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Scattering theory with singular potentials.
I. The two-body problem

Derek W. ROBINSON

Ann. Inst. Henri Poincaré,

Vol. XXI, nO 3, 1974,

Section A :

Physique ’ théorique. ’

ABSTRACT. Firstly we consider the definition of a self-adjoint Hamil-
tonian for a two-body system interacting with a positive singular potential.
For highly singular potentials we obtain a result of essential self-adjointness,
for less singular potentials we prove equality of the Friederichs extension
and the form sum extension. Secondly we introduce an approximation
scheme for singular potentials and demonstrate that if the potentials are
approximated from below by bounded potentials then the corresponding
Hamiltonians converge in the strong resolvent sense. Thirdly we extend
Lavine’s results on scattering with positive, decreasing, Ho-relatively
bounded potentials to positive, decreasing potentials with an arbitrary
singularity at the origin. In particular we establish absolute continuity
of the spectrum and strong asymptotic completeness. Finally we develop
monotonicity criteria for the application of perturbation theory to systems
with a residual repulsive interaction. We obtain results on the negative
spectrum, by linear bounds, and weak asymptotic completeness, by qua-
dratic bounds. These results are illustrated by a discussion of the Lennard-
Jones interaction. Most of our results are valid in all but two dimensions.

INTRODUCTION

Scattering theory has developed over the last two decades to become
a well established branch of perturbation theory. Typically this latter theory
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186 D. W. ROBINSON

allows one to obtain informations about interacting systems of particles
whenever the interaction energy is small, in a suitable sense, with respect
to the kinetic energy, i. e. whenever the interacting system is a small pertur-
bation of the non-interacting system. Unfortunately this is seldom the situa-
tion encountered in molecular and nuclear physics; in such contexts poten-
tials of the Lennard-Jones type

frequently occur. This potential is far from being small, in the usual senses,
with respect to the kinetic energy and hence perturbation theory is not

directly applicable.
One way to circumvent this difficulty is to view the potential as the sum

of two components

where ui, is chosen to be positive, decreasing, and highly singular, and
v~ is chosen to be bounded. Such a decomposition is obviously possible
in many ways. Thus it is natural to regard the problems posed by such
potentials as perturbations of problems with positive, singular, decreasing
potentials. This raises the question whether it is possible to understand
systems with decreasing potentials sudciently well to be able to fruitfully
apply perturbation theory. This is the question which will be the object
of the sequel.

Scattering theory with repulsive potentials has already been highly deve-
loped by Lavine [1] [2]. In these two papers a large number of useful esti-
mates have been obtained and applied to the demonstration of spectral
properties and strong asymptotic completeness. Although the basic method
of Lavine, a variation of the virial theorem, is non-perturbative his results
are only valid for potentials which are perturbations of the non-interacting
system. Thus the potentials are only allowed to have a weak singularity
at the origin. One of our principal purposes is to extend Lavine’s work to
cover repulsive potentials of an arbitrary singularity in all dimensions but
two, by eliminating all traces of perturbation theory.
The assumption that the potential is a perturbation enters Lavine’s

theory for three separate reasons :
1. To ensure self-adj ointness of the total Hamiltonian.
2. To control domain problems occurring in the basic commutator estimates.
3. To provide a priori estimates on asymptotic observables which are

sufficient to control potentials of slow decrease.

We avoid the first of these problems by appealing to recent results of
Kato [3] and Simon [4] for positive highly singular potentials and by deriving
a quadratic form result for less singular potentials. The second is circum-
vented by a monotone approximation scheme which allows us to work

Annales de l’Insritut Henri Poincaré - Section A



187SCATTERING THEORY WITH SINGULAR POTENTIALS. - I.

almost entirely with bounded potentials. Finally we show that, at least
for the two-body problem, the a priori estimates are not necessary but can be
replaced by another monotonicity argument.

After this discussion of repulsive systems we then consider perturbations
of such systems. One might well think that the application of perturbation
theory would be difficult because of inability to make detailed calculations
for the unperturbed system. This is not the case, however, and we demon-
strate that by monotonicity arguments one can obtain results on bound
states and weak asymptotic completeness in an essentially effortless manner;
it is only necessary to apply the known results for perturbations of non-
interacting systems. We finish by applying the theory we develop to the
Lennard-Jones potential and demonstrate that it is possible to obtain an
almost complete understanding of such systems.

In the present paper we limit our attention to the problem of two particles
without hard-cores. In subsequent publications we will consider the hard-
core and multi-particle problems.

