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ABSTRACT. — The canonical basis of the unitary representations of the
group SL(2, C) are constructed in the explicit form on the base of homo-
geneous functions. The matrix elements for finite transformations are
found. The maximal degenerate principal series of SL(n, C) is also consi-
dered.

§ 1. INTRODUCTION

In a series of papers (Barut, Budini and Fronsdal [/], Dothan, Gell-
Mann and Ne’eman [2], Fronsdal [3], Delbourgo, Salam and Strathdee [4],
Ruhl [5], Michel [6], Todorov [7] and Nguyen van Hieu [8]) the possibility
of using the unitary representations of non-compact groups to classify
the elementary particles was discussed. It was shown that in the symmetry
theory with the group G

G=fr§s, S o SL(2, C)

which is the semi-direct product of the Poincaré group 9 and some internal
symmetry non-compact group S containing some SL(2, C) subgroup there
exists no contradiction with the unitary condition for S-matrix [8], and in
this theory we can introduce the field operators in such a manner that the
free field operators obey the normal commutation of anticommutation
relations (with the normal connection between spins and statistics).
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Before to study the experimental consequences of this new symmetry
theory we must solve some mathematical problems:

1. To study the irreducible unitary representations of the internal sym-
metry non-compact group S and the splitting of these representations into
direct sum of the irreducible finite-dimensional representations of the
maximal compact subgroup of S.

2. To calculate for the unitary representations the matrix elements of the
finite transformations of the group S which correspond to the pure Lorentz
transformations.

These problems were considered in all above mentioned papers, some
partial results were obtained there, but none of them was solved finally.

In the present work we study the irreducible unitary representations
of the SL(2, C) group and calculate the matrix elements of the finite trans-
formations for these representations. The method developped here can be
also generalized to study the group SL(n, C) and SU(p, g). We note that
the theory of unitary representations of these groups was developped
in the work of Gelfand and Neimark [9]. The Gelfand-Neimark theory
is a rigorous one from the mathematical point of view. However, the
method used by Gelfand and Neimark is not convenient for the physical
applications. Here we apply an other method based on using the homo-
geneous functions to realize the irreducible unitary representations of non-
compact groups. This method is very convenient for the applications to
physics. The possibility of using the homogeneous functions to study
the representations of non-compact groups was discussed in references [10]
[3] [5] [{1]. Within this method we can obtain the Gelfand-Neimark
results in a very simple manner.

§ 2. UNITARY REPRESENTATIONS
OF THE SL(2,C) group

SL(2, C) is the group of all 2 X 2 complex matrices with determinant
equal to 1. We now realize the representations of this group in the Hilbert
space of the functions f(z,, zo) depending on two complex variables z,
and z,. For every matrix g € SL(2,C) we define a corresponding ope-
rator T, in the given Hilbert space of functions f(z;, z»):

g—>T, 2.D

Tgf(zl: Z,) :f(zia Z;) 5 Z,= Zp8bha ] ab=1,2 I
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It is not difficult to prove that
Tngg. = Tg;gz

Therefore the corresponding g — T, is a representation of the group SL(2, C).
We define now the scalar product in the Hilbert space of functions f(z,, z2):

1

{fulo)= (5)2 f fi(zs, 22) fi(z1, 22).d2ydz, . dz,dz, 2.2

In this case our Hilbert space consists of all square integrable functions of
two complex variables. It is not difficult to prove that with this scalar
product (2.2) the operators T, are unitary:

(Tefo Tefo) ={frs [o)

Thus we obtain an unitary representation of the SL(2, C) group, which
is not yet an irreducible one, however. In order to get the irreducible
representations we use the homogeneous functions. A function f(z;, z5)
is called a homogeneous function of degree (A;, A,) where A, and A, are
complex numbers, if for any complex number ¢ # 0 we have

f(ozy, 625) = 6™ f(z1, 25) (2.3

This definition makes sense only if the difference A, — A, is an integer
number. From this definition and from (2.1) it follows that if f(z,, z,) is
a homogeneous function of degree (A;, A2) then T, f(zy, z,) is also a homo-
geneous function with the same degree. Thus the Hilbert space D, of
homogeneous functions of some degree A = (A4, ;) realizes a representation
of the group SL(2, C).

