). 

out out

out

For each fixed time t, the fields A(x), Ain (x) and A~ (x)-together with
out out

their time derivatives-are unitarily equivalent, and can be transformed
into each other by means of suitable Weyl operators. For instance,

as easily seen from the explicit form of the field operators and Eq. (3.9).

9. ASYMPTOTIC CONDITIONS

The formulae of the previous Section yield

and a similar expression for t) - (~ t). More precisely, (9 .1) is
out

true not only on D but on the whole domain of definition of A(f, t)
which coincides with (~). (This follows since and are,

out

up to phase factors, the same Weyl operator.) The r. h. s. of (9.1) (and of
the corresponding equation for A( f, t) - I;~ (, f; t)) converges to zero for

out

t - + oo by (7.20) and (7.21), and therefore

One may interpret (9.2) in the sense of strong convergence on D. However,
the statement is somewhat stronger since (9.2) may also be written in the
form ,., ~

with ~ - ~ I denoting the operator norm. The fields Ain( x) and Aout(x) are
therefore the asymptotic fields associated with the current j(x).

Although in a certain sense (see below) the field A(x) also converges
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to the free fields A0in (x) for t - + oo, a relation like (9.2) with Ajn (x)
replaced by A0in (x) is not generally true. The formula corresponding to
(9.1) is 

out

but whereas the contributions from cret vanish asymptotically in each
adv

case, the contributions from bfn or bout are easily shown to be independent
of t 0 for suitable f ) if Qin = 0 or 03BDout = 0. More generally, we
could consider translations of field averages in time-like directions:

with

We can still prove that

W O)
for all u, whereas for t) - A° (ft, t) we get t-independent contribu-

- 

out -

tions from Bin or Bout = or 03BD = t’out since, by (2 . 17),

However, the free fields A0in (x) are limits of A(x) in the LSZ sense. Con-
out

sider positive-frequency solutions of the wave equation,

The corresponding LSZ averages

exist since, for each fixed t, by (9.4) the real and imaginary parts of ~(x)
and belong to the test function spaces %1 and ~I~’2, respectively, as
mentioned in Section 8. A straightforward calculation leads to

Eq. (2.28) implies cret E L; and
adv

with a suitable constant D, and therefore
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With the explicit form (2.17) of bfn , an elementary application of the
out

Riemann-Lebesgue lemma also yields

Since

we therefore obtain from (9.6) that

in the sense of, e. g., strong convergence on D. This is slightly more than
the usual (weak) LSZ asymptotic convergence.
As the last result of this Section, we shall prove that

with suitable phases y + (t) which satisfy

In some cases we may even show that

but this need not always be true. In any case Eq. (9.9) means that, up to
slowly varying and physically inessential phase factors, the asymptotic
time evolutions Uin (t) approximate U(t) for t - =P oo in the sense of

out

ordinary scattering theory. As expected, the corresponding « S matrix »

connects the asymptotic fields at t = 0, i. e.,

as easily proved.
In order to prove (9.9) we start from

The four t-dependent operators on the r. h. s. together yield the factor

in virtue of (2.23), (3.9) and (6.2). By (7.19), only the phase factors survive
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in the last expression for t - + oo. Using this and Eqs. (9.12), (2.23)
and (3.9), we finally arrive at (9.9) with

Since

(which follows rigorously from the differentiability properties of bfn
and g)~ proved in Section 7), we find 

out

out

by (8.18) and (8 . 25). Since 1(~ and cret belong to L;, we may use (9 . 7)
to obtain out adv

for t ~ 0, and I bfn lie is easily seen to be bounded uniformly in t. The
out

same arguments apply cret }, which proves (9.10). Since these
out adv

considerations also yield the estimates

we find that (9.11) is true for all models with 8 &#x3E; 1.