1. THE HAMILTONIAN

In this section we discuss the definition of the Hamiltonian as a self-

adjoint operator and derive approximation theorems which will be of prac-
tical use in the sequel. We will be interested in positive potentials with pos-
sible local singularities. In low dimensions and with weak singularities
there will be a definite ambiguity in the definition of the Hamiltonian.
Not surprisingly this ambiguity disappears in higher dimensions or for
strong singularities, i. e. highly repulsive forces. Even in the ambiguous
cases we will show that the two natural definitions of the Hamiltonian by
quadratic forms coincide; thus physically the ambiguity plays no direct
role. This conclusion, together with others obtained in subsequent sections,
is unfortunately not obtained in two dimensions; our techniques of esti-
mation fail in this case.
We consider two particles in the configuration space [RB The Hilbert

space appropriate to the description of the relative motion is L2([R"); the
kinetic energy operator of this motion is Ho, the unique self-adjoint extension
of the symmetric operator To,

The interaction between the particles will be mediated by a real potential v
that determines an interaction operator V as follows :

Vol. XXI, nO 3 - 1974.



188 D. W. ROBINSON

At the moment we will not specify any further conditions on v, these will
appear in the theorems, but it will always be the case that V is densely
defined and, by definition, closed.
The principal problem is to give a precise meaning to the Hamilto-

nian Ho + V when v has a singularity at the origin. We are interested in
lower semi-bounded potentials but, by addition of a constant, these can
be made positive ; we will only consider the positive case.

THEOREM 1.1. - Let the potential x E [RV H v(x) satisfy the following
two conditions

where

It follows that - V + V is essentially self-adjoint on
In the original version of this manuscript we gave ’ a detailed o proof of

a weaker form of this proposition; condition (2) was replaced o by

It has since been pointed out to the author, by A. Grossmann, that a proof
of the stronger result has recently been given by Simon [4]. Thus we omit
the full proof and refer to [4] for details. Nevertheless we vould like to
comment on the proof of the weaker version of the theorem as its proof
is technically simpler and uses techniques which we will be forced to intro-
duce in the later discussion.
Both Simon’s proof, and that of the author, are applications of a new

technique due to Kato [3]. The basis of this technique is an inequality
which allows one to straigthforwardly deduce that if 03C8 E is real

and orthogonal to the range of - B12 + V + 1 then it follows that

for all ~p ~ 0, rp E 0 }). Next, by passing to spherical coordinates
and using a simple result from the theory of differential operators (see,
for example [5], p. 225), one deduces that - B12 + + 1 is essentially
self-adjoint on 0 }) if c ~ Ay. If S~ + 1 denotes the self-adjoint
extension of this operator it is also well known that for ~p ~ 0 the vector

(S~ + 0. Thus we are tempted to extend the above inequality
by weak closure to the positive elements of + 1 ) and then claim that
if cp ~ 0, then

This would o imply 1/1 = 0, and o hence - 02 + V is essentially self-adjoint.
The argument as it stands is, however, fallacious. The difficulty is to establish
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189SCATTERING THEORY WITH SINGULAR POTENTIALS. - I.

that if ~p E and ~p ~ 0, then there is a sequence of E 0 }),
with ~ 0 such that

This does not follow from the essential self-adjointness because of the
positivity restrictions. If cp is zero in a neighbourhood of the origin then this
property can be easily established because is bounded away from the

origin, but if ~p is non-zero near the origin the argument is trickier. In the
case of - 02 + with c &#x3E; 2A," if v ~ 3, it is, however, relatively
easy to construct 0, cpn E D(SJ such that the rpn vanish near the origin
and also approximate an arbitrary positive ~p E D(S) in the above sense.
This is done in the manner of [6], p. 300-301 (Simon uses a similar argument
in [4]). Introduce a sequence such that 0 /, ~ 1,
and f"(x) = 1 for x ~ I &#x3E; With ~pn = we then have

The first term converges weakly to the desired result and it remains to show
that the other terms converge weakly to zero for a suitable choice of fn.
But fn can be chosen such that ! ~2fn(x) |  a|x|-2 for |x r 
then

r ~ i1/2

and this tends to zero 1 cp 

Although and (Ho + 12)* it does not follow that

~p E D( ~ x ~ - 2). If, however, c &#x3E; 2Av it can be established (see the remarks
after Theorem 5 . 5 of section 5) that

Thus, for c &#x3E; 2Av, ~p E x ~ - 2) and the proof is complete. For v ~ 4
and c = 0, a similar approximation scheme works foral 03C6 E and this
is sufficient to draw the desired conclusion.

If the potentials we consider are less singular than A03BD/| x |2 at the origin
then there is a genuine ambiguity in defining a self-adjoint extension of
Ho + V; it is known that Ho + is not essentially self-adjoint if
0  c  Av. Nevertheless there is a uniqueness result concerning the form
extensions of Ho + V, at least in the case v ~ 2.
We will need a certain amount of quadratic form terminology. If A is

a positive, densely defined, symmetric operator we introduce the quadratic
form a associated with it by the definition

Such a form is closable (for details see M, chapter 6) and we denote its

Vol. XXI, no 3 -1974.