For the homogeneous functions we cannot use the scalar product defined
asin (2.2). Indeed, each function f (21, z.) from D, is determined uniquely
by a corresponding function of one variable £ (z) = f(z, 1). Since

(21, 22) = 2220 f (ﬁ , 1) =z (z—l) (2.9
Z, Z,
and the integral in the right-hand side of (2.2) can be written in the form
of the product of two independent integrals

J.fl(zly 2,) fo(z1, 22). d21d;1- dz,dz,

I VTSN b4 z; 2 z Zy -
_ f | | f(;‘) f(;) 2| .d(;:).d(z—z).dzzdz,
_ f D) D) dzds. f D g g
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It is not difficult to show that the seond integral tends to infinity.

Thus, in the Hilbert space D, we must define the scalar product in another
manner. Since the homogeneous functions f(z;, z;) effectively depend only
on one of variables then to define the scalar product we must use the complex
path integral instead of the complex surface integral. Namely, we define
the scalar product in the following manner:

o> =3 [ £ 207 s )

where dw, is some measure invariant under the transformations
Zg —> Zy = ZpZhas detg=1
It is easy to see that such a measure can be of the form
do. = (2:dz, — 2,dz,)(2,dz, — 2,dz,) (2.6)

As in the case of (2.2) from the invariance of the measure it follows that
all the operators T, are unitary with respect to the scalar product (2.5)
and the representation of the SL(2, C) group in the Hilbert space D, is an

unitary one.
The norm of an element f (z;, z;) € D, is determined according to (2.5):

171 = <A1 =5 [ 11 20 pdo, @.7

Putting in the integral in the right-hand side of (2.7) z, = oz, and using (2.3)
we get
[ fp=[onthre]|

f

for any complex o # 0. This relation shows that A, and A, must satisfy
the equation

§ 2.8)

MEtMN+2=0 (2.9)

whose solution is
ip
M= = —1
1 vo + 2
ip
A= —v ——1,
2 1] + 2
where v, and p are real numbers. Since A, — %, = 2v, must be an integer

number, then v, is an integer or half-integer number. Thus we have obtai-
ned the unitary representations of the SL(2, C) group in the Hilbert space D,
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of homogeneous functions of degrees A = (vo + 1—29 — 1, — vo+ 'EP — 1)

where v, is any integer or half-integer number, p is any real number.
These representations will be denoted by €,,. They are irreducible [/0]
and form the so called principal series. Together with this principal series
there exists also the supplementary one [9] [10] [12] which can be considered
in a similar manner. However, we do not study this series here.

Finally we note that from (2.6) and (2.9) it follows that for the repre-
sentations of the principal series the scalar product defined by (2.5) is
identical to the scalar product introduced by Gelfand and Neimark

o fo)= % f f1(2) fo2)dzdz (2.10)

§ 3. EQUIVALENT REPRESENTATIONS. SPLITTING
OF THE UNITARY REPRESENTATIONS
OF SL(2,C) GROUP INTO DIRECT SUMS

'OF THE REPRESENTATIONS OF SU(2) SUBGROUP

Let €, (with operators T,) and G, (with operators Tg) be two irredu-

cible unitary representations of the group SL(2, C) which are realized in the
Hilbert spaces of homogeneous functions ‘

Cd i and D . o . i
Az(v.+'§-1,—v,+l§-—1) )‘/E(VO+I% —1.—vo+£z~—1)

respectively. Now we find the conditions for the equivalence of these
two representations. The 1epresentations G, and G, are called equi-
valent if there exists such an operator A which realizes an one-to-one
mapping D; onto D, that

T:A = AT, 3.1
for any g € SL(2,C). From this definition we see immediately that if
A=1% (i. e. vo= v, p=p") then G,, and G, are equivalent. This
case is a trivial one and it is not of any interest, because here D, and Dy
coincide, A = 1.

Let
f(gh El) € DA, fl(”h, 7]2) € D)".
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We represent the operator A in the form of an integral transformation
with some kernel K:

S G 1) = AfGn 8 =3[R 123 8 B/ Eor B3.2)

Then the condition of equivalence (3.1) can be rewritten explicitly in the
form

Tof G 1) = 5 [l s o BITef G B0 G3.9)

Using Eq. (2.1) we can rewrite last equation in the form:

(o i o
S mi) =5 f K(n1, 1e 3 &, &) f (8], &)doy (3.4
where 7, = Ms8bas &x = &s8se- Comparing Eqs (3.2) and (3.4) we get:

K(ni> 153 &1 £2) = K(p» M2 3 & E5)-

Thus, the kernel K must be an invariant function of £, and 7, As it
was well known in the theory of spinor representations of the group SL(2, C)
from the variables &, and v, we can form the following invariant

Ene — &y = inv.