Relations of the form (9 . 9) with Uin (t) replaced by U~ (t) are not expected
out out

to hold true. As already discussed for another model by Faddeev and
Kulish [7], this is due to the asymptotically persistent interaction of the
field with jin (x).

out

10 HAMILTONIANS

Time evolution operators U(t) usually are obtained as solutions of the
differential equation ~

with a Hamiltonian H(t) determined by correspondence arguments. For
our model this Hamiltonian is given formally by

Annales de l’Institut Henri Poincaré - Section A



153MODELS FOR INFRARED DYNAMICS. I. CLASSICAL CURRENTS

The first term is the free energy of the field A(x) at the time t. Using

(a rigourous form of which follows from (3.9)) and Eq. (6.3) for H~ , we
obtain out

Since, by (8 .11 ),

is indeed independent of whether we express it in terms of « in »
or « out » operators. This is obvious for the remaining term in H(t) which
is the interaction energy HI(t). By (8.4), (8.13) and (2.25), may be
rewritten as

Therefore we use

as a formal definition of the Hamiltonian. We want to indicate that, if

interpreted properly, Eq. (10.1) is satisfied, with H(t) given by (10.2),
for our time evolution operator

For convenience of notation, we will suppress the suffices ln in the
following. 

out

Differentiation of (10.3) with respect to t involves differentiation of
W(gt). For the latter we use

LEMMA 9. - Consider a representation of the type described in Sec-

tion 5, a one parameter family of complex test functions ft = 1 2 t + ift2)
with Ii strongly differentiable in 21, and an arbitrary vector 03A6 E D. Then
the one-parameter family

is strongly differentiable in with derivative

We will only give a sketch of the method of proof [15]. One first proves
a completely analogous statement for the Fock representation. This part
of proof is lengthy but straightforward, since it only uses well-known
properties of Fock operators and their vacuum expectation values. Then,
with (5.3) and (5.4), Lemma 9 follows trivially.
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We will now give a rather heuristic derivation of (10.1) from (10.3).
Roughly speaking, Lemma 9 means that

By formal differentiation of ( 10 . 3) we get

With (10.4) and (8.18) (which now becomes essential), the first two terms
on the r. h. s. give

~
Since  U0(t) = the remaining term becomes

~

Thus, at least formally, (10.1) with (10.2) indeed follows from (10.3).
A more rigorous version of this result is the following. Consider, besides

the dense domain D used before, the dense domain D c D which consists
of finite linear combinations of vectors W( f)Q with fl E21 and 03C9f1 E 22.

2 2 2 1

Then H(t) as given by (10.2) is well-defined on D, and has a self-adjoint
extension. (At this point it is essential that Q E DHo by (7 . 5).) Moreover,
(10.1) is true for suitable matrix elements, namely,

if C E D and T E 
The proof of these statements is rather lengthy [15], and we therefore

omit it here. We feel, moreover, that a result like (10. 5) is neither surprising
nor very essential for the model discussed here.

In the same way we may treat the asymptotic time evolutions Uin (t)
given by (8.23). For these operators we obtain 

out

with the asymptotic Hamiltonians

Annales de l’Institut Henri Poincaré - Section A



155MODELS FOR INFRARED DYNAMICS. I. CLASSICAL CURRENTS

which, besides the free parts, contain the persistent interactions of Ain (x)
out

with the asymptotic currents jin (x). Equations corresponding to (10.5)
out 

_

are now true for 0 e D and B}I E U n (t)D.
out

11. GENERALIZATION
TO THE CASE OF PHOTONS

The scalar model treated up to now was chosen mainly in order to keep
the notations as simple as possible. The same treatment is also applicable
to a quantized photon field interacting with classical electromagnetic
currents. Such a model with photons is most easily discussed in the Coulomb
gauge. The field equations for the quantized vector potential are

with a given c-number vector field j(x) which also satisfies O j = 0. For a
classical particle with trajectory and electric charge e, the divergence-
free part j(x) of the current density which enters (11.1) has the Fourier
transform

Here we denote by Xtr the transverse part of the velocity X(t), defined by

and we have again introduced an ultraviolet cutoff p.
The trajectory is assumed to be of the type described in Section 2,

and in particular we will need the estimates (2 . 4). It is known that estimates
like (2.4) are violated for classical particles interacting with each other
through Coulomb forces. Therefore models with more than one charged
particle are unrealistic if (2.4) is assumed for the trajectories.
The field equations may be solved formally as in Section 2, with some

obvious modifications and changes of notation. Thereby in , , b;" ,
out out

and gout become vector-valued functions of k and t which are transverse
in the sense of