190 D. W. ROBINSON

closure by ~. This form determines a positive self-adjoint extension A of A
such that

If A and B are two such operators and A + B is densely defined then we
can use forms to define at least two self-adjoint extensions of A + B.
We denote these extensions by A + B, and A + B and call them the Frie-
derichs extension and form sum extension, respectively. The first is associated
with the closure b of the form a + b where

the second is associated with the closed form ~ + b where

In general addition and closure, are not interchangeable and hence these
extensions are distinct. Nevertheless one easily checks that

THEOREM 1.2 (*). - Let the potential x E H v(x) positive and
such that all compacts K c [RVB { 0 }.

It follows that 2 the Friederichs extension and the form sum extension
of Ho + V coincide.

Remark. - We expect this result to also be true for v = 2 but our proof
is not valid. Further it follows from Theorem 1.1 that the result is true
if v ~ 4 under the weaker assumption vEL 2(K). This stronger result can
also be obtained if v = 1, as we will indicate after the proof of the theorem.
Thus it seems reasonable to conjecture that Theorem 1.2 is valid for all v
under the assumption v E 0 }).

Proof. Let ho, and v, denote the forms associated with Ho, and V,
respectively, we have

and to establish equality it suffices to construct, for every ({J E D(ho + v),
a sequence { such that E D(Ho) n D(V) and

(*) If v = 1 the free Hamiltonian Ho occurring in this theorem and the sequel must be
defined in a slightly different manner. We take Ho to be the self adjoint extension of - ð. 2
such that ~(0) = 0 for c~ E D(Ho).

Annales de l’Institut Henri Poincaré - Section A
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The construction of an approximating sequence of this kind is achieved

in the same manner as above.

Firstly note that if cp e D(h0 + v) has compact support K in 0 }
then the construction is straightforward because

Thus it suffices to construct a sequence D(Ho) such that each ~p" has

compact support in !1~’’~ ~ 0 } and

This presents no problem and we omit the details.
Secondly be the sequence of functions introduced above but assume

that they have compact support. Explicitly we 
0 ~ ~ 1; /nM = 1 if  [ x ~ I  n ; and = 0 I &#x3E; 2n or

I  1 /2n. Now if ~p E D(ho + ~) then ~pn is also in this domain and

it has compact support in R"B{ 0 }. Thus the ~pn can be approximated in the
desired manner by E D(Ho) by the discussion of the previous paragraph.
Thus it now suffices to prove that

and

The first of these conditions is readily verified. Consider the third

By assumption ~p e D(v) and hence

Therefore the desired convergence follows from the dominated convergence
theorem.

Finally consider the condition involving ho. As it is once-

differentiable in the sense of distributions, Orp e L 2( (RV), and

Vol. XXI, nO 3 - 1974.
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Therefore

The second term in this expression again converges to zero by the dominated
convergence theorem. Consider the first term. The f" can be chosen such
that

and hence if cp e D(I x 1-1) one has

But noting that

(for a proof, see the proof of Lemma 2.5 in section 2) we conclude that
D(I x 1-1) C D(~) if v = 2. Therefore

and the proof is complete.
Remark. 2014 If v = 1 it suffices to have v E L~(~B{ 0 }). The proof then

uses the fact that every is a bounded, uniformly continuous
function. This is proved in the same manner as analogous results for

~p E D(Ho) if v ~ 3 (see [6], p. 302-303). Thus if ~p E D(ho) has compact
support K C R03BDB{ 0 } one has

The first argument in the proof now uses this estimate in a straightforward
way. The second part of the proof is unchanged.
Although the singular potentials we are considering are nice as far as

self-adjointness properties are concerned they are very inconvenient for
calculations because of domain problems. The point of the next theorem
is to introduce an approximation scheme in terms of bounded potentials.
Applications of this scheme will be given in the succeeding sections. Firstly
we discuss the situation when the form extensions coincide and secondly
the case of essential self-adjointness. Actually the first discussion is sudcient
for the sequel but the essential self-adjointness does give us more information
which is worth noting.

THEOREM 1. 3. - Let V be a densely defined interaction operator associated
with a positive potential v. Assume Ho + V is densely defined and that its
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Friederichs extension andform sum extension a~e equal. Denote this extension
by H.

V» be a sequence of interactions associated with bounded poten-
tials vn such that

It follows that Hr, = Ho + Vn is self-adjoint on and Hn converges
to H in the strong resolvent sense, i. e.

for E and ReE &#x3E; 0. Consequently one has

/br E L 2( [RV), uniformly for t in any finite interval q/’ IR.