The kernel K must be a function of this invariant combination (§,m2 — &:11)-
It must be also a homogeneous function since f'(n;, 12) is a homogeneous
one. Let K be a homogeneous function on two variables (&, &) of
degree (u;, o). Then putting &, = o, into (3.2) we get:

fK(Vh, 7)2 ; El’ £2)f(g19 Ez)dma
= () TG T f K(ns, 125 &, E2) f (&0, &) . dog’

for any complex ¢ # 0. Therefore we must have

i
AP S,
: (3.5
p
pe=—h—2=+w%—5—1

Thus, K(n,, n2; &1, ) must be an homogeneous function of (&, &) of

degree (— Vo —l:;— 1, v, __159_ ) On the other hand the kernel

K1, M2; E1, E2) is a function of the combination (&,1, — &.7,) and therefore
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it is also a homogeneous function of (y;,7.) of the same degree
(— vo—lip— 1, vo—lip— 1). This means that if vg = — v,, o' = — o
then the representations €,, and €, are equivalent.

Consider now the splitting of irreducible unitary representations of the
group SL(2, C) into direct sums of the irreducible representations of the
maximal compact subgroup SU(2). In the theory of spinor representations
of the group SL(2, C) we know that if z, is transformed as a spinor ¢, then z,
is transformed as a spinor (p.“ and the sum z,z, is transformed as the sum
q)acp‘; i. e. is invariant of the SU(2) subgroup. In the following for the
convenience we denote z, by z or z2.

For the clearity we illustrate now our method on some simple examples.
The general case will be considered in the following section. Consider
firstly the representation ®,,. This representation is realized in the Hilbert

space D("B . 5‘3—1) of homogeneous functions f(z,, z,) of degree (sz -1,
2 2
o _

> ) One of these functions is

ey
Joo(2Z1s 22) ~ (2151 + 22?)2 (3.6)

As it was noted, this function is invariant under the SU(2) subgroup and
therefore characterizes the spin zero state. In order to get the functions
corresponding to the states with non-zero spin we must construct them
in such a manner that they contain some factors z, and 2% without summa-
tion. It is not difficult to see that for the spin 1 states we have the following
functions:

ie_ _
Ju(zs, 22) N(ZIEI + 2252)2 22122 for j=1l,m=1 3.9
R _
fuolzw 2)) ~(22' + 2,22 (n?—22") for j=1,m=0 3.8)

ig__ _
Sr,-1(21, 22) ~ (2121 + 22?);2 22221 for j=1l,m=—1 (3.9

(j and m denote the spin and its projection on the z — axis).

Consider now the representations @, (v, % 0). Since the representa-
tions €,, and €_, _, are equivalent then we can assume that v, > O.
We choose the basis elements of the representations €, in the form of the

o_
products of the quantity (z,2* + z,2)2  (n = v, + 1) and some factors z,
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and z® without summation. The products with the minimal number of

free factors z, and z° are of the form

oy,
f(z1, z) ~(2:2" + 2,2°)2 ' ZayZay - - + Zay,, (3.10

These functions describe the states with spin j, = v,. The other functions
correspond to the states with spins j = v, + 1, v, + 2, ... Thus, the
representation &, splits into the direct sum of irreducible finite-dimen-
sional representations of the SU(2) subgroup. Each of them is contained
in given representation C,, once and describes state with definite spin

j=j0+n9n=0’ 19 2, oo

§ 4. MATRIX ELEMENTS
OF FINITE TRANSFORMATIONS

As it was noted in the introduction, in studying the structure of the
vertex parts and the scattering amplitudes we must use the matrix elements
of the finite transformations of the group S and in particular of the group
SL(2, C). Note that this problem was first consider in the paper by Dolghi-
nov and Toptyghin [/3] for the case with v, = 0. These authors choose
the analytic continuations of the 4-dimensional spherical functions as the
basis functions (see [13] [14]). Our method is based on the results obtained
in § 2.

The matrix element D}y ,,(g) corresponding to the representation g~ U,
is defined in the following manner:

U, [ vop ;. jm > — ZD;::;,'m'(g) vop 5 '’ 3, @.1)
£

where | vop;jm ) is the canonical basis of representation C,,; j and m
are the spin and its projection on the z-axis. Generalizing the obtained
results (see (3.6)-(3.10)) we determine firstly the canonical basis in the

space of homogeneous functions DA io ) in the following

E(v.+ 1—2—1, —Ve —2——1
manner:

ip

2

[vep 3 = f3(0 20 = e + 222 T @) @) T 4.2)
where ¢; are the normalization constants. Using (2.10) we get:

=V (e ;_éz_l-, @Ci+n! 1/2
Cjj %2_’.-fu(z) dzd_g \/Eg(f+vo)!(i——v.,)!$ @.3)
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From | vep; jj ) we can find | vep; jm ) :

%00 551> = £ 18210 22) = NyulTY " %0021, 22), 4.4
where
L Gamyr
Nf’""?(zf)!o—m)!g @.5)
n - l

J_=22$—Z “4.6)
1

oz
From (4.2)-(4.6) we get the final expression for fjm (zi, z2):

ip .
® -
2 j

(215 z2)= \% { @+ 1)) G-m) ! G+ve) G-ve)! (212 4 2:2%)

1 Vo+m j—m—d(z1\d{ 2\ j—ve—
'z('l)dd!(j-m-d)!(v.,+m+d)!(j-v.,-d)z(Zl) ey )

d
.7

Having the explicit expression for the canonical basis | vep; jm ) we can
find the matrix elements Djy. y»/(g). It is well known that every matrix g
can be represented in the form

g = Ucu,

where u, and u, are the unitary unimodular matrices which corresponding
to the space rotation;

-1
£ = (s O) (e—real number)

and corresponds to the pure Lorentz transformation in the plane (xs, x,).
Thus without losing the generality we can consider only the matrix ele-

ment Djyx. 7 (e).
From (4.1) and from the orthonormalization relations

i v — B
3 J‘f 22) f%5/2)dzdz = 8. Sum
we have

D) = 5 [TF12). FFe)dede. @9
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From (2.1) and (4.7) we get:
D jr': H m(€)=
1 . ., . , , .
S —{ @+ D@"+D). Gm) L G-m) L G+v0) ! (v !

(G +m') L (' -m) L (' 4+vo) ! (P =vo)!
~Da+a{d d' ' (j-m-d)! (j'-m-d") | (ve+m+d) | (ve+m+d’) !
dd’
o—vo—d)vo ~Vo- d')'}'
fdd | z(d+d +m+w)(l |z|2) 2 (l+e“|z[2)2 —1-j
4.9)

—2(2d+m+v.+1——
.E€

where d and d’ can take any integer number which does not make each
factor under the factorial to become a negative number. By putting

z= \/ z;e"‘P(O < v < ©; 0 < ¢ < 2n) the integral in (4.9) can be rewritten
in the form

© it ve oy b_,_
J:xJ‘ do.p T d+v) 2 lJ(l—i—s“‘v)z o

= . €4(d+d’+m+vo+1)(d+d,+m+VO)'(]_’—] —d— d"—m—“'o)'
G+7+ D!

F(j'+1+i23,d+d'+m+vo+1;j+j'+2;1—e4), (4.10)

where F(a, B; vy; z) is the hypergeometric function. By setting (4.10)
into (4.9) we get the final result:

\;::Jm( ) (]+] +1)'
{ @i+ D@ +1)(im) ! G-m) ! Gi9o) G=vo) L (G +m) L (=) L (P +v0) L G -vo) !}

z(_l)d+d’ (d+d’+m+vo) ! (j+j'~d-d'-m-v,) !
' d!d' | (j-m=-d) ! (j'-m-d") | (vorm+d) ! (vo+rm+d') | (j-vo-d) !
dd’ (j'—vo—-d') ;

2(2d'+m+V.+1+ ip)
.€ 2

F( +1+ 5 d+d'+mivg+1 ; j+j'+2 5 1—54) “4.11)

This result exactly coincides with the result obtained earlier by the authors
in another way [15].

Now we note some simple properties of Djs. i, (¢).
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1. Putting in (4.11) € = 1 and taking into account F(a, 8; v; 0) = 1 we
have:
D m(1) = 8. (4.12)

This is a trivial relation. It means that we deal here with the identity
transformation.
2. Making the permutation of jm and j'm’ in (4.11) and using the pro-
perties of the homogeneous functions
z
o 8513 9=01-2) 9 (1= 8513 27 ) =0-7F(s y—pivs Z),

(4.13)
we obtain

Vo im(€) = Dl ym(7) 4.14)
3. Making the substitution m — —m, m' — — m’' in (4.14), putting
i—vo—d=d, j'/— vo—d' =d; and using (4.13) we can prove that

Dj'ft;i'm’(s) = (— l)j+j,_2V°Dj,—m;j'.—m’(s—l)~ 4.15)
4. From (4.12) (4.14) and from group property of Dj,,. j'm’ We get:

ZDjm si'm (E)D\j,:i 3 j'm (E) == 8]'1' Sm'm'

This last relation means the unitarity condition of the representation.

