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A l g e b r a i c c o n s t r u c t i o n of b i l i n e a r f o r m s o v e r 7Z 

Mar t in K r us kem p er 

A b s t r a c t . C l iap te r S in [CS] gives algebraic cons t ruc t ions for ce r ta in la t t ices . Someof 
these cons t ruc t ions used the t race m a p . lu this no te we want to show t h a t by applying 
[Sj,[W], any bi l inear fo rm over wi th nonzero d é t e r m i n a n t can be cons t ruc ted as a 
scaled t r ace f o r m of some algebra A = Z Ï [ X ] / ( f ( X ) ) where f ( X ) € 2Z[X] is monic, 
i r reducible . 

Let R be a c o m m u t a t i v e r ing with 1. À bilinear fo rm over R is a pa i r ( M , b) where M 
is a finitely gene ra t ed pro jec t ive A - m o d u l e and b : M x M —• R is s y m m e t r i c bilinear. 
If M is f r ee and e i , . . . , t n is a basis for M then b can be descr ibed by the symmet r i c 
n x n ina t r i x B = ( b ( t t j ) ) over R.. Couversely any B G S y m ( n , R) defines t h e bilinear 
fo rm ( R n , B ) . T h e déterminant . <U:l{M,h) is defined as d t t ( M , b ) = d e t B . ( M , b ) is 
called régulai- if d t t ( M , b ) is a unit iu R. We call two forms ( M , b) and ( M ' , b ' ) with 
ma t r i c e s B , B ' G S y m ( n , R) isométrie if the re exists an inver t ible M G M a t ( n , R) such 
t h a t B = M * B ' M . 

If f i : R. —• A is a r ingmorph ism such tha t A is a finitely gene ra t ed p ro jec t ive R -
m o d u l e ancl s G HoniFt(A, i?.), then the m a p [ x , y ) € A x A —* s ( x y ) defines a bilinear 
fo rm (A, s ) over R. More generally, if J is an idéal in A such t h a t J is a finitely 
gene ra t ed p ro j ec t ive /?.-module then (x, y) Ç î x l - » s (xy ) defines a bil inear form 
( J , s ) over R . We call (Z\.s) scaled t race form of A / R . 

Let f ( X ) 6 %[X] be a mouic separable polynomial of degree n (in one variable X ) . 
T h e n A : = Z [ X ] / ( f ( X ) ) is a free i £ - m o d u l e of rank n wi th basis 1 , X , . . . , X n ~ 1 . We 
set A q A ® Q. If f is i rreducible then A q = Q(A) dénotés t h e quot ien t field of 
A. Let T r : A q Q déno té the t race m a p which is non-zero . Eu le r ' s l e m m a (see [L] 
III—I, propos i t ion 2, corollary) implies t h a t we have: 

A * : = {c G Aq | T r ( c A ) C Z } = l / ( f ' ( X ) ) A . 

Any c G A * defines a symmet r i c bilinear form (A, T r c ) where T r c m a p s ( a i , 02) G A x A 
to Tr (ca in - i ) . Let N : A q —* Q dénoté the n o r m m a p . It is well known (compare 

[L] I I I - l ) t h a t if c = c u / f ' [ X ) G A # , where cu G A, then we have d e t ( A , T r c ) = 
( _ l ) « ( « - i ) / ^ V ( c u ) . In par t icular , if c ^ 0 then d t t ( A , T r c ) £ 0 a n d the f o r m ( A , T r c ) 
is regu la r if Co is a uni t in the intégral closure. More generally, let J C A be an 
idéal in A and let c G (T ' ! ) # . Tl ieu we obta in a s y m m e t r i c bi l inear f o r m ( J , T r c ) 
if T r c m a p s ( a i , « a ) € J x î to '7V(c«i«2). Note t h a t if B is an idéal in A then 
B * = B ~ X A * = l / ( f ' ( X ) ) B ~ l . If c = c u / f ' { X ) where c„ G 1 ~ 2 we have d e t ( l , T r c ) = 
( - l ) « l » - W N { c u ) N { l ) i . (Compare [CS] page 220.) 