- The self-adjointness of Hn is a well-known consequence of the
boundedness of the ~ and consequently the Vn- Next let ~ denote the closed
quadratic form associated with H~. These forms satisfy

by property (1) of the potentials. This is sufficient to demonstrate the strong
convergence of the resolvents (Hn + E) -1 (see [6], p. 459-460 for details).
The basis of the proof is the observation that

for E &#x3E; 0. This allows one to conclude that the resolvents converge strongly
to the resolvent of a positive self-adjoint operator Hoo and

for E &#x3E; 0. We now argue that H.

Let h~ denote the closed form associated with Roo then the ordering of
the resolvents implies that

and in particular D(ho + v). But from the argument given in [6]
one has

Vol. XXI, no 3 -1974.
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Next introduce the form

with D(h’) the set of 03C8 such that the supremum is finite. As the supremum
is a monotonic limit h’ is a quadratic form and

N N N

But as h" = ho + vn one deduces immediately that

Thus ho + v is an extension of hoo. However as the Friederichs extension
is assumed o equal to the form sum extension

This concludes the proof because the convergence of the exponentials
is a standard consequence of strong resolvent convergence. We have included
this statement because it will be the information of importance in our
applications.
We conclude this section by discussing the extra information obtained

in this approximation procedure if one assumes Ho + V to be essentially
self adjoint.

THEOREM 1.4. 2014 Adopt the assumptions and notations of Theorem 1.3
but further assume Ho + V to be essentially self-adjoint, i. e. H = (Ho + V)*.
The graph G(H) of H is given by the pairs (03C6, 03C8) such that there exists a
sequence rpn E D{Hn) = with the properties that

- Let G denote the graph introduced in the theorem. The proof
consists of two parts which we give in two lemmas.

LEMMA 1.4.

Proof. First note that if x E D(V) we have

This follows from the positivity of the { and v by the dominated conver-

gence theorem once one notes that
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because of the above convergence and the assumed strong convergence
of ~pn to ~p. But H" is self-adjoint and ~p" E D(Hn). Therefore

LEMMA 1. 5. Let Hoo denote the self-adjoint operator obtained from the
strong resolvent convergence of H". It follows that

Proof. - Consider = E Then one has for some

where we have defined by

and the limits are in the sense of strong convergence. But

and hence the strong limit of exists and

Thus 1/1) E G, i. e. G.

Combining these two results proves the theorem and in fact gives an
independent proof that H = Hoo because we have

This implies that H is an extension of Hoo. As both operators are self-
adjoint the only possible extension is the trivial extension, i. e. H = Hoo.

2. SMOOTHNESS ESTIMATES

In this section we derive smoothness estimates for systems with decreasing
interaction potentials. These estimates are the basic ingredient for the

Vol. XXI, na 3 - 1974.
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subsequent discussion of asymptotic completeness. The estimates we derive
are very similar to those of Lavine [1] and the material presented in this
section is to a large extent a repetitiion of the calculations of [7]. We feel
that this repetition is justified, firstly because we do need different esti-
mates, secondly we have the additional problem of establishing that our
estimates are uniform with respect to a sequence of approximating potentials,
and thirdly we extend the method of Lavine to one-dimension.
We begin by deriving a basic estimate for the progress operator of Lavine.

We will denote by qi the operator of multiplication by the i-th component
of x on L2( (~’’), i. e.

and use the notation /~ == 2014 Lavine’s progress operator Ag is ini-
ti ally defined as a symmetric operator by

where the function x E !R is defined by

and

We will always choose b such that 0  5  1/6. Lavine has shown that Ag
is relatively bounded by Ho. We will use a quadratic form estimate of this
kind.

LEMMA 2 .1. ag denote the quadratic form defined by

It follows that ag is relatively bounded by the quadratic form h0(03C8) = ~H1 2003C8 ~2,
D(ho) = associated with Ho. In particular

# , ag # be extendd by continuity to ’ b #

Proof - For 03C8 E D(Ag) one has
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But it is easily checked that

and hence we obtain the first estimate. The second follows immediately because

COROLLARY 2 . 2. Let V be a # positive ’ bounded interaction and # H = Ho + V
the associated self adjoint One has

This conclusion is a consequence of the positivity of V which implies
(H + 1)"~ ~ (Ho + 1)-1 which in turn gives

Next we calculate the commutator i[H,Ag]where His a Hamiltonian defined
a potential u which is bounded, once differentiable in the sense of distri-

butions, and decreasing i. e.

One immediately establishes that

for all rp E C~(~v). Next we calculate i[Ho, Ag] in the manner of [7] (*).
All calculations and statements are to be understood as results between

vectors of 

LEMMA 2 . 3. Let H = Ho +V be a Hamiltonian defined with a bounded inter-
action Y whose associated potential is bounded, once differentiable and decreas-
ing. It follows that

v

(*) We thank M. Reed and B. Simon for making this reference available to us in advance
of publication.
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