§ 5. GENERALIZED TENSORS

From the canonical basis which was given in (4.7) we go to the other basis
called generalized tensors of the SU(2, C) group. They are constructed
in the following manner:

biby. . bj_y, 1 _byby..bjy, .
fala2 (z z,) = (z z ) (Dalaz ajr (ab=1,2) (5.1
where
b.b b b b
Do, .. ,,H_k = za(t S, k)(zcz ) S$, 8,,: .. ‘c‘»‘asz,,s+1 e Zay 2 to.ooz!
(5.2

B R Q4+ k—s)!
w(t, 5, k) = (= )s!(t—s)!(t+k—s)!(2t+k)!
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S denotes the symmetrization in the upper and lower indices a and b separa-

tely: .
bibg. . .k biby. . .bj
S(Toer ) =+ 71 T e

P(a;b)

—
stands for summation over all permutations of a and all permutations

P(asb)
of b).

The tensors CDZ:ﬁ;;;'_ are symmetrical in upper and in lower indices and
are traceless with respect to the contraction of any upper index with any
lower index. They are irreducible under the SU(2) subgroup. Putting
in (51), e. g, av=a@:= ... =ayy, =1, by=by= ... =b_,, =2
and using (5.1) (5.3) and (4.2) we get:

Jj—ve times
m\

G+v)!(G—v)! 1 Vop
=V § 2j+D! o

M
Jj v times

The inverse expansion is

14
_by-b,  —b, Cent=Sg,  biby...bg  bsii b,
ZaZay- - -Zay 42 2 .. Z = B(, s, k)(zcz ) S(D“1“2"'as+k8as+k+1' . .3‘,’“

(5.9
where
. t'@+b)!'2s+k+1)!
ﬁ(t’s’k)—s!(s—l—k)!(t——-s)!(t+k—}—s—l—1)! (5-3)
Under the transformation g the tensor f . i’H": is transformed as

bb. _
S aia: j+\::(z 123) —> Tgf alaz : +\:,° (z122)

bg. . —vo3€1C .C;’ did,. —
== g Da:a j+\:,° dll;z jj ( )fc;c: .C; '+v: (ZI’ 22)9 (5 . 6)
where the matrix elements D25 ;%% :(g) are the generalization of
Djm; 'm(g). The explicit expressions of these matrix elements will be given

in the next section.

Any homogeneous function ¢(z,, z,) from the space D( L, + 1)
Yo E'— s Vo [ —

can be represented in the form:

€ Gy d,d. —
(21, 22) = % ‘Pdlldz d; __:.fcllc: clf_i_:o(zn Z,). (5.7

J
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CiCs

The components ¢4, .. are also symmetrical in upper and lower indices
and tranceless. These quantities will be called the generalized tensors.
Under g function ¢(z;, z5) transforms into T,¢(z,, z;) which can be also
represented in the form of (5.7):

a,a. Yo bib,.. by,

qu)(zh Z2) = ZTg(Pbib: J+v. faia:. . .a§+v:(21, Zz). (5 . 8)
J
On the other hand, from (5.6) and (5.7) it follows that
C1C -+ - Cj v, d,d. d/_vaa -84y, by,
Te9(z1, 22) = Z(Pdidzz ‘é fv Dcllczz cj’+ 1 ‘{Jtv.(g)f P “j'+v.. G.9)
i’
Comparing (5.8) and (5.9) we find immediately the transformation law for
tensors g, . :

G13p: - -dj 4y, a19: - -G +v, dydy- dJ —vg3%18e: - -Gty €1Cg -+ +Gj' v
Poypg. . by > TePorpy...5 = Dclcz  ibiby - by (&) Pdydy ..yt

(5.10)

§ 6. MATRIX ELEMENTS
FOR GENERALIZED TENSORS

cs C1Cae e

Now we determine the matrix elements DZiZ::j_,d,d,_,,(g) defined in (5.6).
At first we rewrite (5.1) and (5.2) in the form

bib
l 1 j Vi
f.ala2 1+v°(zl’ Zz)
J—Ve
P _jts b bg b b
—_ : Y 1 s+1 j—ve
= (j— Vos S5 2v.,)(zcz ) S‘é‘al‘b‘a2 . 'saszasﬂ Z, I e