Free asymptotic photon fields A° (x) are defined as in (2.20) in terms of
out

creation and annihilation operators (k) and a;n (k) which are also trans-
out out

verse vectors, and whose components satisfy the commutation rela-
tions 

- out
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Sections 3, 4 and 5 may be generalized to the case of photons simply by
changing the notation. All scalar operator distributions like p(k) and q(k)
and test functions like 11 (k) and gv(k) become transverse vectors, and this

leads to obvious changes of definitions, e. g., to

instead of (3.4).
The discussion of free time evolution, translation and rotation operators

for photons is analogous to Section 6, except that spatial rotations R now
act as

on test functions f For the construction of an explicit representation of
the type described in Section 7 for photons, we only have to replace the
functions given by (7.2) by suitable vector-valued functions. For
this purpose we may take

with the transverse vector-valued spherical harmonics [16]

where , = k , ~n = 03C9~k. The superfix p indicates the parity, which is
p " - 

p Y

p(- 1)’.) The functions Y m transform under the rotations (11. 7) accord-
ing to 

and from this we obtain rotation invariance of the representation as in
Section 7. A modification is also necessary in the formulation and proof
of Lemma 6. We now have to prove that

with vtr = v - (nv)n as in (11.3). The angular momentum operator I,
used in the proof of Lemma 6, has to be replaced now by the total angular
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momentum operator J = I + S for photons, with the spin part S acting
as a constant matrix on vector functions. Its square J2 satisfies

which can be exploited to prove ( 11.10) in the same way as in Section 7.
The other considerations of that Section carry over to photons almost
literally.

Space averages of the potential A(x) and its time derivative could be
discussed in the same way, as done in Section 8 for the scalar field. However,
the observable fields are the field strengths

rather than the vector potential A(x). Eq. (11.12) contains the Coulomb
potential

of the charge distribution ep(x - X(t)). We rewrite it in the form

with asymptotic parts

and

such that

Obviously and cpt belong to and (2 . 4) immediately leads to
out

Consider a real vector-valued test function

and decompose y" according to
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into a transverse part and a longitudinal component nf An elementary
calculation then yields the following explicit expressions for the spatial
averages of field strengths :

From this one easily concludes that E( f t) and t) exist if the real
and imaginary parts of 03C9ftr belong to the (vector analog of the) space 0 It,
and belongs to L~ .
Time evolution operators U(t) and an S matrix may be defined as for

the scalar model. However, whereas we still have

for all admissible test functions 1(~), the relation

holds true only if tif = 0. In other words, the time evolution of the longitu-
dinal (Coulomb) part 2014 of t) has to be « put in by hand »,
since U(t) implements the time evolution of the transverse part of t)
only. This is also true for space translations and rotations, and is peculiar
to the treatment of classical currents in the Coulomb gauge.
The discussion of asymptotic properties of the field (Section 9) has to

be modified accordingly. The relations corresponding to (9.2) now read

where the asymptotic fields Ei" and H;n are given by (11.12) with the
asymptotic potentials 

out out

(cf. Eqs. (2.17) and (11.15)). These asymptotic fields contain, besides the
free field operators
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the c-number fields

The latter are the classical Lienard-Wiechert fields of the asymptotic
charge and current distributions, and are again asymptotically persistent
since

LSZ convergence could be discussed in terms of the vector potential
A(x) (as done, e. g., in Ref. [17]) exactly as for the scalar model. It is prefer-
able, however, to do this also in terms of field strengths. Consider a vector-
valued positive-frequency solution of the wave equation

with

and associate with it the « field strengths »

A straightforward calculation yields

As for the scalar model, the last two terms may be shown to vanish for
t - i? oo. Moreover, (11.20) leads to

so that we obtain LSZ convergence for the photon fields in the form

Finally, the generalizations of Eq. (9.9) and of Section 10 to the case of
photons are obvious.