An obvions ques t ion is the l'ollowiug: Let (MJ>) be a scaled t r ace fo rm of A/Ziï. If 
( N , b') is s y m m e t r i c bil inear such tha t ( M , h) 0 Q is isométr ie to ( N , b') <g> Q, then is 
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( N , b') also a scaled t race form of A j 221 T h e following ax amples show, t h a t t h e answer 
to this ques t ion is negative: 

E x a m p l e s , (a) Let d € 22 be not a square aucl set A = 22[Vd\. Let ( M , b) be a 
two-d imens iona l s y m m e t r i c bilinear lbrni over 22. T h e n there exists some c € A * such 
t h a t ( M , b) = ( A , T r c ) if aud only if there exis ts a 2 / -bas is m i , m 2 of M such tha t t h e 
m a t r i x of b w i th respect to m 1,1112 is in 

Proof . Set r : = " - f f i 6 . We obtain as ina t r ix of ( A , T r r ) wi th respect t o t h e 22-basis 

1 , V d , 

( a ' V \ b a d ) 
• 

(b) W e consider t h e field extens ion A = Q [ \ / d ] / Q . It is easy t o chek t h a t a two-
d imens iona l s y m m e t r i c b i l inear f o r m ( M , b) over Q is scaled t r a c e f o r m of A / Q if a n d only 
if 0 ^ —det (M, b) is a n o r m . 

(c) Let A = ^ ^ T j . Since A 
is a pr inc ipa l idéal domain , e x a m p l e (a) describes 

ail scaled t r a c e fo rms of A j A two-d imens iona l fo rm of d é t e r m i n a n t —4 is a scaled 
t r ace f o r m of A / 2 2 if and only if it is given by a m a t r i x of t he followig t y p e 

{ ^ J |« = ± 2 , b = 0 or a = 0 ,b = ± 2 } . 

These m a t r i c e s descr ibe only two différent i somet ry classes of fo rms over 22. It is well 
known t h a t t he r e exis ts more thau two différent i sometry classes of s y m m e t r i c bil inear 
forms over 22 wi th dé t e rminan t —4 (See [CS] page 3(52.); more precisely, t h e fo rm given 
by t h e m a t r i x 

U 
is not a sca led t r ace torni ot Aj22. Siuce over Q the re exists only one i somet ry class of 
forms w i t h d é t e r m i n a n t —4 we see t ha t the answer to the above ques t ion is negat ive. 

T h e fol lowing p rob lem remains opeu: Let d 6 22 be not a square and 
A = Z[y/2 j . 

Then d e t e r m i n e ail i sometry classes of scaled t r ace forms of A / Z . Let D 6 M a t ( n , 22). 
Let X d ( X ) = d e t ( X E n - D) e 22[X] be t he charac te r i s t ic polynomial of D . T h e next 
l e m m a was shown in [T]. Other p roofs and général isa t ions of this resuit can be found 
in [CP], [IS], [W]. 

L e m m a 1. (Taussky) Let B € S y 111.(11,, 22) such. that det. B ^ 0. Suppose there exists 
some M € M a t ( n , Z ) such. Unit B M ' = M B and \ . \ i ( X ) is irreducible. Let A : = 



2Z[X}/ (xm{X)) . Then U k i t txisls su nu <• G A q und /j t , . . . , hn G A such that Zfby + 
. . . + 2Zl)n is un idéal in A and B = (Tr (cb t bj ) ) . Fur ther rnore ( 6 1 , . . . , bn) G Q{A) n is 
an e iytnvector of M G M a t ( u , Q { A ) ) . 

N o t e t h a t t h e above c is in (2£l>i + . . . 4- 2Sbn)*.~ Given some B G S y m ( n , 2Z) we can 
always fincl some M such t h a t B M 1 — M B : Choose any S G S y m ( n , ZS) and set 
M : = B S . T h e n B M * = B { S B ) = M B ( C o m p a r e ([CP]) . 