§=0
6.1)
Since under the transformation g
Zg > Z; = Zp8ba = Zbgz

- “‘a ~b~ba “bta
Zo—>2Z =28 =28

f(zl’ 22) - Tgf(zb Z,) =f(Z;, Z;)
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then the tensor f ,,la, - is transformed in the following manner:

b1bs. - b_; Ve f bj—v,
fa1a2 -ajy g ala2 a_/+v.
J=Ve
®1es Tdsp1dsye Tdj—y
oa(j— Vo, 8, 2vg) 3 ZpZ (gg)qs ZegyZegyg B g 2 e
5§=0
S 8”18 §ls Cs 1, Cske L Citve thspatbsre Yoy, 6.2)
'@ a,%ay" - -Oa8a; 1 “s+z" g“1+v.gds+1gd3+2”'gd]—w :

+
We represent the 2 X 2 matrix gg in terms of the Pauli matrices:

gg=aoco+2= “o(l‘l‘/ﬁ\); ’B\E «.0 6.3)

+ N LS
Putting this expression for gg into gzpz"(gg)fgg2 "I and performing
some elementary expansion

® © - ~ b_ s
gzz(gg) 2 11+—-oc02 11+§Zz+z§pq} 1-j+
. ® P——'—*—S .
Pijts (2 J ) “o\ P _1—js—k, -~
= s (O I O I ()
! A —_
k=ok.l‘(2 j+s k)

we can rewrite (6.2) in the form

. ip .
Jj=ve ® r —p—]+s io ip .
T biby- - bj—y, . 2 2 5 1its e —2——1—1+s—k
g/ ay89...a; 4y~ tX(_]—Vo,S, Vo) _lp——_ “0 ( cz)
s§s=0 k=0 k'P(z—J+S—k)
P1Pe '_‘11"‘12 =9k 4k+1"qk+2 Tk +j—ve—s
'B Bay 341(217121’2 “ZpZpk 41 PPk 20 Zpk+,+v,,—sz Z .ZVZ 2
by b by Pk 1 Pk+2 pk+]+Vo—S s+1 bstg +bj —v
0
(asb)s"ls“z A s+1 ”s+2"'g“j+v° 9k +199k +2°" Ok +j—vo—s (65)

Here for convenience we had made some changes in the notations of the
summation indices:

Cs+1 > Pk+1 i1 —> Gt

Cs+2 —> DPk+2 diys —> Qrsoa

Cjtvy ™ Ph+j+v—s iy = Gk +j—ve—s
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a4 Al 4 j—vo—s -
Now we express the product ZpZpy v oy P2 T ZTkives

terms of @77 *- by means of (5.4) and we put these expressions into 6.5).
We get:

f 1b2 —v.,
e e A

J=Vo ®© k+j—vo—s
l"(2 ]+S) 2—1 s
= a(j—vo), S, 2vo) . Blk+j—vo=$, 1, 2v)) ——— L __ 2
s=0 k=0 r=0 k! F(i —]“ —k)
——1 Vo—’/\Pl_A /\pk
(z2): BaBap- - -Ba
R o A LW Phetjtve—s Bst1Thsra by,
(a ) apazcc e s +105G5 49 * ° ‘g“ Y +vo e +209k -2 * * * Ok +j—vy—s
9192 - -9r ar+1 Ir+2 Ik +j—vo—s
(Eq)q)plpz. ©Prd-2vy Pr2vo+1 Pri-2vg-2° 8l’k i +vo—s 6. 6)
Note that the product
~ ﬁpk Pk+1_Pk-2 Pl tjty,—s bst1Vbs s +b.i—Vo
Bql qk ”s+1g”s+z : g“ 5 --vo Ik+159%k +2 ° ° ° qu+j—vo—s 5
g q)’h"z Ir41 ar 42 §%k+i=ve=s

PPy - Pr+2vo Pr42ve+1 Pr+ave+2 * " " TPk+j4vo—s
P(p;q)

can be represented also in the following manner

q)q1‘12~~~‘7r 9r+1 r+2 aqk-l—j—vo—s
P1P2- - -Pr+iovy Pr42ve+1 Prtove+2 ° " " Pk+j+ve—s
~p Pl Pl+1 Plke Phjtvo—s bst1 s g tb_y,
B‘h : B‘lk ag18agyy t - 8y Y +vo 8ap118ax 12 * qu+j Vo—s

P(p;q)
Therefore we can rewrite (6.6) in a more convenient form

Jj—ve © k-j-s

— ip .
T biby- - bjy, (7cz )2 PR S s A
gJ) %a,...q; P1P2 Pj’+vy" "0

Jtve
r(3-+s)
qu,*vo‘f‘lqu,"Vn"’z
io P’ o +1 Pj'4vy+2
k! F(i‘ ——j—i—s—k)