12. CONCLUDING REMARKS

We have shown that the emission of infinitely many massless particles
by classical currents may be described mathematically by using a suitable
non-Fock representation for the free asymptotic fields. The physical
interpretation of this formalism is based on the following considerations.
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Any realizable experimental set-up detects single particles only if their

energy exceeds some lower limit 03C90 &#x3E; 0. The value of of course, depends
on the apparatus, and is therefore not fixed a priori. With respect to a given
sensitivity limit mo we may classify particles as « hard » or « soft » if they
have energy c~ &#x3E; or mo, respectively. Then the representation
space Yt may be written as a direct product of the Fock space of « hard »
particles and another space carrying a non-Fock representation for the
« soft » part of the field. Moreover, the emission of « hard » particles is
described by the familiar Fock space S matrix corresponding to the given
current [3]. The operators for the total energy, momentum and angular
momentum of the free incoming and outgoing fields may be decomposed
accordingly. Each one of them is a sum of two terms, one representing the
contribution from « hard » particles and having the usual Fock space struc-
ture, the other one containing the contribution from the infinitely many
additional « soft » particles. The first term should in principle be measurable
by suitable instruments, whereas in a certain sense (compare the discussion
of Eq. (6 .19) in Section 6) the second term goes to zero in the limit 03C90 ~ 0.
At least in this sense of approximate measurability, therefore, the total
energy, momentum and angular momentum operators may indeed be
called observables. In contrast to this, the number operators for « hard »
particles do not converge for 0.

The particular non-Fock representation which has been used here

(Section 7) is by no means unique. There are in fact infinitely many repre-
sentations, all unitarily inequivalent to each other, which are equally well
adapted to the model. As examples we consider representations of the form
described in Section 7, but with Eq. (7.4) replaced by

with an arbitrar y k &#x3E; -. All the essential conclusions derived in Sec-

tion 7 for the particular case k = 1 remain valid for general k. The unitary
inequivalence of two representations I and II with different k values kI  ku
is easily seen as follows. Consider the sequence of test functions

in Then, in a self-explanatory notation, we have

but

This is incompatible with unitary equivalence (cf. a similar discussion in
Section 5). Obviously this example is still very far from exhausting the

possibilities of constructing unitarily inequivalent representations which
are equally well adapted to the model.
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It seems natural to ask whether among these representations there
are some in which, besides space-time translations and space rotations,
the Lorentz transformations

of test functions are also unitarily implementable. Unfortunately, the
methods used in Section 6 for translations and rotations cannot be applied
to Lorentz transformations. First, the construction of and 
was based on the direct product decomposition (6 . 6) of Fock space and
the invariance of the factor spaces Jfi under space-time translations.
Lorentz transformations, however, do not leave invariant the spaces 
Secondly, the existence of rotation operators U(R) was achieved by choosing
the functions gy from suitable finite-dimensional unitary representation
spaces of the rotation group, whereas the Lorentz group does not admit
such representations. At the moment, therefore, the above question cannot
be answered.
We can prove, however, that the particular representation given in

Section 7 and its generalizations by (12.1) are certainly not Lorentz inva-
riant. The existence of unitary operators U(A) with

for sufficiently many e. g., for f = -y=(/i + if2) with f~ E . - ~‘~ would in
- 

v2 2 

’ 

’

fact imply Lorentz invariance of the test function spaces ~1 and ~2. (Com-
pare the discussion of Eq. (6.2).) But, for the particular representations
mentioned, we may explicitly construct test functions fi E with f1 ~ F1.
Such lack of Lorentz invariance is perhaps not too serious, since manifest
Lorentz invariance of the model considered here is already destroyed by
the ultraviolet cutoff p.
As mentioned in the Introduction, the methods developed here may

also be applied to a model in which the source of the radiation field is the
current operator of a quantum mechanical particle. In a certain approxima-
tion which preserves the infrared divergent part of the interaction (and
which is less drastic than the familiar dipole approximation [8] ), such a
model is again soluble. The details will be discussed in a separate paper.
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