L e m m a 2. F o r any B G S y m ( n , Z ) , det B ^ 0 there exists M G M a t ( n , Z ) such 
tha t B M 4 = M B a n d X m ( ^ ) Z [ X ] is irrcduvible. Fur ther rnore we may assume that 
Xm{X) is totully real, that is ail zéros of x m ( X ) are real. 

Proof . Let N = ( X j j ) be the symmeUic u x n m a t r i x where t h e coefficients X i j = X j i 
a re new i n d e t e r m i n a t e s . Choose C G G L ( n , Q) such t h a t C l B C is a diagonal ma t r ix . 
Since we m a y view C ~ l N { C ~ 1 ) ' as a. s y m m e t r i c m a t r i x wi th independen t indetermi-
na te s as coefficients, by [S] or [W] tlu- chanic ter i s t ic po lynomia l of ( C t B C ) C ~ 1 N ( C ~ l ) t 

is i r reducible and it is also the ehurac t r i i s l i e po lynomia l of B N . By Hi lber t ' s irre-
ducibi l i ty t h e o r e m , the re exist « t ï = a G Q such t h a t x / s ( a i j ) ( ^ ) is i rreducible. If we 
choose a G ZSsuch t h a t ail <i<itJ G ZS, then \B(ua t J){X) = anXB(a,J)(<1~1X) is irreducible. 
Hence we set M : = B(ua { J ) . We have B M ' = £ ( « « , , ) ' £ < = M B . 

By [S], we m a y choose the above, such t h a t Xf î (a , J ) (^) is to ta l ly real. B u t then 
XB(ua i})\X) is to ta l ly real as well. • 

Using t h e above no ta t i ons we have shown: 

T h e o r e m . Let ( M , b ) be a bi l iutur f o r m over ZS such that d e t ( M , b ) 0. Then there 
exist a monte, i r r tdacible / ( X ) G Z [ X ) , some id ta l 1 C A : = 2 S [ X } / ( f ( X ) ) , and 
c G {Z 2 )* such that ( M , b) = ( J , T r c ) . W<-: m a y assume that f { X ) is totally real. 

R e m a r k s , (a) T h e resui t holds more generally for ( M , b) over R , d e t ( M , b) ^ 0 where 
R is t h e intégral x l o s u r e of in some finite field extens ion F / Q and M is finitely 
genera ted free. We can also choose f l = k[X] where k is a field. 

(b) Let B G S y m ( n , Z ) such tha t det B 0 and the re exis ts some c G A q and 
b i , . . . , bn G A such t h a t B = (Tr(eb;bj)}. Let B ' G S y m ( n , ZS) such t h a t t he re exists 
C G M a t ( n , Z ) wi th d e t . 0 = ± 1 and B1 = 0 * 8 0 . T h e n the re exists some d G A q 
and « ! , . . . , « „ G A such t h a t B ' = (TV(c'm,-«,-)). Fur ther rnore , for t he ideals we have 
ZSbi-( - . . . + ZSbn = Z u i + . . . -f 7Zan. 

Proof . By [CP] III 5.2, the re exists M G M a t { n , Z ) such t h a t B M * = M B and 
/I = Z [ X ] / ( x m ( X ) ) . T h e n 

(6 , t yW(6 , É ) - 1 ) (C , < 56 ' ) = C ' B M ' O = ( C t 5 C ) ( C t A / ( C < ) " 1 ) < . 



Q u e s t i o n . Let ( M , l>) be a bilim-ar form over R, where R. is the in tégral closure oi 2Z 'm 
some finite fiel cl extension F / Q , such tl iat M is uot; a f ree but a p ro jec t ive /2-module . 
C a n we realize ( M , b) as scaled t race l'onn of some /? -a lgebra A? 
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