T+ j—vo—s
S TPEA jve—s

1 T Py bs Ppy
. . Bulgk
) (=l (e T amamee B

s=0 k=0 j =v,

- a(j—Yo, S, 2v0)B(Kk+j—Vvo—S, j — Yo, 2v0)

(a;b;p3q)
Pk-,—_/+v°—s bs 11 bJ—V.
8ap,, 8okt Bkt jvy—s 6.7

ANN. INST. POINCARE, A-VI-1 3
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where we put 7 + v, =j’. From (6.7) and from definitions (5.1) and (5.6)
we get the following expression for Dﬁ;ﬁ,’ ra(g):

bibg. - bj_ygicaa- - j +v.
Dala, jJ_v‘ dldz ] —v (g)
@ min (j—ve,j+k—j’) io
- —1—j+s
= ol o(j— Vo, S5 2Vp)
k=max(0,j’—J) s=0
(—+)
B(k_'_]_ Vo—S,jl—Vo, 2V0) :
k! (— —]—I—S—-k)
1 dj’ —vot+1%) —vo+2 I 4 j—vg—s
N T T T csr - o
(J_yo)!(]+yo)!(k+]_vo_s)! (k+]+V0—S)' G Hvo+1 € +vo+2 Ck+j+vo—s
AkgbL  §bs Ckt1 Chktitve—s bsr1 Tbjy,
Bdl Bdk ar 8".vg"s+1"' %+vo Aty gdk+1—v.-—s (6.8)
P(a;b;c;d)

Putting here the explicit expressions (5.3) and (5.5) for « and B we obtain
the final result:

byby. . .b; vy 3€1€ St vy
Daia: .l]+Vo d:d: ‘.,f'*\'o(g)
© min (j—vo,j +k—j")
N 1y 2j-5)12j'+1)!
sUEY )N G'-vo) (G +v0) 1 (j-vo—5) ! (j+vo—s) !
k=max (0, —j) s=0

(k+j—j'-s) Wk+j+j'-s+1)!

J | g —'+S)
L_a":“_’“sd Sovbighi ot oMo

tfio . ° i ve k1 G bvet2 | Ck4jdve—s
o(® ok 5 e
2
7o by b k+1 "k+1+w—s bs+1 bj—v.
Bdlgd2 Bdkg"l : "sg“s+1 -8aj s, Bty -8yt y,—s (6.9)
P(a;b;c;d)

Consider now some particular cases:

1. If g is a pure Lorentz transformation in the (x;, x,) plane, i. e.

I )
g§=¢= 0 ¢

then
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and therefore
~ g2 _g2

1
ao=i(€—’+€z); ﬁ:mcs (6.10)
Putting (6.10) into (6.9) we get:
biby...bj_ 03€1€2 - - -€j '+v.
D"l“: JJ'I-: ;. l ( )
© mm(J——v.+k—]) ©
- (~1)+m (2j-5)!1(2j'+1)!
L m!s!kV(27) (=) LG +ve) 1 (-vo—5)!
k=max(0,j’—j) s=0 m=0 (j+Vo—S)!(k+j—j'—s)!(k+j+j'-s+1)!
I‘(— —j+s) i
1 2 o j=s+1-F a\mtk di_y. 41 di— 4
oSy el sl

N et
2 I‘(IZp ]+s—k—m)

Ck bl s Ck+1 Ck+j+ve—s Bs+1 bj—y
(]
-(03)d3a;- - -Bafagyy- - -Cajpy, dega e Cdpgye—s (6-11)

(Gs)fil
P(a;b;c;d)
If we put j = j’ in Eq. (6.11) and
A=Ay = ... =08j4yy,=C=C= ... =cj+v.=1

b1=bz= ...=bj_y°=d1=d2= ...-——"(1_,‘_\,.-_—'2,

then we have
I thmes T, tizes
Vo0 . 22...2 ; 11...1
Dj.i;ij(s) =D 1...1 ; 22...2 ©
——— =
Jj+v, times j—v, times

ip
__5(1 Yo +1— )(—{-l——i,]—'\’o‘*“l 21+2 I_EA)

This result can be obtained also from (4.11).
2. If g is a Lorentz transformation from the rest frame of a particle

with mass m, to the frame in which this particle has momentum p,, = (_1;, iE)
then

—

E—l—mo—cp + E—op

T VomEtmy o me

and therefore
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3. In the case j = 0 (v, = 0) formula (6.9) becomes

Dcs (g) _ a'f—x Z Qj + D! 2
kGO =5 D Gy G+ i
k=j’ F E —_ k

i’ +15%)" +2 3% "\ Répce ek
8“1 +181 +2 0 ek d,Ba, - B
P(c)

§ 7. MOST DEGENERATE PRINCIPAL
SERIES OF SL(n,C)

For the most degenerate principal series of SL(n, ¢) we can immediately
use the method developped in § 5, 6, for the group SL(2, C) with some light
changes. Thus, instead of Eq. (5.1) we have

bib _ biby...bj_y,
faia: aj+:’,o(zl’ .. th)_(zz)2 I a:a: }J_‘_vn’ !a9b: ly 27 -"anl
where j, v, are also integer of half-integer, however, j does not still denote

the spin. The formule (5.2) and (5.4) remain if instead of the expres-
sions (5.3) and (5.5) for « and B we take

t't+)!'Qt+k+n—2—s)!
s1t—9)'t+k—s)'Qt+k+n—2)!

t't+k!'2s+k+n—1)!
s!s+)'¢—9)'t+k+n+s—1)!

In order the get the formula for matrix elements

aft, s, k) = (— 1)

ﬁ(t’ S, k) =

byby. ..b
Da a.
172

iy 3C1C.
J—vorc1t2- 5" 4o
By, ;dqdy. _1 — Vo (g)

corresponding to the transformation z, — z, = z;g,, we make the analogous

+
procedure as in § 6. The only difference is that we must now expand gg in

terms of the matrices generators A; of the subgroup SU(n). The results is:

biby. . .bj_y 561Co .. .Cj"
j—ver€1¢2 J 4 Ve
Dalaa. @ py,idydy. .4{,-'_v°(g)

© min (—va,j+k—j’)
2j+n-2-s)1(2j'+n-1)!

-2 D Vg )1 Grve) 1 @jen-D ()]
k=max(,j’~))  s=o (G +vo) (k+j—j'=s)V (k+j+j -s+n—1)!
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r(3 Sest) e
2 2 2 2 I7F gd' _VD+181_V.+2 sdk+j—v.—s

(] UG v +1 G g2t Tt T Ckdjrve—s

7 C2 kb1 bs ck41 Cktjtve—s bst1 b—v.
S Bd1B Bdks"l ay: ¢ 'Sasg“s+1 -8ajy, 8y i+ - gdk+1 —Vo—s

where
n*—1 n—1
+ ~ ~ 1
gg = al + E“ih‘:“o(l'i-ﬁ); f3="—“; %0117\1‘
0
i=1 i=1

§ 8. SPACE REFLECTION FOR THE GROUP SL(2, C)

Now we identify the group SL(2, C) with the homogeneous proper Lorentz
group and consider the space reflection P. There exist the following rela-
tions between P and the generators of the SL(2, C) group:

PMP™ = M;]
PNP ™' = —Ni 8.1)
P2=1,
where MJ': and N,': are compact and non-compact generators, respectively.

As it was known, the commutation relations for M; and Nj are of the
form:

[M}, M{]= 8MJ — 8'M;
[N, NF] = — 8iMf + 5fM; (8.2)
M, Nf] = SINF —5iN;]

It is easy to see that in the space of homogeneous functions with canonical
basis (4.7) these generators are ():

> L2 1,-( > i)

Zg — zZ —
¢ DZa I)Z"

N P i > 1 i o -a o
iNi=2z5,+72 ﬁ“isf(zﬂa_z,,“ ai")

M€—~Z—--—Z—,. A Oj
J dz; o 27 8.3)

() The correspondence between our M]f, NJ’: and H, F in reference [12] is follow-
ing:
Ml=H_ , Mi=H_ , Ml =—M;=

Nl =F_ , N!=F, , NJ=—N;=F,
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From eqgs. (8.1) and (8.3) it follows that the operator P acts in such a
way that

-
Zg —> €2
2% — 7
N 0 1
== ~1l—=1 0
and therefore
Pf(z, 2052, 2) = (&, — 25 — 20, 21) ®.4

From egs. (8.4) and (8.5) after some simple calculations we get:

Pz 2) = (— 1 7 7%z, 22) (8.5)

Thus, under P the basis elements of representation €, transform into
the basis elements of €_,, which in its turn is equivalent to €, _,. This
means that under P only the space D (,-p i ) (vo = 0) or the space

= -1, ——1
2 2

Dgy,-1, —v,—1)(p=0) transforms into itself. Moreover, it is seen from (8.5)
that the parity of the basis vectors f, differs one from another by a fac-
tor (— 1)J.

In conclusion we express our gratitude to N. N. Bogolubov, Ya. A. Smoro-
dinsky and A. N. Tavkhelidze for interest to this work.
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